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1. Introduction

The study of the relative errors for Gaussian approximations can be traced back to Cramér [6]. Let (X;);>1
be a sequence of independent and identically distributed (i.i.d.) centered real random variables satisfying
the condition E exp{co|X;|} < oo for some constant ¢y > 0. Denote 02 = EX{ and S, = Y, , X;. Cramér
established the following asymptotic moderate deviation expansion on the tail probabilities of S,,: For all
0 <x=o(n'/?),

P(S, > zo+/n)
1—®(x)

1+ )3

= 0=

In as m — 00, (1.1)

where ®(x) = \/%7 ffoo exp{—t%/2}dt is the standard normal distribution. In particular, inequality (1.1)
implies that

P(S, > zoy/n)

o) 1+o(1) (1.2)
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uniformly for 0 < = = o(n'/%). Following the seminal work of Cramér, various moderate deviation expansions
for standardized sums have been obtained by many authors (see, for instance, Petrov [22,23], Linnik [20],
Saulis and Statulevicius [26] and [11,13]). See also Rackauskas [24,25], Grama [16], Grama and Haeusler
[17] and Fan, Grama and Liu [12] for martingales.

To establish moderate deviation expansions type of (1.2) for 0 < z = o(n®),a > 0, we should assume
that the random variables have finite moments of any order, see Linnik [20]. The last assumption becomes
too restrictive if we only have finite moments of order 2 + 4,9 € (0,1]. Thought we still can obtain (1.2)
via Berry-Esseen estimations, the range cannot wider than |z| = O(v/Inn),n — oo. To overcome this
shortcoming, a new type Cramér type moderate deviations (CMD), called self-normalized CMD, has been
developed by Shao [27]. Instead of considering the moderate deviations for standardized sums S,/vno?,
Shao [27] considered the moderate deviations for self-normalized sums W, := S, //>_.~; X?. Comparing to
the standardized counterpart, the range of Gaussian approximation for self-normalized CMD can be much
wider range than its counterpart for standardized sums under same finite moment conditions. Moreover, in
practice one usually does not known the variance of S,,. Even the latter can be estimated, it is still advisable
to use self-normalized CMD for more user-friendly. Due to these significant advantages, the study of CMD
for self-normalized sums attracts more and more attentions. For more self-normalized CMD for independent
random variables, we refer to, for instance, Jing, Shao and Wang [18] and Liu, Shao and Wang [21]. We
also refer to de la Pena, Lai and Shao [9], Shao and Wang [29] and Shao [28] for recent developments in this
area. For closely related results, see also de la Peifia [8] and Bercu and Touati [2] for exponential inequalities
for self-normalized martingales.

Thought self-normalized CMD for independent random variables has been well studied, there are only a
few of results for weakly dependent random variables. One of the main results in this field is due to Chen et
al. [4]. Let (n;);>1 be a (may be non-stationary) sequence of random variables. Set € (0,1). Let m = [n®]
and k = |n/(2m)], where |x| denote the integer part of z. Denote

Y; = Z’rhm(jfl)«ki; 1<j<k.
i=1
Set
k
Si=2_ % and (7= (V)%
Jj=1 j=1

Define the interlacing self-normalized sums as follows

Wy = S/ ISk (1.3)

Let F; and F7Y, be o-fields generated respectively by (n;)i<; and (1;)i>;+x. The sequence of random
variables (1;);>1 is called S-mizing if the mixing coefficient

B(n) = su_pIEsup{}IP’(AU-'j) —P(A)|: AeF5,.1 =0 as n — 0o, (1.4)
J

see Doukhan [10]. Write

l+s

Sl,s = Z i

i=l+1
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the block sums of (7;);>1 for I +1 < ¢ <!+ s. Throughout the paper, denote ¢, probably supplied with
some indices, a generic positive constant. Assume that (7;);>1 are centered, that is

En;, =0 for all i, (1.5)
and that there exists a constant v € (0,1] such that
Eln;[*T" < ™ (1.6)
and
IESI%S >cis foralll>0and s> 1. (1.7)

By Theorem 4.1 of Shao and Yu [30], it is known that condition (1.6) usually implies the following condition:
there exists a constant p € (0,1] such that

E|S;¢[*T* < sl+p/2c§+p forall l >0 and s > 1, (1.8)

provided that the mixing coefficient has a polynomially decaying rate as n — oco. In (1.8), it is usually that
p < v. Assume conditions (1.5)-(1.7). Assume also that there exist positive constants aj, as and 7 such that

B(n) < aje” ",

Using m-dependent approximation, Chen et al. [4] proved that for any positive p < v,
(1+2)**e
<¢ (W (1.9)

uniform for 0 < x = o(min{n'=*/2 n*7/2}) where ¢, depends only on ¢g, ¢y, p, a1, a2 and 7. In particular,

PWy > x)
1—®(x)

In

it implies that

0
%{)if —1+o(1) (1.10)
uniformly for 0 < & = o(min{n{1~)r/(4+20) pat/2}) Fquality (1.10) implies that the tail probabilities of T2
can be uniformly approximated by the standard normal distribution for moderate x’s. Such type of results
play an important role in statistical inference of means, see Section 5 of Chen et al. [4] for applications.
Inspiring the proof of Chen et al. [4], it is easy to see that (1.9) remains valid when the conditions (1.5)-(1.7)
are replaced by the slightly more general conditions (1.5), (1.7) and (1.8).

In this paper, we are interested to extend the results of Chen et al. [4] to ¥-mixing sequences, with
conditions (1.5), (1.7) and (1.8). By Proposition 1 in Doukhan [10], it is known that t¢-mixing usually
implies S-mixing. However, the ranges of our results do not depend on the mixing coefficients. Indeed, our
ranges of validity for (1.9) and (1.10) are respectively 0 < z = o(n(!=®)/2) and 0 < z = o(n(1=)r/(4420)) 35
n — oo, which are the best possible even (7;);>1 are independent. Moreover, we show that (1.10) remains
true if ¢-mixing coefficient ¥ (n) decays in a polynomial decaying rate, in contrast to S-mixing sequences
which does not share this property. For methodology, our approach is based on martingale approximation
and self-normalized Cramér type moderate deviations for martingales due to Fan et al. [15].

The paper is organized as follows. Our main results are stated and discussed in Section 2. Applications
and simulation study are given in Section 3. Proofs of results are deferred to Section 4.
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2. Main results

Recall that F; and F77, be o-fields generated respectively by (1;)i<; and (1;)i>;+k. We say that (1;)i>1
is ¥-mizing if the mixing coefficient

P(n) = supsgp{]]P’(ALFj) —P(A)|/P(A): AeFy,} —0  asn— oo, (2.11)

see Doukhan [10]. It is known that continued fraction expansions of irrational numbers and certain Gibbs-
Markov dynamical systems are 1-mixing, see Bazarova, Berkes and Horvath [1] and Denker and Kabluchko
[7] respectively.

Our main result is the following self-normalized Cramér type moderate deviations for 1)-mixing sequences.

Theorem 2.1. Assume conditions (1.5), (1.7) and (1.8). Set a € (0,1). Let m = |[n®] and k = [n/(2m)] be
respectively the integers part of n® and n/(2m). Denote

0 = map?(m) + kip(m)

and

Yo = K22 (m) + nap(m).
Assume also that 6,7, — 0 as n — oco.

[i] If p € (0,1), then for all 0 < x = o(n1=®)/2),

1

P(Wy > x)
-0 (2) n(=a)p=p)/8(1 4 zr(2+0)/4) + 7n)> , (212)

Y

IN

n(-a)p/2

z2tr 9
cp| =7 + 270 + (1+2)(

where ¢, depends only on ci,co and p.
[ii] If p=1, then for all 0 < x = o(n'=*)/2),

P(We > x)
1—®(x)

<o s 1 Inn 2.13
=¢ n(l-a)/2 +a%d, + +x)(n(1fa)/8(1+z3/4) + n(l—a)/2 +%) J (2.13)

where ¢ depends only on ¢y and cs.

Notice that in the i.i.d. case, W2 is self-normalized sums of k i.i.d. random variables, that is (¥;)1<i<k-
According to the classical result of Jing, Shao and Wang [18], Cramér type moderate deviations holds for
0 < x = o(k'/?). Since the last range is equivalent to the range 0 < z = o(n(!=%/2), the ranges of validity
for (2.12) and (2.13) coincide with the case of i.i.d., and, therefore, it is the best possible.

The following MDP result is a consequence of the last theorem.

Corollary 2.1. Assume the conditions of Theorem 2.1. Let a, be any sequence of real numbers satisfying
a, — o0 and an/n(l_o‘)/2 — 0 as n — oco. Then for each Borel set B C R,
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2 1 1
—inf T < hminf—lnp(—wg € B>
an,

z€B° 2 n—oo a2

1 1 2
< limsup—21nIP’(—WTf € B> < - ini%,
Qp

n—oo Oy zeB

where B° and B denote the interior and the closure of B, respectively.

If ¢(n) = O(n_(“‘p)/"‘), then 62 = o(n_(l_a)P/Q) and 7, = o(n~(1=%r/2) The following corollary is
nonetheless worthy to state.

Corollary 2.2. Assume conditions (1.5), (1.7) and (1.8). Set « € (0,1). Assume also that
Y(n) = O(n—(1+p)/a)
asm — oo.
[i] If p € (0,1), then for all 0 < x = o(n1=*)/2),

PWy > )
1—®(x)

In

ate 14+ =z
< Cp (n(la)p/Q + n(l—a)p(pr)/S(l + xp(2+p)/4) ) (214)

where c, depends only on ci,co and p.
[ii] If p =1, then for all 0 < 2 = o(n('=*)/2),

3 1 Inn

P(We > x) x
< C<n(1o¢)/2 + (1 + z)(n(lia)/s(l T $3/4) + n(l‘l)/2)>7 (215)

R Yo

where ¢ depends only on ¢ and c.
In particular, (2.14) and (2.15) together implies that for p € (0,1],

P(W2 >x)
T3 - Lo (2.16)

uniformly for 0 < x = o(n(1=)r/(4+20)),

Chen et al. [4] (see Section 3 therein) showed that if S-mixing coefficient 8(n) decays only polynomial
slowly, then (2.16) is not valid at = = (C'lnn)/? for sufficiently large constant C'. However, Theorem 2.1
shows that the range of validity of (2.16) can be much wider when S-mixing is replaced by 1-mixing.

Recall that in the i.i.d. case, W is self-normalized sums of k i.i.d. random variables. By Remark 2 of
Shao [27], the range of validity for (2.16) is also the best possible.

Remark 2.1. Notice that if (n;);>1 satisfies conditions (1.5), (1.7) and (1.8), then (—n;);>1 also satisfies the
P(We >
same conditions. Thus the assertions in Theorem 2.1 and Corollary 2.2 remain valid when fnTza)C) is
— P (x
P(WS < —zx)

replaced by B (—2)
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3. Applications
8.1. Application to simultaneous confidence intervals

Consider the problem of constructing simultaneous confidence intervals for the mean value p of the
random variables ((;);>1. Assume that ({; — p);>1 satisfies the conditions (1.5), (1.7) and (1.8). Let

S (Y —mp)

Ty = )
V(Y =Y

l~<

where m = [n®], k= [n/(2m)], YV; = 31" Gom—1)+i» 1 <j<k,andY; =k~* Z?:l Y.
Corollary 3.1. Let 6, € (0,1). Assume that
| In 5n| = o(n(l_a)p/(2+p)). (3.17)

If Y(n) = O(n=(FP/¥) 'n — oo, then

YE Y ei(1—-4,/2)
+
km km

is 1 — 0, conservative simultaneous confidence intervals for .

Proof. It is known that for all x > 0,

Z?Zl(yj_mﬂ) >x<kk )1/2( k )1/2 ,

P(Tz2) =P SE e =1 ke

see Chung [5]. The last equality and (2.16) together implies that

P(T, > x)

a0 =Lt (3.18)

uniformly for 0 < z = o(n(!=®/(4+20)) Clearly, the upper (4, /2)th quartile of a standard normal distri-
bution ®~1(1 — §,,/2) satisfies

®H(1-6,/2) = O(v/|Ind]),

which, by (3.17), is of order o(n(!=®)#/(4+20)) Then applying the last equality to T},, we complete the proof
of Corollary 3.1. O

Similar results in statistical inference for hight-dimensional time series can be found in Chen et al. [4],
where the authors have established simultaneous confidence intervals for functional dependence sequences.
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3.2. Application to continued fraction and simulation study

One of the well known example of ¢-mixing sequences is called continued fraction expansions of irrational
numbers on (0, 1). For an irrational number x € (0,1), let

ar(z) = [1/z]; anpa(2) = ar(xoT"),  n>1,

be the continued fraction expansion of x, where T is defined by T'(z) = 1/x — |1/z], that is the fractional
part of 1/x. It is easy to see that

The sequence (ay(z))n,>1 with respect to the uniform measure in (0, 1) is ¢-mixing. Indeed, Lévy [19] proved
that

Y(n) = supsup{y]P (A|lF) A)|/P(A): A€ Fp,} < Ce ™ (3.19)

with positive absolute constants C' and A, where .7-'j and F77, be o-fields generated respectively by
(ai(z))1<i<; and (a;(x))i>;+n. Denote by

1 1

~ [~
n2/) 1+« .
)

G(E) =

the Gauss measure on the class of Borel subsets B of (0,1). It is known that (cf. Billingsley [3]) 7" is an
ergodic transformation preserving the Gauss measure and thus (a,(z)),>1 is a stationary ergodic sequence
with respect to the probability space ((0,1), B,G). Clearly, the set {a; = k} is the interval (1/(k + 1), 1/k]
and thus

1/k

1 1 1
Gla =k =15 / 1+z ln21n(1+k(k+2))'
1/(k+1)

Hence, by the ergodic theorem we have for any function F': N — R, it holds

lim —
N—oo

H
e
=
IS

))ZﬁZ?F(j)ln(H ! ) a.c. (3.20)

whenever the series on the right hand side converges absolutely. Recently, Bazarova, Berkes and Horvath [1]
gave a central limit theorem for (a,(x)),>1. Next, we give self-normalized Cramér type moderate deviations.

Letting E denote expectation with respect to G, by (3.20), we have Eay(z) = oo and E(a;(z))* < oo
for any o € (0,1). Consider the self-normalized moderate deviation for the random variables ((;);>1, where
¢i = {¥/a;(x) for any i. Then IEC12+p < oo for any p € (0,1) and

wi=E¢ = = 22]1/3111( ](j-i—?)). (3.21)
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Let

> (Y —mp)
Vb (Y — mp)?

where m = [n®],k = [n/(2m)], Y; = 31" Com(j—1)+i» 1 < j < k. By (2.16), we have the following result.

We =

n

)

Corollary 3.2. Set o € (0,1). Then for any p € (0,1),

P(We >t)
v n= 7 _1 1 99
o Lo (3.22)
uniformly for 0 <t = o(n(l—a)p/(4+2p)).

Next, we give a simulation study for the last corollary. We let n = 30, m = 1, 2, 3,4 and consider 13 levels
oft :t=0,.1,.2,...,1.0,1.2,1.4. Let x be the discrete uniform distribution random variable, with possible

values 7,/10000, 27/10000, ....., 31827 /10000. Since 7 is an irrational number, x are irrational numbers. In
W2, we take
| 300 1
= > (1 ). 3.23
"7 2 j;] iG+2) (3.23)

Then P(W? > t) ~ #(W2 : W2 > t)/3182. The following table shows the simulate rations %;5;). From

the table, we see that the interlacing self-normalized sums (that is m = 2,3,4) has a better performance
than self-normalized sums (that is m = 1) when z close to 0. When x moves away from 0, the reverse is

true.
m t=0 1 2 3 4 D .6 7 8 9 1.0 1.2 1.4
1 1.11 1.13 1.15 1.16 1.17 1.16 1.11 1.08 1.03 0.96 0.90 0.75 0.53
2 1.01 1.02 1.02 1.02 1.02 1.01 1.00 0.99 0.94 0.88 0.78 0.57 0.42
3 1.00 1.03 1.04 1.07 1.06 1.06 1.04 1.01 0.98 0.92 0.85 0.67 0.48
4 1.01 1.00 0.99 0.96 0.94 0.89 0.82 0.74 0.67 0.56 0.46 0.29 0.13
4. Proofs

To shorten notations, for two real positive sequences (a,);>1 and (b,);>1, write a, =< b, if there exists a
positive constant C' such that a, < Cb, holds for all large n, a,, = b, if b, < a,, and a, < b, if a, < b,
and b,, < a,,.

4.1. Preliminary lemmas
Let (XZ, ]:1')1':0

n be a sequence of martingale differences defined on a probability space (€2, F,P). Set

yeery

k
So=0, Sg=Y Xi k=1,.,n (4.24)
=1

Then (Sk, Fk)k=o0,...,n is a martingale. Denote B2 = """ | EX? the variance of S,,. We assume the following
conditions:
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(A1) There exists g, € [0, 3] such that
n
| EIXPIF ] - B2 < 2B
i=1

(A2) There exist p € (0,1] and 7,, € (0, 1] such that
E[|X;|*"°|Fic1] < (o Bp)?E[X7|Fica], 1<i<n.

In practice, we usually have ¢,, 7, — 0 as n — oo. In the case of sums of i.i.d. random variables with finite
(2 + p)th moments, then it holds B,, < y/n, and thus conditions (A1) and (A2) are satisfied with ¢, = 0
and 7, = O(1/4/n) as n — oo.

Define the self-normalized martingales

W, = O (4.25)

V Z?:l X12 .

The proof of Theorem 2.1 is based on the following technical lemma due to Fan et al. [15] (see Corollary
2.3 therein), which gives a Cramér type moderate deviation expansion for self-normalized martingales.

Lemma 4.1. Assume conditions (A1) and (A2). Denote

75(2—9)/4
(T, p) = 1+ zr@o)/a (4.26)

[i] If p € (0,1), then for all 0 < z = o(7,; 1),

P(W, > z)
1—®(x)

In <c (xQ“’Tﬁ + a2+ (1+2) (s +?n(x,p))>,

where c, depends only on p.
[ii] If p=1, then for all0 < x = o(y,; 1),

P(W, > z)

Ry

< C((ﬂSTn + CU2§72L + (1 + 1') (gn +7_n| 1nTn| + ?n(xa 1))>7

where ¢ is a constant.

The following lemma is useful in the proof of Theorem 2.1, see Theorem 2.2 of Fan et al. [14]. Denote
2T = max{z,0} and = = (—z)7 the positive and negative parts of z, respectively.

Lemma 4.2. Assume that E|X;|? < oo for a constant 3 € (1,2] and all i € [1,n]. Write

k

&) =Y (B IR + (X)), ket

i=1
Then for all x,v > 0,

P (Sk >z and Gy(B) < v” for some k € [1,n]) < exp {—C(ﬂ) (f)ﬁ/(ﬁl)} , (4.27)

v
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where

C)=p77 (1-57"). (4.28)

In the proof of Theorem 2.1, we also make use of the following lemma which can be found in Theorem 3
of Doukhan [10].

Lemma 4.3. Suppose that X and Y are random variables which are F7Y, - and Fj-measurable, respectively,
and that E|X| < oo, E[Y] < co. Then

‘]EXY . IEXIEY‘ < ¢(n) E|X|E[Y].
Moreover, since E|X| < (E|X|?)Y/2, it holds
’IEXY - IEX]EY’ < ¢(n) (EX2)Y/2 (EY2)1/?
provided that EX? < co and EY? < 0.
4.2. Proof of Theorem 2.1
We first prove Theorem 2.1 for p € (0,1). Denote by F; = of{n;,1 < i < 2ml — m}. Then Y; is Fj-

measurable. Since En; = 0 for all i, by the definition of mixing coefficient (2.11), it is easy to see that for
1<j <k,

Kgg

’]E[Yﬂfj—ﬂ‘ =

(E[ﬁzm(j—1)+i|fj—1] - En2m(j—1)+i)
1

Y(m)E[n2m(j—1)+il

IA
NGB

ﬁ
Il
_

|2+p)1/(2+p)

Y(m) (]E|772m(j71)+i
1

mp(m)ca, (4.29)

-
Il

IA

where the last inequality follows by condition (1.8) with s = 1. Thus
k
‘ ZE[Y}|.7—']»,1]‘ < kmyp(m)ey < np(m)es.
j=1

By condition (1.8) and the inequality
(x+y)P <207 HaP +4P) forz,y >0and p>1,
we have
E[|Y; — E[Y;|F;a] PP\ Fjma] < 27 PE[Y; 4P + [E[Y)|Fj-1] P71 1]
< 2P|V, P F]

< 227 (1+ ¢ (m))E[Y;|**7
< 22FP(1 4 p(m))m P 2Ete, (4.30)
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The last inequality implies that

E[|Y; — E[Y;|F;j_1] 2 Fi1] < (B[|Y; — E[Y;|F;_1]|*FP|F;_1)) ¥ P

< 2°(1 49 (m)* e
< 2%(1 + 9 (m))mes. (4.31)

Similarly, by (1.8) and the assumption d,, — 0 as n — oo, it holds

E[|Y; — E[Y;|Fj-1] | Fj-1] = Y| Fja] = [E[Y | Fj]?
Y(m)EY] — (mip(m)es)
(1 = (m))met. (4.32)

Y]

Y

(-
1
2
Combining (4.30)-(4.32), we deduce that
E(|Y; — E[Y;|F5 )PP 1 Fja) < mPPE()Y; — E[Y;|F; ]| F -4,
k
> E[Y; - EY;|F1]’|Fja] < n
j=1

and, by Lemma 4.3 and (4.29),

k
| SCENY; — E[Y;1Fi-a] 1] — ES2
j=1

’zk: E[|Y; — E[Y;|F;-1]*|Fj-1] ZEY2’+’E52 ZEYQ‘

j=1

HM»

k j—
] V2| F; 4] EY2]+Z]JEY|E 1‘24—222’1[*2)/}7‘
=1

j=11
k j—1
< kY(m)EY} + k(myp(m)ea)® +20(m) Y Y E[Y;|E[Y|
j=11=1
k j—1
< 2mip(m)c3 + nmap®(m)c3 + 2¢(m) > > /EYZ\/EYV?
Jj=11=1

< 2np(m)c3 + nmyp?(m)c3 + 2nkip(m)c;
< nmz/ﬂ(m)c% + 4nkw(m)cg

Denote by
&7 = map?(m) + ki (m).

Taking X; = Y; — E[Y;|F;_1], we find that the conditions (A1) and (A2) are satisfied with B2 = ES2 < n,
Gn < 0 and 7, < y/m/n < n~(1=®)/2 Applying Lemma 4.1 to

e T~ EIF )

TS BN A )
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we have for all 0 < x = o(n(1=®)/2),

P(W, > )
1—®(x)

In

i 262 1
<¢ (W + 26, + (1 + ) (n(l—a)p(2—p)/8(1 FRCEDYE) + Jn) . (4.33)

Notice that, by Cauchy-Schwarz’s inequality,

k k k k
> (% - B IF ) = Do ¥ < 2 IVEIGIF -l + D (B )
j=1 j=1 j=1

Jj=1
k k
< 2map(m)ea Y [Vi|+ D (m
Jj=1 Jj=1
k 1/2
< 2k 2map(m (Z Yf) + km2y2(m)c2. (4.34)

Jj=1

When Z§:1 Y7 > 1/4, both sides of the last inequality divided by Zle Y7, we get

(Y —EY|F )
‘23—1( j [Yj1F-1]) 1| < 4k 2map(m)ey + 4kmp? (m)cl. (4.35)

k
Zj:l Y72

By assumption 7y, — 0, we have ni(m) — 0 which leads to k'/?my(m) — 0 as n — oo. Thus (4.35) implies
that

| PO
2
S (Vi — E[Y;|F-4))

— 1] < Cok'?map(m), (4.36)

where Cj is a positive constant. Hence, by the last inequality and the fact k*/2map(m) — 0, when Z?zl YJ? >
1/4, it holds

‘W —we| =

k k k
sk y2
ZY E[Y;|F;_ ﬂ)J _ i=1 i -3,

Yo (Y —EYIF))” S

\/ j= 1
k k
> - EYIF-a]) - Y| +
j=1

Z] 1 Y2 <‘ Jj=1

k
+Cok1/2m1/) }Z (Y; — E[Y;|F;- 1])‘)
j=1

k s Y Y]
<83 [BIY 17|+ CokPmu(m) -2

=
=t V2= Y

: s . k k (¢
Using Cauchy-Schwarz’s inequality, we have > _, [Y;] < k1/2\/zj:1 Y7?. Thus, by (4.29) and the last
inequality,

< 3kmi(m)eg + Cokmap(m)
< (3cg + Co)nyp(m).

‘anwg
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k
Hence, when > 7, Yj2 > 1/4, we have

‘Wn—Wg

S 0187“ (437)
where (] is a positive constant and
€n = np(m).

Clearly, by assumption v, — 0, we have ¢, — 0 as n — co. Without loss of generality, we may assume that

2?21 IEYj2 = n; otherwise, we may consider (7;/ 2?21 IEYf/n)lSign instead of (1;)1<i<n. Then it follows

that

k k
p (ny < i) <r <Z<Yf ~EIF D < ) - ZE[YfIE-ﬂ)

j=1 j=1

k
=P (Z(Yf —E[Y7|F;j-1]) < % — (1 —4(m)) Z]EYf)

k
<P (ZYJ? —E[Y?|Fj-1] < —%n) (4.38)

Denote Z; = E[Y?|F;_1] — Y;. Notice that
Zj <E[YP|Fj-1] < (1 = 9(m)EY] =< m,
By an argument similar to the proof of (4.30), we have
E[|Z;|" 72| Fjq] < miter2,
The last two inequalities implies that
S (BI@)21F] + (Z)02) < Com! 012,
i=1

where Cs is a positive constant. Applying Lemma 4.2 to (Z;)i1<j< with § =14 p/2,2 = n/2 and P =
Cokm?, we get, from (4.38),

k 1 k 1
P(Zy]? < Z) gP(ZZj > §n>
< exp{ —C(p) nlfo‘}, (4.39)

where C(p) is a positive constant. For the last inequality, we make use of the fact that m = |[n®], k =

[n/(2m)] and

8/(8-1) 8/(8-1) /-1
) =) = i) =

—_— = —_— =N
;/Bkl/[}m n(l_a)/ﬂnu

Using (4.37), we obtain the following upper bound for the relative error of normal approximation: for all
0 <z =o(n(1=)/2),
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PWo>a) PWe2a, Y0 V2> 1/)+P(We>a, Y, V7 <1/4)

1—-®(x) 1—®(x)
P(W, > — Cren, S0 Y2 > 1/4) + P(X5_ Y2 < 1/4)
= 1—® ()
< P(W, >z —Cie,) 1 —® (z — Cie,) P(Z?:l Y7 <1/4)
T 1-3(x—Ciep) 1—®(x) 1—®(x)

Using the inequality

1 :
1-®(2)> ———e /2 forallz >0

V2r(1l+ )

(cf. (1.6) of [11]), we deduce that for all z > 0 and ¢, = o(1),
x 42
1-0 (.T — Clé'n) -1+ f:nfClsn \/%6 ' /Zdt
11— (x) 11— (x)

1 —(@=Cien)?/2¢)
(& 1€n
S 1 + m 1 71/,2/2
VZm (1) €

<1+Ci(1+ x)eneclm"
< eGrlitamen (4.40)

By (4.33), (4.39) and (4.40), we have for all 0 < z = o(n(1=®)/2),

P(Wg > x)
1—®(x)
z2te 99 1
< exp {Cﬂ <n<1—a>p/z +aton + (1 +2) (n<1—a>p(2—p>/8(1 o) T ot en)
1 -«
+mexp{—0(p)n }

24p 1
/ z 252
< exp {Cp <n(1—(1)0/2 +x 57; + (1 + x)(n(l—a)p(Q—p)/S(l + l’p(2+p)/4) + 77z)> }7

where
Yo = O + e = K202 (m) + nap(m).

Similar, we have the following lower bound for the relative error of normal approximation: for all 0 < z =
o(n(=)12),

PWy > )
1—®(x)

2+p 1
, z 2¢2
> exp { -G, (m +a75, + (1 +2) (n(l—a)p(Q—P)/8<1 npvICEYZy 7”)) }

%ﬁé? together, we complete the proof of Theorem 2.1 for

Combining the upper and lower bounds of
p€(0,1).
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For the case p = 1, the assertion of Theorem 2.1 follows by a similar argument, but with §,, replaced by
ﬁ—l—dn in (4.33) and accordingly in the subsequent statements. This completes the proof of Theorem 2.1.

4.8. Proof of Corollary 2.1

In the proof of Corollary 2.1, we will make use of the following well-known inequalities:

1

- P2 < ; —a/2 >0 4.41
e T e , x>0. .
V2m(l+ x) - () < ( ( )

Vr(l+z)

First, we show that

_ 1 1. . x?
limsup—InP| —W2 € B) < —inf —. (4.42)
Gnp

n—oo Ay z€EB

When B = (), the last inequality is obvious. So, we assume that B # ). For a given Borel set B C R, let
xo = inf,ep |z|. Clearly, we have xg > inf 5 |2|. Therefore, by Theorem 2.1,

]P(%Wﬁ € B) < P([Wa] = anzo)

(anx0)2+p
< 2(1 - P (an:co)) exp {Cp (M + (an,x0)2 53

1
+(1 + anzo) (n(l—a)p(2—p)/8(1 + (anxo)p(2+p)/4) " ’Yn)> }

Using (4.41), we get

1 1 2 2
limsup — P —W°eB) < -0 < _jnf T,
n—00 a% an, 2 z€B 2
which gives (4.42).
Next, we show that
| 1o, ot
liminf —InP(—W7€B|>— inf —. (4.43)
n—oo as (479 x€B° 2

When B° = (), the last inequality is obvious. So, we assume that B° # (). For any given ;1 > 0, there exists
an xg € B°, such that

0<% < ing x2+g
9 ~sepe 2 U

Without loss of generality, we assume that xg > 0. For 2y € B° and all small enough €5 € (0, ), it holds
(xo — 2,20 + 2] C B. Obviously, we have

P (alW;j € B) > P(WS € (an(xo — €2), an(xo + 52)])
= IP(WT‘L’ > ap(zo — 52)) — P(W,‘; > apn(zo + 52)).

By Theorem 2.1, it is easy to see that
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. (W;; > ap(z0 + 52))

oo p (Wg > ap(zo — 52)) -0

Then, by (4.41), it follows that

1 1 1
liminf — InP <—W,f € B> > —5(1‘0 — )2
Qnp

n—00 (J,?L

Now, letting €5 — 0, we have

1 1 2 2
1iminf—21n]P<—W,‘;eB) S S Y -
n—oo a2 an 2 z€B° 2

Because €1 can be arbitrarily small, we get (4.43). Combining (4.42) and (4.43) together, we complete the
proof of Corollary 2.1.
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