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By making use of local energy conservation, we estimate the L∞ norm of the first 
derivative of the solution to the Maxwell-gauged O(3) sigma model in R1+1. As an 
application of the bound, we obtain the growth of the H2 norm of the solution. 
Quadratic polynomial growth is obtained by improving exponential growth. A 
similar idea can be applied to the Maxwell–Klein–Gordon equations in R1+1.
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1. Introduction

We are interested in the L∞ norm of the first derivative of the solution to the Maxwell-gauged O(3)
sigma model [14] in R1+1.

D0D0φ−D1D1φ− (1 − φ3)n + φ
(
|D0φ|2 − |D1φ|2 + φ3(1 − φ3)

)
= 0, (1.1)

∂0F10 = 〈n× φ,D1φ〉, (1.2)

∂1F10 = 〈n× φ,D0φ〉, (1.3)

with initial data φ(x, 0) = φ0, ∂tφ(x, 0) = φ1, Aμ(x, 0) = aμ, and ∂tAμ(x, 0) = bμ. Here, φ = (φ1, φ2, φ3) is 
a three-component real scalar field with unit norm φ2

1 +φ2
2 +φ2

3 = 1, and A0 and A1 are real number fields. 
The space–time derivatives are denoted by ∂0 = ∂t, ∂1 = ∂x. The covariant derivative is defined as

Dμφ = ∂μφ + Aμ(n× φ),

where n = (0, 0, 1) and F10 = ∂1A0 − ∂0A1. The usual inner product and cross-product on R3 are given by

〈a, b〉 = a1b1 + a2b2 + a3b3,
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a× b = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1).

Moreover, |a|2 = 〈a, a〉.
The system of equations (1.1)–(1.3) is invariant under the following gauge transformations:

φ = (z, φ3) → (zeiχ, φ3), Aμ → Aμ − ∂μχ,

where χ is a real-valued smooth function on R1+1, and the notation z = φ1 + iφ2 is used. Therefore, a 
solution of the system (1.1)–(1.3) is formed by a class of gauge equivalent pairs (φ, Aμ). The conserved 
energy for (1.1)–(1.3) is

E(t) =
∫

R

|D0φ|2 + |D1φ|2 + F 2
10 + (1 − φ3)2 dx = E(0). (1.4)

The initial value problems of the sigma model and Maxwell-gauged sigma model in R1+1 have been 
studied in [9] and [8], respectively. We refer to [11,15,17,18] for the Cauchy problem of the sigma model 
without gauge fields. The existence of a solution to the self-dual equations for the Maxwell-gauged O(3)
sigma model has been studied in [6,7].

The existence of a global solution to (1.1)–(1.3) was proven in [8] under the Lorenz gauge condition 
∂0A0 − ∂1A1 = 0. For initial data

φ0 ∈ H2(R), φ1 ∈ H1(R), aμ ∈ H2(R), bμ ∈ H1(R) (1.5)

satisfying 〈φ0, φ1〉 = 0, the initial value problem for (1.1)–(1.3) has a unique, global-in-time solution that 
belongs to

φ ∈ C([0,∞), H2(R)) ∩ C1([0,∞), H1(R)),

Aμ ∈ C([0,∞), H2(R)) ∩ C1([0,∞), H1(R)).

By making use of local energy conservation, we estimate L∞ bounds for F10 and Dαφ, which are inde-
pendent of the gauge condition.

Theorem 1.1. For the global solution of (1.1)–(1.3) with initial data (1.5), we have

‖F10(·, t)‖L∞(R) ≤ C +
√

2E 3
4 (0)t 1

4 ,

‖Dαφ(·, t)‖L∞(R) ≤ C +
√

2E 3
4 (0)t 1

4 + E
1
2 (0)t 1

2 ,
(1.6)

where C depends only on ‖F10(·, 0)‖L∞(R) and ‖Dαφ(·, 0)‖L∞(R).

Several authors [1,2,4,5,12,16,19,20] have studied the growth of the Sobolev norms of the solutions to 
the Hamiltonian PDE. We refer to [2,4,5,12] for Schrödinger equations and [19] for the Dirac-Klein–Gordon 
system. The logarithmic Sobolev inequality was used in [2] to obtain an exponential bound for the H2 norm. 
The so-called upside-down I method was used in [3,4,19].

We consider here the growth of the H2 norm of the solution to (1.1)–(1.3). The exponential growth in
[8] was obtained

‖DμDνφ(·, t)‖2
L2(R) � ec(E(0)+1)t.

By applying Sobolev’s inequalities
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‖Dφ‖3
L6(R) � ‖Dφ‖2

L2(R)‖DDφ‖L2(R) and ‖Dφ‖2
L∞(R) � ‖Dφ‖L2(R)‖DDφ‖L2(R).

Instead of using Sobolev’s inequalities, we make use of the L∞ bounds in Theorem 1.1 to improve growth 
as follows:

Theorem 1.2. For the global solution of (1.1)–(1.3) with initial data (1.5), we have

‖DμDνφ(·, t)‖L2(R) � ‖DμDνφ(·, 0)‖L2(R) + (1 + E(0))2(1 + t)2.

Remark. The proofs of Theorems 1.1 and 1.2 can be applied to the solution of the O(3) sigma model without 
gauge fields:

∂t∂tφ− ∂x∂xφ− (1 − φ3)n + φ
(
|∂tφ|2 − |∂xφ|2 + φ3(1 − φ3)

)
= 0. (1.7)

Then, the obtained bound for the H2 norm is new even for (1.7). The usual argument using Sobolev and 
Gronwall’s inequalities leads us to the exponential bound.

We also consider the following Maxwell–Klein–Gordon equations in R1+1:

D0D0ψ −D1D1ψ + ψ = 0,

∂0F10 = Im(ψ̄D1ψ),

∂1F10 = Im(ψ̄D0ψ),

(1.8)

where ψ is a complex-valued function, and the covariant derivative is defined as

Dμψ = ∂μψ + iAμψ,

where i =
√
−1. The conserved energy of the system (1.8) is

H(t) =
∫

R

|D0ψ|2 + |D1ψ|2 + |ψ|2 + F 2
10 dx = H(0).

For the initial data belonging to H2(R), it is easy to prove, under the Lorenz gauge condition ∂0A0−∂1A1 =
0, the existence of global solutions of (1.8) with

ψ ∈ C([0,∞), H2(R)) ∩ C1([0,∞), H1(R)),

Aμ ∈ C([0,∞), H2(R)) ∩ C1([0,∞), H1(R)).

We refer to [10,13] for a proof of the existence of a global solution of the Maxwell–Klein–Gordon equations. 
The next result is concerned with the L∞ bounds of ‖F01(·, t)‖L∞(R) and ‖Dαψ(·, t)‖L∞(R).

Theorem 1.3. For the global solution of (1.8) with H2 as initial data, we have

‖F10(·, t)‖L∞(R) ≤ C + H(0),

‖Dαψ(·, t)‖L∞(R) ≤ C + H(0) + H
1
2 (0)t 1

2 ,

where C depends only on ‖F10(·, 0)‖L∞ and ‖Dαψ(·, 0)‖L∞ .
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As an application of Theorem 1.3, we can obtain the H2 bound for the solution of the Maxwell–
Klein–Gordon equations (1.8) as follows:

‖DμDνψ(·, t)‖L2(R) � ‖DμDνψ(·, 0)‖L2(R) + H
1
2 (0)(H(0) + ‖F (·, 0)‖L∞(R)) t.

In Section 2, we obtain the L∞ bounds (1.6) for the solution of the Maxwell-gauged O(3) sigma model. 
Theorems 1.2 and 1.3 are proved in Sections 3 and 4, respectively. We use the summation convention, where 
we sum over repeated indices. We also use C to denote various constants and A � B to denote an estimate 
of the form A ≤ CB.

2. Proof of Theorem 1.1

Recall the basic algebra associated with the covariant derivative:

∂α〈φ, ψ〉 = 〈Dαφ, ψ〉 + 〈φ, Dαψ〉, (2.1)

D0D1φ−D1D0φ = F01(n× φ), (2.2)

where φ and ψ are three-component real scalar fields.
We first derive local energy conservation (2.4). Taking the inner product D0φ with (1.1) and considering 

〈D0φ, φ〉 = 0, we have

0 = 〈D0D0φ,D0φ〉 − 〈D1D1φ,D0φ〉 − (1 − φ3)〈n,D0φ〉

= ∂t
1
2 |D0φ|2 − ∂x〈D1φ,D0φ〉 + 〈D1φ,D1D0φ〉 + ∂t

1
2(1 − φ3)2,

which becomes, by considering (2.2),

0 = ∂t
1
2 |D0φ|2 + ∂t

1
2 |D1φ|2 − ∂x〈D1φ,D0φ〉 + F10〈n× φ,D1φ〉 + ∂t

1
2(1 − φ3)2.

We also have, from (1.2),

0 = ∂t
1
2F

2
10 − F10〈n× φ,D1φ〉.

Then, we obtain

∂

∂t

(
|D0φ|2 + |D1φ|2 + F 2

10 + (1 − φ3)2
)
− ∂

∂x
2〈D1φ,D0φ〉 = 0. (2.3)

We integrate (2.3) on the domain

D(x0, t0) = {(x, t)| 0 < t < t0, x0 − t0 + t < x < x0 + t0 − t},

and apply Green’s Theorem to obtain
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t0∫

0

(
|v+|2 + F 2

10 + (1 − φ3)2
)
(x0 − t0 + s, s) ds

+
t0∫

0

(
|v−|2 + F 2

10 + (1 − φ3)2
)
(x0 + t0 − s, s) ds

=
x0+t0∫

x0−t0

(
|D0φ|2 + |D1φ|2 + F 2

10 + (1 − φ3)2
)
(s, 0) ds

≤
∫

R

(
|D0φ|2 + |D1φ|2 + F 2

10 + (1 − φ3)2
)
(x, 0) dx = E(0),

(2.4)

where

v− = D0φ−D1φ and v+ = D0φ + D1φ.

We can obtain from (1.2) and (1.3):

(∂0 + ∂1)F10 = 〈n× φ, v+〉. (2.5)

By integrating (2.5) along the characteristic and considering (2.4), we obtain

|F10(x, t)| ≤ |F10(x− t, 0)| +
t∫

0

|n× φ| |v+|(x− t + s, s)ds

≤ |F10(x− t, 0)| +
√

2

⎛
⎝

t∫

0

|v+|2
⎞
⎠

1
2
⎛
⎝

t∫

0

(1 − φ3)2
⎞
⎠

1
4
⎛
⎝

t∫

0

1

⎞
⎠

1
4

≤ |F10(x− t, 0)| +
√

2E 3
4 (0)t 1

4 ,

where we use |n × φ|2 = 1 − φ2
3 and 1 + φ3 ≤ 2.

Using (2.2), (1.1) can be rewritten as

(D0 + D1)v− = F10(n× φ) + (1 − φ3)n− φ
(
|D0φ|2 − |D1φ|2 + φ3(1 − φ3)

)
.

Taking the inner product with v−, we have

(∂0 + ∂1)
1
2 |v−|

2 = F10〈n× φ, v−〉 + (1 − φ3)〈n, v−〉, (2.6)

where we use 〈φ, v−〉 = 0, which is from |φ|2 = 1 and (2.1). Considering 1 + φ3 ≤ 2, (2.6) implies

d

dt

1
2 |v−(x + t, t)|2 ≤ |F10|(φ2

1 + φ2
2)

1
2 |v−| + (1 − φ3)|v−|

≤
√

2|F10|(1 − φ3)
1
2 |v−| + (1 − φ3)|v−|,

from which we obtain

d

dt
|v−(x + t, t)| ≤

√
2|F10|(1 − φ3)

1
2 + (1 − φ3). (2.7)
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By integrating (2.7) along the characteristic and considering (2.4), we obtain

|v−(x, t)|

≤ |v−(x− t, 0)| +
√

2

⎛
⎝

t∫

0

F 2
10

⎞
⎠

1
2
⎛
⎝

t∫

0

(1 − φ3)2
⎞
⎠

1
4
⎛
⎝

t∫

0

1

⎞
⎠

1
4

+

⎛
⎝

t∫

0

(1 − φ3)2
⎞
⎠

1
2
⎛
⎝

t∫

0

1

⎞
⎠

1
2

≤ |v−(x− t, 0)| +
√

2E 3
4 (0)t 1

4 + E
1
2 (0)t 1

2 .

Through a similar argument, we can obtain

(∂0 − ∂1)
1
2 |v+|2 + F10〈n× φ, v+〉 − (1 − φ3)〈n, v+〉 = 0,

which leads us to

|v+(x, t)| ≤ |v+(x + t, 0)| +
√

2E 3
4 (0)t 1

4 + E
1
2 (0)t 1

2 .

Then, we obtain

|Dαφ(x, t)| ≤ 1
2(|v+| + |v−|)

≤ 1
2(|v+(x + t, 0)| + |v−(x− t, 0)|) +

√
2E 3

4 (0)t 1
4 + E

1
2 (0)t 1

2 .

3. Proof of Theorem 1.2

We prove Theorem 1.2, which gives an improved H2 bound for the solution to the Maxwell-gauged O(3)
sigma model (1.1)–(1.3).

We review the means of obtaining the H2 bound provided in [8]. Using (2.1), (2.2), and integration by 
parts, we have

1
2
d

dt

∫

R

|DμDνφ|2 =
∫

R

〈(D0D0 −D1D1)Dνφ,D0Dνφ〉 + F01〈n×Dνφ,D1Dνφ〉. (3.1)

Using Dν on (1.1), we have

0 = Dν

(
D0D0φ−D0D0φ− (1 − φ3)n + φ

(
|D0φ|2 − |D1φ|2 + φ3(1 − φ3)

) )

= (D0D0 −D1D1)Dνφ + ∂0Fν0(n× φ) + 2Fν0(n×D0φ) − ∂1Fν1(n× φ) − 2Fν1(n×D1φ)

+ ∂νφ3n + Dνφ
(
|D0φ|2 − |D1φ|2 + φ3(1 − φ3)

)
+ ∂ν

(
|D0φ|2 − |D1φ|2 + φ3(1 − φ3)

)
φ,

where we use, as scalar function f and vector field φ,

Dμ(fφ) = ∂μfφ + fDμφ.

Considering |∂μφ3| ≤ |Dμφ| and

〈∂ν
(
|D0φ|2 − |D1φ|2 + φ3(1 − φ3)

)
φ,D0Dνφ〉

= −∂ν
(
|D0φ|2 − |D1φ|2 + φ3(1 − φ3)

)
〈D0φ, Dνφ〉,
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we have from (3.1):

1
2
d

dt

∫

R

|DμDνφ|2 �
∫

R

|Dφ||DDφ| + |F ||Dφ||DDφ| + |Dφ|3|DDφ|, (3.2)

where Dφ and F are used schematically. Then, we estimate the above integral in [8] as follows:
∫

R

|Dφ||DDφ| + |F ||Dφ||DDφ| + |Dφ|3|DDφ|

� ‖Dφ‖L2‖DDφ‖L2 + ‖F‖L4‖Dφ‖L4‖DDφ‖L2 + ‖Dφ‖3
L6‖DDφ‖L2

� ‖Dφ‖L2‖DDφ‖L2 + ‖F‖
1
2
L2‖∂F‖

1
2
L2‖Dφ‖

1
2
L2‖DDφ‖

3
2
L2 + ‖Dφ‖2

L2‖DDφ‖2
L2 ,

where the covariant Sobolev inequality ‖Dφ‖3
L6(R) � ‖Dφ‖2

L2(R)‖DDφ‖L2(R) is used. Note that (1.2) and 
(1.3) imply |∂F | ≤ |Dφ|. Taking into account (1.4), we obtain

d

dt
‖DμDνφ‖2

L2(R) � (1 + E(0))‖DμDνφ‖2
L2(R),

which leads us to an exponential bound ‖DμDνφ‖2
L2 � ec(1+E(0))t.

Here, we can estimate (3.2) as follows:

1
2
d

dt
‖DμDνφ‖2

L2 � ‖Dφ‖L2‖DDφ‖L2 + ‖Dφ‖L2‖F‖L∞‖DDφ‖L2 + ‖Dφ‖2
L∞‖Dφ‖L2‖DDφ‖L2

� E(0) 1
2 (1 + ‖Dφ‖2

L∞)‖DDφ‖L2 ,

from which we derive

d

dt
‖DDφ‖L2 � E(0) 1

2 (1 + ‖Dφ‖2
L∞).

Applying Theorem 1.1, we arrive at

‖DμDνφ(·, t)‖L2(R) � ‖DμDνφ(·, 0)‖L2(R) + (1 + E(0))2(1 + t)2.

4. Proof of Theorem 1.3

We consider the Maxwell–Klein–Gordon equations in R1+1:

D0D0ψ −D1D1ψ + ψ = 0, (4.1)

∂0F10 = Im(ψ̄D1ψ), (4.2)

∂1F10 = Im(ψ̄D0ψ), (4.3)

where ψ ∈ C, and the covariant derivative is defined as Dμψ = ∂μψ + iAμψ. We have the corresponding 
calculus for (2.1) and (2.2):

∂α(φψ̄) = Dαφ ψ̄ + φDαψ,

D0D1ψ −D1D0ψ = iF01ψ,
(4.4)
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where φ and ψ are complex-valued functions.
We derive the expression for the conservation of local energy. Multiplying (4.1) by D0ψ and taking the 

real part, we have

0 = ∂t(|D0ψ|2 + |ψ|2) + 2Re(D1ψD1D0ψ) − ∂x2Re(D1ψD0ψ)

= ∂t(|D0ψ|2 + |ψ|2) + 2Re
(
D1ψ(D0D1ψ − iF01ψ)

)
− ∂x2Re(D1ψD0ψ),

(4.5)

where (4.4) is used. Multiplying (4.2) by 2F01, we have

∂tF
2
01 + 2Im(ψ̄D1ψ)F01 = 0. (4.6)

Adding (4.5) and (4.6), we get

∂

∂t

(
|D0ψ|2 + |D1ψ|2 + |ψ|2 + F 2

10
)
− ∂

∂x
2Re(D1ψ,D0ψ) = 0. (4.7)

We integrate (4.7) on the domain D(x0, t0) and apply Green’s Theorem to obtain

t0∫

0

(
|ω+|2 + |ψ|2 + F 2

10

)
(x0 − t0 + s, s) ds

+
t0∫

0

(
|ω−|2 + |ψ|2 + F 2

10

)
(x0 + t0 − s, s) ds

=
x0+t0∫

x0−t0

(
|D0ψ|2 + |D1ψ|2 + |ψ|2 + F 2

10

)
(s, 0) ds

≤
∫

R

(
|D0ψ|2 + |D1ψ|2 + |ψ|2 + F 2

10

)
(x, 0) dx = H(0),

(4.8)

where we denote

ω− = D0ψ −D1ψ and ω+ = D0ψ + D1ψ.

From (4.7), we can derive the expression for energy conservation:

H(t) =
∫

R

|D0ψ|2 + |D1ψ|2 + |ψ|2 + F 2
10 dx = H(0). (4.9)

We now estimate L∞ of F01 and ω±. From (4.1)–(4.3), we obtain

(∂t + ∂x)F01 = Im(ψ̄ω+),

(D0 + D1)ω− + iF01ψ + ψ = 0,

(D0 −D1)ω+ − iF01ψ + ψ = 0.

(4.10)

Applying (4.8), F01 can be estimated as follows:



H. Huh / J. Math. Anal. Appl. 488 (2020) 124064 9
|F01(x, t)| ≤ |F01(x− t, 0)| +
t∫

0

|ψ̄ω+|(x− t + s, s)ds

≤ |F01(x− t, 0)| +

⎛
⎝

t∫

0

|ψ|2ds

⎞
⎠

1
2
⎛
⎝

t∫

0

|ω+|2ds

⎞
⎠

1
2

≤ |F01(x− t, 0)| + H(0).

(4.11)

Multiplying the second equation in (4.10) by ω̄− and taking the real part, we have

(∂t + ∂x)
1
2 |ω−|2 = −Im(ψ̄ω−)F01 − Re(ψ̄ω−).

Then, we have

|ω−(x, t)| ≤ |ω−(x− t, 0)| +

⎛
⎝

t∫

0

|ψ|2ds

⎞
⎠

1
2
⎛
⎝

t∫

0

|F01|2ds

⎞
⎠

1
2

+

⎛
⎝

t∫

0

|ψ|2ds

⎞
⎠

1
2

t
1
2

≤ |ω−(x− t, 0)| + H(0) + H
1
2 (0)t 1

2 .

Through a similar argument to that in Section 3, we can obtain the H2 bound for the solution of the 
Maxwell–Klein–Gordon equations (4.1)–(4.3). We can derive

‖DDψ(·, t)‖L2 � C +
t∫

0

‖ψ∂F‖L2 + ‖FDψ‖L2 ds

� C +
t∫

0

‖ψIm(ψ̄Dψ)‖L2 + ‖FDψ‖L2 ds

� C +
t∫

0

‖ψ‖2
L∞‖Dψ)‖L2 + ‖F‖L∞‖Dψ‖L2 ds,

where C depends only on the H2 norm of the initial data, and we use (4.2) and (4.3). By making use of 
‖ψ‖2

L∞(R) � ‖ψ‖L2(R)‖Dψ‖L2(R), and considering the energy conservation in (4.9) and (4.11), we finally 
have

‖DDψ(·, t)‖L2 � C +
t∫

0

‖ψ‖2
L∞‖Dψ)‖L2 + ‖F‖L∞‖Dψ‖L2 ds

� C + H
1
2 (0)(H(0) + ‖F (·, 0)‖L∞) t.
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