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1. Introduction
1.1. Motivation

Our objective in this paper is a generalization of Abrahamse’s interpolation theorem [1, Theorem 1]. Let R € C be
a bounded, multiply connected domain of genus g. Let H>*°(R) be the Banach algebra of bounded holomorphic functions
on R. Abrahamse considered a natural class of Hilbert modules {HE(R): A € T&} over the algebra H*°(R). Each of the spaces
Hi(R) is a reproducing kernel Hilbert space with kernel function K*. Abrahamse’s solution to the Pick interpolation theorem
for the region R is the following:

Theorem 1.1 (Abrahamse). Let z1,...,z, € R and w1, ..., w, € D. Then there exists a holomorphic function f : R — I such that
f(zj) = wj if and only if the matrices

Ay = [(1 = wiw)K*(zi, 2))] >0,
forall x € TS.

There are several proofs of Abrahamse’s theorem in the literature: see Ball [8], for the matrix-valued generalization;
Fedorov and Vinnikov [15], for a careful analysis of the scalar-valued problem; and McCullough [21], and McCullough and
Paulsen [22], for the operator algebraic viewpoint.

In this paper we take a viewpoint that in some sense predates all the above proofs. Let p : D — R be the universal cover-
ing map. Associated to this covering map is the group of deck transformations, that is, the group I" of Mdbius transformations
such that p oy = p. Note that the map p* : H®(R) — H*°(D) given by p*(f) = f o p is an isometric embedding of H*(R),
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and the range of p* is precisely the fixed-point subalgebra for the action of I', that is, the set of functions f € H*(D) such
that f oy = f for all y € I'. Therefore, function theoretic problems on the domain R can be lifted to the disk. This idea,
known as uniformization, is a fundamental tool in the theory of Riemann surfaces [14]. If I" is the group of deck transfor-
mations associated to p, then I" is a discrete subgroup of the group of all Mébius transformations on the disk. In addition,
I is torsion-free, I acts without fixed points and the action is properly discontinuous. Further, the quotient space D\I" is
a Riemann surface that can be identified with R, and I" = w1 (R), the fundamental group of R.

A discrete group of Mobius transformations is called a Fuchsian group. Let I be a Fuchsian group. We will consider the
analogue of Abrahamse’s theorem for H{, the associated fixed-point subalgebra of H*. From comments in the previous
paragraph we see that this includes the study of the interpolation problem on a Riemann surface.

Our approach in this paper owes a great deal to the elegant results obtained by Forelli [17]. Forelli initiated the study of
function theory in these fixed-point algebras, and in the special case where I" is a group of deck transformations associated
to a covering of a finite bordered Riemann surface, he constructs a bounded projection from P : H* — H® that is also a
bimodule map over H. The projection is obtained by modifying the natural conditional expectation from H* onto H{.
An explicit formula for the conditional expectation was obtained by Earle and Marden [12] and this was generalized by
Ball [8].

Another approach to function theory on multiply connected domains through the use of holomorphic vector bundles
was initiated by Abrahamse and Douglas [4] using the results in [17]. More recently Ball and Vinnikov [9] have obtained
a great deal of information about Hardy spaces on finite bordered Riemann surfaces by further developing the theory of
holomorphic vector bundles and through the viewpoint of complex algebraic curves. Fedorov and Vinnikov [15] carried
out a deep analysis of the scalar-valued interpolation problem for finite open Riemann surfaces using complex analytic
methods.

We study the interpolation problem from the perspective of classical Hardy space theory with an additional element: the
action of a Fuchsian group. Although we do not provide a complete geometric or topological description of which Riemann
surfaces are included in our result, our results will apply to any Riemann surface that has a finitely generated fundamental
group. This includes the class of finite bordered Riemann surfaces and finite open Riemann surfaces. In addition, we allow
the possibility that the group I' may act with fixed points or possess torsion. We will need neither the full strength of
Forelli’s results nor the extensions obtained in [8] and [12]. We also do not require a knowledge of function theory on
multiply connected domains or the theory of holomorphic vector bundles. However, our proof does rest on two lemmas
in [17].

1.2. Notation
We will denote the open unit disk in the complex plane by D. The circle will be denoted T and the m-torus will be
denoted T™. By an automorphism we mean a Mdbius transformation, that is, a holomorphic map of D onto I with a holo-

morphic inverse. An automorphism is the composition of a simple Blaschke factor and a rotation, that is, an automorphism
¢ is of the form

$(2) =1

a—z

1-az’

where a € D and A € T. The derivative ¢ is easily computed to be
la]> — 1

(1—az)?’

Hence, given an automorphism ¢, the constants a and A are determined by the equations

@' (2) =2

_ -1
a=¢""0), r=(la’>-1)" ¢'0).

The set of all automorphisms of the disk is a group under the composition of maps. This group is naturally identified with

PSL(2, R).

We will use the term automorphism group to mean a subgroup of the group of all automorphisms of the disk and we will
usually denote an automorphism group by I". An automorphism of the disk is a well-defined holomorphic map on the open
set {z: |z| < |a|~!} 2 D UT. Therefore, the action of I" on the disk extends to the boundary circle and defines an action of
I'" on the circle T.

Given a group I' of automorphisms and a point w € D we denote the stabilizer of the point w by Fix(I", w), that is,

Fix(I, w) :={y e 't y(w)=w}.
We denote the orbit of the point w under the action of I" by I"(w), that is,

rw):={yw): yerj.

We will call two groups Iy and Iy conjugate if and only if there exists an automorphism ¢ such that ¢ I'1 = I3¢. We denote
by [I", I'] the commutator subgroup of I.
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The group I' acts, by composition, on the Lebesgue spaces LP := LP(T), for 1 < p < oo, with respect to normalized
Lebesgue measure (. Since a Mobius transformation is analytic this action restricts to the Hardy spaces HP.

If X € LP we denote by [X], the smallest closed subspace of LP that contains X. If p =2, then we write [X]> = [X].
When p = oo we take closures with respect to the weak* topology.

The character group, or dual group, of I' is the set of continuous homomorphisms from the group I' into the circle T.
Let X C LP be a set that is closed under composition by elements of I'. If o € I, then we define

Xo:={feX: foy=a)f}

We call this the character-automorphic space associated to o. We call elements of X, character automorphic. Although our
definition is in terms of the classical Hardy space HP and the group I", character-automorphic spaces can also be defined
in terms of holomorphic sections of a vector bundle [4,9], or directly in terms of function theory on a domain [16].

1.3. Outline of our work

Since our focus is on function theoretic results, we are interested in the cases where the group I" fixes some nonconstant
function in H}, that is, when H{® is nontrivial. If f € HY® is nontrivial, then we can, after subtracting a constant, assume
that f(0) = 0. Therefore, f(y(0)) =0 for all y € I and so the points in the orbit of the origin /"(0) must satisfy the
Blaschke condition

> (1-1lz]) < oo. (1)
L€l (0)
In this case Zyerﬂ — |y (w)|) converges for any point w € D. An elementary calculation shows that the sum in (1)
converges if and only if the Poincaré series Zy <r |Y'(w)| converges for any point w € D. Automorphism groups for which
either, and hence both, of these series converge are said to be of convergence type; see Tsuji [28, Theorem XI.3]. It is
straightforward to see that if I” is a group of convergence type, then I" is Fuchsian.

If the series in (1) converges, then we can form the Blaschke product with zero set I"(0) and this Blaschke product is
character automorphic. In Section 2, we will use these Blaschke products to construct orthonormal bases for the character
spaces H?,. In Section 3 we review some of the results from Forelli [17]. In particular, we revisit the defect space N. We
assume, as did Forelli, that the space N is finite-dimensional. We recall some duality results for the Hardy spaces H?.
These duality results are a generalization of Forelli’s original result [17, Lemma 3], and the result of Earle and Marden
[12, Proposition 5]. The proof we provide is purely functional analytic.

We call a group I' admissible if and only if I" is a Fuchsian group of convergence type for which the defect space is
finite-dimensional. In Section 4, we look more closely at the reproducing kernel function for the space Hg and show how it
is related to the Szegd kernel. These results imply that HY is dense in the space HJ. In Section 5, we examine more closely
the structure of the operator algebra H® C B(H%). The main results of our paper are proved in Section 6. In particular, we
prove a distance formula, Theorem 6.1, which implies the following analogue of Nehari’s theorem:

Theorem 1.2. Let I" be Fuchsian group of convergence type with finite-dimensional defect space N, that is, let I be admissible. Let
f € L. The distance of f from HY is given by

|f +H®| = sup [ (1 = Py )MsPa .

O'Eﬁ

By specializing to the case where f € HY®, this distance formula leads to a generalization of Abrahamse’s theorem.
Theorem 1.3. Let I" be admissible. Let z1, ..., z; € D and wt, ..., wy € C. There exists a function f € HF with || f ||l < 1 such that
f(zj) =wj ifand only if

A i=[(1 - wiW)K° (zi,2))]; ._, =0

i,j=1%
forallo € I

Finally, in Section 7 we illustrate our ideas in the context of the two simplest examples of Fuchsian groups.
2. Factorization and Blaschke products
2.1. Factorization results

The first step in our work is to establish the analogues of the two main factorization theorems for Hardy spaces: the
inner-outer factorization and the Riesz factorization. The inner-outer factorization appears in one form or another in Abra-

hamse [2, Theorem 1.12], Hasumi [18, Lemma 1], and Voichick and Zalcman [29]. A version of the Riesz factorization is in
Abrahamse [1, Lemma 5]. As we will make frequent use of these results we state and give a short proof of them.
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Let I be an automorphism group. Recall that an element f € L? is called character automorphic if and only if there exists
a character o € I" such that foy =o(y)f for all y € I'. A function f € LP is said to be modulus automorphic if and only if
Ifle Lf«. The absolute value of a character automorphic element of L? is modulus automorphic. A function u € H? is called
outer if and only if the closed linear span in HP of {z"u: n >0} is all of HP. The following result shows that a modulus
automorphic outer function is character automorphic.

Proposition 2.1. If u € HP is an outer function and |u| € L., then there exists o € I such thatu e HE.

Proof. If u is outer, then uoy is outer for all y € I', since composition by y is continuous and invertible on HP. Two outer
functions u and v have equal modulus if and only if there exists a scalar A € T such that u = Av, see [13, Corollary 6.23].
We have |[uoy|=|u]oy = |u| and so there exists o(y) € T such that uoy = o (y)u. We need to show that o € F.af
Y1, Y2 € ', then

o(iy)u=uo(y1y2) =Uoy1)oy2=0(y1)Uoy2) =0 (y1)o(y2)u.

Since u is nonzero, o is a character. O

We can now state the two factorization theorems that we need. We refer the reader to [19, Chapter 4.4] for a statement
and proof of these factorization results in the classical situation.

Proposition 2.2. Let ¢ € [, let f € HY, and let f = Bsu be the canonical factorization of f into a Blaschke product B, a singular
inner function s, and an outer function u. Then there exist characters o1, 02, 03 € I' such that ¢ = 010,03, B € Hgf, ue H},Z and
seHY.

3

Proof. Note that if f(z) =0, then f(y(z)) =0 and so the zeros of f are made up of the union of countably many disjoint
orbits. The Blaschke product B vanishes precisely on the zero set of f. Since y permutes the orbit of a point, we see that
B oy also vanishes on the zero set of f and so B oy = BC where C is inner. A similar argument shows that Boy~!1 = BD
with D an inner function. We have

B=Boyoy '=(BCOoy '=(Boy ') (Coy ')=BD(Coy™").

Since H* has no zero divisors we get that D(Coy~!)=1 and so D =Coy~! € H®. This shows that D and C are constant
and so B oy =o01(y)B for some scalar o1(y) € T. We now proceed as in the proof of Proposition 2.1 to check that oy € I'.
Since |f|=|u| € L}, we see by Proposition 2.1 that u € H},3 for some character o3. It now follows from the uniqueness

of the factorization that s € ng, where 0y =0 (0103)~!. O

One consequence of the proof of Proposition 2.2 is the following: if the zero set of the Blaschke product B is the orbit
I'(z), then B € H® for some o € I'. This fact has been observed many times in the literature [1] and we will make this
formal later on in this section.

Proposition 2.3 (Riesz factorization). Let I" be an automorphism group and let o € I'. If f € H},, then there exists characters
01,07 € I' with o = 01 022, an inner function ¢ € Hg?, and an outer function u € H,z72 such that f = ¢u?.

Proof. It is well known [19, Theorem 19] that f has a factorization of the form ¢u2, where ¢ is inner and u € H? is

outer. Note that |f|'/2 = |u| € L%. and so by Proposition 2.1, u € H, for some o3 € I". It follows easily that ¢ € HZ® with

o1 :aoz_z. O

2.2. Character automorphic Blaschke products

If I is of convergence type, then there is an associated class of character-automorphic Blaschke products. These Blaschke
products occur naturally when we carry out the inner-outer factorization for elements of H}. For us, the primary use
of these Blaschke products is in constructing an orthonormal basis for H(z,. It is easy to check that a Blaschke product B
is character automorphic if and only if its zero set is an at most countable union of orbits. We begin by analyzing the
convergence of the Blaschke sum (1).

Proposition 2.4. (See [20, Theorem 2.3.5].) Let I" be a group of automorphisms. If Fix(I'", 0) is finite, then Fix(I", 0) is cyclic.

Proposition 2.5. Let I" be a group of automorphisms of the disk. Assume that the algebra HY is nontrivial, that is, contains a noncon-
stant function. Then the following are true:



262 M. Raghupathi /J. Math. Anal. Appl. 355 (2009) 258-276

(1) For every w € D the stabilizer Fix(I", w) is a finite, cyclic group.
(2) Forevery w € D, the Blaschke sum Zye}"(l — |y (w)]|) converges.

Proof. Let w € D. Choose an automorphism ¢ that maps w to 0. Let I =¢I'¢~" and note that Fix(I"’, 0) = Fix(I", w) and
I'’(0) = ¢ (I"(w)). Also note that the spaces HY and H{ are isometrically isomorphic. Therefore, it is enough to consider
the case w =0.

(1) Every element y € Fix(I", 0) fixes the origin. Hence, y is a rotation of the disk and there exists a constant A € T
such that y(z) = Az. Let f be a nonconstant function in H® and let ai, k # 0, be a nonzero Fourier coefficient of f. For
every y € Fix(I", 0) we have f(y(z)) = f(z) and so Akay = ai. This yields, A¥ =1 and so Fix(I", 0) is finite. The claim about
Fix(I", 0) being cyclic follows from Proposition 2.4.

(2) If f € HY is nonconstant, then by subtracting a constant we may assume that f is nonzero and vanishes at 0. Since
foy=f we see that f(y(0))= f(0)=0 for all y e I" and so der(o)(l —|¢]) < oco. If @ € I, then the cardinality of
Fix(I",0) is equal to the cardinality of Fix(I",@(0)). In fact, the two stabilizers are isomorphic via the map y +— aya~l.
Therefore,

Y (1-ro)) =|FixT.0] Y (1-[])<co. O

yell cel(0)

Note that if the series ZyeF(l — |y (0)]) does converge, then the argument above shows that Fix(I", 0) is finite and that
I' is discrete.

If the stabilizer Fix(I'", w) is finite, and the series Zyel"(l — |y (w)]) converges, then we define two Blaschke products
By and B that arise naturally. First consider the Blaschke product B,, whose zero set is I"(w). We call By, the Blaschke
product for the orbit I'(w). Let m = |Fix(I", w)| and define B, := BY,. We call B the Blaschke product associated to the
pair (I",0). If it is the case that only the identity map fixes w, then m=1 and By =By. If y € I', then By, oy is a
Blaschke product whose zero set is the same as the zero set of By. It follows, just as in Proposition 2.2, that By oy =
ow(y)B for some character o,,. We call oy, the character associated to the pair (I, w). We will most often be interested in
the case where w =0, in which case we denote B by Br.

We now construct an orthonormal basis for H(Z7 from the Blaschke product Bg and the kernel functions for the spaces H(Z,.
Our purpose in the next few lemmas is to show that it is enough to construct an orthonormal basis in the case where Hg
contains at least one function that does not vanish at the origin.

Lemma 2.6. Let € I" be a generator of the cyclic group Fix(I", 0) and let y (z) = Az, where A € T. Let y,(0) be an enumeration of
the distinct nonzero elements of I' (0). Then Bo oy =ABgpand B oy = B.

Proof. The Blaschke product By can be written

Va (@] ¥ (0) -z
B
0@ = L! 70 1— 700z

Hence,

N —_ -_—
[Yn(0)] ¥n(0) — Az —z[] [AYn(@)] Ayn(0) —z

N
Bo(22) = (A O X Yn(Q)Az’
=015 0 e = 0 1o

n=1
We have, 1,(0) = ¥~ (#:(0)) and so Ay,(0) 1s another enumeration of the nonzero pomts in the orblt I’ (0). Hence,

Bo(Az) = ABo(2). If | Fix(I", 0)] =m, then y(z) =e = z is a generator for Fix(I", 0) and so Bp(e 0 z) (e m Bo(z))m B for
allzeD. O

Lemma 2.7. Let f € H! be a character automorphic function. Let m = | Fix(I", 0)| and let p(z) = ?™'/™z be the generator of Fix(I", 0).
Then o (p) = e*™/M 0 <r<m—1.Ifr #0, then f(0) =0.Ifr =0 and f(0) =0, then Br|f.

Proof. Let I = (p) and let w = e%7/™, Since p has order m, we see that there exists an integer r, 0 <r <m — 1, such that
o(p)=w". Since fop=0(p)f =" f, we see that the Fourier expansion of f has the form f = Zj‘io Ujr2™HT I T #£0,
then f(0) = 0. On the other hand if r =0, then z™|(f — f(0)). Hence, By-|(f — f(0)). O

The Hardy space H? is a reproducing kernel Hilbert space, and the kernel function for H? is the Szegd kernel

Ksz,w =
(2, W) = ——
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If M is a subspace of HZ, then M is also a reproducing kernel Hilbert space and we denote its kernel function KM,
We denote the kernel function for Hg by K? and the kernel function for H% by K. Given a point w € D and a kernel
function K we denote by k,, the kernel function at the point w, that is, k,, is the unique element of M such that
(f, kw) = f(w) for all f e M. It follows that ||k |2 = K(w, w). If ky, 0, then we define the normalized kernel function
by kw = K(w, w)~1/2k,,. Otherwise, we set «,, = 0. Recall that I" is of convergence type, if the sum in (1) converges.

Proposition 2.8. Let I" be a Fuchsian group of convergence type. Let m = |Fix(I", 0)|. Assume that x € [ and that there exists a

function f € H% with f(0) #0.Forn >0, let x, = o, ™, let Hy = H3 and let KO”) denote the normalized kernel function for H2.
Then the nonzem elements of the set

Ey = {B%k": n >0},

is an orthonormal basis for Hi.

Proof. Since By is an inner function and K(()“) is the normalized kernel function we see that the nonzero elements of £y
have norm 1. Since Bo(0) =0, we see that the nonzero elements of £, are orthogonal.

If p is the generator of Fix(I,0), then yx (o) =1, by Lemma 2.7. Combining this with Lemma 2.6 we see that y,(p) =1
forn>1.

Now let f € H2 with f 1 &£,. Note that K(") 0 implies that every element of H2 vanishes at the origin. Since f L K<O)
we see that f(0) =0 and so B|f, by Lemma 2.7. Therefore, f = By f1 and by composing with elements of I" we see that
fie Hfm”" =H3,. If k(" =0, then every element of H? vanishes at the origin and so B | f1. If k|’ # 0, then the fact that

0

fL Bp/(él) gives f1(0) =0 and Br|f;. Repeating this process we see that B'. divides f for all n > 0. Hence, f =0. O

3. The Forelli projection
3.1. The conditional expectation

To begin this section we review some ideas from the work of Forelli [17]. Let I" be an automorphism group. Let )t denote
the collection of Lebesgue measurable subsets of T. For E € 90, define E to be I'-invariant if and only if w(EAY ~1(E)) =0
for every y e I'. Forelli proved the following fact: the collection of I'-invariant sets 9t is a sub-sigma-algebra of 9t, and
the subspace LP(T, M, n) is equal to L‘;«.

It follows, from standard arguments in probability theory, that there is the unique conditional expectation ¥, :
LP(T, 9, w) — LP(T, M, ). The conditional expectation ¥, is weak*-continuous for 1 < p < oo, and ¥, |L? = ¥, for
p < q. Therefore, we omit the subscript p and denote ¥, by ¥. Note that the map ¥ is a projection (W2 =), and is
selfadjoint (¥* = &) when p = 2. The map ¥ has the property that

/w)du:Effdu,

E
for E € M. Given f € LP(T, M, dw) and g € LY(T, M, dwn) we have

v(fe) =¥(Hg.

In the classical setting, the space L?> decomposes as a direct sum of the Hardy space H? and the space H2 that is, the
set of complex conjugates of functions in H? that have mean value 0. In our setting we must contend with the fact that
the direct sum H 3} H o.r may not be all of L2 The orthogonal complement of H2 3} H2 o.r in L is called the defect space.
If I is the group of deck transformations that arise from a covering map of a g- holed region, then the defect space is a
g-dimensional subspace. Forelli captures the defect space without reference to multiply connected domains. We now outline
these ideas, as they are central to our work. We also feel that our presentation is sufficiently different from [17] to merit
inclusion.

Let k, € H? denote the Szegd kernel for the Hardy space. To begin with let f L% and let f =g+h+c, where g, h e H(z)
and ¢ = [ fdm. While the functions g, h are not I"-invariant, they are “nearly” so. We have

g+h+c=f=foy=goy+hoy+c.
Rearranging this last equation gives

goy—g=h—hoy.

Since y e I' is analytic we see that goy and hoy are both in H? and so goy —g=h—hoy =c(f,y), where c(f, y) is
a constant that depends on f and y. The constant is easily computed by integrating



264 M. Raghupathi /J. Math. Anal. Appl. 355 (2009) 258-276

c(f,y) =fgo Yy —8=28(y(0) — g(0) = (g. ky(0))-
Similarly, c(f,y) = (h, ky (0)). Combining these two equations, we get

2c(f.y) = (g +hky 0 —ky ) =¥ (). kyo) —ky) = (f. ¥ ky© —ky@))-

If we set v, = —i¥ (ky ) — ky(0)), then v, is a positive element of L3 with the property that
/ny =2ic(f.y)

for all y € I'. Note that —i(ky (o) — ky(0)) = P}, ), the conjugate of the Poisson kernel at the point y(0). Following Forelli
we define the defect space N by

N:=span{vy: y € I'}.

If f €L} is orthogonal to vy, then goy —g=0=h—hoy. Hence, g and h € H} | and we get that L}. = H}. &

H3 [ @ [NI.
If y1,y2 € I', then

c(fivioy)=8o(1oy2) —g=go(Y10Y2) —goy2+8oy2—g
=(goy1—8oY2+(goya—g =c(f,y)+c(f,y2).
It follows that

/fv)qoyz =2ic(f, 7 oyz)zZi(C(f,%)ﬂLC(f,yz))=/f(vy, +vy,).

Since this is true for all f € L% we get Vy,oy, = Vy, + Vy,.

What all of this shows is that the map y ~ v, is a homomorphism from I" into the additive group N. This homomor-
phism must factor through the commutator subgroup [, I'] to give a homomorphism from I"/[I", I'] into N.

Given a set of generators {ys: s € S} € I'/[I', I'] the vectors vs := vy, for s € S, span the space N. If the group I" is
finitely generated, then the space N is finite-dimensional and the dimension of N is smaller than the minimal number
of generators of I"/[I", I']. Note that if an element y € I' has finite order, say m, then mv, =v,m =0 and so v, =0. If
I'/[I', I'] is generated by elements of finite order, then N is trivial.

In the case where I' is the group of deck transformations associated with a universal covering map of a multiply
connected domain, Forelli showed that the dimension of N is equal to the minimal number of generators of I'/[I, I'].
Many results follow from this equality, including a corona theorem for H{, the key stepping stone being the construction
of a bounded projection P : H* — H7. We do not assume, and do not need, this stronger condition.

We are now in a position to state what kind of groups we will deal with in this paper. We will call a group I admissible
if and only if I" is of convergence type and the defect space N is finite-dimensional.

These are natural, nontrivial conditions from a function theory point of view. The assumption about N means that
Hfﬂ + N is a closed subspace of L? for all 1< p < oo. It is useful to keep in mind that N C LY € L‘} for all 1 < p < o0. Note
that when g > 1, the spaces H‘} and H‘} + N are also weak* closed. This is a simple consequence of the fact that weak*
limits preserve point values and the fact that N is assumed finite-dimensional.

3.2. Duality and density results

Since duality arguments will play a central role in our interpolation results we would like to gather some results on the
duality between the different Hﬁi spaces. The results contained in the next proposition have appeared in various forms in
the literature [6, Theorem 11.1], [12, Proposition 5], and [17, Lemma 3]. We provide, mostly for the sake of completeness, an
elementary proof that depends only on standard duality arguments and the expectation ¥.

Proposition 3.1. Let I be an admissible group. The image of HP under the conditional expectation ¥ is H ’,{ + N.For1< p < oo, the
dual ofLﬁl can be identified with L9., where q = %. In this identification the following are true:

(1) (Hp)" =Hg p +N:
(2) (HP) L =H{ [ +N;
(3) (H}-+N)L =H{ p;
(4) (H}. +N)* =H{ .
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Proof. The statement about Lﬁl spaces follows from standard facts about the LP spaces of a probability measure.

For p =2, we have seen already that L% = H2 & H(Z)J« @ N and the above results are valid. We have

/W(h)g=/hg=o,

forallhe H? and g H(z)’r' Hence, ¥ (H*) =12 © @ =H% ®N.

Next consider the case 1< p < co. We will show that H}. = (H{ +N)_ and the remaining results will follow either by
duality or by a similar argument. Note that the spaces qu and HY + N are weak* closed in LY.

We first show that ¥ (HP) = HY. +- N. Let f € L.. Note that f € ¥ (HP)* if and only if [ f¥(g) = [ fg=0 for all g€ HP
if and only if f € Hl N LY. = H] .. Hence, ¥ (HP)* = Hg,r'

Let he HY., ve N and g € H .. Since vy, € LY and g is analytic we get

/gVy = / g% (ky0) — ky(0) = / gky ) — ky () = g(y(0)) — g(0) =0.

It follows that

/g(h+v)=/gh+/gv=0,

which gives Hfl +NC (Hg’F)J_. This also yields
w(H) = (¥(HP)"), = (H§ ), 2 H} +N.

Let g € (Hpr + N)* and let f € HP. We will show that

/gf=/g'1'(f)=0,

which will establish the fact that (Hpr + N)L c w(HP)L. We know that fg(h +v)=0 for all h e H? and v € N. Let
fn € H® and suppose that f, — f in the LP norm. Since f, € H2, we can write ¥(f,) = hy + Vs, where h, € HZF and
vy € N. However, v, € LY and so hy e HFP C Hfl. Therefore,

/g(hn+vn):/gq/(fn):0

for all n, since g € ¥ (HP)+. Hence,
[ern=jim [ewisn=o.
n—oo

We have established that ¥ (HP): = H{ . and that ¥ (HP)* 2 (H}. + N)*. This combined with the fact that ¥ (HP) 2
H{.+ N shows us that ¥(HP) = H}. + N and (H}. + N)* =H{ . O

Proposition 3.2. For 1 < p < oo, [H¥], = HF..

Proof. Consider the case p > 2. Let f € H’} and let f;, € H® converge to f in LP. Since the LP norm dominates the L2 norm
we see that f, — f in L%. If we project f, onto ¥ (fy), then there exists g, € HP and v, € N such that ¥ (fy) =gn + Vi
and g, + v, — f in the LP norm and also in the L? norm. In particular, ||v,|l; — 0. However, on the finite-dimensional
space N, the L2 norm and the LP norm are equivalent and so Ivallp — 0. It follows that g, — f in LP.

Let 1< p <2, view HY as a subspace of H., and let (H%)! denote the annihilator of H% in L%, where 2 < ¢ and
g '+ p~1=1. We have

(HE’P)L={f€L"p: ffgzoforallgeH%}g{fesz: /fg:Oforauger;c}
=120 [H¥] =1} 0H:=H}  ®N.

Hence, (H%")J— - L‘} N (H% rt+N)= Hg r+ N, since NCLF C L‘Il. The reverse inclusion follows from the inclusions
H§ +NCH} &N and H® C H, and the result for p =2. We have shown that (H¥)* = H{ . + N. It follows from
Proposition 3.1 that [H¥], = (H¥)1) 1 = (Hg - +N)L =H}. O
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We now prove a density result that is central to the proof of our distance formula and interpolation theorem. Recall
that a function u € H? is called outer if and only if [H®u]=H2. If o € I is a character and u € H(z, is an outer function,
then [H¥u] € Hf,. The purpose of the next two results is to prove the reverse containment. Let us temporarily adopt the
following notation: if ||ul, = 1, then we call u normalized; and let the L2 norm induced by the measure |u|?dm be denoted
I ll2,u-

Lemma 3.3. Let I be an admissible group, let u € H? be an outer function and let N be finite-dimensional. Then [HFu]N[Nu] = {0}.

Proof. We can assume that u is normalized. Since N is finite-dimensional [Nu] = Nu. Let f € [HPu]N Nu and note that
f € H2. Since u is an outer function, there exists a sequence f, € HP such that limp_. || f — faull2 = 0. Also, there exists
v € N such that f = vu. There exists a sequence h, € H* such that lim,_, o ||hyu — 1]]2 = 0. We have, v = lim,_, o, Vuh, =
limy—, 0o fhn € H%. This implies ve NN H% = {0} and so f =0. O

We are now in a position to prove our main lemma about cyclic subspaces.

Proposition 3.4. Let I" be an admissible group, let o € I and let u € H(Z, be an outer function. The cyclic subspace generated by HY¥
and u is equal to HZ.

Proof. One inclusion is straightforward, namely [H7u] S Hf,.

For the converse, let f € Hf, © [HFu]. We will show that f =0. Since u is an outer function, there exists a sequence
of functions f, € H*® such that limy— s || fat — fll2 = 0. Let ¥ be the conditional expectation from L' onto L}. Note that
lu?, fu and |f|? € LL. Using the fact that [ ¥ (f)g= [ fg for f € L™ and g e L} we get

| (fu— £ = / @ ()| lul? = W (fuf — W fouf +1f>dm
=fﬁw<fn>|u|2 — W (fuf — Faif + |f 12 dm

= / (¥ (f)u — F)(fatt = Hydm = (@ (f)u — f. fau — f)
<[ (fou = £l fas = fll2.

Hence, limp—, oo ¥ (fo)tt — fll2 <limp— o0 || fott — fll2 =0.

By Proposition 3.1 we can write ¥ (f;) = gn + vn, where g, € H¥ and v, € N. Hence, f € [HF¥u]+ [Nu]. Since N is
finite-dimensional, by Lemma 3.3, we can define an equivalent norm on [H¥u]+ [Nu] by ||h + w|" = ||l + w]l>. Since
f L guu, it follows that lim;_ o [vau — f|' =0, and f € [NulN[HPu]={0}. O

4. Reproducing kernel functions for character spaces

The purpose of the results in this section is to establish connections between the reproducing kernel K¢ and the Szeg6
kernel K°. As a corollary to these results we will see that HY is dense in H1.

Lemma 4.1. If I" is an admissible group, then (H} +N)N (H7}~ +N)=N+C.

Proof. Let fe(H}—f—N)ﬂ(H_}—kN). We can write f =g+ v =h+ w, where g,heH&F and v,w € N. We have g —h =
w — v € N. By Proposition 3.2 we can choose sequences gn, hy, € H¥ such that g, — g, hy — h in L}. Note that g, —h, €
HZ @ HZ and so g, — hy L N. Therefore, ||g — h|l; = 0 which yields g € H- N H}.. Hence, g is constant and f e N+ C. O

Proposition 4.2. Let I" be an admissible group, let o € I', let N := H2 © [HZ-H21.If f € N/, then | f|? € N + C. In particular, the
kernel function at the origin k is bounded. '

Proof. Let f € NV and let h € H{®.. We have f L hf, that is,

/|f|2h=o,

forall h e Hgf’F. By taking the complex conjugate we also get
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/|f|2ﬁ=o,

and so |f|? € N+ C, by Lemma 4.1. Since N C LR, this implies that | f] is bounded.
To prove the claim about the kernel function, note that k§ L [H§%- H(ZT]. O

Corollary 4.3. Let I" be an admissible group. If & € I, then HZ® is dense in HE.

Proof. It is enough to prove the result in the case p = 1. Recall that, in Proposition 2.8, we had constructed an orthonormal

basis for Hf,. Each of the elements of this basis was the product of a Blaschke product and a normalized kernel function at

the origin for some character space. These are bounded by Proposition 4.2 and we see that H° is dense in H(Z,. If fe H},,

then by Riesz factorization (see Proposition 2.3) there exists g € H?,l and h € Hi(f1 such that f = gh. Choose a sequence
1

gn € Hg and hy € Hc‘fg,1 such that ||g, — gll2 — 0 and |h; — h|2 — 0 in H2. It follows that f is the limit of gh, € HY
1

and so HY is dense in HL. O
We now show that the kernel function k% for Hi is bounded.

Corollary 4.4. Let I" be an admissible group, let w € D and let B be the Blaschke product associated to the pair (I', 0). Then there
exists a constant C, which depends only on the group I', such that

5o < (1= [Braw)) ™" )

forevery x € r.

Proof. Since N + C is finite-dimensional we know that there is a constant C such that || f]leoc < C||f]l2 for all f e N+ C.
Hence, ||k§ loo < Cllkg Il and ||Ké( lloo < C. Note that this bound is independent of the character y.
From Proposition 2.8 we have an orthonormal basis for the space Hi consisting of the nonzero elements of the set

Ey = {B'}Kém: n > 0}. For ease of notation let B =B and f, = /c(()"). We have

KX (z, w) =" B"(2) fa(2) B"(W) fa(w).

n=0

Taking the absolute value and using the fact that ||/<g lloo < C we get

oo C2
p ) n n__ 0~
|K*(z,w)| < C §|B(Z)| [Bw)|" < 1—[B@)BWw)|

Therefore, |k% (2)] < C2(1 — [B(z)B(W)|)~! < C2(1 — |B(w)|)~!. Taking the supremum over z € D yields the inequality
in(2). O

5. HP as an operator algebra
5.1. Commutants and multiplier algebras

In this section we provide some basic information about the operator algebra structure of H¥ when viewed as the
multiplier algebra of HZ.

Before we proceed to our results we recall the definition of a multiplier algebra. Given a reproducing kernel Hilbert
space (RKHS) H on the set X with kernel function K, the multiplier algebra mult(?) is the set of functions f : X — C such
that fh e H for all h € H. The product here is taken pointwise. If f € mult(H), then the operator M : H — ‘H defined by
My (h) = fh is a bounded linear transformation. The multiplier norm of f is defined by || f|lmur = IMy|l. It is not difficult
to show that M’}kx = f(x)ky. From this we see that f is a bounded function and || f |mui = || f llco. We begin by identifying

the multiplier algebra of H(ZT, where o € I
Proposition 5.1. If o € I, then the multiplier algebra of Hg is HF.
Proof. If f € HY® and g € HZ, then it is easily checked that fg € HZ.

For the converse we can assume that no inner function divides HZ. Hence, k9, # 0 for all w € D and we see that a
multiplier f of H2 is a bounded function. Now let h € H2, with h #0, and let y € I". We have (fh) oy =0 (y)fh. On
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the other hand, (fh)oy = (foy)(hoy)=0(y)(f o y)h. Comparing these two equations we see that f oy = f, that is,
feHP.
It is a well-known fact [23, Theorem 6.3] that | f|lmult > Il flloo- On the other hand, given f € HY and h € H?,, we have

IM¢h||* = IIthI§=/|fh\2dm< 1112 IR13.

Hence, || fllmuir = IMf |l < || fllco. Combining these inequalities we get || fllmuc = | flloo- O

We see from Proposition 5.1 that the multiplier algebra of H2 is H and that the multiplier norm is the usual supremum
norm. My considering the map f +— My we have identified H® as an algebra of operators on the space H(Z,v that is, we
have identified H® with a unital, weak* closed subalgebra of B(H},).

Invariant subspaces will now play a central role in our results. We recall the notion of reflexivity for an operator algebra
A C B(H). We denote by Lat(A) the lattice of invariant subspaces of A, that is, the set of projections P such that PAP = AP
for all A € A. An algebra A C B(H) is called reflexive if and only if Alg(Lat(A)) = A.

If £ is the lattice in B(H?) of subspaces of the form ¢H?2, where ¢ ranges over the set of inner functions, then
Alg(Lat(£)) = H* and so H* is reflexive. We now prove a more general fact that implies that H}® is reflexive as a subal-
gebra of HZ.

Proposition 5.2. Let H be a reproducing kernel Hilbert space. If A is the multiplier algebra of H, then A is a reflexive operator algebra
in B(H).

Proof. Suppose that T € B(H) and T(M) C M for all M € Lat(A). The subspace spanned by the kernel function ky is
invariant for A* and so T*ky € span {ky}. Hence, there exists a constant ¢ (x) € C such that T*ky = ¢ (x)kx and consequently
T= M& O

Our next proposition implies that H® is equal to its own commutant when viewed as a subalgebra of B(HZF).

Proposition 5.3. Let M be a subspace of H* such that 1 € M and let A be the multiplier algebra of this subspace. If [A] = M, then
A’ = A, when A is represented as multiplication operators on M.

Proof. Let T € A’ and set T(1) = h. Consider the action of T* on the kernel function ky € M. Let g € A and compute

(T*kx. g) = (kx. TMg1) = (kx, MgT (1)) = (kx, gh) = g(0)h(x) = (h(X)kx. g)

and so T*ky = h(x)ky. This forces he A and T=M;,. O

If y:D— D is an automorphism, then C,, : H? — H? denotes the composition operator defined by Cy(f)=foy.An
easy calculation,

(f.Coke)=(Cy k) = f(y @) = ([ ky ),
shows that C;jkz = ky (7. Given a Fuchsian group I, let us denote by Alg(S, I") the smallest subalgebra of B(H?) that

contains the unilateral shift S and the group of composition operators {C,: y € I'}.
If he H?, f e H® and y € I', then

M;Cy(h)=fhoy)=(foy 'y)(hoy)=((foy ")h) oy =CyM,-1(h).

Hence, My, -1 = C;leCy. This shows that the action of I on H* is implemented by a similarity. The fixed-point space
for this action is the algebra H® which is the set of f € H* such that MyCy, = Cy, My for all y € I". We now give the most
basic connection between Alg(S, I") and H.

Proposition 5.4. The commutant of Alg(S, I') in B(H?) is HP.

Proof. If T € Alg(S, I')’, then TS = ST which forces T = My € H*. Since M;C,, =C, My, forall y e I', we get f e H¥. O
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5.2. Inner multipliers of the defect space

While the space N does not contain analytic functions, it was shown by Forelli [17, Lemma 7] that it was possible to
multiply N into H2 by an inner function. The following observation about the invariant subspaces of Alg(S, I') will prove
useful.

Proposition 5.5. The invariant subspaces of Alg(S, I') are of the form ¢ H2, where ¢ is a character-automorphic inner function.

Proof. If M is invariant for Alg(S, I'), then M is shift invariant. It follows that M = ¢H? for some inner function ¢. Since
M is invariant under C,, we get that (¢ o y)H? = ¢H?2. It follows, from the uniqueness statement in Beurling’s theorem
[19, Chapter 4.4], that ¢ oy =0 (y)¢ where o (y) € T. If y1,y2 € I, then

oc(yDd=¢o 1y =(@oy)oya=(0(y1)p)oy2=0(1)0 (V2)o.

Hence, o € r. o

Our next proposition shows that there are no finite-dimensional subalgebras of H®°, aside from the constants. We will
need this fact for the special case where the subalgebra under consideration is H}.

Proposition 5.6. If A is a unital subalgebra of H* that contains nonconstant functions, then A is infinite-dimensional.

Proof. Assume to the contrary that A is n-dimensional. Let f € A be nonconstant. By subtracting f(0), we may assume
that f(0) =0 and f # 0. The elements 1, f, f2,..., f™ must be linearly dependent and so there exists dag, ..., a, such that
Z?:()ajfj = 0. Evaluating at z=0, we get aqp =0 and so f(a; +ayf+---+a,f""1)=0. Since f#0, ay+axf +--- +
a, f"~1 = 0. Repeating the above argument yields a; = - -- =a; =0, a contradiction. O

As noted by Forelli, the subspace HZ + N is invariant for H. To see this pick h € H% + N and choose k € H? such that

w(k)=h.If f € Hj [ and g € HY, then

[ rei= [ rewwo= [ rek=o

Hence, H¥(HZ + N) € HZ + N. This shows that N is semi-invariant for H% and so the compression of H¥ to N is a
homomorphism of H. Since HY is infinite-dimensional and N is finite-dimensional we see that this homomorphism has
a nontrivial kernel. Hence, there exists a function f € H® such that My(N) L N.

While the functions in N are not analytic, they can be multiplied into H? by a character-automorphic inner function. Let
N be the set of functions f € H? such that fN c H%. The subspace N is closed and invariant for Alg(S, I"). Hence, the
subspace V' = ¢H? for some character-automorphic inner function ¢, by Proposition 5.5. This means that N € H® with ¢
character automorphic. This is the proof of [17, Lemma 7].

We point out that there is a related way to obtain this last fact. Let M denote the smallest shift invariant subspace of L2
that contains HZF + N. Clearly M = [Hw(H% + N)]. By the Helson-Lowdenslager theorem [19, Theorem 18], the subspace is
either of the form ypL? or of the form ¢H? where ¢ is unimodular. Suppose that M = ygL? and note that xg = 1, since
1e M. If M =12, then ¥ (M) = L%. A typical element of M can be approximated by sums of elements of the form fg
where f e H® and g € H% + N. Note that ¥ (fg) = ¥ (f)g, which shows

L%:J/(M)g[{qp(fg): feH™, gEH%—i—N}]:[{l]/(f)g; feH>, geH%—f—N}]
=[{fg: feHP+N, ge H% +N}] S H} + N+ N.N,

which is impossible since N is finite-dimensional and Hg°~ is not. Hence, M = WH? for a unimodular character-
automorphic function . Since 1 € H% + N C ¥ H2, we get 1=y ¢ for an inner function ¢ and so ¥ = ¢ is inner. Hence,

qb(H% + N) € H2. This ability to multiply N into H* with a character-automorphic inner function is central to our proof of
Theorem 6.1 and so we record this fact.

Lemma 5.7 (Forelli). There exists a character-automorphic inner function ¢ such that N C H.
Using Lemma 5.7 we get the following lemma:

Lemma 5.8. If w € D and I is an admissible Fuchsian group, then there exists a character-automorphic inner function ¢, such that
dwkl, € H®.
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Proof. We can assume that HY is nontrivial, otherwise k=1 Let N={f e H?: fla € H?}. The subspace N is closed
and invariant for Alg(S, I"). Since H{® is nontrivial, we can find f € HY such that f #0 and f(w)=0. Let g € HZF and

note that (f@,g) = (fg,kl}) = f(w)g(w) = 0. Hence, fk_lv:, € H(Z),r + N. By Lemma 5.7, there exists an inner function ¢

such that ¢ f k_vrv € H2. It follows that the space N is nontrivial and, by Beurling’s theorem, there exists an inner function ¢,
such that V' = ¢y, H2. It follows from Proposition 5.5 that ¢, is character automorphic and ¢kl € H2. Since ka € H™®, it
follows that ¢ ki, e H®. O

6. A generalization of Abrahamse’s theorem

We now come to a formula for the distance of an element in L from the algebra H. Actually we will prove a

slightly stronger statement. Let z1,...,2z, € D and let Z denote the ideal of functions in H{® that vanish at the n points
Z1,...,2n € D. Let Ky denote the span of the kernel functions kgl s kgn and let
No =H2 0K ={feH%: f(z1)=---= f(za) =0).

By combining Proposition 3.4 with [25, Lemma 4.6] we get that N = [Zu] for an outer function u € H(z,.
Our first result in this section is a distance formula. The formula is an analogue of Nehari's theorem, which relates the
distance of f € L°° from H® to the norm of the Hankel operator with symbol f.
The formula is also related to the Arveson distance formula. To understand this connection we need the notion of hyper-
reflexivity [7]. If A€ A, P e Lat(A) and T € B(H), then
IT+All> | —P)T+AP|=|U—-P)TP+(I—P)AP| =] —P)TP|.

From this we see that ||T +.Al| 2 suppepata) II(I— P)T P|. The algebra A is hyper-reflexive if and only if the reverse inequality
holds up to a constant, that is, there exists a constant C such that |T + A| < Csupperarca) |(I = P)TP|| for all T € B(H).
With these comments in mind we now come to our central result.

Theorem 6.1. Let I” be an admissible group and let f € LY. The distance of f from Z is given by

If +Zll = sup | = P, )My Py . 3

oel’
Here I denotes the identity in B(L?) and the orthogonal projections are in B(L2).

Proof. Let kfj be the kernel function at the point z; for the space HZF. By duality

/ fg‘, (4)

where g € 7, and [ glly < 1. Since Z C H®, we see that 7, D H} + N. Since the functions in Z vanish at the points
z1,...,zn €D, we also have K € 7, . An application of Proposition 3.1 shows that Z, = Hj - +N+Kr. By Lemma 5.8 there

| f +Z| =sup

exist character-automorphic inner functions ¢, ..., ¢, such that ¢>jkzrj € H?. Let ¢ be the inner function, as in Lemma 5.7,

such that ggN € H®. Let ¢ = ¢ ..., and note that ¢ is character automorphic. We have ¢g € H! and, by Proposition 2.3,
there exists a character o € I' and an outer function u € Hf, such that |g| = |u|?. Rewriting the expression in (4) we get

/qu

where u is an outer function in H(ZT, [ullz = 1v2 = \|g||}/2. and uv = g. Since g€ Z,; we see that [gh=0 for all h e T.
Therefore, (hu,v) =0 and so v € L? & [Zu] = L?> 6 N, . Hence,

‘/fuv

We now prove the reverse inequality. Let geZ and felP.Ifhe Hf,, then gh € N, and so (I — Ppr,)MgPp2 =0. We
have,

If+Z| =sup

’

= [(fu, )| < [T = Pp, )MpPy2 |

IS +&ll = IMpigll > (I = Py )MpigPyz | = [ (1 = Pag )M Py + (1= PA;)MgPy |
= =Px)MsP . O
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Our generalization of Abrahamse’s theorem now follows from this distance formula. The theorem applies to a fairly broad
class of Riemann surfaces. In particular, the theorem applies to quotients of the disk D by an action of a finitely generated
Fuchsian group. In addition, if the action of the group has no fixed points, then the quotient is a Riemann surface with
finitely generated fundamental group. Therefore, our results apply to the case of any finite bordered Riemann surface [9,15].
We also point out that the proof, and the lemmas on which it depends, does not require knowledge of function theory on
multiply connected domains.

Theorem 6.2. Let I" be an admissible Fuchsian group. Let z1, ..., z, € D and w1, ..., wy € C. There exists a function f € HF® with
| flloo <1 such that f(zj) = wj if and only if the matrices
Ao = [(1 — wiW)K (z, zj)]ijzl >0 (5)

forallo € r.

Proof. If f € H®, then the subspaces H?, and N, are invariant for HY®. If h € N5, then fh € Ny and so
(I = Px;, )M Py, = 0. From this we get (I — Px;,)MfPy> = (I — Pn, )MsPi,. If h e HZ, then fh e HZ, since f is in H3.
Hence, (I — Pn;, )MyPk, = ((I — Py2) + P, )My Pk, = Pxc, MsPi,. Therefore, ||(I — P, )My P2 |l =Pk, MfPi, |l

Using the fact that M’Jikg = Ekg we get that ||Px, MgPx, |l <1 if and only if the matrices A, > 0 for all o € r,
where w; = f(zj); see [23, Theorem 6.3].

Assume first that f € H, with || fllc <1 and f(z;) =wj. Then ||[Px, MfPx | <|fllo <1 forall o € r.

For the converse, assume that A, >0 for all o € I. By applying [25, Lemma 5.8] we see that there exists a function
g € HP such that g(zj) = wj. Using the distance formula in Theorem 6.1 we get that ||g+Z|| =sup, g [IPxc, MfPic, || < 1.
Therefore, for each n € N, there exists h, € Z such that ||g + hnlleo <1+ n~! < 2. Since the unit ball of HY is weak*

compact, the bounded sequence f, := g+ h, has a weak* convergent subnet. Let f be the limit of this subnet. Since a point
evaluation at a point in the disk is weak* continuous, it follows that || fllooc <1 and f(z;)) =w;. O

Abrahamse’s original theorem is now the special case where I" is a group of deck transformations that arise from a
covering map of a multiply connected domain.

7. Two examples
7.1. Amenable admissible groups

In this section we consider two specific examples of admissible Fuchsian groups. Our purpose with these examples is to
illustrate the concepts outlined in this paper. Our first example arises as the group of deck transformations for a covering
map of an annulus A. The group in our second example is isomorphic to Z; * Z; and the associated fixed-point algebra is
the set of “even” functions in H>°(A). Note that both Z and Z, * Z, are amenable. If I" is an amenable group and s is an
invariant mean on ¢2(I") we can construct a contractive, unital projection @;: H® — HP. We will use this fact later on.
On the other hand if I" is not amenable, then a result of Barrett [10] shows that no such projection can exist.

The first example can also be found in Abrahamse [3, p. 298] and Sarason [27]. Let A be the annulus with inner radius r
and outer radius R. The strip S :={z: 0 <% (z) < m} is easily seen to be a covering space for the annulus. The covering map
is given by E(z) = exp(% log( %)). The disk and strip are conformally equivalent and we see that the corresponding group of
deck transformations is an infinite cyclic group, which we denote I'j, generated by y (z) = =%, where 0 <a < 1.

1—az’

The second example is generated by $(z) = —z and y(z) = 1"_‘;Z with a € (0, 1). Denote by I, the group generated
by B and y. Every element of I, can be identified with a word in 8 and y. Since 8 and y have order 2, the elements
of I are words in 8 and y with the property that every word is an alternating string of 8s and ys. Hence, there are
precisely two words of each length, distinguished by the “letter” they begin with. Set a = By . Note that «(z) = f_‘fz and
so Iy contains I't. A word in I is of the form o™ or ™8 where m € Z. Since B(0) =0 we see that o™ (0) = a™B(0). If
a™(0) =0, then Lemma 7.1 shows m =0 and so a™ is not the identity map for m = 0. It follows that «™g is also not the
identity map for m ## 0. We have shown that I'; = Z; * Z;, the free product of Z, with itself, which is an amenable group.
For these two examples, it can be shown directly that the spaces H{® are nontrivial, that the associated Blaschke product
converges, and that we can compute the corresponding character op. Note that the elements of H %j are exactly the functions
in Hj’-? that satisfy f(z) = f(B(2)) = f(—z). We will call such a function even. The proof of the following lemma involves an

elementary induction argument.

zZ—a
1—az

_(+a"-a-a"
T -0+ 1+an

forn > 1. We have y ™ (z) = i and y((z) = % forn>1.

Lemma 7.1. Let y (z) =

wherea € (—1,1) and set
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From Lemma 7.1 we see that I is admissible.

Lemma 7.2. The Blaschke sum Zy ery (1 =1y (0)]) converges.

Proof. We have that the elements of Iy are of the form y™ where y(z) = lz—_aaz with a € (0,1) and n € Z. From the
previous lemma we have

gy = 2(1—a)" <2<1—a> .
A+a"+ 1 —-a)n 1+a

The latter series is geometric and so the above sum converges. O

One consequence of this result is that the Blaschke product with zero set y ™ (0) is convergent. Our next proposition
gives us op.

Proposition 7.3. Let B denote the Blaschke product associated to the pair (I'1, 0). Then Bo y = —B and B o 8 = —B. In particular,
B% e H?f; and the algebra H%j is nontrivial.

Proof. The Blaschke product for the orbit of 0 under I7 is the Blaschke product for the set {0,an, —ap: n>1}. For n € Z,
let ¢, denote the simple Blaschke factor at y ™ (0). For n > 1, the simple Blaschke factor at a, = y(~™(0) is given by
lan| an —z Z—0n

= — = — (n)Z.
ap, 1—apz 1—auyz @

The factor at —a, = ™ (0) can be computed similarly and is

|—an|—an—z_ Z+ay
—ap, 1+4+anz 1+anz

=y (2).

The factor at 0 is z. Our calculation shows that
yem, nx1,
¢n =1 z, n=0,
_y(*ﬂ)’ n<—1.
Let

Byvi=[] ¢i=D" [T »¥.

lJISN lJISN

Composing with y and multiplying by ¥ N we get

y M Eroy) =y VDN [ 7/(“1’:((—1)” [1 y<”)y<”“>=BNy<”“>.
liI<N liISN

Hence, y N (2)Bn (¥ (2)) = y VD (2) By (2). Since a, — 1 as n — oo we get that y™@(z) - —1 and y ™ (z) = 1 as n — 0.
Hence, on taking the limit in N we get that B(y(z)) = —B(2).

For n € Z we have y™(—z) = —y(~™(2). Hence, By(—z) = (—1)*N*1By(2) = —Bn(2) and on taking the limit we see
B(—-z)=—B(2). O

The stabilizer at the origin for the group I consists of the identity and the automorphism 8. Hence, by Lemma 2.7, the
Blaschke product associated with the pair (I, 0) is B2. It follows from Proposition 2.8 that {B*": n > 0} is an orthonormal
basis for H, .

7.2. Interpolation results

We now turn our attention to a different approach to the interpolation problem that is valid for the special cases
considered in this section. We will deal with the matrix-valued interpolation problem. In the matrix-valued problem we are
given n points z1,...,2z; € D and n matrices Wy, ..., Wy € Myz. We seek a function F € M (HP) such that ||Flo <1 and
F(zj)=Wj, for j=1,...,n.

Since BZ is inner, we see that Hj'!; is really the span of the powers of an inner function. The interpolation theory for
spaces generated by a single inner function is quite simple as Proposition 7.6 will show. To prove Proposition 7.6 we require
a few preliminary results.
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Lemma 7.4. If ¢ is an inner function, then ¢ (D) = D.

Proof. The operator of multiplication by ¢ on H? is isometric but not unitary. By the Wold decomposition the spectrum of
My is the closed unit disk. Hence, D =0 (My) =¢([D). O

Corollary 7.5. If ¢ is an inner function and f € H*, then || flloco = || f © ¢l co-

Proof. Since ¢(D) C D, || f o dlloo < I fllco. If z€ D, then there exists ¢(z,) € (D) such that ¢(z;) - z and so |f(2)| =
limp o0 [ f(@@)I < f 0 dlloc. O

Proposition 7.6. Let ¢ be an inner function such that ¢ (0) = 0. Let Hé be the closed span in H? of {1, ¢, 2, ...} and let H;;o be the
weak* closure of {¢p"}n>0 in H>. We have the following:

(1) The set {¢™: n > 0} is an orthonormal basis for Hé.
N 2 d’ — ‘17
(2) The kernel function for Hy is K?(z, w) ot
(3) The function f € H;" ifandonly if f € Hé NH*® ifand only if f = g o ¢ for some g € H*® with |1gllco = || f || co-
(4) The multiplier algebra of Hé is Hg".

(5) The space H é is a complete Nevanlinna-Pick space.

Proof. (1) Since the function ¢ vanishes at the origin we have that ¢" is orthonormal and since any element of Hé can be
approximated by a finite linear combination of the form ag +a1¢ + --- +a,¢" we see that it is a basis.
(2) We have

¢ N g T 1
K?(z.w) ;)zﬁ(z) P =

(3) Let us denote by H*® o ¢ the space of functions of the form {go¢: g€ H*®} and by A the weak* closed subalgebra
of H* spanned by {¢": n > 0}. The algebra H® o ¢ is weak* closed and contains A. If f € Hé NH®, then f =Y 72, am¢"
and so f = (3_°°,anz") o ¢. The sequence a, is square summable and so g = Y22 a,z" € H? and g o ¢ = f. However, by
Corollary 7.5 we get that ||g]lco = || fllco and so g € H®. This shows that H2 NH® C H® o ¢. If f e H® 0 ¢, then f =go ¢
and we can choose a net of polynomials p; such that p; — g in the weak* topology. Composition by ¢ is weak* continuous
and so p;o¢ — f in the weak* topology and A = H*® o ¢. Finally note, since Hé is closed in HZ, that the space Hé N H®
is weak* closed in H* and contains ¢" for all n. This proves that A4 C Hé NH®>,

(4) Since 1 € Hé and multipliers must be bounded we see that mult(Hé) - Hé NH® = H;O. On the other hand, it is
clear from H;" =H* o ¢ that H;’f C mult(Hé). The equality of norms follows as in Proposition 5.1.

(5) To see that K? is a complete Nevanlinna-Pick kernel let us consider n points z1, ..., z, in the disk and n matrices
Wi, ..., Wy in M. Suppose that the matrix [(I — Win.‘)K‘p(zi,zj)]ﬁj:] > 0. There exists F € M (H®) such that ||F|lc <1
and F(¢(zj)) = W by the classical Nevanlinna-Pick theorem. The function F = F o ¢ has the same norm as F and is in H;’f.
Also F(zj) = F(¢(z))) = W;.

On the other hand, suppose that there is a function F in My(H3®) such that F(z;) = W;. We know that F =G o ¢ for
some G € Mi(H*) with ||Glloc = || F|lc. Hence, G(¢(zj)) = W; and the corresponding Pick matrix is positive. O

Although the proof of Proposition 7.6 is elementary we point out that the representation obtained in part (2) implies the
result in part (5) by the work of Agler-McCarthy, McCullough, and Quiggin on complete Nevanlinna-Pick kernels; see Agler
and McCarthy’s book [5] for a full description.

Applying Proposition 7.6 to the space HZF2 we get the following matrix-valued interpolation result.

Corollary 7.7. Given n points z1, ..., z, € D and n matrices W1, ..., W, € My, there exists a function F € Mk(H??Z) with ||Flleo <1
and F(z;) = Wj ifand only if
I— WiW;f n o\ T n
[?] :[(I—Win)K 2(z,»,zj)]i’j=1 >0,
1 — B(zi)*B(zj)* di,j=1

where B is the Blaschke product for the orbit I';(0) = I'1(0).

It is interesting to note that the space H }f = H*°(A) contains a subalgebra, H 0‘; of “index 2”, that is also the multiplier
algebra of a complete Nevanlinna-Pick space.
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The groups I'7 and I3 are amenable. We now take advantage of this fact to study the interpolation problem. Essentially
we will project solutions to the classical Nevanlinna-Pick problem onto solutions in Hf.

We briefly discuss group actions on Banach spaces. An action of a group I" on a Banach space X is a homomor-
phism from I' into the group of linear isomorphisms of X. We denote by X, the set of fixed points, that is, X, :=
{xe X: y(x)=x for all y € I'}. An action on X induces a natural action on the dual space X* by ¥ (f)(x) = f(y(x)), where
x € X, f € X*. Conversely, any action of I" on X*, where the maps y : X* — X* are weak* continuous, is induced by an
action of I" on X.

A group I' is called amenable if and only if there exists a linear functional s: £°°(I") — C such that s(1) =1, ||s|| <1
and s is translation invariant, that is, s((ay)yer) = 5((aﬁ—1y)y€[“) =5s((ayp)yer) for B € I'. Such a linear functional is called
an invariant mean. In the case where I" is an amenable group acting on a dual Banach space, there is a natural way to
project elements of X* onto the subspace of fixed-points (X*)r. To see this let x € X, f € X* and note that the sequence
f= (f(y(x)))yer € £°°(I') and that || f|| < | fll. Now define @(f) € X* by @(f)(x) = s(f) From the definition we can
check that @ is a linear, contractive, idempotent map whose range is (X*); and @ (y*(f)) =& (f) forall y e I'.

The case we are interested in is X = L*° and the groups Iy and I%. In this case @ is a unital positive map and is
therefore completely contractive, that is, given F = [fi,j]Tj:1 € M (L*°), we have ||[d>(ff,j)];.flj:1 I < ||[ff»j]11‘1,1j:1 II. It follows
from the fact that the action of a Fuchsian group restricts to H* that the above projection @ actually maps H* to H.

In some ways this new projection is an improvement on the one in [17], since it avoids the defect space N, preserves
analytic structure and is completely contractive. The following result shows, in the case of H*, that @ is in some sense the
natural projection to consider.

Proposition 7.8. Let f € H* and let the power series expansion of f oy be givenby Y 22 an(y)z". For eachn, (an(y))yer € €°(I).
Ifbn =s((@n(y))yer), then

o(H@=5((f(v@)),cr) anz

Proof. If k, is the Szegd kernel at z, then
r(H@=(@f).ke)=s((foy.k)) =s((f (v D)), c)-

We have, |a,(y)|={f o ¥, xn)| < || flloo and so for fixed n, (an(¥))yer € £>°(I"). Now,
(2. 2") =s(((fov.2")),cr) =5((@), ) =Dbn

and so @(f)(2) =Y nogbnz". O

For the special of H*, there is a second averaging result that yields the same projection.

Theorem 7.9. Let A C B(H) and suppose that A = A’.If I is an amenable group that acts on A, then there exists a linear, contractive,
idempotent map & : A — Apr. If Ais selfadjoint, then so is ®.

Proof. Let A € A and f1, f, € H. Define a map s4 : H x H— C by sa(f1, f2) :=s(((y(A) f1, f2))yer) and note this is
bounded sesquilinear form on A and that |s4|| < ||A|. Therefore, there exists a unique operator @(A) € B(H) such that
@A)l =lisall and (@ (A) f1., f2) =s((y (A) f1. f2))yer). Let A € A and note that

(@ANTf1, f2)=s(((y DTF. f2)), o) =s((TY (D 1. f2)), )
=s((y A f1. T f2)), . p) = (@A f1.T* f2)
=(TO(A)f1. fa).

Thus, @(A) € A’ = A. The remaining properties are easy to verify. O

It is easy to check, in the case { = H% and .A = H®, that this agrees with the projection @ defined earlier.
In contrast to the projection that Forelli constructs, the projection @ we have just constructed is not weak* continuous.

Proposition 7.10. If @; is the projection from H® onto H}'!; for j=1,2, then @;(A(D)) is the set of constant functions.

Proof. Let y = be as in Lemma 7.1. Since y®(z) - —1 as k — oo and 1 as k — —oo we have that,

_1az

S(rP @) eer) = {

Therefore, @; maps z" to a constant and so A(D) is also mapped to the constant functions. O

0 if k is odd,
1 if k is even.
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Corollary 7.11. There are no nonconstant, I'j-invariant functions in A(D) for j =1, 2.
Proof. If f € A(D) and is fixed by ®;, then f = &;(f) is constant. O
Corollary 7.12. The projection ®; is not weak* continuous.

Proof. This is a consequence of the fact that the trigonometric polynomials are weak* dense in H* and that Hj’!; contains
nonconstant functions. 0O

Since interpolation is an isometric theory the existence of a contractive projection suggests, at least in the case of
amenable groups, that we could approach the problem of interpolation in H® through a related problem on the disk. We
will show that while this approach has the positive aspect of providing a fairly simple matrix positivity condition, the
condition does not seem refined enough to distinguish the interpolation theory of H}? and H}‘;.

Let K denote the Szegd kernel on the disk. By a weak solution to the interpolation problem we mean a matrix-valued
function F =[f; j] € Mp(H™) such that ||Flloc <1, F(a(z)) =W for all I=1,...,n and y € I". By a strong solution we
mean an F =[fj j] € Mn(HP) such that ||Flloc <1 and F(z) =W, for [=1,...,n. Clearly every strong solution is a weak
solution. If we denote by W the set of weak solutions, then it is clear, provided that VW # @, that W is a convex, weak*-
compact subset of the unit ball of My, (H*).

Theorem 7.13. Let I" be an amenable, admissible group. If F € My, (H*) is weak solution, then &y, (F) is a strong solution.
Proof. We have || @ (F)|| < [IF|l <1, @n(F) € M (HY) and
Pn(F)(@) = (u(fij(a@))=w,. O

If Q =1[qi,jli,jej is an infinite matrix, then we write Q > 0 to mean that every finite square submatrix is positive. This
is also known as formal positivity, but we will suppress the word formal. If Q is already finite, or is the matrix of positive
operator on a Hilbert space, then the two notions of positivity coincide. The content of the next result is well known and
the proof is a standard weak* limit argument.

Proposition 7.14. Let {z;} jc; be a set of points in D and {W j} jc; € Mp. There exists F € M (H*) such that ||F|lo < 1and f(z;) =
W if and only the matrix [(Im — W,-W]’.‘)K(zj, zj)li,jej = 0.

If we take the set of points in Proposition 7.14 to be the orbits of n points z1, ..., z, under the group I'j, then we obtain
the following result:

Corollary 7.15. Let I" be an amenable, admissible group. Let P(z, w) denote the infinite matrix [K (y (2), nW)ly ner;- A weak (and
hence strong) solution F € H® exists if and only if [(I, — W,~W]’.‘)P(z,-, zj)]ft’jzl > 0.

We know that the condition in Corollary 7.15 is equivalent to the condition set forth by Abrahamse for the annulus A. It
would be interesting to have a direct proof that the matrix condition in Corollary 7.15 is equivalent to Abrahamse’s condition
that the matrices A, A € T are all positive semi-definite.

Our examples in this section were primarily designed for illustrative purposes. However, we believe that more construc-
tions of this sort could shed further light on the interpolation problem.

We close with an observation that relates to the work of McCullough and Paulsen [22]. Their results show that the
C*-envelope of the n-dimensional quotient algebra H*°(A)/Z is M,(C(T)), whenever n > 3. This should be contrasted
with the interpolation result in Corollary 7.7 which shows that the C*-envelope for the algebra Hj’!;/I is Mp. It was also
shown in [11] that the C*-envelope for any two-idempotent operator algebra [24] is either C2 or M. In light of this, three
aspects of the interpolation problem, in apparently increasing order of difficulty, would seem to be worthy of study. First,
the matrix-valued interpolation problem. This would seem to be within reach using the methods outlined in this paper.
Second, a more careful examination of the number of characters required to guarantee the existence of a solution to the
interpolation problem. Third, a computation of the C*-envelope of the quotient algebra H/Z. In view of the depth of the
work in [15] and [22], and in view of the results presented here, these latter problems seem considerably more challenging.
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