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1. Introduction

We are interested in the L* norm of the first derivative of the solution to the Maxwell-gauged O(3)
sigma model [14] in R**+1,

DoDo¢p — D1D1¢p — (1 — ¢3)n+ ¢ (|IDoo|* — [D1o]? + ¢3(1 — ¢3)) = 0, (1.1)
OoF10 = (n x ¢, D19), (1.2)
01F10 = (n x ¢, Do), (1.3)

with initial data ¢(x,0) = ¢o, 0;p(x,0) = ¢1, Au(x,0) = ay, and 0 A, (x,0) = b,. Here, ¢ = (o1, ¢2, ¢3) is
a three-component real scalar field with unit norm ¢? + ¢3 + ¢2 = 1, and Ag and A; are real number fields.
The space—time derivatives are denoted by 0y = 9y, 01 = 0,. The covariant derivative is defined as

D,¢ = 3%;5 + Au(n X @),
where n = (0,0,1) and Fjg = 91 Ag — 9y A;. The usual inner product and cross-product on R? are given by
(a,by = a1by + azbs + asbs,
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axb= (a2b3 — agbg, a3b1 — a1b3, a1b2 — agbl).

Moreover, |a|? = (a,a).
The system of equations (1.1)—(1.3) is invariant under the following gauge transformations:

¢ = (Za¢3) — (zeiX’ ¢3), A,u — A/_L - a,uXv

where Y is a real-valued smooth function on R'*! and the notation z = ¢; + i¢o is used. Therefore, a
solution of the system (1.1)—(1.3) is formed by a class of gauge equivalent pairs (¢, A,). The conserved
energy for (1.1)—(1.3) is

B0 = [ Dol + D16 + Fhy + (1 - 6a)? do = E(O). (1.4)
R

The initial value problems of the sigma model and Maxwell-gauged sigma model in R'*! have been
studied in [9] and [8], respectively. We refer to [11,15,17,18] for the Cauchy problem of the sigma model
without gauge fields. The existence of a solution to the self-dual equations for the Maxwell-gauged O(3)
sigma model has been studied in [6,7].

The existence of a global solution to (1.1)—(1.3) was proven in [8] under the Lorenz gauge condition
0pAop — 01 A1 = 0. For initial data

¢o € H*(R), ¢1 € H'(R), a,€ H*R), b,€ H(R) (1.5)

satisfying (¢, ¢1) = 0, the initial value problem for (1.1)—(1.3) has a unique, global-in-time solution that
belongs to

¢ € C([0,00), H*(R))NC
A, € C([0,00), H*(R)) N C*([0,00), H'(R)).

S
8
=
=

By making use of local energy conservation, we estimate L*> bounds for Fjg and D¢, which are inde-
pendent of the gauge condition.

Theorem 1.1. For the global solution of (1.1)—(1.3) with initial data (1.5), we have

lF10(-, t)||Lem) < C+ V2E1(0)t4,
IDad(:, )| ry < C + V2ET(0)t4 + E2 (0)¢7,

N

where C depends only on || Fio(+,0)| pe®r) and [[Da¢(-,0)| o (R)-

Several authors [1,2,4,5,12,16,19,20] have studied the growth of the Sobolev norms of the solutions to
the Hamiltonian PDE. We refer to [2,4,5,12] for Schrédinger equations and [19] for the Dirac-Klein—Gordon
system. The logarithmic Sobolev inequality was used in [2] to obtain an exponential bound for the H? norm.
The so-called upside-down I method was used in [3,4,19].

We consider here the growth of the H? norm of the solution to (1.1)—(1.3). The exponential growth in
[8] was obtained

HDMDV(ZS(W t) ”%2(]1%) < eC(E0)+1)t

By applying Sobolev’s inequalities
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D976 ry S 1DS72R) IDDY|| 2Ry and [ Do||7ww) S DSl L2®) | DDl L2 m)-

Instead of using Sobolev’s inequalities, we make use of the L*>° bounds in Theorem 1.1 to improve growth
as follows:

Theorem 1.2. For the global solution of (1.1)—(1.3) with initial data (1.5), we have
1D, Db D)l < DD, 0) L2y + (1 + EO)(1 -+ 1)2.

Remark. The proofs of Theorems 1.1 and 1.2 can be applied to the solution of the O(3) sigma model without
gauge fields:

0101 — 02020 — (1 — dp3)n + ¢ (10:9]° — 10.0]* + ¢3(1 — ¢3)) = 0. (1.7)

Then, the obtained bound for the H? norm is new even for (1.7). The usual argument using Sobolev and
Gronwall’s inequalities leads us to the exponential bound.

We also consider the following Maxwell-Klein—Gordon equations in R1*1:

DyDop — D1 D1y + 4 =0,
doF10 = Im(¢y D1 ), (1.8)
01 F1o = Im(4¢ Do),

where 1 is a complex-valued function, and the covariant derivative is defined as
D, =0, + 1A,

where i = /—1. The conserved energy of the system (1.8) is

H@:/wwRHQW+WPH%m:mw
R

For the initial data belonging to H?(R), it is easy to prove, under the Lorenz gauge condition 9y Ag— 01 A; =
0, the existence of global solutions of (1.8) with

¥ € O([0,00), H*(R)) N C*([0,00), H'(R)),
A, € C([0,00), H*(R)) N C*([0,00), H'(R)).

We refer to [10,13] for a proof of the existence of a global solution of the Maxwell-Klein-Gordon equations.
The next result is concerned with the L bounds of ||Foy(-, )|z ®r) and [|[Dat(:,t)|| Loo ()

Theorem 1.3. For the global solution of (1.8) with H? as initial data, we have

[F10(-; )|l oo ry < C + H(0),

IDat (-, )]l qry < C + H(0) + H? (0)¢7,

where C' depends only on || Fio(+,0)||r~ and || Dot (-, 0)|| Lo
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As an application of Theorem 1.3, we can obtain the H? bound for the solution of the Maxwell-
Klein—Gordon equations (1.8) as follows:

IDLD (-, D)l 2) S IDRDyts (-, 0) 2y + H2 (0)(H(0) + [|F (-, 0)] oo ) -

In Section 2, we obtain the L> bounds (1.6) for the solution of the Maxwell-gauged O(3) sigma model.
Theorems 1.2 and 1.3 are proved in Sections 3 and 4, respectively. We use the summation convention, where
we sum over repeated indices. We also use C' to denote various constants and A < B to denote an estimate
of the form A < CB.

2. Proof of Theorem 1.1

Recall the basic algebra associated with the covariant derivative:

aa<¢7 1/’) = <DOL¢7 fl/}> + <¢)a Daw>7 (21)
DOD1¢ — D1D0¢) = F01 (’I’L X ¢), (22)

where ¢ and i are three-component real scalar fields.
We first derive local energy conservation (2.4). Taking the inner product Dy¢ with (1.1) and considering
(Do, ¢y =0, we have

0 = (DoDo¢, Do) — (D1D1¢, Dogp) — (1 — ¢3)(n, Do)

1 1
= ati‘DOQbF — 0:(D1¢, Do¢) + (D1, D1 Do) + 3t§(1 — ¢3)%,
which becomes, by considering (2.2),
1 2 1 2 1 2
0= 5't§\D0¢| + a1‘,§|D1¢5| — 0:(D1¢, Do) + Fio(n x ¢, D1¢) + 8t§(1 — ¢3)".
We also have, from (1.2),
1o
0= 8t§F10 — Fio(n x ¢, D19).

Then, we obtain

0 0
5 (Dog® +[D1of + Fiy + (1 = ¢3)°) = 7-2(D16, Dog) = 0. (2:3)

We integrate (2.3) on the domain

D(l‘o,to) :{(x,t)\0<t<t0, l‘o—to+t<l‘<$o+to—t},

and apply Green’s Theorem to obtain
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to

/ (lo+ 2+ P + (1= 65)%) (@0 — to + 5, 5) ds
0
to
+ / (|v_|2 +Fl+(1— ¢3)2) (xo +to — s,5)ds
0 (2.4)
zo+to
_ / (1D06 + D12 + F&y + (1 - 63)? ) (5,0) ds
xo—to
< / (1DodI? + D16l + F2 + (1 = 65)* ) (w,0) dz = E(0),
R

where
v =Do¢p—D1¢p and vy = Dyop+ Di¢.
We can obtain from (1.2) and (1.3):
(0o + 01)F19 = (n X ¢, vy ). (2.5)

By integrating (2.5) along the characteristic and considering (2.4), we obtain

¢
|Fio(z,t)| < |Fio(z —t,0)| + / In x ¢l |vy|(x —t+s,s)ds
0

1 1 1
2 t 4 4

< |Fio(z —t,0)] + V2 /t|v+|2 /(1—¢3)2 /tl

0
< [Fio(z —t,0)| + V2ET (0)t4,

where we use [n x ¢[2 =1—¢3 and 1 + ¢3 < 2.
Using (2.2), (1.1) can be rewritten as

(Do + D1)v- = Fio(n x ) + (1= d3)n — ¢(|1Dodl* = D16 + 6a(1 = 63)).

Taking the inner product with v_, we have

(B + ) 5lv- 7 = Fioln x 6,0} + (1~ gs){m,v), (26)

where we use (¢,v_) = 0, which is from |¢|? = 1 and (2.1). Considering 1 + ¢35 < 2, (2.6) implies

a1

rglv— @+ ) < [Fuol(6F + 83) o] + (1~ g3)|o-|

< V2 Fiol(1 — ¢3)2 [u_| + (1 — é3)[v—],
from which we obtain

Lo +4.0) < VEIFol(L - 65)} + (1 - 69) (2.7)
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By integrating (2.7) along the characteristic and considering (2.4), we obtain

lv_(x,1)]
% t i t % t % t %
<|v_(z —t,0)+ V2 Fm) (1 — ¢3)* 1] + (1— p3)? 1
[r) e (L) o)
< |o_(z —t,0)| + V2E1(0)t + E2(0)t2.

Through a similar argument, we can obtain

(0~ 0) 5o+ Frofn x 6,04) — (1 - 65)(n,v4) =0,

which leads us to

I\J\H

o (2, 8)] < vy (2 +,0)| + V2B (0)t 7 + B2 (0)t

Then, we obtain

1
[Dad(, )] < 5 (joi| + [v-])

IN

1 :
5 ([0 (@ +1,0)] + o (z — £,0)]) + V2ER(0)t4 + EZ(0)t2.
3. Proof of Theorem 1.2

We prove Theorem 1.2, which gives an improved H? bound for the solution to the Maxwell-gauged O(3)
sigma model (1.1)—(1.3).

We review the means of obtaining the H? bound provided in [8]. Using (2.1), (2.2), and integration by
parts, we have

; % / DuD,of = / ((DoDy — D1D1) Dy, DoDyd) + For(n x Dy, D1 Dy ). (3-1)

Using D, on (1.1), we have

0= D, (DoDo¢ = DoDod — (1= éa)n+ 6 (|Dod|” = [Drof” + 6a(1 - 60)) )
= (D()DO — DlDl)Dyd) + 80FV0(TL X d)) + QFD()(TL X D0¢) — 81Fl,1(’ﬂ X (ZS) — 2Fl,1(n X D1¢)
+ 0y3n + Dy (|1Dog|* — D19 + ¢3(1 — ¢3)) + 0y (| Dod|* — | D16|* + ¢3(1 — ¢3)) ¢,

where we use, as scalar function f and vector field ¢,
Du(f(b) = aﬂf(b + fDu¢

Considering |9,,¢3| < |D,¢| and

(0 (IDod|* = [D1¢|* + 63(1 — 63)) &, Do D,y )
= =0, (|Dog> = |D19|> + ¢3(1 — ¢3)) (Do, Dy o),
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we have from (3.1):

N =

d
& [10uDu6P 5 [ 1DelIDDS) + FIIDSI|DDS| + Do DD, (32)
R R

where D¢ and F are used schematically. Then, we estimate the above integral in [8] as follows:

/|D¢||DD¢| +|F[|Dg||DD¢| + |D¢|*| DDg|
R

SD9|| 2|1 DD@l 2 + | Fll s | Dgll sl DD 2 + | D |76 | DDl 12

1 1 1 3
S D2 IDDY| 2 + [|F |22 10F || 721 D61 221 DD |72 + | DS Z:2 [ DD 72,

where the covariant Sobolev inequality HD¢||%6(R) < HD¢||%2(R)||DD¢HL2(R) is used. Note that (1.2) and
(1.3) imply |0F| < |D¢|. Taking into account (1.4), we obtain

d
7 1Du Dbl Ty S (L4 EO)IDu D22 ),

which leads us to an exponential bound || D, D, ¢||2. < ec1+EO),
Here, we can estimate (3.2) as follows:

| &

1
5 771PuDu8llzz SIDG|2 1 DDl 2 + [ DSl L2l Fl| < DD 2 + |1DG| 7 1Dl 2| DD 2

IS

t
S E(0)Z(1+ [ Dgll7) | DDg||z,

from which we derive
d 1 9
PPz < E(0)2 (1 + [|IDgl[1-)-
Applying Theorem 1.1, we arrive at
1D Dy (-, )| 2®) S DD (-, 0)|| 2wy + (1 + E(0))*(1 4 ).
4. Proof of Theorem 1.3

We consider the Maxwell-Klein-Gordon equations in R1*1:

DoDyyp — D1 D1+ =0, (4.1)
doF10 = Im(¢y D19, (4.2)
O Fig = Im(yp Do), (4.3)

where ¢ € C, and the covariant derivative is defined as D ¢ = 0,9 + iA,. We have the corresponding
calculus for (2.1) and (2.2):

Do (¢0) = Daptp + ¢ Do),

‘ (4.4)
DoD1vp — D1 Doty = iFp19,
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where ¢ and ¥ are complex-valued functions.
We derive the expression for the conservation of local energy. Multiplying (4.1) by Dy and taking the
real part, we have

0 = 9(|Dov|* + [¥]?) + 2Re(D1¢ D1 Doyp) — 9,2Re(D11) Do)

_ _ (4.5)
= 0y(|Dov|* + [¥]?) + 2Re(D19) (Do D1tp — iFinvp)) — 8,2Re(D19Doth),
where (4.4) is used. Multiplying (4.2) by 2Fy;, we have
O FZ + 2Im (¢ D14p) Foy = 0. (4.6)
Adding (4.5) and (4.6), we get
O (1Dowl? + |D1ol + [0 + F2 9 9Re(Drib, Do) 4
gz UDov® + D" + [0 + Fiy) = 5-2Re(D1¢h, Doy) = 0. (4.7)
We integrate (4.7) on the domain D(xg,to) and apply Green’s Theorem to obtain
to
[ (10sP 102 + B ) @0 — to 4 5.5)ds
0
to
+ / (lw,|2 + [9]* + Ffo) (o +1to —s,5)ds
0 (4.8)
zo+to
= [ (1ol + Duw + 10 + F ) (5,0)ds
xo—to
< [ (160l + Dy + 10 + F ) (0,0) dz = HOO),
R
where we denote
w_ =Doyp — D1y and wy = Doy + D12.
From (4.7), we can derive the expression for energy conservation:
H(t) = [ 1Do0f? + Dy + W + Fy do = H(O). (4.9)
R

We now estimate L> of Fy; and wy. From (4.1)—(4.3), we obtain

(01 + 0u) For = Im(ypwy),
(DO =+ Dl)w_ + Z'F()liﬁ + ’([) =0, (410)
(Do — Dy)wy — iFp1p +1p = 0.

Applying (4.8), Fp; can be estimated as follows:
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t
| Fon(2,8)] < |Fon(z — ,0)| +/|z/_)w+|(m —t4ss)ds
0

t 3o/t 3 (4.11)
< [Fou(z — 1,0)] + / p[2ds / o s
0 0

< [Foi(x — £,0)| + H(0).
Multiplying the second equation in (4.10) by w_ and taking the real part, we have
1 9 - _
(0 + 8w)§|w_\ = —Im(¢Yw_)Fp1 — Re(pw_).

Then, we have

N
N|=

t 3 t
/|F01|2d8 + /|1Z)|2d8 t%
0 0

< |w-(z —t,0)| + H(0) + H?(0)t2.

t
o (2] < lo_(x — ,0)| + / p[2ds
0

Through a similar argument to that in Section 3, we can obtain the H? bound for the solution of the
Maxwell-Klein—Gordon equations (4.1)—(4.3). We can derive

t
IDDG( |2 S C + / 1$OF | 12 + | F D 1z ds
0
t
<o+ / |0In(GDE)| 2 + | FD |2 ds
0

t
SO+ [ IR~ 1D z2 + 1F )~ 1Dl 12 ds,
0

where C' depends only on the H? norm of the initial data, and we use (4.2) and (4.3). By making use of
||1ZJH%OC(R) S Il 2@yl Pl 22 r), and considering the energy conservation in (4.9) and (4.11), we finally
have

t
IDDY (-, t)[| 2 S C + / 6113 | DY) |22 + | F || o< | DY 2 ds
0
<O+ HE(0)(H(0) + || F(-, 0)]| ) t.
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