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1. Introduction

In this paper we study bifurcation diagrams of positive solutions of the p-Laplacian Dirichlet problem

(gl)p (u/(x)))/ + fk(u(x)) =0, —-1<x<l1, (1«1)
u(=1)=u()=0,

where ¢, (y) = ly|P=2y, (pp(u’))’ is the one-dimensional p-Laplacian, and p > 1 and A > 0 are two bifurcation parameters.
We assume that the nonlinearity

frw) =2rg) —h(u)

where functions g, h € C[0, 0o) N C2(0, 0o) satisfy hypotheses (H1)-(H5):
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(H1) g(0)=h(0)=0, g(u), h(u) >0 on (0, c0), and

h
0= lim "% g = jim £ _ (12)
u—0t Llp71

(H2) The positive function h(u)/g(u) is strictly increasing on (0, co), and
. h@) . h@
lim —= =0, lim —= =00
u—0+ g(u) u—oo g(u)

(H3) (p —2)g'(u) —ug”(u) <0 on (0,00) and (p — 2)h’ (u) — uh”(u) <0 on (0, 00).
(H4) The positive function [(p — 2)h’(u) — uh” W)]/[(p — 2)g’(u) — ug”(u)] is strictly increasing on (0, o), and

(p—2)h'(w) —uh"(w) . (p=2)W () —uh"(w)
im =0, lim =
u—0+ (p —2)g'(u) —ug”(u) u—oo (p —2)g’'(u) —ug’(u)

(H5) If p > 2, there exists a positive number p* > p — 1 such that g(u)/up* is strictly decreasing on (0, co) and h(u)/up*
is strictly increasing on (0, o0). In addition, for each fixed s € (0, 1),

h(su) [h(u)g(su) B 1]

uP=1| g(uh(su)
is a strictly increasing function of u on (0, c0), and
h(u)g(su
(u)g(su) € (1. o). (1.3)

u=oo g(u)h(su)
(Note that (H5) is a technical hypothesis for the case p > 2.)

It is easy to see that, hypotheses (H1) and (H2) imply that, for each fixed A > 0, f;(0) =Ag(0) — h(0) =0 and there
exists a unique positive number B, such that

fo(u) =21g(w) —h(u) >0 on(0,s),
fi(Br) =2g(B) —h(Br) =0, (1.4)
foa(u) =2rg(w) —h(u) <0 on (B, 0).

Moreover, the number B, is a strictly increasing and continuous function of A on (0, c0), and
lim 8, =0 and Ilim g; = oco. (1.5)
A—0t A—00

Also, hypotheses (H1)-(H4) imply that, for each fixed A > 0, the function (p —2) f; (u) — uf,’(u) changes sign exactly once
on (0, B;). More precisely, there exists a unique positive number y; < B, such that

(p—2)f,(w) —uf)(u)y <0 on (0, ),
(P =2 fL() — Sl () =0, (1.6)
(p—2)f () —uf)(w)>0 on(y,B).

(We omit the proofs of (1.4) and (1.6).) So, in particular when p =2, f;(u) =Ag(u) — h(u) is convex-concave on (0, 8;).

Note that, by a positive solution to p-Laplacian problem (1.1), we mean a positive function u € C![—1, 1] with o) €
Cl[—1,1] satisfying (1.1). Let Z = {x € [-1,1]: u/(x) = 0}. We note that it is easy to show that, if f € C[0,00) and u is
a positive solution of (1.1), then u € C2[—1,1]1 if 1 < p <2 and u € C?>([—1,1] — Z) if p > 2. For the proof we refer to
Addou [1, Lemma 6].

In this paper we are concerned only with positive solutions u; of (1.1) satisfying ||u|lco < Bi.-

The p-Laplacian problem (1.1) arises in the study of non-Newtonian fluids and nonlinear diffusion problems. The quantity
p is a characteristic of the medium. Media with p > 2 are called dilatant fluids and those with p < 2 are called pseudoplas-
tics. If p =2, they are Newtonian fluids (see, e.g., Diaz [3,4] and their bibliographies). The p-Laplacian also appears in the
study of torsional creep (elastic for p =2, plastic as p — oo, see [8]), glacial sliding (p € (1, 4/3], see [12]) or flow through
porous media (p = 3/2, see [18]). The reaction term of (1.1) f,(u) =Ag(u) — h(u), for fixed A > 0, consists of a source term
Ag(u) and an absorption term h(u) which is dominated by the source term when u near 0™ and dominates the source term
when u near oo. The model nonlinearity for p-Laplacian problem (1.1) is

fa(u) =Arg(u) —h(u) =)\(kul"_1 +u?) —u" withr>q>p—1andk>0.
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Fig. 1. Classified two bifurcation diagrams of (1.1) with 1 < p <2, fi(u) =rg(u) —h(u) and g, h satisfying (H1)-(H4); (a) 5 = oo. (b) 0 < A < oo.

It is easy to check that functions g(u) = kuP~! +u? and h(u) = u” with r >q > p—1 and k > 0 satisfy hypotheses (H1)-(H5)
with p* = (r +q)/2 > p — 1. In particular, when k=0, g(u) =u9 and h(u) =u", we obtain that

1/(r—q)
Q(q_p-i-l) 1/(r—
0 =2 T 7 =\ D,
= [r(r—p+1)] G

See Corollary 2.2 for 1 < p < 2 and Corollary 2.4 for p > 2 and their proofs given below.
Takeuchi [15,16] and Takeuchi and Yamada [17] studied existence and multiplicity of positive solutions of a degenerate
p-Laplacian elliptic problem with logistic reaction

{Apu+k(uq—ur)=0 inQ(QCRN,N}l), (1.7)

u=0 onads2,

where p>2and r>q>p—1. When N >2 and £ is a connected, bounded open subset of RN with C%¢ boundary 92
and o € (0, 1), under the restriction p > 2, Takeuchi [15,16] proved that there exists a number A* > 0 such that (1.7) has at
least two positive weak solutions for A > A*, at least one positive weak solution for A = A*, and no positive weak solution
for 0 < A < A*. (Note that the existence of solutions u; of (1.7) with flat core O) = O, (u;) ={x € 2 | u)(x) =1} # @ was
also considered in [15,16]. Also note that the case p =2, r =3 > 2 = q has been previously studied in Rabinowitz [13].)
Later Dong and Chen [7] proved the same multiplicity result for general p > 1 and more general nonlinearity. In particular,
in the next theorem, when N =1 and §2 = (-1, 1), Takeuchi and Yamada [17, Lemma 3.1 and Fig. 2(iii)] obtained exact
multiplicity of positive solutions u of (1.7) satisfying ||u|loo < 1.

Theorem 1.1. Consider (1.7) where p > 2 andr > q > p — 1. When N = 1 and 2 = (-1, 1), there exist two positive numbers A* < x
such that (1.7) has exactly two positive solutions u satisfying ||ullec < 1 for A* < A < 4, exactly one positive solution u satisfying
lu]loo < 1 for A =A™ and A > A, and no positive solution u satisfying ||u|lco < 1 for0 < i < A*.

It is interesting to note that Diaz and Hernandez [5] studied the exact multiplicity of positive solutions of the p-Laplacian
Dirichlet problem

{((pp(u/(x)))/+kuq(x)—our(x):O, l<x<1, (18)

u(—1)=u(1)=0,
where p>1, 0<r<q<p—1, o is a positive constant, and A > 0 is a bifurcation parameter. Define

1/(q-n)
PRV du 1 P-D@n/p=1-n
5= g-1-a/p-1-n] (P ,
p [—F)]/p
where F(u) = fou f(t)dt and f(u) =u? —u’. They [5, Theorem 1] proved that there exists a positive number A* < A such
that (1.8) has exactly two positive solutions for A* < A < X, exactly one positive solution for A = A* and A > X, and no
positive solution for 0 < A < A*. The results were extended very recently by Diaz, Herndndez and Mancebo [6] from p —1 >
q>r>0top—1>q>r>—1; see [6 Theorems 2-4] for details.

2. Main results

The main results in this paper are Theorem 2.1 and Corollary 2.2 for 1 < p <2 and Theorem 2.3 and Corollary 2.4 for
p > 2. In Theorems 2.1 and 2.3, we give a classification of totally six different bifurcation diagrams of positive solutions u;
for p-Laplacian problem (1.1) satisfying ||u,|lcc < 81 under hypotheses (H1)-(H5). Figs. 1(a)-(b) represent two different
bifurcation diagrams for 1 < p <2 and Figs. 3(a)-(d) (drawn below) represent another four different bifurcation diagrams
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Fig. 2. Numerical simulations of T, () for a € (0,8,): p =2, fr(u) = ru? —u?, 1 =2,2.3,2.636,3,3.5,4. Note that A* ~ 2.636, |lu;+| ~ 1.957, and

limy_, o+ Th (@) =00 = limaﬁﬂf Ty (x).

for p > 2. We prove that, on the (%, ||u||s)-plane, each bifurcation diagram consists of exactly one curve with exactly one
turning point where the curve turns to the right. Hence we are able to determine the exact multiplicity of positive solutions
by the values of 1*, )AL, and 1, see Theorems 2.1 and 2.3 and Figs. 1 and 3.

We first define

. -1 p
A:(p _ )(%csc%) € (0. 00] for0<mé < co. 1)

mg

Theorem 2.1. (See Fig. 1.) Let 1 < p < 2. Consider (1.1) where f; (u) = Ag(u) — h(u), g, h € C[0, 00) N C2(0, 0o) satisfy (H1)-(H4).
Consider positive solutions u; for (1.1) satisfying ||u; |lco < Bx. Then there exists a positive number 1* < * (< 00) such that (1.1) has
exactly two positive solutions uy, v; with u, < vy for A* < A < i, exactly one positive solution v; for A = A* and % > X, and no
positive solution for 0 < A < A*. Moreover, if we denote u)+ = v,+ when A = A*, then:

(i) For A* <A1 <22 <A, |l lloe < llun; lloo-
(ii) For A* <A1 < A2 <00, [Villeo < [IVa, lloo-
(iii) lim, 5 |[uzlleo = 0 and limy o [|Va[lo = 00.

In the next Corollary 2.2 to Theorem 2.1, we give examples of polynomial nonlinearities for f(u) = Ag(u) — h(u) =
A(kuP=1 4+ u%) — u" satisfying r > q> p — 1 and k > 0. We give a classification of totally two bifurcation diagrams. We also
show evolution phenomena of two different bifurcation diagrams as evolution parameter k varies from 0 to co.

Corollary 2.2. Let1 < p <2

(1) (See Fig. 1(a) with A =o00.)Let g(u) = u? and h(u) = u" withr > q > p — 1. Then g, h € C[0, 00) N C2(0, 0o) satisfy (H1)-(H4)
with A = oo.

(ii) (See Fig. 1(b) with 0 < A < 0.) Let g(u) = kuP=1 4+ u% and h(u) = u” withr >q > p — 1 and k > 0. Then g, h € C[0, c0) N
C2(0, 00) satisfy (H1)-(H4) with A = ((p — 1) /k)((7t / p) csc(r /p))P € (0, 00).

Remark 1. For Corollary 2.2(i), in particular, let g(u) = u% and h(u) =u" with r=4 > 3 =q > p = 2, then numerical
simulations as given in Fig. 2 show that A* &~ 2.636 and |lu,«| ~ 1.957.

Theorem 2.3. Let p > 2. Consider (1.1) where f, (u) = 1g(u) —h(u), g,h € C[0,00) N CZ(O oo) satisfy (H1)-(H5). Consider positive
solutions uy, for (1.1) satisfying ||ux|leo < By. Then there exist three positive numbers A* < A and B; satisfying 1* < A (< 00) and

f;(8;)=0 and lim T;(a)=1

0(%;3{

(where T, (o) is defined in (3.14) below), such that:
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Fig. 3. CAlassi~ﬁed four bifurcAatiop diagrams of (1.1)~with p>2, fi(u)=Ag) —h(u) and g, h satisfying (H1)-(H5); (a) 0 < A < A = oo. b)0<t<A<oo.
(€)0<Ai=A<o00.(d) 0 <A <A< oo. The point (A, 8;) is defined by f;(B;) =0 and it satisfies lima_)ﬂ; T; () =1.

(i) (See Figs. 3(a)~(b).) If & < A (< o0), then (1. 1) has exactly two positive solutions u;, v; with u, < V2 for A* < A < A, exactly one
positive solution u; for A =2A*and A < A < A, and no positive solution for 0 < A < A* and for A > A (if & < 00).

(ii) (See Figs. 3(c)-(d). )IfA < A, then (1.1) has exactly two positive solutions u;, v, with u, < v, for A< A <%, exactly one positive
solution v;_for A = A* and for & < A < & (if = > 1), and no positive solution for 0 < A < A* and A >

Moreover, if we denote u;» = v,+ when A = A*, then:

(i) For A* <A1 <Az < ):L s lloo < Nt lloo < B
(iv) For A* <A1 <Az <A, IV lloo < Vi, lloo < B
(v) lim, 5 [lualloc =0 and lim,__5_ [|villec = B;-

We give next remark to Theorem 2.3.

Remark 2. (See Fig. 3 and cf. Fig. 1.) Let p > 2. Consider (1.1) where f;(u) = Ag(u) — h(u), g, h € C[0, 00) N C%(0, 0o) satisfy
(H1)-(H5). Then it can be proved that:

(i) for each A > A, there exists a positive solution v; of (1.1) with flat core O; = O, (v;) ={x € (=1, 1) | vi(x) = B} # 0,
(ii) on the (A, |ullso)-plane, for A > A, the solution branch of positive solutions v, with flat core ©; = ¢ starts at (X, B;), it
is a monotone curve for A > 1, and ||v; |lec — 00 as A — co.

The above parts (i) and (ii) can be proved since g, is a strictly increasing and continuous function of A on (0, co), and
by applying (1.5) and Lemma 3.4 stated below; we omit the details of the proofs due to space limitations.

In the next Corollary 2.4 to Theorem 2.3, we give examples of polynomial nonlinearities for f;(u) = Ag(u) —h(u) =
A(kuP~1 +u9) —u" satisfying r > q > p — 1 and k > 0. We give a classification of totally four bifurcation diagrams. We also
show complete evolution phenomena of four different bifurcation diagrams as evolution parameter k varies from 0 to co.

Corollary 2.4. Let p > 2.

(i) (See Fig. 3(a) with 0 < X < A = 00.) Let g(u) = u? and h(u) = u” withr > q > p — 1. Then g, h € C[0, c0) N C2(0, 0o0) satisfy
(H1)=(H5) with i = oo.
(ii) Let g(u) =kuP~' +u9 and h(u) =u" withr > q> p — 1 and k > 0. Then g, h € C[0, o0) N C2(0, 0o) satisfy (H1)-(H5) with
={(p—1/k)((GT/p) csc(n/p))p € (0, 00). More precisely, there exists a unique positive number k* = k*(p, q, ) such that:
( ) (See Fig. 3(b) with 0 < % < A < 00.)If0 < k < k*, then O <A(I<) < ik) < .
(b) (See Fig. 3(c) with 0 < A = & < 00.) Ifk = k*, then 0 < A(k) = A(k) < oc.
(c) (See Fig. 3(d) with 0 < A < & < 00.) Ifk > k*, then 0 < A (k) < A(k) < oo.
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Fig. 4. (a) Numerical simulations of T; () for a € (0, 8,): p=3, fr(u) =Aru3 —u?*, 1 =7.7,7.8,7.9,8.0,8.1,8.2,8.3,8.4,8.5,8.6,8.7. A~ 8.2, B; ~8.2.
Note that, for 0 <A1 < A2, Ty, (@) > Ty, () for @ € (0, B;,), and limy_, o+ T; (&) = 0o and lim T, () € (0, 00). (b) A magnified strip region of numer-
ical simulations of T, («) for « € (0, 8;) with the range in [0.95, 1.05].

a— B,

Remark 3. For Corollary 2.4(i), in particglar, let g(u) =u? and h(u) =u" with r=4 > 3 =q = p, then numerical sim-
ulations as given in Fig. 4 show that A ~ 8.2, B; ~ 8.2 and the value limaaﬂf T, (o) is strictly decreasing in A =

7.7,7.8,7.9,8.0,8.1,8.2,8.3,8.4,8.5,8.6,8.7; cf. Fig. 2 and Lemma 3.4 stated below.

Remark 4. In Corollary 2.2(ii) and Corollary 2.4(ii), by (2.1), it is easy to see that A= 2(/() =((p—D/k)((/p) csc(m/p))P is
a strictly decreasing and continuous function of k on (0, o0) and it satisfies limy_, g+ A(k) = 0o and limy_, o, A(k) = 0.

Remark 5. For Corollary 2.4(ii), in particular, let g(u) = kuP~! +u9 and h(u) = urNWith r=4> 3 =q=p, then numerical
simulations show that k* ~ 0.47. In addition, numerical simulations suggest that A(k) is a strictly decreasing function of k
on (0, c0) and it satisfies limy_, g+ A(k) = A(k =0) ~ 8.2 and limy_, o, A(k) = 0. Further investigations are needed.

3. Lemmas

To prove Theorems 2.1 and 2.3, we need the following four lemmas. First, we consider the p-Laplacian Dirichlet problem

(e (@) +ufay=0, —1<x<1, a1
u(-1) =u(1) =0,

where p > 1. We assume that f € C[0, c0) N C%(0, co) and there exists a positive number 8 such that f satisfies
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f(0)=0,
fw) >0 on(0,p), (3.2)
fB)=o, |

f(u) <0 on (B, ).

Let F(u) = f(;‘ f(@®)dt. The time map formula which we apply to study the p-Laplacian problem (3.1) takes the form as
follows:

p—1\/P G y y
Ml/p:(T) /[F(a)—F(u)] Pldu=T() for0<a<§B, (3.3)

see, e.g., [2, Lemmas 2.1 and 2.2] and [10, Lemma 2.4] for the derivation of the time map formula T («) for (3.1). So positive
solutions u of (3.1) satisfying ||ullec < B8 correspond to ||u]lec = & and T(x) = u'/P. Thus to study the number of positive
solutions of (3.1) is equivalent to study the shape of the time map T(x) on (0, §).

The next Lemma 3.1 for 1 < p <2 and Lemma 3.2 for p > 2 are of independent interest. In particular, Lemma 3.1
extends [19, Theorem] for (3.1) from p=2to 1< p <2.

Lemma 3.1. Consider (3.1) with 1 < p < 2. Suppose that f € C[0, co) N C2(0, co) and there exists a positive number B such that
f satisfies (3.2). Assume that

f(uze[o,oo) and lim fw

u—p= (B —wpP~!
and there exists a positive number y < B such that

(P=2)f'w)—uf’(u)y<0 on(0,p),
P-2f' ) —7f'(¥)=0, (3.5)
(p—2)f'(w)—uf'(w)>0 on(y,p).

mo= lim € [0, c0), (3.4)

u—0t U

Then

. p—-1\""7 x .
lim T(x)=|—— —csc — € (0, o0], lim T(x)=o0, (3.6)
a—0t mo p D B

a—p-

and T () has exactly one critical point, a minimum, on (0, §).

Proof. First, we obtain

1/p
-1 T

lim T(x)= (p~_) —cscz € (0, o0]
a—0t mo p p

by (3.4) and a slight generalization of [9, Theorems 2.9 and 2.10]. In addition, by (3.4), we obtain
fw)

lim — p— Y =0
u—pg- (B —u) (In 5Tu)

So lima_)/;, T () = oo by applying [11, Theorem 2.1] and hence (3.6) holds.
Secondly, by (3.3), for « € (0, 8), we compute that
1pq ¢
ooy (p—1 1 A6
T = <pp+l ) o / (AF)(+D/p du (3.7)
0

and

du, (3.8)

C\P 1 [ —ELab)(AT) + AF(AG)
T”(O[)— p - p
- perl o? (AF)@p+1)/p

0

where O(u) = pF(u) — uf (1), AF = F(a) — F(u), A8 =0(a) — O), Af = af(x) — uf(u), and A8 = ad'(a) — ud’ (u).
By (3.7) and (3.8), for o € (0, B), we obtain that
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p

" D, _ -1
T (oe)—i—aT(oc)_<ppJrl du

o? (AF)@p+D/p

)W 1 /“AF<¢(a)—¢>(u)>+PTT1(A0)2
0

_\YPq ¢ _
2(17 1) 1 [ ¢@)—¢@) (3.9)

o1 ) a2 ] apeon
0

where ¢ (u) = ud’(u) — 6(u). Since 0”(w) = (p —2)f'(u) — uf"(u), 6(0) =6'(0) =0, 6(B) = pF(B) > 0 and by (3.5), there
exist two positive numbers C and D with ¥ <C < D < g such that

6'w)y=(p—-1f—uf' <0 on(0,0),

6'(C)=(p -1 f(C) = Cf'(C)=0, (3.10)
0'(w)=(p—1)f(u)—uf'u)>0 on(C,A),

and
6(u)=pF@) —uf(@) <0 on(0,D),

6(D)=pF(D) — Df(D) =0, (3.11)
6(u)=pF(u) —uf(u) >0 on(D,p).

By (3.7), (3.10) and (3.11), we obtain that

T (@) <0 forae(0,C] and T'(x)>0 forael[D,A). (3.12)

Hence T (o) has at least one critical point, a local minimum, on (C, D). We then prove that T(«) has exactly one critical
point, a minimum, on (C, D).

It is easy to compute that ¢ (C) = —6(C) > 0 and ¢ (D) = D6’(D) > 0. In addition, since ¢’ (u) = u8” (u) = u[(p—2) f'(u)—
uf”(u)], ¢(0) =0 and by (3.5), then ¢(C) > ¢ (u) for u € [0, C) and ¢ (u) is strictly increasing on [C, D]. So ¢ () > ¢ (u) for
a € (C,D), ue(0,a). Hence by (3.9),

T () + gr’(a) ~0 forae(C.D).

Therefore, if o* is a critical point of T(«) on (C, D), then T(a*) must be a minimum. Thus T(«) has ~exactly one critical
point, a minimum, on (C, D). By above analysis, T(«) has exactly one critical point, a minimum, on (0, 8).
The proof of Lemma 3.1 is complete. O

Lemma 3.2. Consider (3.1) with p > 2. Suppose that f € C[0, oo) N C2(0, o) and there exists a positive number B such that f satis-
fies (3.2). Assume that g = lim,_, o+ f(u)/uP~1 €[0, co) and

f)
u—f- (B —uw)P~1(In ﬁ)

~ € (0, 00] (313)

for some positive number a > p, and there exists a positive number y < B such that (3.5) holds. Then

. p—-1\""7 =z .
lim T(o) = —— —csc — € (0, 00], lim T(x) € (0, 00),
a—0+ mo p p G-

a—p

and T () has exactly one critical point, a minimum, on (0, §).

Proof. The result that limOHB, T(x) € (0,00) follows by (3.13) and by applying [11, Theorem 2.2]. The rest results of
Lemma 3.2 follow by the same arguments as those in the proof of Lemma 3.1. O

Remark 6. If p > 2, then it is easy to check that the condition —oo < f'(8) < 0 implies (3.13) by applying L'Hopital’s rule.

Define

F,\(U)Z/fx(t)dt,
0
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and
Of, (W) =pF(u) —ufi(w),  Ogw)= p/g(t)dt —ugu),  Oh(u)= pfh(t)dt —uh(u).
0 0
Then
0, W =((p-DiW—uf;, fw=p-Dgw —ug'w, 6w =(p—Dhw) —uh'w
and

0F, (W) = (p —2) f; (W) — uf; (W), Og(w) = (p—2)g' (w) —ug"(w), 6y (u) = (p — 2)h'(u) — uh” (u).
Next, we consider (1.1) where f; (u) = Ag(u) —h(u), g, h € C[0, 00) N C2(0, 0o) satisfy (H1) and (H2). We define

p g 1
T(@) = (T) f[ma) - FW]" Pdu for0<a < B;. (3.14)
0

In the next lemma we study some properties of the time map T, (c).

Lemma 3.3. Let p > 1. Consider (1.1) where f)(u) = Ag(u) — h(u), g, h € C[0, 00) N C%(0, oo) satisfy (H1) and (H2). Then, for each
positive number Lo and fixed o € (0, B1,), T» () is a continuous function of A > Ag and limy .o T) () = 0.

The proof of Lemma 3.3 is easy but tedious; we omit it. Cf. [20, Lemma 3.2].

The main difference between the bifurcation diagrams in Theorem 2.1 (1 < p < 2) and Theorem 2.3 (p > 2) is due to the
next key lemma by applying hypothesis (H5). If 1 < p < 2, then limaﬁﬁ; T, () = oo for any A € (0, 00); see (4.2) stated
below. But if p > 2, then lima_”g; T, (e) exists and is positive for any A € (0, 00); see (4.5) stated below. In the next lemma
we study some properties of lima_)ﬂ; T, (@) for (1.1) and p > 2.

Lemma 3.4. Let p > 2. Consider (1.1) where f,(u) = Ag(u) — h(u), g, h € C[0,00) N C%(0,00) satisfy (H1)-(H5). Then
lima%ﬁ; T, (@) is a strictly decreasing and continuous function of A on (0, co) and lim; _, o limaéﬁ; T)(x)=0.

Proof. First, we prove that lima%ﬁ; T, (x) is a strictly decreasing function of A on (0, c0). For A € (0, 00), by (3.14), we
obtain that
—-1/p

1/p 4P @
p—] /p
lim T)(x¢)= lim (—) / /f;\(t)dt du
a—p; a—py p o Ly
o —1/p

N\ &
= 1im (M> / /h(ﬂ’\)g(t)—h(t)dt du
a— B p 0 g(,BA)

u

(since fi(u) = Ag(u) — h(u) and by (1.4))
1

NP ! ~1/p
= lim <u> (x(p_”/p/ /h(ﬁk)g(sa)—h(sa)ds dv
a—sp\ P LY g(Br)

(letu=ovandt=as)

—1\” (o (hBgs0)  hew) 177
(p_) BPTITPIP Jim /sp*< 18 ~ *>ds dv
p ap ) (B (s)P”  (sa)P
1 1 —-1/p
—1 1/17 —1—p* *
(p ) pr-1-p )/p/ lim sP (h(ﬁx)g(sa)* B h(scx)*)dS dv
p s L by g(B)(se)P”  (sar)P
(by (H5) and the Monotone Convergence Theorem |21, p. 75])
1

p—1\"" ([ [ hisBo) (BB o
:(_> / / 2 ( 1)8(SPs —1>d5 dv. (3.15)
P g1 \2(Bh(spr)

o Lv
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By (H5) and since B, is strictly increasing in A € (0, c0), we obtain that lima_)ﬁ_; T, (o) is a strictly decreasing function of A
on (0, c0).
Secondly, we prove that limoﬁﬂ; T, (o) is a continuous function of A on (0, c0). For any number Ag € (0, 00), by (3.15),
we obtain that
1

1 —1
lim lim T, (a)= lim <E>l/p/ /h(Sﬁx) <h(,3x)g(sﬂx) —1>ds pdv
A2 0 =i\ P pP~1 \g(Buh(spy)

o Lv
IR ~1/p
_ <P 1) f f lim h(s@)(h(ﬁ,\)g(sﬁ,\) _1> ds dv
p s LJ A Jilg g(Bh(spy)

(by (H5) and the Monotone Convergence Theorem [21, p. 75])
— 1

1 -1/
:<p_1>1/1’/ /h(Sﬂx0)<h(ﬁxo)g(Sﬂxo)_l>ds "
p s LY ﬂfo_l g(Big)h(sBa,)
= lim Ty, (a).
a—>ﬂ;0

So we obtain that limaﬁﬂx- T, (o) is a continuous function of A on (0, c0).

Finally, we prove lim; _ o lima_)ﬂf T, (@) = 0. By (3.15), we obtain that

1

p— 1\ [[ [ hisBo) (h(Bg(sE) o
lim lim Ty (@) = lim (—> [ / pfl ( e —l)ds dv
00 g ] <\ p il g(Bh(spy)

0 v

1~ 1 —-1/p
_1\Up
_ (p 1) f f lim h(SﬂAl) <h(ﬁx)g(sﬂx) _ 1) ds dv
p roo P\ g(BR(sB)
0 v
by (H5) and the Monotone Convergence Theorem [21, p. 75].
By (H5), we obtain limy_, o h(u)/up* € (0, co] and hence
h h *
lim hw) _ lim ﬂ,}ul’ P = o0,
u—oo yb—1  u—oo yb
Thus, for each fixed s € (0, 1),
h(Sﬁx)<h(ﬁx)g(S,3A) —1> _ 1 [y W (h(u)g(su) —1)
g(BIh(sp2) u=oco (sw)P~1 \ g(w)h(su)
by (1.5) and (H5). So lim;) limaﬁﬁx— T(x) =0.
The proof of Lemma 3.4 is complete. O

L—o00 /3){’_1

4. Proofs of main results
For each fixed A > 0, let u; (x) be a positive solution of (1.1) with ||u, |l = < B1. We write
1
frw)y=xrg) —h) = A[g(u) - Xh(u)]’

and recall F(u) = fou fi(®)dt. Then, by (3.3), it is easy to see that

o —1/p

1/p 7
yp_(P—1 // 1
A _< ’ ) |: g(s) )Lh(s)ds du
0 u
a ~1/p
|:/Ag(s) — h(s) ds:| du

u

_\Up
:xl/P(p l) /[F)\(a) — B ] P du.
0
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This and (3.14) imply that positive solution u; (x) of (1.1) satisfying ||u, ||cc < B, corresponds to ||u; || = @ and
1/p %
p—1 -1
Ty(@) = (T) f[ma) —Fw] P du=1.
0

We first prove Theorems 2.1 and 2.3, then prove Corollaries 2.2 and 2.4.

Proof of Theorem 2.1. Consider (1.1) with 1 < p < 2. Suppose that f; (u) =Ag(u) —h(u) and g, h satisfy (H1)-(H4). For each
fixed A > 0, f,(0)=xg(0) —h(0) =0. In addition, there exist two positive numbers y; < 8, such that (1.4) and (1.6) hold.
First, we study the shape and asymptotic behaviors of the time map T, («) on (0, ;).

For each fixed A > 0, we obtain that

fr@) — 5 lim g(u)

- P
ulinng up-1 L0, pmt = Mg €10, 00)
by (1.2), and
lim 2w e @ (B — 1)>P

usps (B — WP~y Br—u

=—f1(B) lim (B —u)*"P

uaﬂk
{0 ifl<p<2,
Tl -fiB)€©,00) ifp=2,

since

B =rg (B —h'(B)

_ Ziﬁi; g (B) —h'(By) (since 1g(B;) — h(Br) = 0 by (1.4))
-1
= g(—m)[g(ﬁ/\)h’(ﬂx) — g (Bh(BL)] <0 (41)

by (H1) and (H2). Thus for each fixed A > 0, taking f = fi, B = Br, ¥ = ¥, We obtain that f = f, (u) satisfies all assump-
tions of Lemma 3.1. So by Lemma 3.1, we obtain that:
(1) For each fixed A > 0, T, () has exactly one critical point, a minimum, on (0, 8;). In addition, the number

— CSC —

1/p _ i 8
-1 =o00 ifmZ =0,
lim Ty ()= (p ) T st { 0
a—0t+ p p

Am‘g < 00 if0<m§<oo
(note that limg_, o+ T3 (o) =1 by (2.1)) and it is strictly decreasing in A >0 if 0 < mg < 0. Also

lim T, (x) =00 (4.2)

a%ﬂ;

for1<p<2.

Secondly, for T; () with A > 0, we have the following properties:

(2) For 0 < A1 < X2, we obtain (0 <) Bj, < Bx,. (Note that lim,_, o+ 8, =0 and lim;_, B, = 00.) In addition, Ty, (&) >
Ty, (a) for o € (0, B;,) by (3.14) and modifying a comparison theorem of [9, Theorem 2.3] since fj,(u) =A18Mu) —h@) <
hag(u) —h(u) = f, ) for u € (0, 4;,).

(3) For each positive number A¢ and fixed « € (0, B;,), Tx(c) is a continuous function of A > Ao and limy .o To (o) =0
by Lemma 3.3.

Define

m(A)= min T, (x).
ae(0,8)

(Note that m(A) exists for any A > 0 by property (1).) By property (2), m(%) is strictly decreasing in A > 0.
We then prove that there exist two positive numbers A3 < A4 such that m(i4) <1 <m(A3) as follows.
We take positive number A5 = 1. It is easy to prove that the number SUPuc(0,6,5) g(u)/uP~1 € (0, c0) by (H1). Let

p -1
T
Agzmin{ks,(p—l)<£csc—) ( sup g(ui) }
p p ue(0,B5) U™
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Then for 0 <u < By, (< Brs),

frzs (@) =23g) —h(u)
< A3gu)

<)\3( sup g(u)>upl

ue(@.frq) UP™!

m\P (u))‘l( gu ))
1 Lesc
s )< CSCP) (ue(omswp ! 4 gy UPT

upl

T

=(p—-1) (— CcsC —

p

So for 0 <« < B,;, by modifying a comparison theorem of [9, Theorem 2.3], we obtain that

1/p

N 4 ¢4 p -
To, (@) > <p_l) /|: (p— 1)<z csc z) ¢P-1 dti| du
p o Ly p p

(P — up)_l/p du

(1- Wp)_l/p dw (letu=oaw)

Ot ~— . ®T—

Thus m(r3) = miﬂae(o,ﬁm T)5 (o) > 1. On the other hand, property (3) simply implies that there exists a number A4 > A3
such that m(i4) < 1.

Next, we prove that m(}) is continuous on [A3, A4]. For each fixed number Ag € [A3, A4], we can choose positive numbers
C and D satisfying C < Cis <Dy, < D< Big» Where C)4 and D, are defined in (3.10) and (3.11) with f = f,, and B= B
respectively. So

0f,; (D) = pF1s(D) — D f5(D) > 0
and
07, (O = =1 fi5(0) — Cf(©) <0.
By the continuity of functions 6y, , 9;& and B, in A > 0, there exists a number § > 0 such that 8, > D,
6f,(D) = pFs(D) — D f,.(D) > 0
and
0, (O = —1Dfi(0)—Cf(C) <0

for A € [A6 — &, A6 + 8]. This implies that C<C,<Dy<D<p, for A € [rg — 8,16 + 8], where C;, and D, are defined
in (3.10) and (3.11) with f = f, and B = 8, respectively. Thus

m()= min T,(e¢)= min T,(x) forie[ig—35, s+ 6] (4.3)
ae(0,8,) ae[C,D]

by (3.12). By property (2) and the Dini Theorem [14, p. 195], it is easy to see that
lim ( min T)\(a)) = min T4(a). (4.4)
A=46 \qe[C,D] ae[C,D]

By (4.3) and (4.4), lim,_,;; m(A) =m(Aes). Hence m(A) is continuous on [A3, A4].
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By above and the Intermediate Value Theorem, there exists a positive number A* € (A3, A4) such that m(A*) = 1. Since
m(A) is strictly decreasing in A > 0, A* is unique. So we obtain that:
(4) There exists a unique positive number A* < A (< o00) such that

m(A*)= min T=(a)=1
a€(0,8%)
by property (1).
So by above, we obtain immediately the exact multiplicity result and ordering results of the solutions in parts (i)-(ii).
(Note that the ordering result u; < v, can be proved easily.) The proof of part (iii) is easy but tedious; we omit it.
The proof of Theorem 2.1 is complete. O

Proof of Theorem 2.3. Consider (1.1) with p > 2. Suppose that f, (u) =Ag(u) — h(u) and g, h satisfy (H1)-(H5). For each
fixed A > 0, f,(0) = 1g(0) — h(0) = 0. In addition, there exist two positive numbers y; < B such that (1.4) and (1.6)
hold. By (4.1) and Remark 6, we obtain that f = f, (u) = Ag(u) — h(u) satisfies (3.13) with 8 = g,. In addition, by similar
arguments used in the proof of Theorem 2.1, we obtain that f = f; (u) satisfies all assumptions of Lemma 3.2 with g = By
and ¥ = y,. So by Lemma 3.2 and by the same arguments used to prove Theorem 2.1, we obtain that:

(1) For each fixed A > 0, T, (@) has exactly one critical point, a minimum, on (0, 8;). In addition, the number

p—])l/pj'[ 7-[{:00 ifmg:O,

7 —csCc— i g
Amg p P |l<oo if0<mg<oo

otll>n(‘)lJr ) = (

(note that limg,_, o+ T3 () = 1) and it is strictly decreasing in A >0 if 0 < m‘g < 0. Also
lim T, (x) € (0, 00) (4.5)
a—p
for p > 2.

(2) For 0 < A1 < A2, we obtain (0 <) B,, < Bi, (note that limy_, g+ 85 =0 and lim;_, B, = 00) and T, (@) > Ty, () for

a€(0,B,).
(3) For each positive number Ao and fixed a € (0, B;,), T («) is a continuous function of A > A¢ and limy o T) () = 0.

(4) There exists a unique positive number A* < % (< 00) such that

m(A*)= min Tp«(e)=1.

ae(0,8%)

Also, we obtain that:

(5) limaﬁﬁ"- T, (e) is a strictly decreasing and continuous function of A on (0, c0) and lim,\_wolimaﬁﬂk- T, () =0 by
Lemma 3.4.

By properties (1) and (4), we obtain lim

Intermediate Value Theorem, we obtain that: _
(6) There exists a unique positive number A > A* such that lima_)ﬂ: T; (@) =1.

T+ () € (1,00). So by lima_%;* T,» (@) € (1, 00), property (5) and the

a—>ﬂ;*

So by above, we obtain immediately the exact multiplicity result in parts (i)-(ii) and ordering results of the solutions in
parts (iii)—(iv); see, e.g., Figs. 5 and 6. (Note that the ordering result u; < v, can be proved easily.) The proof of part (v) is
easy but tedious; we omit it.

The proof of Theorem 2.3 is complete. O

Proof of Corollary 2.2. For part (i) where g(u) = u9 and h(u) = qr with 1<p<2andr>gq>p—1, itis easy to see that
g,h € C[0, 00) N C2(0, 0o) satisfy (H1) with mg =0, and hence A = co. We then compute that h(u)/g(u) = u"~9 which is
positive and strictly increasing on (0, co) and satisfies
h(u) . h()
—= =0, lim — =
u—0+ g(u) u—oco g(u)
Thus g, h satisfy (H2). It is clear that (p —2)g’(u) —ug”’ W) =(p — 1 —q)qui~—' <0 on (0, 0) and (p — 2)h’(u) — uh”(u) =
(p—1=nru™! <0 on (0, 00). Thus g, h satisfy (H3). Finally, we compute that
(p—2h W) —uh"(w) T-—p+Dr .,
(p—2)g'(w)—ug’w) @—-p+1g
which is positive and strictly increasing on (0, co) and satisfies
(p —2)h'(u) —uh"(u) 0 . (p=2)h () —uh"(w)
u=0t (p—2)g'(w) —ug’(u) u—oo(p—2)g(u)—ug'u)
So g, h satisfy (H4). We conclude that g, h satisfy (H1)-(H4). So part (i) follows.
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T/\(a) oA
2 <A< 2] Fig.3(a)
A:)\* B; —————————————
1.5 )
j AT<AS )
1 / A=2X
A> X
0.5 1
1
@ = e ! A
2 4 6 8 10 12 0 2\ v 4
(a) (b) A

Fig. 5. (a) Graphs of T, («) for « € (0, 8;) with varying A > 0 in the case limy_, o+ T;(a) = oo. (b) The corresponding bifurcation diagram of (1.1) with
p>2.

T()
0<A<A*
A=)\*

2

M<A=A<

> >

v >

N
»
N
fee]

Fig. 6. (a) Graphs of T; () for a € (0, 8,) with varying A > 0 in the case 0 < limy_,o+ T5 () < 1. (b) The corresponding bifurcation diagram of (1.1) with
p>2.

For part (ii) where g(u) = kuP~' +u9 and h(u) = u’ with 1<p<2,r>q>p—1and k>0, it is easy to see that
g,h e C[0,00)NC2(0, 00) satisfy (H1) with mg =k, and hence A = ((p —1)/k)((7t /p) csc(7r /p))P € (0, 00). We then compute
that h(u)/g(u) = u"~9/(kuP~179 4+ 1) which is positive and strictly increasing on (0, co) and satisfies

h(u h(u
W _ o h _
u—0+ g(u) u—oo g(u)
Thus g, h satisfy (H2). It is clear that (p —2)g’(u) —ug”’ )= (p — 1 —q)qu?~! <0 on (0, 00) and (p — 2)h’(u) — uh”(u) =
(p—1—r)ru™1 <0 on (0, 00). Thus g, h satisfy (H3). Finally, we compute that
(p—2W W) —uh"w) C—p+Dr .,
(p—2)g'w —ug"w) @—-p+1g
which is positive and strictly increasing on (0, co) and satisfies
(p—2)h' (W) —uh"(w) . (p=2W W) —uh"(w)
u=0t (p—2)g'(w) —ug’(u) u—oo (p—2)g(u) —ug'u)

So g, h satisfy (H4). We conclude that g, h satisfy (H1)-(H4). So part (ii) follows.
The proof of Corollary 2.2 is complete. O

Proof of Corollary 2.4. For part (i) where g(u) =u? and h(u) =u" with p >2 and r > q > p — 1, it was proved that g,h €
C[0, 00) N C2(0, 00) satisfy (H1)-(H4) with mg =0, and hence A = oo in the proof of Corollary 2.2(i). So, to complete the
proof of part (i), it suffices to prove that g, h satisfy (H5). Taking p* = (r +q)/2 € (q, ), we compute that g(u)/uP” =ud=»"
which is strictly decreasing on (0, co) and h(u)/up* = u"P" which is strictly increasing on (0, co). In addition, for each fixed
s€(0,1), we compute that h(u)g(su)/(gw)h(su)) =s97" € (1, oo) which is a positive constant function of u on (0, co) and
hence (1.3) holds. Also,
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hGw Mhwgsw) 1 _ (s7 — s")ur =P+
uP=1 | g(u)h(su)

is a strictly increasing function of u on (0, 00). So g,h satisfy (H5). We conclude that g, h satisfy (H1)-(H5). So part (i)
follows.

For part (i) where g(u) = kuP~! + u9 and h(u) = u” with p>2r>q>p—1and k>0, it was proved that g,h €
C[0, 00) N C%(0, 0o) satisfy (H1)-(H4) with mg =k, and hence A = ((p — 1)/k)((;t /p) csc(w /p))P € (0, 00) in the proof of
Corollary 2.2(ii). We then prove that g, h satisfy (H5). Taking p* = (r+q)/2 € (q,r), we compute that g(u)/uP" = kuP=1-p" 4
u?=P" which is strictly decreasing on (0, co) and h(u)/up* = u"P" which is strictly increasing on (0, co). In addition, for
each fixed s € (0, 1), we compute and see that

hsw FhwgGw) 1 _ k(sP~1 — sTyu"=9 4 (s9 — s")yu ~P+1
up= [g(u)h(su) B } = TR

is a strictly increasing function of u on (0, co), and

(4.6)

hwgew _ . ksP~1uP =1 4 sy1
u—oco g(u)h(su) T usoo sT(kuP—1 4+ ud)

So g, h satisfy (H5). We conclude that g, h satisfy (H1)-(H5).
Finally, we prove that there exists a unique positive number k* = k*(p, q, r) such that:

=s1"Te(1,0).

(a) If 0 <k <k*, then 0 < A(k) < (k) < 0.
(b) If k=Kk*, then 0 < Z\,(k) = A(k) < oo.
(c) If k> k*, then 0 < A(k) < A(k) < o0.

For each fixed k > 0, we denote that f; = fi r, i = Bax T5 = Trk. » =A(k), and A = A(k). By Remark 4, we obtain

that
. -1 p
ArEk) = (p )(z cscz> .
k D p

We define C, = (p — 1)(% csc %)P and we obtain that

p

C
—1
S @) = CpuP™" + ?uq —u'

for u € (0, 00). Thus, for each fixed u € (0, 00), fi(k),k(”) is strictly decreasing in k € (0, 00). So by (1.4), ﬁi(k),k is a strictly
decreasing function of k on (0, c0). In addition,

(g e N\1/r—pt1)
kl_‘)n& Bs.@.x =0 and khj;o Bs. ok = (Cp) .

For each fixed s € (0, 1), by (4.6), we obtain that

p—1 _ rypl—4 q _ r\ypl—p+l1
h(sB5. o 1) [h(ﬁi(k),k)g(sﬁi(k).k) B ] _ k(s B g0 =SB0 4

p-1 N h(sB: p—1-q
ﬂi(k),k &340y 1N B 1y 1) 1+ k’BX(k),k
p—1 _ r\pr q _ o\ pItq—p+1
_ k(s 5 )ﬂi(k),k +t=s )ﬂi(k),k
kP~ 4 g

k), k Ak),k
k(qu _ Sr)ﬂf + (sq _ Sr)ﬂf+q_p+1

1),k ).k
- ok . Ak (by (1.4))
qﬁi(k),k
q __ oI
_ p=1 oy, ST =5 gopt1
=Cp [(s s") + — Blwox

is a strictly decreasing function of k on (0, c0). So by (3.15), lim Ti(k) (@) is a strictly increasing function of k

Dl_)ﬂ{(k),l
on (0, c0). In addition, for any number kg € (0, o0), by (3.15), we obtain that

—1/p

1 1
. (E)l/p/ h(sBs. iy 1) (h(ﬂi(k),k)g(Sﬂiuo,k) ~ 1) is iy
k—ko o— g Al k p g(ﬂi(k),k)h(sﬂi(k),k)

A(k),k

p—1
v ’Bi(k),k
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1- 1 _
_ (p - 1)1”’/ / lim h(sB; 4y 1) (h(ﬁi(k),k)g(sﬂi(k),k) B 1>dsj| dv
p g k=ko ﬂf&ik 883,40y kN SB3 k) 1)

(by the Monotone Convergence Theorem [21, p. 75])

1~ 1 —~1/p
B (P _ 1)1/17/ h(s'gi(ko),ko) <h(lgi(ko),kg)g(sﬂi(ko),ko) _ 1) d5:| dv
- -1 N A
p LY ﬁ){)(ko),ko g(ﬂ)n(ko),ko)h(sﬂk(ko),ko)
= Mmoo T (@)
_)ﬂi(ko).ko

So limu_}ﬂ{(k)k Ti(k),k(“) is a continuous function of k on (0, 00). Also, for each fixed s € (0, 1), we obtain that

h(sB3 k) 1) [h(ﬂi(k),k)g(sﬂi(k),k) B 1] ~ lim C, [(Sp_1 _o)+ (s7—s") q7p+1:|

_‘l " N >
k—0F ,35(10 ) g('BA(k),k)h(Sﬂx(k),k) k—0+ k Atk).k

and

k—o00

m 2P [h(ﬁ“")*")g(sﬁ“"”‘) - 1} = lim Cp[(slf’—1 —s) + G=s) ﬁff—l’“]

k=00 ﬂf(,:;k 8(Bs.40 ) O SBs 1y 1) ko Tk

=Cp(sP™" =)
p
<CpsP T =(p— 1)(z csc l) sP—1.
p p

So by (3.15), limy_, g+ lim Ti(k) (@) =0, and
v ,

=B,

—1/p

-1
_1\ /P p
lim lim T;,  ()> =~ (p—1) Toesc Y sp1ds dv
Ak),k
k—00 s B ’ p 2 Ly p p

(n 7r>_1(71 n)
= —csc— —csc— ) =1.
p p p p

By above results and the Intermediate Value Theorem, we obtain that there exists a unique positive number k* = k*(p, q,r)
such that:

(1) 10 <k <k, then limg_, T 4 (e) < 1.

(2) If k=k*, then 1imq_}6{(k*).k* T3 oy i (@) = 1.

(3) 1 k> k", then fim, - Ty (@) > 1.

Since for each fixed k > 0, lim T;(k) «(@)=1 and lim T; k() is a strictly decreasing function of A on (0, c0).
v .

oa— B a—f,

A(k), Ak

Thus for such positive k* = k*(p, q,r), we obtain that properties (a)-(c) hold. So part (ii) follows.
The proof of Corollary 2.4 is complete. O
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