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Abstract

In the paper, we obtain the existence of positive solutions and establish a corresponding iterative scheme
for the following third-order generalized right-focal boundary value problem with p-Laplacian operator:

(pp@) O =g f(t,u®), 0<r<1,

m n
w© =Y ouE). dm=0. W)=Y pu"@).
i=1 i=1
The main tool is the monotone iterative technique.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to consider the existence of positive solutions and establish a
corresponding iterative scheme for the following third-order generalized right-focal boundary
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value problem with p-Laplacian operator:

(6p) ) =g f(t,u@), 0<r<1,

m

wO =) wuE), Wm=0, W'=Y Bu"®),

i=1 i=1

ey

where ¢, (s) = Is|?~2s, 1 < p <2, and the following conditions hold:

H1) 172<n<;0<§ <<~ <&yp<nandb;€(0,1) (i =1,2,...,n);

H2) 0<a; <1 (i=1,2,...,m)satisfy 0 < Z;"zlai <1;0<Bi<1(@=1,2,...,n) satisfy
0< Z?=1 Bi<1;

(H3) feC(0, 1] x [0, 4+00), [0, 400)); q(t) € L0, 1]is nonnegative on (0, 1) and g (¢) is not
identically zero on any compact subinterval of (0, 1). Furthermore, g (¢) satisfies

1

0< /q(t)dt < 400.
0

The study of multi-point boundary value problems for linear second-order ordinary differ-
ential equations was initiated by I’in and Moiseev [1]. Since then, there was much attention
focused on the study of nonlinear multi-point boundary value problems (see [2—5], to name a
few). As for the linear two-point right-focal boundary value problem, many authors have been
published results, we refer the reader to Henderson [6,7], Agarwal and O’Regon [8,9], Wong
and Agarwal [10], Chyan and Davis [11] and references therein. For more on focal problems and
relative topics, see the book by Agarwal [15].

Very recently, in [12—-14], Anderson and Davis got the existence of multiple positive solu-
tions for the following third-order three-point, i.e., the generalized right-focal boundary value
problems:

u" = f(t,u), 0<r<l,
w0 =0, W@t)=0,  yu(l)+su"(1)=0,

where y > 0,8 >0 (y =0,5 =11n[12,13]) and #; > 1/2. It is easy to see that (1) contains (2)
as a special case when y = 0. The point worth to mention in works [12—14] is that the Green’s
function for the third-order three-point generalized right-focal boundary value problem

u” =0, 0<r<I,
u(0) =0, u'(t) =0, yu(l) +8u"(1) =0,

(@)

was obtained, and the properties of the Green’s function were presented, which make it possible
for [12-14] to use Krasnoselskii’s theorem, Leggett—Williams theorem and five functional fixed-
point theorem as tools.

We recall that the methods used in [6-14] make full use of the fact that u (¢) is linear with
respect to u and thus the corresponding Green’s function exists. But, as for (1), when p # 2,
¢p(s) is not linear with respect to s, and thus, the corresponding Green’s function does not exist.
Therefore, the methods used in [6—14] are not available to (1).

On the other hand, one can see that all the results obtained in [1-14] are only the existence
of solutions or positive solutions under some conditions. Seeing such a fact, we may ask “How
can we find the solutions since they exist definitely?”” Motivated by this question, in this paper,
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by improving the classical monotone iterative technique of Amann [16], we obtain not only the
existence of positive solutions for (1), but also give an iterative scheme for approximating the
solutions. It is worth stating that the first term of our iterative scheme is a constant function or a
simple function. Therefore, the iterative scheme is significant and feasible. Meanwhile, we give
a way to find the solution which will be useful from an application viewpoint. To our knowledge,
this is the first paper to use the monotone iterative technique to deal with a multi-point boundary
value problem with p-Laplacian operator.

We consider the Banach space E = C[0, 1] equipped with norm |w|| = maxog,<1 [w(?)].
In this paper, a positive solution w* of (1) means a solution w* of (1) satisfying w*(¢) > 0,
0 <t < 1. We recall that the function w is said to be concave on [0, 1], if

w(ity + (1= Nt1) 2 Aw(tz) + (1 —Dw(n), b1, 0,1 €0, 1].
‘We denote

CH0,1]1={w e C[0,1]: w() >0,r€[0,1]},

w(t) is concave and nonnegative valued on [0, 1]
P =1 weC[0,1]|w(¢) is nondecreasing on [0, 1]
w(t) is nonincreasing on [n, 1]
It is easy to see that P is a cone in C[0, 1]. For w € P, we have ||w|| = w(n) and
|t 1—¢
|w] min i m— <w@) < |lwll, re€[0,1]. (3)
n l—=n

We know easily that when p > 1, ¢, (s) is strictly increasing on (—00, +00). So qb;l exists.

Moreover, ¢;1 = ¢4, where 1/p + 1/q = 1. Furthermore, when 1 < p <2, (¢)[jl)’(s) = qbé] (s)
is nonnegative and nonincreasing on (—oo, 0).

The paper is organized as follows. After this section, some lemmas will be established in
Section 2. In Section 3, we give our main results Theorem 3.1. An example is also given to
demonstrate our results.

2. Preliminary
In this section, we always suppose that (H1)—(H3) hold.

Lemma 2.1. Suppose g(r) € C[0, 1] is nonpositive and nondecreasing on [0, 1]. Then, for any
t €10, 1], we have fé fxng(r) drds <0 (ne[l/2,1] is defined in (1)).

Proof. When ¢ € [0, n], the conclusion is obvious.
When ¢ € [n, 1], since g(r) is nondecreasing on [0, 1], then

g0)<g(r)<gn) <0, rel0,n]
g <gr)<gH) <0, relnl]
Thus,

non

tn t s
//g(r)drds://g(r)drds—//g(r)drds
0 s non

0O s
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non

t s
<//g(n)drds—ffg(n)drds=g(n)t<n—%)<0. 0
) nn

0 s

For any fixed x € C*[0, 1], suppose u is a solution of the following BVP:

(6p) ) =g f(t,x(1)), 0<r<1,

m

w©) =Y auE), wm=0, W)=Y gu"6).

i=1 i=1

“

Then

1
u"(1) = ¢! [Ax ~ f q(s) f (5, x(5)) ds},
t

weuse & € (0,n) (i =1,2,...,m) and the boundary conditions u(0) = Y /L, aju(&;), u'(n) =0
to obtain

& 1

m n
M(f)=—;m_2ai/ /d);l Ax—fq(r)f(r,x(r))dr ds | dt
l_Zi=1al i=1 0 )

s
1

tr o7
_/[/¢pl<Ax —/q(r)f(t,x(t))dt) dr:| ds, te[0,1],
0 s r
where A, satisfies the third boundary condition u”(1) = Y_"_, Biu"(6;), i.e.,

1

6, (A= i, <Ax - / q(s)f(s,x(s))ds). 5)
i=1

0;

Lemma 2.2. For any fixed x € CT[0, 1], there exists a unique Ay € (—o0, +00) satisfying
Egq. (5).

Proof. For any fixed x € C*[0, 1], define
1

He(c)=¢""(c) — Zﬁ@;l (c - /q(S)f(s, x(s)) dS>,

i=1 6

then Hy(c) € C((—00, 400), R) and H,(0) > 0. In what follows, we will consider two cases
to prove that H,(c) = 0 has a unique solution on (—o0, +00), which means that there exists a
unique A, € (—oo, +00) satisfying Eq. (5).

Case 1. H,(0) =0. Then
1

Z'Bid’;l (/q(s)f(s,x(s)) ds) =0.
i=1

0;



C. Zhou, D. Ma / J. Math. Anal. Appl. 324 (2006) 409—424 413

So,
1
ﬂitp;l(fq(s)f(s,x(s))ds) =0, i=1,2,...,n.
0;
Therefore,
1
¢p(ﬂi)/q(s)f(s,x(s))ds=0, i=1,2,...,n.
0;
Then

1

He@=¢,0) = g, (c ~ f q(s) f (s, x(5)) ds)
i=1

0;
1

=4, © =) ¢, <¢p(lgi)|:c - /q(s)f(s,x(s))ds:|>
i=1

0;

n 1
=, )~ Y ;! <¢p(ﬁi>c — bp(B) / q(s)f(s,x(s))ds)
i=1 o

=¢,' ()= _Bit, ()= (1 - Zﬂi)¢_l(c),
i=1

i=1
Obviously, there exists a unique ¢ = 0 satisfying H, (c) = 0.

Case 2. H,(0) #0. Then H,(0) > 0.
(i) When ¢ € (0, +00),

n 1 n
Hoe)=¢,'(©) =) Bi¢;' (c - fq(s)f(s, x(s)) ds) 26, @)=Y v, (0
i=l i=1

0;

= (1 - Zﬂi)d)_l(c) > 0.
i=1
So when ¢ € (0, +00), H,(c) # 0.
(i1) When ¢ € (—00, 0),

1

He(c)=0,"(©) = Bio," (c - /q(s)f(s, x(s)) ds)
i=1

0;

1
- q(s) f(s,x(s))ds 3
=¢;1(c)[1 - Bio," (1 L >] =9, (©)H(c),
i=1

c
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where

H(c)=1-Y pis,’

Cc
i=1

<1 a q(s)f(s,xm)ds)

Since H,(0) > 0, that is ) ©_, ﬁiqﬁ;l(fé q(s) f(s,x(s))ds) > 0. As a result, there must exist

ip €{1,2,...,n}suchthat ﬂioqﬁ;l(fgl_ q(s) f(s,x(s))ds) > 0. Thus, we get that H(c) is strictly
o

decreasing on (—o0, 0); fol q(s)f(s,x(s))ds>0and Y !_, Bi > 0. Let

c=

1
_M/ )
1—¢,0°0, Bi) J Q(S)f(S,x(s)) s,

then ¢ < 0 and we have

[1—p(Ximi 8)] q(s)f(s,x<s>)ds> .
$p(1_1 Bi) fy 4 fs.x(snds )

So, Hy(¢c) = qb;] (©)H (@) <0. Remembering Hy (0) > 0, the intermediate value theorem guar-
antees that there exists ¢g € [¢, 0) C (—o0, 0) such that H, (cg) = 0. If there exist two constants
i € (—00,0) (i = 1,2) satisfying Hy(c1) = Hy(c2) =0, then H,(c1) = H,(c2) =0.So ¢| =3
since Hy(c) is strictly decreasing on (—o0, 0). Therefore, H,(c) = 0 has a unique solution on
(—00,0).

He(@)=1 —Zﬂ,«p;l(u
i=l

Combing (i), (ii) and H,(0) # 0, we obtain that H,(c) = 0 has a unique solution on
(—OO, +OO)
The proof of Lemma 2.2 is completed. O

Remark 2.1. From the proof of Lemma 2.2, we know that for any fixed x € C*[0, 1],

1
¢p(27:1 :31')
Ay _ , ds,0|.
€|: 1_¢p(2?:] ,Bi) O[q(s)f(s x(s)) s :|

Moreover, if H,(0) =0, then A, = 0; if H,(0) # 0, then Ay #O0.

For any x € CT[0, 1], let A, be the unique constant satisfying Eq. (5) corresponding to x,
then we have:

Lemma 2.3. A, : C*[0, 1] — R has the following properties:

(a) Ay is continuous with respect to x.
(b) Assume f(t,x) is nondecreasing with respect to x on [0, 1] x [0, +00), then Ay is nonin-
creasing with respect to x on C*[0, 1].

Proof. (a) Suppose {x,} € CT[0,1] with x, — xo € CT[0,1] in C*[0, 1]. Let {A,} (n =
0,1, 2,...) be constants decided by Eq. (5) corresponding to x,, (n =0, 1,2, ...). Since x, — x¢
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uniformly on [0, 1] and f:[0, 1] x [0, +00) — [0, +00) is continuous, we get that for ¢ = 1,
there exists N > 0 such that, when n > N, for any r € [0, 1],

0<40)f(r.x0) SqO[1+ £ (r.x0)] g 14 max f(r.x0() | ©)

So,

1
¢P(Z?=] :31') /
A€ |l ———=r—~ » Xn(s))ds, 0
€ |: l_¢p(2?=1/3i) J q(s)f(s X (s)) K

¢p (30, Bi)[1 + maxeepo,1y £ (r, x0(r)]
Cl| - ds,0
[ L= p(X0_) Br) / (0)ds.

which means that {A,} is bounded.
Suppose A, does not converge to Ag. Then there exist two subsequences { Af, k)} and {A(Z)} of

{A,} with Af,k) — ¢1 and Ank — ¢ since {A,} is bounded, but ¢ # ¢;.
By construction of {A,} (n =0, 1,2,...), we have

1
"(A) ZM (A,(},} —/q(s)f(s x\V(s))d ) (7)
0;
Combing (6) and using Lebesgue’s dominated convergence theorem in (7), we get
1

¢;1<c1>=nklgnoo2ﬁi¢;l<A;2 - / q(s)f(s.x,)(9)d )
i=1

0;

:Z,Biqbpl( lim A,(i) — hm /q(s)f S, x(l)(s)) )
ng— 00
i=1
n 1
=Zﬁ,~¢;1(cl - / q(s)f(s,x()(s))ds).
i=l o

Since {A,} (n =0, 1,2,3,...)1is unique, we get c; = Ap.

Similarly, ¢ = Ag. So ¢1 = ¢z, which is a contradiction. Therefore, for any x, — xo,
A, — Ao, which means that A, : C*[0, 1] — R is continuous.

(b) For any x; € CT[0,1] (i =1,2), let A; (i =1,2) be two constants decided by Eq. (5)
corresponding to x; (i =1, 2). Suppose x| > x»; in the following, we will prove A1 < Aj.

(i) If A, =0, then by Remark 1, we know that A; <0 = A».
(i1) If A1 =0, then by Remark 1, we know that H,, (0) =0, i.e.,

1

Y Bio,! < / q(s)f(s,x1<s>)ds> _
i=1

0;
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Thus,
1

0< Hy(0)=)_Big)," ( / q(s) f (s, x2(5)) ds)
i=1 6;
1

< ZM;I(/q(s)f(s,m(s))ds) =
i=1 o

So, Hy, (0) =0, which means A, =0.
(ili) A; #0 (@ =1,2). Then A; <0 and Hy, (0) #0 (i =1, 2). By the definition of A; (i =1, 2),

n 1
pl(Aj)=Z,3i¢pl<Aj —/q(s)f(s,xj(s))ds>, j=12.
i=1 6
So,

n Jpa@® fsx1())ds\ & S a(s) f (s, x2(s))ds
=1 _ Jbi _ a1 _J0
;ﬁld}p (1 Al =2 Aoy (! Ay '

i=1
(3)

Suppose that A; > Aj, then 0 > 1/A> > 1/A;. Since x; > x> and f(f, x) is nondecreasing
with respect to x, we have

1 1
/q(s)f(s,xl(s)) ds > /q(s)f(s,xz(s)) ds, i=1,2,...,n.
0; 0;
On the other hand, since H,,(0) =Y /_, ,3,-(]5;1([0][_ q(s) f(s,x2(s5))ds) # 0, there must exist
ip €{1,2,...,n} such that ﬁi0¢;1 (fé q(s) f(s,x2(s))ds) # 0. Thus, when i # i,

1
s / () f (5. x1(5)) d / () (5 x2(5)) ds < — / g(5)f (5. x2()) ds
when i =iy,
—/q(S)f (5. x1(9)) d —/q(S)f (s, x2()) ds < —[q(s)f (5. x2(5)) ds
Bip Bip Bip
Therefore,

1

A /q(S)f(s,m(S))dS),

0

Zﬁﬂb;l(l + [a0rs6ae)a ) > wa,, (
i=1 6;

which is a contradiction to (8). As aresult, A < A».
The proof of Lemma 2.3 is completed. O
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For any x € CT[0, 1], define

1

m & n
(T)c)(t)z—1 — " Zal/|:/¢pl(Ax _/q(r)f(‘[,x(‘[))dt) ds:|dt
1 1 !
0

t N

/|:/¢ (A —/Q(T)f(f X(r))dr>dr:|ds t €0, 1],

r

where A, is the unique constant decided in Eq. (5) corresponding to x. By Lemma 2.2, we know
that Tx is well defined. It is easy to verify that a fixed point of T in P must be a solution of (1)
in P. Now, we have the following result:

Lemma 2.4. T : P — P is completely continuous, i.e., T is continuous and compact. Moreover,
if f(t,x) is nondecreasing with respect to x on [0, 1] x [0, 400), then Tx is also nondecreasing
with respect to x on P.

Proof. Firstly, we show TP C P. For any x € P, from the definition of Tx, we know that
(Tx) e C[0, 1] and

1

T0)"(1)=¢,' (Ax - / q(s)f(s,xm)ds), t (0,11, ©)
t
Sl oy (A = [ @ f(,x(m)dr)ds, tel0,n],

(Tx) (1) = (10)
{f,7 ¢, ( = [la@f@x(@)dr)ds,  teln.l,

n
(Tx)(0) =Zai(Tx)(Ei)- (11)
i=1
By Remark 1, Ay < 0; by (H3), f(s,x(s)) > 0. Thus, from (9), we have (Tx)"”(t) <0, which
means that (Tx)(¢) is concave on [0, 1]. From (10), we have (Tx)'(t) > 0, ¢t € [0, 7], and
(Tx)'(t) <0, t € [, 1], which means that (Tx)(¢) is nondecreasing on [0, n] and (Tx)(z)
is nonincreasing on [n, 1]. From (11) and & € (0,n) (i = 1,2,...,m), we have (Tx)(0) >
YL @i (Tx)(0), which means (7x)(0) > 0 since ) /L, o; < 1. Now, we concentrate on proving
(Tx)(1) = 0. In fact, by the definition of T x,

1

m Eim 1
1
(Tx)(l):—mZai/[/qb;l(Ax —/q(r)f(r,x(r))dr) ds] dt
i=1 li=1 0 Y

s

1

_/1|:/77¢;1<Ax —/q(r)f(r,x(r))dr) dri| ds

N r

1 n 1
= (Tx)(0) —/[f(;b;l(Ax —/q(r)f(r,x(r))dr) dr] ds. (12)
0 r

N



418 C. Zhou, D. Ma / J. Math. Anal. Appl. 324 (2006) 409—424

Let g(r) = Ay — frlq(t)f(r,x(r))dt. Then, g(r) <0 and g'(r) = q(r) f(r,x(r)) > 0. By
Lemma 2.1, we have

n 1

—O/1|:/¢pl(Ax —/q(‘[)f(l’,)((l’))d‘[) dr:| ds >0,

N r

which means that (Tx)(1) > 0. By the concavity of Tx, it is obvious that (Tx)(z) > 0, ¢ € [0, 1].

From above all, we conclude TP C P.

Secondly, we show that T: P — P is completely continuous. The continuity of 7 is ob-
vious since we have proved that A, is continuous with respect to x in P in Lemma 2.2.
Now, we prove that 7 is compact. Let §£2 C P be a bounded set. Then there exists R
such that £ C {x € P | |[x|| < R}. For any x € £2, we have 0 < folq(s)f(s,x(s))ds <

maXgeo,1],uelo,R] f (8, u) fol q(s)ds =: M. From Remark 1, we get

1A, < ‘7511(2?:1/31')”[ .
1 _‘/’p(Z?:l :Bi)
Therefore,
[y < 20 e+ XLy i)y ()
(1 - Z;n:l “i)‘f’;l (1 —9p (Z:’l:l ﬁi))
-1
|| < ne, (M)

¢ (1- 6, (X121 B)

The Arzela—Ascoli theorem guarantees that 7 §2 is relatively compact in C[0, 1], which means
that 7" is compact.

At last, we show that T'x is nondecreasing with respect to x on P if f (¢, x) is nondecreasing
with respect to x on [0, 1] x [0, 400). For any x; € P (i = 1,2) with x; > xp, let A; (i =1,2)
be the unique constant decided in Eq. (5) corresponding to x; (i = 1, 2). From the definition of
Tx, we get, for any ¢ € [0, 1],

m & 1
1
(Ta)0) = (Pr ) =~ =g Y /] [¢;1 <A1 - q(r)f(r,xl(r))dr)
= 0t r
1
—¢;1<A2—/q(f)f(r,x2(r)) dt>j|drdt
t n 1
—/f[%‘(m —/q(r)f(r,xl(r))dr)
0 s r
1

-0, (Az — /q(t)f(r,xz(t)) dt>:| drds. (13)

r



C. Zhou, D. Ma / J. Math. Anal. Appl. 324 (2006) 409—424 419

By Lemma 2.2, we know
1 1
— /q(r)f(r,xl(r)) dt < Ay — /q(r)f(r,xz(r)) dt <0

Thus, the first part on the right-hand side of Eq. (13) is obviously nonnegative. As for the second
part, let, for r € [0, 1],

1 1

g(r)=</>;l<A1 —fq(r)f(f,xl(f))dr) —¢;1(Az—/q(r)f(f,xz(r))dr)

r r

Then, g(r) < 0and

1

g’(r)=(¢;1)/(A1 —/q(f)f(r,m(r))df)q(r)f(r,m(r))

7
1

_ (q&;l)’(Az — / q(0) f (. x2(7)) dr)q(r)f(r, x2(r)).

v
Since 1 < p < 2, we have that (¢;1 )’ (s) is nonnegative and nonincreasing on (—oo, 0). Thus,

1 1

(¢,,1)/(A1 - / q(r)f(r,xl(r))dr) > (¢pl)/<A2 - / (@) f (1, x2(1)) dr) >0,

r r

combining f(z,x1(7)) = f(z,x2(t)) > 0, we obtain g’(r) > 0. Lemma 2.1 guarantees that the
second part on the right-side of Eq. (13) is nonnegative. Thus, for any ¢ € [0, 1], (T'x1)(¢) >
(Tx2)(t), which means that T x is nondecreasing with respect to x in P. O

3. Existence and iteration of solution for (1)

Define, for ¢t € [0, min{&;, 1 — n}],

m ; i 77 -1 d d 1 1
y(t) = Eiien)| m Z(f’ aq(r) ki +/[/ (/q(r)dr> :|ds.
T Lai=1"

Then by (H3), y(#) > 0 is continuous on [0, min{&;, 1 — n}].

Denote
Ao (1= i), (1—¢p (i Bi) -
[ cititn—5) + 5 (1 = Ty ) |ey ' (Jy a()ds)
B= ! -0, (14)

mine[0,minf&,,1-n}] Y (7)

Theorem 3.1. Assume (H1)—-(H3) hold. If there exist a constant § € (0, min{&;, 1 — n}) and two
positive numbers b < a, such that
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(H4) f:[0,a] — [0, 400) is nondecreasing;
(H5) sup, .1 f(t.a) < (@A)~ infyeps,1-5 f (2, %b) > (bB)P,

then problem (1) has at least two solutions w*, v* € P with

b<|w*|<a and lirf T "wo=w*, where wy(t) =a, t €0, 1],
n——+00o

n—-+o0o

t 1—t
b< |V <a and lim T"vy=v*, wherevo(t)zbmin{—,l—},te[O,l].
n -n

Proof. We denote P[b,a] ={w € P: b < ||w|| < a}. In what follows, we first prove T P[b, a] C
P[b,a].
Let w € P[b, a], then

O0<w® < wl<a.
Since § € (0, min{&;, 1 — n}), by (1) we have:

. K 1) ) )
min_w@) > wlmin{ >, —— b= 2> 2,
tels,1-8] nl—n n n

So, by assumptions (H4) and (HS), we have

0< f(t.w®) < ft.a)< sup f(t.a) < (@A™, 1[0, 1]; (15)
tel0,1]
f(t,w(z))>f<t, §b> > inf f(t é )>(bB)P1, tels,1—246]. (16)
n tel8,1-8] n

For any w(¢) € P[b, a], by Lemma 2.4 we know that Tw € P and, as a result,

ITwl]l = (T'w)(n)

:_%iaii[/q(ﬁ;l(Aw—/q(r)f(t,w(r))dr> ds:| di
-1y L J
/{/‘ﬁp ( w fq(r)f(r w(r))dt) }ds,

Since we have proved in Lemma 2.2 that

1

¢p(2?=1 :31')

Aw — T /I~ A\ b d ’O K
| A | 1O

therefore, by (15) and (16),

m

n 1
Bi)
ITw| < a ¢, = q(s) f (s, w(s))ds
i 0/|:/ <l_¢l’ 2ie 1'3’)/ ( )

i=

1
+ f (1) f (z. w(D) dr> ds:| di
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n
1,31)
+0/[s/¢ (1 —dp (X1 Bi) /q(s)f(s’w(s))ds

q() f (7, w(v)) dr) dr:| ds

1
lﬂl)
STYLa g‘“/ [/ g (ﬁ/ 19100 s

1

/q(r)f(r w(t))dt) }d,
/[/% (1—¢,, iﬁll;[)/lq(s)f(s,w(s))ds

f g f (. w(r))dr) } ds
0
1

Z —12i&i(n— (1_2 19 1) ( )
¢, ) f (s, w(s))ds
T b [acosto.v00)

w0 -5+ Z(1—Ym, o))y (o a0ds)

(1= a)d, (1= 6p(X0 Bi))

+
\\_

and

n 1

m &i
ITw| > %Zai/ /qﬁ;l(/q(t)f(r,x(r))dr) ds | dt
=20 e i=1 o LY y
1

+/n|:f¢;l(/q(t)f(r,x(r))dr) dr:| ds

N r

1-6

1_2 > ;az/[/aﬁ (/q(r)f(r,x(r))dr> ds} dt

+j[/¢,, (/qu . x(r))dr) }ds

N

=4

m n 1
1 _ »
>Bb|:m§a18/|:t/¢p (E/Q(r)dr>dsj|dt
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n n 1-6

+/[/¢;1< [ q(r)dr) dr:| ds:|
P K r

= Bby(8) > b.

Thus, we get b < |Tw| < a, which means T P[b, a] C P[b, a].
Let wo(t) =a, t €0, 1], then wy(t) € P[b, a]. Let w; = Twy, then w; € P[b, a]. We denote

Wpp1 =Tw, =T"Mwy, n=0,1,2,.... (17)

Since T P[b,a] C P[b,a], we have w,, € P[b,a], n =0,1,2,.... From Lemma 2.4, T is
compact, we assert that {w,} >, has a convergent subsequence {wy,};°, and there exists
w* € P[b, a] such that w,, — w*.

Now, since wy € P[b,a] C P, we have

O<wi() < wll <a=wo).

By Lemma 2.4, we know that Tw; < Twg, which means wy () < w;(¢),0<r < 1.

By induction, then w;,41(f) < w,(#), 0<r <1 (n=0,1,2,...). Hence, we assert that
wy, — w*. Let n — 00 in (17) to obtain Tw™* = w™ since T is continuous. Since ||w*|| > b > 0
and w* is a nonnegative concave function on [0, 1], we conclude that w*(¢t) > 0, 7 € (0, 1).

It is well known that the fixed point of operator T is a solution of problem (1). Therefore, w*
is a positive, concave solution of (1).

Let vo(t) = bmin{%, 11_;;}, t € [0, 1], then |lvg|| = b, and vg € P[b, a]. Let vi = Tvg, then
v1 € P[b, a]. We denote

Vpgp1 =Tv, =T vy, n=0,1,2,.... (18)

Similarly to {w,}°2 ,, we assert that {v,}7° | has a convergent subsequence {v,,};2, and there

exists v* € P[b, a] such that v,, — v*.
Now, since v1 € P[b, a], we have by (3):
ot 11—t ot 1—1¢
vi(®) 2 vy |miny —, —— ¢ > bming —, —— ¢t =wo(#), *€[0,1].
n l—n n l—n
By Lemma 2.4, we know that Tv; > T vg, which means vy (t) > v1(¢), 0 <t < 1.
By induction, v,4+1(¢) > v, (1), 0 <t <1 (r=0,1,2,...). Hence, we assert that v, — v*,
Tv* =v* and v*(t) > 0, t € (0, 1). Therefore, v* is a positive, concave solution of (1). O

Remark 3.1. We can easily get that w* and v* are the maximal and minimal solutions of (1) in
P[b,a].

Remark 3.2. When p = 2, condition (HS) is weaker than the corresponding ones, namely, (C1),
(C2) in Refs. [12,13]. Furthermore, we get not only the existence but also the iteration of pos-
itive solutions for a multi-point boundary value problem, while only the existence of a positive
solution for a three-point boundary value problem is obtained in Refs. [12,13].

Corollary 3.2. Assume (H1)—(H3) hold. If there exists a constant § € (0, min{&], 1 — n}) such
that

(H6) f:[0,400) — [0, +00) is nondecreasing;
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(HT) o infiegs, 1) S22 > (5P =" and lim, | oo supyepo, ) S22 < (A)P~! (particularly,
limy_, o inf,e(s,1-5) % = +00 and lim;_, , ., sSup;c(o 1 % = 0), where A, B are de-

fined as in (14).

Then, there exist two constants a > 0 and b > 0 such that problem (1) has two positive, concave
solutions w*, v* € P with

b<|lw*||<a and 1iT T"wo=w*, wherewy(t)=a, t€[0,1],
n—-—+0o

t 11—t
b<|v¥|<a and m T"vy=v% wherevo(t):bmin{—,l—},te[O,l].
n -1

li
n——+00
Proof. Since (H4) and (H5) can be obtained from (H6) and (H7), we omit the proof. O
Example. Suppose 0 < k, m < 1/2 and consider the following differential:

/ 1 m
(1172 0 = s [(w) +in((w®) +1)], reo,1,

w©) =Y ouE), W'@2/3)=0, W)=Y Bu®).

i=1 i=1

19)

Corresponding to (1), we have p =3/2,n=2/3, f(t,u) =u™ + ln(uk + 1), and

t,1 " +In(k + 1
fim inf 20D e DENEED
1>0te[0,1] [P~1  150:1€[0,1] (12

. f . MR+ 1)

lim sup - = lim inf #zO
1> toote[0,1] P I—>+o01€l0,1] 1/

By Corollary 3.2, we can get not only the existence but also the iteration of two concave
and positive solutions for problem (19) for any &; € (0,2/3) i =1,2,...,m), 6; € (0,1) (i =
1,2,...,n)and «;, B; satisfying (H1), (H2).
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