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1. INTRODUCTION

The study of geodesics on a Riemannian manifold M without boundary
is a classical topic in differential geometry and in global analysis. One of
the first results in this area, due to Ljusternik and Fet (see, e.g., [17]),
asserts that there exists a nonconstant closed geodesic on each compact
Riemannian manifold without boundary.

This result was extended more recently to Riemannian manifolds with
boundary in [21]. Actually, in those years, several facts concerning geodesics
were generalized to Riemannian manifolds with boundary; see [1, 18, 20,
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22, 26]. A common feature is that, even if the manifold with boundary M is
smooth, irregularities of various kind appear. For instance, there is no
uniqueness for the Cauchy problem and the natural domain of the energy
functional is not a smooth set. Geodesics themselves are differentiable
curves with locally Lipschitzian derivative, but they are not, in general, of
class C2. Accordingly, the geodesic equation is satisfied only pointwise
almost everywhere.

A natural development was then provided in [2—-4], where geodesics on
certain nonsmooth sets, called p-convex sets (see Definition 4.2 below),
are considered. Each CZsubmanifold of R”, possibly with boundary, is a
p-convex subset of R”. However, these last sets may also have corners of a
certain type and are not, in general, topological manifolds (although they
are absolute neighborhood retracts). For instance,

n
M={xeR" max|x|<1l< ) x?
=1

l<j<n

is a compact, p-convex subset of R”. In spite of the lack of regularity in the
set M, the results about geodesics on p-convex sets are similar to those on
Riemannian manifolds with boundary. In particular, the regularity of
geodesics and the interpretation of the geodesic equation are essentially
the same as in the previous case.

Our purpose is to consider a different kind of nonsmooth set, obtained
by taking as M the closure of an open subset of R” with Lipschitz
boundary. It is clear that, in such a case, we cannot expect a geodesic to be
more than Lipschitzian. Consequently, the notion itself of geodesic de-
serves a reformulation. We do this in Section 3, where we propose a hew
definition of geodesic on a general subset M of R” and we show the basic
property that each geodesic vy is Lipschitzian with |y’| constant almost
everywhere. Our definition is related to the nonsmooth critical point
theory developed in [9, 13], which we briefly recall in the next section. In
Section 4, we show that our notion of geodesic agrees with that of [2],
when M is locally closed and p-convex. A fortiori, the same fact holds
when M is a C2%submanifold of R”, possibly with boundary.

The last sections are devoted to the proof of our main result, which is

THEOREM 1.1. Let g: R" — R be a locally Lipschitzian function such
that

Vx e R™: g(x) =0=0¢ dg(x)
(g denotes Clarke’s subdifferential [7]) and let

M= {xeR": g(x) <0}.
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Assume that M is compact, connected, and noncontractible in itself. Then
there exists at least one nonconstant closed geodesic on M.

This is the analogue of the Ljusternik—Fet theorem in our setting. To
prove it, we consider, as in [3, 21], the set

X={yew"?(0,1;R"): y(0) = y(1), y(s) €M Vs}

and the lower semicontinuous function f: L2(0,1;R") > R U {+0} de-
fined by

1 2 .
f(y) = Ej(; ly'(s)["ds ifyeX,
+ oo otherwise.

Since we prefer to deal with a continuous functional, we introduce,
according to the general device of [10], the metric space

epi(f) = {(7, 1) € 20, LR") X R: f(y) < A}

and the continuous function Z: epi(f) — R defined by Z;(y, A) = A.

In Sections 5 and 6, we show that epi(f) is homotopically equivalent to
the free loop space of M and that each critical point (y, A) of g, is of the
form (v, f(v)) with y a critical point of f. Finally, in Section 7, we apply
the nonsmooth critical point theory of [9, 13] to prove our main result.

By our methods, it is also possible to treat the case where M is the
closure of an open subset with Lipschitz boundary in a smooth Rieman-
nian manifold without boundary. However, we have preferred to consider a
more particular situation, not to add further technicalities.

On the contrary, it is an open problem whether Theorem 1.1 holds when
M is, say, a Cl-submanifold of R” without boundary. More generally, it
would be interesting to consider geodesics on LNRs (Lipschitz Neighbor-
hood Retracts; see Definition 5.1 below). All the sets M we have consid-
ered fall, up to isometry, into this large class (for p-convex sets, see
Theorem 4.3 below). On the other hand, several steps in our proof are
valid for LNRs, but in Section 6 we exploit the fact that M is just the
closure of an open subset.

Some results of this paper were announced in [11].

2. SOME ELEMENTS OF NONSMOOTH ANALYSIS

Let X be a metric space endowed with the metric d. In the following,
B, (u) will denote the open ball of center u and radius r. More generally, if
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Y c X, B,(Y) will denote the open r-neighborhood of Y (we agree that
B,(@) = ). Finally, int(Y) and Y will denote the interior and the closure
of Y, respectively.

The next notion has been independently introduced in [9, 13, 16], while a
variant can be found in [15].

DeriniTION 2.1. Let f: X — R be a continuous function. For every
u € X, we denote by |df(u) the supremum of the o’s in [0, + o such that
there exist 6 > 0 and a continuous map .Z: Bs(u) X [0, 8] = X such that

Vv e Bs(u), Vee[0,8]: d(#A(v,t),v) <t,
Vv € Bs(u), Vee[0,8]: f(A(v,t)) <f(v) —ot.
The extended real number |df|(u) is called the weak slope of f at u.

It is easy to see that the function |df]: X — [0, + ] is lower semicontin-
uous.
Now consider a function f: X - R U {+}. Set

2(f) ={ueX: f(u) < +=},
VbeRU {+%):  f*={uecD(f): f(u) <b},
epi(f) = {(u, A) € X X R: f(u) < A},
and define a function Z;: epi(f) - R by £,(u, A) = A. The set X X R will
be endowed with the metric
d((u, 2), (v, w)) = (d(u,0)* + (A = w)°)

and epi(f) with the induced metric. According to [9, 13], let us give

1/2

DEFINITION 2.2, For every u € 2(f), let
14, (., f(u))

dfl(u) = { V1 - 1dZ1(u, f())*
+ oo if |d%~|(u,f(u)) =1.

if |d%~|(u,f(u)) <1,

When f is real-valued and continuous, the above definition turns out to
be consistent with Definition 2.1 (see [13]). Let us give a criterion for
obtaining an estimate of |d%;|(u, ) and |df|(u). 1t is the corrected version
of [5, Theorem 1.5.4], which contains a mistake in the statement.

PropPosITION 2.3. Let (u, A) € epi(f). Assume there exist 5,¢, 0> 0
and a continuous map

Z{veBs(u): f(v) <A+38}x[0,8] X
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such that for any v € Bs(u) with f(v) < A + 8 and any t € [0, 5] we have
d(Av,t),v) <ct, f(Av,t)) <f(v) - ot.

Then we have

1d(u, ) > .
! 2+ g?

In particular, if X = f(w), it is |df(u) = o/c.

Proof. By the change of variable ¢ = 7/c, we can reduce the question
to the case ¢ = 1. Now the same argument of [5, Theorem 1.5.4] works and
it is not necessary to assume the lower semicontinuity of f. |

DEFINITION 2.4. We say that u € 2(f) is a (lower) critical point of f if
ldf I(u) = 0. We say that ¢ € R is a (lower) critical value of f if there exists
a (lower) critical point u € 2(f) of f with f(u) = c.

DErFINITION 2.5. Let ¢ € R. A sequence (u,) in Z(f) is said to be a
Palais—Smale sequence at level ¢ ((PS),.-sequence, for short) for f, if f(u,)
— ¢ and |dfl(u;) — 0.

We say that f satisfies the Palais—Smale condition at level ¢ ((PS), for
short), if every (PS),.-sequence (u,,) for f admits a convergent subsequence
(w,) in X.

For every ¢ € R, let
K. ={uea(f):ldfl(u) =0, f(u) = c}.

LEMMA 2.6. Let Y be a metric space and let A be a subset of Y. Assume
that for every neighborhood U of A there exists a deformationn: Y X [0,1] = Y
such that n(Y X {1}) cU and n(A X [0,1])) C U. Then the inclusion
map i: A — Y induces an isomorphism i*: H*(Y) — H*(A) for
Alexander—Spanier cohomology.

Proof. Let w <€ H*(Y) be such that i*(w) = 0. Since A is tautly
imbedded in Y (see [23]), there exists a neighborhood U of A such that
j*(w) = 0, where j: U — Y is the inclusion map. Let n: Y X [0,1] = Y be
a deformation, according to the assumption. Since je n(-,1) is homotopic
to the identity of Y, j* is a monomorphism. It follows that » = 0, so that
i* is a monomorphism.

Now let w € H*(A). Again from tautness we deduce that there exists a
neighborhood U of A4 such that w is in the range of k*: H*(U) —» H*(A),
where k: A - U is the inclusion map. Let n: Y X[0,1] > Y be a
deformation as in the assumption. Since n(-, 1) i is homotopic to k, the
range of k* is contained in the range of i*. In particular, o belongs to the
range of i*, which is therefore an epimorphism. |
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In the next result we prove a variant of the noncritical interval theorem
(see [5, Theorem 1.1.14] and [8, Theorem 2.10]). Let us point out that we
allow the level set f~*(a) to contain infinitely many critical points.

THEOREM 2.7. Let f: X — R be continuous andleta € R andb € R U
{+} (a < b). Assume that f has no critical points u with a < f(u) < b, that
(PS). holds, and that f° is complete whenever ¢ € [a, bl. Then the inclusion
map i: f* > f° induces an isomorphism i*: H*(f*) - H*(f*) for Alexan-
der—Spanier cohomology.

Proof. Let U be a neighborhood of f* in f°. Since K, is compact,
there exits p > 0 such that B, ,(K,) c U. By the deformation theorem [9,
Theorem 2.14], there exist ¢ > 0 with a + ¢ < b and a deformation 7
X % [0,1] = X such that

YueX, Vee[0,1]:  d(Au,t),u) <pt,  f(Au,t)) <f(u),
A(F 7 N B(K) x (1)) €
It follows that
A(fex{1}) cf " UB,, (K, cU.

By the noncritical interval theorem [5, Theorem 1.1.14], there exists a
strong deformation retraction .%: f® x [0,1] — £ of f? into f**¢. Define
a deformation n: £ x [0,1] — f® by

Z(u,2t) if0<t<

(u,1) = -
i Ax(u,1),2t - 1) ifi<r<1,

Then we have n(f? x {1}) c U and n(f* x [0,1]) < U. From the previous
lemma, the assertion follows. |

Finally, if Y is a Banach space and f: Y — R is a locally Lipschitzian
function, we denote by df(u) the Clarke subdifferential of f at u [7].

3. GEODESICS ON NONSMOOTH SETS

Let M be a subset of R". In the sequel, each y € W'2(a, b; R") will be
identified with its continuous representative y: [a, b] — R”". Moreover, we
will denote by |-, and ||-1I, the usual norms in W'2(a, b;R") and
L?(a,b;R"), 1 < p < o We set

Wt2(a,b; M) = {y e W"%(a,b;R"): y(s) € M foreach s € [a, b]}



CLOSED GEODESICS WITH LIPSCHITZ OBSTACLE 773

and we define a functional &, ,: W*?(a, b; M) — R by

1 2
£u(n) =5 [ Iyl as

The next definition is suggested by Proposition 2.3 (see also the proof of
Theorem 3.8 below).

DerINITION 3.1.  Let a, b € Rwith a < b. Acurve y € Wh2(a,b; M) is
said to be energy-stationary if it is not possible to find 6,c, 0> 0 and a
map

Z{nmewh?(a,b;M):ln =yl <8} x[0,8] = Wh?(a,b; M)

with the following properties:

(a) #is continuous from the topology of L?(a, b; R") X R to that of
L*(a, b; R");

(b) for every n € Wt2(a, b; M) with |ln — yll1, < & and ¢ € [0, 8],
we have

(Z(m,t) = m) € Wg"?(a,b;R"),
Z(n. 1) = nll, < ct, & (A (1)) <&, p(m) — ot.

PROPOSITION 3.2. Let vy € WY%(a, b; M) be energy-stationary. Then for
every [a, B] C la, b], the restriction Yia, p] IS energy-stationary.

Proof. Sety = Y« g BY contradiction, assume there exist 3,¢, o > 0
and

Z{meWr?(a,B;M):lln— Yl <8} x[0,6] »W"(a,B; M)

according to Definition 3.1. For any n € W"?(a, b; M), set 7 = n, g
and define

Z{meWr?(a,b;M):lln— yll, <8} x[0,8] > W'2(a,b; M)
by

A@,1)(s) ifsela Bl

Z(m.t)(s) = a(s) ifs & [a,B].

It is readily seen that %" has all the properties required in Definition 3.1. It
follows that vy is not energy-stationary, a contradiction. ||
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DeriNITION 3.3.  Let I be an interval in R with int(I) # <. A continu-
ous map y: I — M is said to be a geodesic on M if every s € int(1) admits
a neighborhood [, b] in I such that vy, ,; belongs to W*?(a, b; M) and is
energy-stationary.

DEerFINITION 3.4. A closed geodesic on M is a geodesic y: R — M which
is periodic of period 1.
THEOREM 3.5. Let I be an interval in R with int(I) # & and let vy:

I - M be a geodesic on M. Then v is Lipschitzian and |y'| is almost
everywhere equal to a constant.

Proof. First, we have y € WL2(int(I); R"). For each s < int(1), let

[o]
[a,, b,] be a neighborhood of s as in Definition 3.3. It is sufficient to show

that

vseint(l), YeeCi(la,bl):  [Te'(Mly' (V[ dr=o.

ag

By contradiction, let s € int(/) and ¢ € C.(la,, b ) be such that

N

1 bS ! ’ 2
o= g/uvsﬂ(/\)h’()\” dr > 0.

Let 6 > 0 be such that §ll¢’'|l. <1 and let ¢: [a,, b,] X [0, 8] = [a,, b,]
be the smooth function such that

VA € [a,,b,], Vee][0,8]: A=g(A 1) —te(P(A,1)).
Define 72 W 2(a,, b; M) X [0, 8] > W %(a,, b,; M) by

s s

Z(m,t)(p) =n(p—te(w)).

It is easy to see that .# is continuous from the topology of L? X R to that
of L? and that

§

(A, t) — ) € Wi?(a,, b; R"),

s s

(. t) = nl, < lIn’ll20lellt,
and

1 b, 2 2
Zunn(#(m0) = 5 [M (L =19 ()0 (1 = te()) [ ds

1 2
=gff(l—tcp'(w()\'f)))ln’()\)l dA

~ a0 = 5 [M e ) () ax
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By decreasing &, we may assume that
by , 2
I =yl <8,0<t<8= "o (¢(A) |0V dr = 20
as

Therefore, if we restrict 7 to
(mewr?(a;,b; M):lIm— vyl <8} x[0,8],
we have
lZ2(n,t) = mll, < (lly'll2 + 8)llellt,
&, (A1) <&, ,(n) —ot.
It follows that vy, ,, is not energy-stationary, a contradiction. |

In order to apply the techniques of the previous section to the study of
closed geodesics, we have to introduce a variational structure suitable for
such a problem. As in [3, 21] we set

X ={ye wh2(0,1; M): y(0) = y(1)} (3.6)
and we define a functional f: L2(0,1;R") > R U {+<} by

1f1| "(s)[ds ifyex

— s S ,

fiyy=1{2/)" Y (37)
+ otherwise.

THEOREM 3.8. If v € X is a critical point of f, then vy is the restriction to
[0,1] of a closed geodesic on M.

Proof. Let us show that, if vy is a critical point of f, then vy is
energy-stationary on [0, 1]. By contradiction, let 8, ¢, o > 0 and let /# be as
in Definition 3.1. There exists 8’ €]0, 6] such that

VneX: lm—vll2<d8’s f(n) <f(y)+8 =ln—ylha<3s.

Then it is easy to deduce, by Proposition 2.3, that vy is not a critical point
of f. The contradiction shows that vy is energy-stationary on [0, 1].
Now define y € X by

R y(s+3) if0o<s<3,
Y(s) = N s
y(s—3) if;<s<Ll

It is easy to see that also y is energy-stationary on [0, 1], whence the
assertion. i
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4. A COMPARISON WITH A PREVIOUS NOTION

In this section, we compare our definition of a geodesic with that of [2].
In the following, H will denote a real Hilbert space endowed with the
scalar product (-] -).

DerINITION 4.1. A subset M of H is said to be locally closed if for
every u € M there exists r > 0 such that M N B,(u) is closed in H.

DeriNnITION 4.2. A locally closed subset M of H is said to be p-convex
if for every u € M there exist r, > 0 and p, > 0 such that

VooweMNB,(u), 3zeMNB, (u):

v+w

z —

2
H <plv—wl.

The above notion was introduced in [12, Definition 1.34], in the particu-
lar case where p, is independent of u and was developed in [2-4],
following an approach which is equivalent to the more general Definition
4.2. See in particular [4, Proposition 1.12].

If M is a p-convex, locally closed subset of H and u € M, we denote by
T,M and N,M the tangent and the normal cone to M at u, as defined in
[7] (here we identify H with its dual space, so that N,M < H). Let us
mention that, in this case, the tangent and normal cones may be intro-
duced in other equivalent ways, according to [2, Proposition 2.14]. Finally,
we denote by P,. H — T, M the orthogonal projection on 7, M.

In the next result we recall the main properties we need for our
purposes.

THEOREM 4.3.  Let M be a p-convex, locally closed subset of H. Then the
following facts hold:

(@) there exists an open neighborhood A of M such that any u € A
admits one and only one point in M with minimal distance from u;
(b) the induced projection w: A — M is Lipschitzian of constant 2;

(c) for every u € A, we have
u—m(u) € NyyyM;

(d) if (u,) is a sequence converging to u in M and (v,) is a sequence
weakly converging to v in H with v, € N, M, we have that v € N, M,

(e) there exists a continuous function p: M — [0, +od[ such that

VYu,we M, VYve NM: (viw —u) < p(u)livll w — ull?.
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Proof. Property (e) follows from [4, Proposition 1.12]. The remaining
statements follow from [2, Propositions 2.2 and 2.9 and Remark 2.10]. |

THEOREM 4.4. Let M be a p-convex, locally closed subset of H. Then for
every u € M and v € H, we have

) [w+tw —am(w+w)|
lim sup ; <llv =Pl

wou,weM
t—>0"

Proof. Letw, € M,w, - u,and t, — 0, t, > 0. Without loss of gener-
ality, we may suppose that w, + t,0 — w(w, + t,v) # 0 and that

wy, +t,v — m(w, +t,0)
- v, lvll < 1.

llw, + t,o — 7 (w, + t,0)ll
Observe that we have

[wy, = 7 (w,, + t,0) | =7 (w,) — m(w, + o) || < 2t,llvll, (4.5)
w, +t — 7 (w, +t,0)

[wy, + tyo — m(w,, + 1,0) |

a(wy,+1t,0) '

so that » € N,M. On the other hand, we have

(wy + 0 — ww(w, + t)lw, — w(w, +1,0))
< p(m(wy + 1))y + tw — 7 (w, + 1,0) |
fwy, = 7wy + 10) [,
namely,
[wy, + 0 — 7 (w,, + t,0)|
<(w, 10 — w(w, + t)lt0)
+p(m(wy, + t,0))||w, + 1,0 — (W, + 1,0)||

Alwy, — 7 (w), + thU)”z-
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Taking into account (4.5), we deduce that

”Wh + o — m(w, + thU)”
L,

wy, +t,p — m(w, +t,0)

v| +p(7(w, + thU))4th||U||2.

[wy, + 0 — 7 (w,, +1,0) |
It follows that

w, +t,vo — w(w, + t,0
lim sup e+ 1 t G+ 00| < (vl — Pp) + (vIPp)
h h

<lwlillv = Poll <llv = Poll,
whence the assertion. |
Now assume that M is a p-convex, locally closed subset of R”.

LEMMA 46. Let a,b € R with a <b, y€ WY%(a,b; M), and &€
W4 ?(a, b;R"). Then

. L' + 1€ ds — 3[blm(n + €)' ds
liminf

n—y, meWh 2a,b; M) t

t—>0*
b
> =2 p(y)l€ - P,Elly ds.

Proof. Let (n,) be a sequence in W' 2(a, b; M) strongly convergent to
vy in the W 2-topology and let (¢,) be a sequence in 10, + <[ convergent to
0. We have

[m(s) + 6,6(5) = m(mi(s) + 1, €(5))]

t,

<3| &(s)| Vs € [a,b]

and

i |ma(s) + 1, €(s) — m(m(s) + 1, £(s))|
|mhsup ”

<|£(s) = Py, é(s)| Vs e[a,b]

by Theorem 4.4. Then the same argument of [2, Lemma 3.3] works, with
Lebesgue’s Theorem replaced by Fatou’s Lemma. ||
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Finally, let us prove the main result of this section.

THEOREM 4.7. Let M C R" be locally closed and p-convex. Moreover, let
I be an interval in R with int(I) + Jand let y: I — M be a continuous map.
Then the following facts are equivalent:
(@) vy is a geodesic on M,
() ye wW2iint(1); R") and

Y"(s) € NyyM a.e.inint(l).

Proof. (@ = (b) Let s € int(/) and let [a,, b,] be a neighborhood of
s as in Definition 3.3. It is sufficient to show that y € W2(a,, b,; R") and

y"(s) € N,(,M ae. in Jag, b[. Let us argue by contradiction. From [2,

Lemma 3.5], it follows that we can find o > 0 and ¢ € Wy 2(a,, b;; R™)
such that

b‘ ! ! bS’*' !
[Fyigdn=—2["B(y)l¢ - Pélly'FdA ~ 30

s

Take & > 0 sufficiently small and define
Z{newr?(a,, by M) lm— vyl <8} x[0,8] - Wh?(a
by

N A’M)
A(n,1)(s) = m(n(s) + t(s)).

Then .# is continuous from the topology of L2 X R to that of L? and we
have

(%(n t) - 77) = Wl z(ax’ 51 )
”;7(77:t) = 1l; < 2l&l5t.

Moreover, by decreasing 6 we may assume that
1)
f (n" —y")-&dr+ 3 f &P dr < o
and, by Lemma 4.6, that

1
f In’ +t§| d)\>—/ |7T(n+t§)| da

- t[Z/bSﬁ(y)E— PElly'Pdr+ o|.

ag
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It follows that
Eapp(Z(m, 1))

< é”aybs(n) +t

[Pwgrdn+ g[b"‘|§'|2 d\

by ,
+2["P(IE-Pélly P dr+ o

= gaA,bs(n) +1

by & b, )
[P =) da 20+ | |gm]

=< gawbs(n) — ol
We deduce that v is not energy-stationary on [a,, b,], which is a contradic-
tion.

(b) = (@) Let s €int(1) and let [a,, b,] be a neighborhood of s such
that y € W2a,, b,;R"). From [2, Theorem 3.8] it follows that y e

s s

W2*(a,, b;R"). It is sufficient to show that y is energy-stationary on

[a,, b,]. By contradiction, let /# be as in Definition 3.1. In particular, we
have

g
&) =&, ,(Z(y,1)) + zllf/(%f) = vl
O0<t<é6=H(y.t) #v.

On the other hand, from [2, Theorems 3.7 and 3.9] we deduce that
2
(v, 1) 2&, ,(7v) — eollZ(v. 1) — vl
for some constant ¢, > 0. It follows that
o 2
Ellff(%t) =7l < @l # (v, 1) — ¥l

hence o = 0, which is absurd. |

5. LIPSCHITZ NEIGHBORHOOD RETRACTS

In this section we establish the topological properties we need to get our
main result. Let us recall a notion from [14].



CLOSED GEODESICS WITH LIPSCHITZ OBSTACLE 781

DeriNnITION 5.1, A subset M of R” is said to be a LNR if there exist an
open neighborhood U of M in R" and a locally Lipschitzian retraction r:
U- M.

If Y is a metric space, we shall consider
A(Y) ={ye C([0,1];Y): y(0) = (1)}

endowed with the sup-metric (A(Y) is called the free loop space of Y).
Now let M be a subset of R” and let X and f: L*(0,1;R") > R U {+}
be defined as in (3.6), (3.7).
In the next lemma, we state without proof a simple variant of a
well-known result (see, e.g., [19, Theorem 17.1]).

LEMMA 5.2.  Let U be an open subset of R" and let
A(U) = {ye W"%0,1;U): y(0) = y(1)}
be endowed with the W' ?-metric. Then there exists a continuous map
Z:A(U) x [0,1] = A(U)
such that
Vye A(U): Z(v,0) =, H(y,1) € AY(U);
2(+,1): A(U) = AYU) is continuous;
Z(A(U) x [0,1]) € AY(U);
Vye AU), Vee[o1]:  [[Z(v.0l'[, <lly'llz.
As we have already mentioned in the Introduction, we want to apply a

variational argument to the continuous function Z: epi(f) - R. There-
fore the next result gives us crucial information.

THEOREM 5.3.  Assume that M is a LNR. Then the map
7 epi(f) = A(M)
(v, ) =y
is a homotopy equivalence (epi(f) is endowed with the topology of L* X R).

Proof. Let r: U — M be as in Definition 5.1 and %> A(U) X [0,1] —
A(U) as in Lemma 5.2. The function {y — f(r -#(y, 1))} is locally bounded
on A(M). Let w: A(M) — R be a continuous function such that

Vye A(M):  f(re(y,1) < u(v).
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Then the map
¢ A(M) — epi(f)
vy (reZ(y,1), m(v))
is well defined and continuous. Since
(me@)(y) =roi(y.1),

it is evident that (7 o ¢) is homotopic to the identity map of A(M).
Now observe that there exists a continuous function L: A(U) — [1, + [
such that

Vye AWU), Vs, s, €[0,1]:
[r(v(52)) = r(v(s)) < L(¥)|v(s2) = v(s1) .

It follows that

V(vy, D) € epi(f), Vte][0,1]

f(rea(y, 1)) < L2((y,0))f(y) < LP(F(y, 1))\
Since
(eem)(y,A) = (reZ(v. 1), n(v)),
we have that (¢ o 77) is homotopic to the map

{(v.2) = (res(v,1), L*((v.1)))}.

This in turn is homotopic to the map

{(r: ) = (v, L2(n) ),

which is clearly homotopic to the identity map of epi(f). Therefore (¢ o 7)
is homotopic to the identity map of epi(f) and the proof is complete. |

The next result is a simple consequence of a well-known theorem of [24].

THEOREM 5.4.  Assume that M is an absolute neighborhood retract. Sup-
pose also that M is compact, simply connected, and noncontractible in itself.
Then there exists ¢ € N such that H1(M) = {0} and H1(A(M)) # {0}, where
H* denotes Alexander—Spanier cohomology with coefficients in R.

Proof. Since M is a compact ANR, it follows from [25] that M is
homotopically equivalent to a compact polyhedron. Therefore M has
cohomology of finite type. On the other hand, from [24, Main Theorem
and Addendum] we deduce that H?(A(M)) # {0} for infinitely many g’s.
|
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COROLLARY 5.5. Assume that M is a LNR. Suppose also that M is

compact, simply connected, and noncontractible in itself. Then there exists
q € N such that H(M) = {0} and H%(epi(f)) +# {0}.

Proof. Being a LNR, M is clearly an ANR. Then the assertion follows
from Theorems 5.3 and 5.4. |

PrRoPOSITION 5.6.  Assume that M is a LNR. Suppose also that M is
connected, but not simply connected. Then there exists y € X such that vy is
not contractible to a point in M.

Proof. Let r: U — M be as in Definition 5.1 and let n € A(M) be
noncontractible in M. Let (r,) be a sequence of smooth closed curves in
R” with (x,) uniformly convergent to n. Since the range of r, is contained
in U eventually as & — o, we have romn, € X for large 4. On the other
hand, it is easy to show that r >, is homotopic to »n again for large #.
Then the assertion follows. |

6. LIPSCHITZ OBSTACLES
Let g: R" — R be a locally Lipschitzian function such that
VxeR": g(x) =0=0¢ dg(x)
and let

M= {xeR": g(x) <0}.

According to [6], define a lower semicontinuous function A: R” — [0, + o9
by

A(x) = min{lal: a« € dg(x)}.

The same argument of [6, Lemma 3.3] shows that there exists a locally
Lipschitzian map

vi{xeR"0&dg(x)} - R"
such that

0¢ dg(x) =|v(x)| <2A(x),
0¢dg(x), acdig(x)=(a,v(x))= )\(x)z.



784 DEGIOVANNI AND MORBINI

Let ¢ be an open neighborhood of {x € R": 0 € dg(x)} and let ¥:
R" — [0, 1] be a locally Lipschitzian function such that

xeo = 9(x) =0,
g(x)=0= 9(x) =1.

Finally, define v: R" — R" by

F(x) v(x) if0 & dg(
X)—— | Jg(x),
v = )] 8()
0 if x €.
Then v is well defined and locally Lipschitzian. Moreover, we have
g(x) =0=|p(x)] =1,
g(x) =0, aeig(x)=(a »(x)=3\x).
THEOREM 6.1. The set M is a LNR.

Proof. Let n: R" X R — R" be the flow generated by the Cauchy
problem

an
- t) = —
(x) = —v(n(x,)
1n(x,0) =x.
Since n(-, —1) is a homeomorphism, the set
U={n(x,-1): g(x) <0}
is open in R". The same arguments as in [6, Lemma 3.4] show that
VxeM: g(n(x,1)) <0,
so that M < U. Finally, for every x € U with g(x) > 0 there exists one

and only one 7(x) € [0, 1[ such that g(n(x, 7(x))) = 0 and the function =
is locally Lipschitzian with 7(x) = 0 on g~%(0). Then

_ [n(x.7(x)) ifxeUandg(x) =0

r(x) =, if g(x) <0

is a locally Lipschitzian retraction of U onto M. |
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LEMMA 6.2.  For every compact subset K C M there exist c,r > 0 such
that

(L-0)x+1(y—pr(y)) eM
whenever x e M, y € K, clx —y| < p <r,and t € 0,1].
Proof. By contradiction, let ¢ = h, let r = +, and let x, € M, y, € K,

hlx, —y,| < p, <+, and t, € [0,1] be such that

g((L —1)x, +t,(yy, — pyv(y))) > 0.

Of course, we have p, > 0 and ¢, > 0. Also, up to a subsequence, we have
y, =y € K. It follows that x, -y and g(y) = 0. By Lebourg’s theorem
[7], we may find z, between x, and (y, — p,v(y,)) and «, € 9g(z,) such
that

0 s (v = puv(yy) —x,)) > 0,

namely,
Y — Xp
<0‘hv >><ah,”()’h)>-
P

Up to a subsequence, we have «, = a € dg(y). It follows that {«, v(y))
< 0, which is absurd. [}

Now let X and f: L2(0,1;R") —» R U {+} be defined as in (3.6), (3.7).

THEOREM 6.3. For every y € X, A > (), and & > 0, there exist 6 > 0
and a map

Z{nmeXiln—yl. <8, f(n) <A+8} x[0,1] - X

such that # is continuous from the topology of L*(0,1;R") X R to that of
L%(0,1; R™) and

lZ(m.t) — .. < &t,
|#2(n, ) = lls.. (e + M)I,
f(Z(n, 1)) <f(m) +t(f(y) —f(m) + &).

Proof. Let K= y([0,1]) and let ¢,r > 0 be given by the previous
lemma. Let

IA

IA

Y(s) = v(s) —pr(v(s)),
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where p €10, r] is such that

o F(Y) =f(y) + e

N o

e
1y =7yl <5 17 = ylli2 <

2 1
Let & > 0 be such that

V8A + 82+ 4§ —+\/

(P €
VneX: lnm—vll2<8, f(n)<r+dé=ln—1vyl< mln{;, 5}'
Then, from Lemma 6.2 we deduce that
A1) =(1-)n+tryeX
whenever n € X, [In — vyl < §, f(n) < A + &, and ¢ € [0, 1]. Of course, #
is continuous from the topology of L2 X R to that of L2. Moreover, we
have
[#(n,t) = 9l =ty = nll. < (17 = vlle + Iy = nlle)r < &t,

I2(m, 1) — "7”1,2 =ty =l < (7= yli2 +lly = nll2)t

e 1/2
< (2 (52 + 21 + 2 1E)"):

2 (6% + 1) + ()

IA

+ (8% +8A+ 43)”2)

N[ o

<(e+ \/_)
Finally, we have
f(@A(m,0)) =f(n+ (¥ = m)) <f(n) +1(f(¥) = f(n))
<f(m) +1(f(y) —f(m) + &),

whence the assertion. |
Now we can prove the main result of this section.

THEOREM 6.4. For every (y, M) € epi(f) with A > f(y), we have

Proof. Let o= (XA — f(y)), let £ €10, o], and let
Z{nmeXiln—yl. <8, f(n) <A+8} x[0,1] - X
be as in the previous theorem. In particular, it is |L#(n, t) — nll, < et.
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By reducing &, we can assume that
6<1, é<o, 8(f(y) +o)=<o.

Define
Z: (Bs(v, A) Nnepi(f)) X [0,8] — epi(f)

by 2((n, w), t) = (#A(n, 1), u — ot).
If f(n) = A — 30, we have

f(#Z(m.0) <f(m) = (f(m) —f(y) —o)t<f(n) —ot<p—oat.
On the other hand, if f(n) < A — 30, we have

f(Z(n.1)) < (L =0)f(n) +1(f(y) + &)
<(1—-t)(A—=30) +t(f(y) +0)

SA—20<A—06—0=<pu—ot.

Therefore .7 takes actually its values in epi(f). Since

d(Z((m, p),t), (0, n)) <Ve?+ o1,
we have

4%y, ) =

g
Vsz + g2

and the assertion follows from the arbitrariness of . |}

7. PROOF OF THE MAIN RESULT

Proof of Theorem 1.1. Let X and f: L*(0,1;R") > R U {+} be
defined as in (3.6), (3.7). Since M is closed in R”, f is lower semicontinu-
ous.

Assume first that M is simply connected. Consider also the continuous
function Z;: epi(f) — R. It is easy to see that (Z,)° is homeomorphic to
M. From Theorem 6.1 and Corollary 5.5 we deduce that H((%,)°) = {0}
and HY(epi(f)) # {0} for some g € N. Of course, epi(f), endowed with
the metric of L2 X R, is complete. Since M is compact, it is readily seen
that (?f)b is compact for any b € R. In particular, &, satisfies (PS), for
any ¢ € R. By Theorem 2.7 there exists (y, A) € epi(f) with A > 0 and
|dI(y, A) = 0. From Theorem 6.4 it follows that A = f(y). Therefore
ldfI(y) =0 and y € X is not a constant curve. From Theorem 3.8 the
assertion follows.
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is

Now assume that M is not simply connected. The set
X, = {y € X: vy is not contractible in M}

sequentially weakly closed in W2(0,1; R") and nonempty by Theorem

6.1 and Proposition 5.6. Since M is compact, it is easy to show that f

re
is

stricted to X, admits a minimum point . Of course, |dfl(y) = 0 and y
not constant. As in the previous case, we get the existence of a

nonconstant closed geodesic on M. |
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