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1. Introduction

Let £2 be an open subset in RN and consider the following semilinear elliptic problem

I—Au:fx(x,u), Xe 2, (P)

u=0, xeods2,

where f3 : 2 x R — R* is a Caratheodory mapping with A a real parameter. The existence, multiplicity, regularity of
solutions of (P) have been extensively investigated, see [1,39] and the references therein.

When f; is sublinear, for example, f; (x,u) = Au9, 0 < q < 1, sub-super solutions can easily provide the existence of (P)
for all A > 0.

When f; is the sum of a linear term and a superlinear term, such as, f; (x,u) =Au+uP, 1 <p <2* -1, 2* = %
[3] showed that (P) has at least one positive solution if 0 < A < A1, where Aq is the first eigenvalue of —A under Dirichlet

boundary condition. When p =2* — 1, say fy(x,u) =Au + u%, the problem becomes delicate because the lack of com-
pactness. However, Brezis and Nirenburg [21] restored the compactness in bounded domain. They proved that the nontrivial
bounded positive solution only exists for 0 <A <Ay, N> 3, and 0 < A* < A < Ay, N =3, still by variational arguments.
On the other hand, the well-known Pohozdev’s identity showed the nonexistence for (P) with A >0 and p > 2* —1, if 2
is strictly star-shape. While Kazdan and Warner [24] showed the existence for all p > 1 if £ is an annulus. Furthermore,
Coron [25] used a variational approach to prove the solvability of (P), if £2 exhibits a small hole; while Rey [37] solved
it for £2 exhibiting several small holes. Later, in [4], Bahri and Coron established that “nontrivial topology” (i.e., certain
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homology groups of §2 are nontrivial) guarantees the existence of a solution. Moreover, this nontriviality condition is only
sufficient but not necessary, as some examples in [9,13,52].

When f; is the sum of a sublinear term and a superlinear term, for example, f; (x,u) =Au?+uP, 0 <q <1 < p, the
so-called concave-convex nonlinearity. Ambrosetti, Brezis and Cerami [2] showed that, if p > 1, there exists a constant
A > 0, such that the problem has a minimal solution if A € (0, A), has no solution if A > A, and has a second solution if
p € (1,2*—1], » € (0, A). For other results about this problem referring to [15,50,53].

When f; has supercritical growth, the general variational arguments can’'t be used directly because the corresponding
functional is not well defined on the Sobolev space Hé(!?). So we need some techniques. Merle and Peletier [16] studied
the problem f (x,u) =uP — ud, ¢ > p >2*—1, A > 0, by defining a functional K on the set H = {v: Vv e ?2(RN), ve
L9+ (RN)} they proved that the infimum of K on H N 3B was achieved where 8B = {v € LP*¥T(RN): [vP*! =1}. This
contributes a solution for A small enough.

In fact, most researchers solved supercritical problem by other methods. One is to take advantage of ODE techniques in
symmetric domains. In 1973, Joseph and Lundgree [7] showed the first result in this aspect. In 1987, Budd and Norburg [6]
proved for N = 3 the existence of a singular solution and infinite number of positive solutions. Later, Merle and Peletier [17]
extended the singularity results to N > 3 and proved its uniqueness. In [38], Peihao Zhao and Chengkui Zhong considered
the problem (P) for f,(x,u) =Au?+uP, 0<q<1, p>2*—1 in a ball. They proved that there exist respectively unique
constants Ay, A* > 0, such that (P) has only one positive solution if A € (0, 1,); a unique singular solution and infinitely
many positive solutions if A = A*; at least two positive solutions if A € (A, A) (where A see [2]). Moreover, other results
about this aspect see [5,29,41] in a ball, [18,40,54] in bounded domains, and [34] in all spaces RV. Also see [22,48,49] for
singular solution.

The other method is to consider the effect of geometry and topology of the domain. According to [4], Rabinowitz raised
that whether there are suitable conditions on the topology of £2. Some answers are given in [8,10-12].

In fact, nonexistence results of (P) hold for some p > 2* — 1 in some nontrivial domains (see [10,11]); while an arbitrarily
large number of solutions can be obtained in some contractible domains for all p > 2* — 1 (see [8]). In [12], Passaseo
considered the problem (P) for f(x, u) = Alu|P~1u with p > 2* — 1 and A =1 in bounded domain £2. Several perturbations
have been used to construct a contractible domain for obtaining the number of positive solutions and nodal solutions.
Later, the result in [42] showed that a unique perturbation can produce an arbitrarily large number of solutions. Also
see [30,31,36] for other perturbed domains. Indeed, existence results have been obtained, even in some “nearly star-shaped”
domains (see the definition introduced in [44]) for p sufficiently close to % (see [45-47]) or for p large enough (see [43]).
Moreover, a different definition of “nearly star-shaped” domain is used in [14] to extend Pohozdev’s nonexistence result to
nonstarshaped domains when p is large enough.

Recently, Wenzhi Wang [51] establishes embedding results (see Lemma 2.1) in a cylindrically symmetric domain. He
proves that functions having such symmetry and belonging to H(l, can be embedded compactly into some weighted LP
spaces, with p superior to the critical Sobolev exponent. Then, variational arguments is appropriate.

In this paper, we consider the semilinear elliptic equation with concave-convex nonlinearity, that is f; (x,u) =
Aud + h(x)uP. Our purpose is to use the embedding theorem in [51] and classical variational tools to solve the problem
with supercritical growth.

This paper is organized as follows. Section 2 contains preliminaries and our main result. Section 3 gives the existence of
two positive solutions for small 1. Section 4 provides the regular property for the two solutions. Section 5 proves the main
result. Section 6 gives a similar existence result for the quasilinear elliptic equation.

2. Preliminary

Let 2 = 21 x 2, c RN, with £; c R™, m > 1 being a bounded regular domain, and 2, being a k > 2 dimensional ball
with radius R, centered at the origin.
Consider the problem

—Au=iu?+hxuP, xes2,
u>0, xef, (Py)
u=0, xedf2,

where 0 <q<1<p<2*—1+47,and A, T are positive real parameters (t is the constant obtained in [51]). Let h(x) satisfy

the following conditions:

(H1) h(x) is a nonnegative Holder continuous function in §2, radially symmetric with respect to x, € §2, satisfying
h(x1,0) = 0.
(H2) I > 0, where I, = sup{x > 0: |h(x)|/|x2]* < 00, x € 2}.
Denote that

H{(2):={u e H{(22) | u(-,x2) = u(-, |x2])}, with the norm [lu]| = (f,, |Vu[*>dx)!/2.
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LP(2):=={u e LP(2)| [, hlu|P dx < oo}, with the norm [[ullp,, = ([, hluP dx)'/P, 1 < p < oo.
L9(£2) is the Banach spaces for the form |Jullq = ([, [u9dx)'/9, 1 <q < co.

H;1(£2) is the dual space of H](£2), {,) denotes the pairing of H!(£2) and H;1(£2).
c,C,Cq,Cy,... are (possibly different) positive constants.

A1 is the first eigenvalue of the equation

{—A¢:A,¢ Xe,
¢=0, xe€082,

and ¢, is the positive eigenfunction associated with 2.

Lemma 2.1. (See [51].) Assume that h(x) satisfies (H1), (H2), then there exists a positive number T = t (h, m, k) such that the embed-
ding H; (2) = L}, (£2) is compact for all r € (1,2* + 7).

According to Lemma 2.1, the embedding mapping i:H; (2) — Lﬁ“(ﬂ) is compact for p +1 < 2* 4+ 7. Hence, for

ue H(%2), we have u e L' ().
Let

As? +h(x)sP, s>0,

f*(x’s):{a s <0,

and
Fy(x,u) = / fa(x,s)ds.
0

Let u € HI(£2), u* = maxyee{u, 0}, define

1 1 2 1
() = 5 ul —/F,\(x,u)dx: 5 ull® - mﬂuﬂq“ dx — m/h(x)|u+|”+1 dx.
2 2

2

We know that the energy functional I, is well defined in H!(£2) and is of C!.
Definition 2.2. We call u Hg (£2) a weak solution of problem (P;), if u is a critical point of I;.
Our main result is the following:
Theorem 2.3.Let 0 <q <1 < p < 2* — 1+ 1. Ifh(x) satisfies (H1), (H2), then there exists A € (0, o) such that
(1) forall A € (0, A), problem (P;)) has at least two classical solutions;
(2) for » = A, problem (P;) has at least one weak solution u 4 € H; £2)N L,’;H (£2);
(3) forall A > A, problem (P;) has no solution.

3. Existence of two solutions for A small

In this section, we show existence of the first solution u; and the second solution v, of problem (P;) for A € (0, Ag).
Moreover, we show that u; is a minimizer of I, (u) in H; (£2) and v, is a mountain-pass type solution.

Lemma 3.1. There exist Ao > 0 and ro, p > 0, such that I, (u) > p forallu H; (£2), |u|| =rp and all A € (0, Ag).

Proof. Indeed, for u € H}(Q), we have

I (u) = —||u|| ——/[ +|q+1dx /h( ut|P dx
1 +1 +1
= Sl = |4 - pHH lhopr- €R)

Since 1<q+1<2<p+1<2*+r7, it follows from Lemma 2.1 that the embedding Hg (2) — L,‘:H(Q) is compact, and
also H!(£2) < L9+1(£2). Thus, there exists a constant C such that
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lulln,p+1 < Cliull, (3.2)
lullg+1 < Cllull. (3.3)
Using (3.1), (3.2) and (3.3), we infer that
CA 1 +1

I - 2 + 9+ ut|?
W) > ||u|| Ju™] p+1“ ||

l | 2 1 1

= fu P+ Sl =t )T = (cfut )T
1, _
= lu[*+ —||u+||(||u+||—A(Clllﬁll)q—(C||u+||)”)-

Since 0 <q <1 < p, we can find A such that for all 0 < A < Ag there exists M = M(A) > 0 satisfying

M > L(CM)? + (CM)P.

As a consequence, there exist rop > 0 and a small enough constant p > 0 such that

I, (u) > p >0 forevery ||u]| =rp. ]
Lemma 3.2. For all 1 € (0, 1g), I, possesses a local minimum close to the origin.
Proof. Let A € (0, A9), we note that

1
L (t) = 5w - +l/\ru+\q“dx p+1 heoleut|P dx

1 A +1 1 +1
=50l = e e gl - pr”“H g

Clearly, I, (tu) <O for t > 0 small enough and any u € HS (£2) with |ju™|| #0. Set
A={ueH} ()| lull <ro},
then we have
m:=minl, (u) <O0.
ueA

We claim that this minimum can be achieved at some u;. To see this, select a minimizing sequence {u,}°° ., then

n=1’
I (up) —> m.

And let uy — uy in H1(£2), we have

/ |Vuk|2dx < liminf/ |Vun|2dx.
n—-oo
Q Q
By compact embedding theorem (Lemma 2.1), we obtain that

/Fx(x,un)dxefFA(x,u,\)dx.
Q Q
Thus,

1
IA(U/\)ZEflVlede—/F,\(X, ) dx
2

Q
< liminff |Vun|2dx+ lim /‘F)\(x, uy) dx
n—oo n—oo
Q Q
=liminfI, (up) =m
n—-oo
Since u; € A, it follows that
I, (uy) =m=minl(u).
ueA

That is, u; is a minimizer for I, in A, and hence I, (u;) is a local minimum. O
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Remark 3.3. Here we get the first solution u; for 0 <qg<1<p <2*—1+ 1 and A € (0, A¢). In fact, applying sub-super
solutions in [2], we can obtain uy for all 0 <q <1< p and A € (0, Aj), where A is a small positive constant.

In the sequel, we will show the existence of the second solution v, by the Mountain Pass Theorem.

Definition 3.4. (See [32,33].) Let c e R. A C! functional @ : X — R satisfies the (PS). condition if every sequence {Vk}pe, in
X such that @(vy) — ¢ and @’(vy) — 0 has a convergence subsequence.

Lemma 3.5. I, satisfies the (PS). condition.

Proof. We must show that for all sequences {vy}72; C H; (£2), which satisfy

Li(vi)—>c,  L(vp)—0, (3.4)

there exists a convergence subsequence {vk, };?j_’:1 such that Vi, =V in Hs1 (£2).
From (3.4), we can obtain that {v}22, satisfy

1 A 1 1 +1
— | IVvePdx— 2 +‘”al——/h HP gy = 1), 35
2/| vi|? dx q+1/‘v’<‘ X P ®|vy| x=c+o(1) (3.5)
2 2 2

and
—Av—A(v) =)’ =&  &—0 inH;l(9). (3.6)

Multiplying (3.6) by vj and integrating in §2, we have

/IVvkl2 dx — Af|v,j’|q+] dx — /h(x)|v,:’|p+1 dx = (&, vi). (3.7)
Q Q Q
Taking a computation with (3.5) and (3.7), we get

Alq +q+] / Pl _1
2(q+1)/| | 20+ D) hColv [T dx=c = 2 (&, vio-

Let C; = Cz—m q) . Clearly C1,C2 >0 for 0 <q <1 < p. Thus,

2(p+l) ’

+1 +1
1 [ ool P+ dx < Ca [ v [ et e+ el vl
2 2
that is,

/h(x)yv,ﬂ”“ dx< Clv} ”31} + ¢+ Clléell - vl (3.8)

Q
Combining (3.5) and (3.8), we have

1 1 1
3l = || vilo+ p+1|| CIEEL + o)

< I I + v S+l v

= Cllvie |5 + e+ Cllell - vl

According to (3.3), it follows that

”LHl ”tHl

Ivel® < Clvi +C+ Cllgkll g lveell < Cllvi +C+Clivell.
We deduce that there exists a constant C, such that |lvi| < C. Consequently, {v,};2, is bounded in HS1 (£2), and then, there

exists a weakly convergence subsequence {vy j};zﬁ1 C {vk}g2,- Moreover, we have another inequality
= —

[vi i <¢
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From above, we can deduce the following:

vi; — v weakly in H (£2),

Vk; — v strongly in LEH (2)forp+1<2*+1,
vk, — v strongly in L7(£2) for g < 2%,

Vi, >V oae in £2.

Obviously we have
sz. +h(x)vfl — i+ vP inH;H(2).
J ]
From the Lax-Milgram Theorem, for each f,(v) € Hs‘l(.Q), the problem

{—Au:fA(v) in £2,
u=0 ondf2

has a unique solution u € H!(£2). Writing u = K(fi(v)), so that

K:H;1(2) - H!(£2) isanisometry.

Therefore, we have

K[ fr.(vi)] = K[ fr(W] in Hi(£2).

As

I (vi) = v — K(fo.(vo)) = 0 in H}(£2),

consequently,

Vi, = v in Hi(82).

This completes the proof. O
Lemma 3.6. For all A € (0, 1g), I, has the second solution v, of mountain-pass type.

Proof. Let v € H; (£2). From Lemma 3.1, we can obtain that for all A € (0, Ag), there exist constants rg, p > 0 such that
I,,(v) > p, for all ||v|| =ro.

Next, we verify that I, (0) < p and there exists v ¢ A such that I, (v) < p. Clearly, I, (0) =0 < p. Now, fix some element
Ve H; (£2), v#£0. Write w :=tv for t > 0 to be selected. From (3.1) we have

I () = %tz |2 = Ltq+1 ”v+”q+l _ Ltpﬂ ”v+Hp+1

q+1 a1 p41 h,p+1°

Since ¢+ 1 <2 < p +1, it follows that

Iy(w) =1, (tv) > —o0, ast— +o0.

Therefore, there exists T > 0 such that

lw|| = |ITv|| >ro (thatisv ¢ dA),
L(w)=1,(tv) < p.

Consequently, there is a function v, € HS‘ (82), v, #£0, such that I, (vy)=c>p >0, I’k(vk) = 0. That is, v, is a nontrivial
critical point of (Py). For I, (uy) <0, I (v,) > 0, v, is the second solution of the problem (P;). O
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4. Regularity

The solutions u;,, v, we have found in H; (£2) are weak solutions. In the following, we will apply bootstrap iteration [35]
to improve their regularity.

Lemma4.l. Letv € Hs1 (£2) be a weak solution of problem (P;.), then v € C%%(82) for some « € (0, 1).

Proof. For a solution v € H} (£2) of (P;), we denote
[r®) = filx, vx) =1v(®)T +hx)v(x)P.
Because of Lemma 2.1,
H; ()= L(2)cl'(2), r=2"+r,
we have,

[0l (2), witho = %.

Since 1 <p <2*—1+1, we get

2*+1
o>——.
2 =141
Thus,
2*+1
o0=———(1+¢), forsomee>0.
2*—1+r( +e) -

We can write the origin equation as a linear nonhomogeneous elliptic equation
{ —Av=fi(x), xe€£,
v=0, xe€052.

According to the boundary regularity theorem of linear nonhomogeneous elliptic equation (see [27]), and f; (x) € L? (£2), we
can obtain that v € Wg‘a(.Q). If 20 > n, we are done. Otherwise, from Sobolev embedding theorem, we have

No
N-20"

Wl (2) > 1(2), 1=

It easily follows that
r
[0 el?(2), o= 31

Then, v € W(Z)‘Ul (£2).
Next, we need to show that the regularity of v has been improved, that is to show that

o r
—] = —l > 1.
o r
By computation, we obtain
r N1 +e¢)

TN AT-1D-20+)2 +1)

Thus, we only need to check
N2*+7-1)-21+8)(2*+17)>0 (a),
N1+&)>N2*+7t—-1)-2(1+)(2*+71) (b).

We can easily get from (a), (b) that

N*+7-1) NQR*+1-1)
_— << — —
N+22*+1) 22+ 1)

Clearly, we can find ¢ > 0 satisfying (4.1). Consequently, we indeed have
a1
— > 1.
o
From boundary regularity theorem, not only for o4 >0, v € W(Z)‘"1 (£2), but also for any o} large enough, v € Wg‘a"(.Q).

When 20y > n, from Sobolev embedding theorem, we can obtain that v € C%%(£2), f,.(x) € C%?(£2), then v € C>?(2) by
Schauder regularity theorem. O
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5. Existence of solutions for A € (0, A)

Lemma 5.1. Let A = sup{A > 0: (P;) has a solution}, then A € (0, c0).

Proof. Let a > 0 and choose 21 C £2 such that h(x) > a in £21. Define

¢1(%), x€ 82,
0, xXe 2\ 2.

Multiplying (P,) by n(x) and using integrations by parts, we can get

n(X)={

/Muqﬁl dx:/(kuq+h(x)up)¢1 dx.

2 21
Let A satisfy
rmt < itd +atP foranyt > 0.
We can obtain that

/(Auq+aup)17(x) dx < /(kuq+h(x)up)¢1 dx:/)quqﬁ] dx < /(iuq+aup)¢1 dx

2 .Q] -Q] 91
< /.(iuq + h(x)uP)n(x) dx.
Q
Clearly, A < A. .
Moreover, we have obtained a solution u; of (P;) for A € (0, Ag). Hence, 0 < o < A< A <o0. O

Lemma 5.2. (P,) has a solution for all » € (0, A).

Proof. Given 0 < A < u < A. Let u, be a solution of (P,), then

—Auy = puf, +h@up > 2wl +hub,
that is, u,, is a supersolution of (P;). Furthermore, £¢1 is a subsolution of (P;), and £¢1 < u,, for & small enough. Therefore,
there exists a solution u; of (P;) satisfying e¢1 <u; < uy. Consequently, for all A € (0, A), (P;) has a solution. O

Lemma 5.3. For all ) € (0, A), (P;) has a local minimum in the C! topology.

Proof. Fix A € (0, A). Choose A < A1 < A such that (P,) has a solution uq. Let ug be the unique positive solution of
{ —Au=xrul, xes2,
u=0, xeds2.

Because

(5.1)

—Auq = rquf +hu? > aud,

uq is a supersolution of (5.1). Moreover, ug # u1, SO Ug < U7 in £2.
Set

fo(ug), s <up,
fx,5)=1 fux,s), ug<s<uy,
fu), s>uy,

Fr(x,u) = / fix, s)ds,
0

and the functional I : H}(Q) — R is given by

- 1 -
() = inunz—/m:c, u)dx.
2
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Clearly, I, is coercive and bounded below, then it achieve its global minimum at some u; € H 51(9). Thus,

—Au) = f)\(x, u,), Xe€§2,
u, >0, xef2, (5.2)
u, =0, xe0f2.

Since f,\(x, u;) = fo(ug) > kuo, we get ug < u; in £2.

Furthermore, we have

—A@ — ) = fr(up) — fr(w) <0, xeg, (53)
u,—u;=0, xe0ds2,
the strong maximum principle yields u; < uq in £2. Thus, up < u; < up in £2.
From Lemma 4.1, u; € C2%(£2), « € (0, 1). For ||u — uyllct = € with € > 0 small enough, we have ug <u <uj in £2.

Hence, fx(u) = f,(u), and also I, (u) = I, (u) for ug < u < uy. Therefore, u; is a local minimizer for I, in C! topology. O
Lemma 5.4. Let A € (0, A). u;, is a local minimizer for I, in Hg (£2).
Proof. Follows from [20]. O

In the sequel we fix A € (0, A), and hope to find a mountain-pass type solution of the form v, =u, + v, where u, is the

local minimizer we have found in Lemma 5.4, and v > 0 in £2.
Let v satisfy the equation

—Av=flup+v)— fiwy), xe$2,

v>0, xe$, (5.4)
v=0, x€df.
Then, we define
_ >0,
g1 (x,8) = [ +s) = fuu), s
0, s<0,

and

v

G (v) =/gx(x, s)ds,

0
1 2
L) = EIIVII — [ Ga(v)dx.
Q
Clearly, J;. : H;(.Q) — R* is a C! functional. Moreover, if v is a nontrivial critical point of J,, then v, =u, + v is a solution
of (Py), and v, # u;.

Lemma 5.5. Let A € (0, A). J, has a nontrivial critical point.

Proof. Clearly, J; (0) = 0. Moreover, it can be easily checked that v =0 is a local minimizer of J, for all A € (0, A). Recalling
Section 3, we can similarly obtain that J, satisfies the (PS). condition, and J,(tv) — oo as t — oco. Hence, applying the
Mountain Pass Theorem, we can obtain a critical point vg € H}(.Q) with vo >0in 2. O

Proof of Theorem 2.3. (i) Lemma 5.4 and Lemma 5.5 prove point 1.
(ii) For all A € (0, A), it is easy to verify that there exists a solution u; such that I, (u;) < 0. Choose a sequence {\,}
such that A, — A as n — oco. We denote the corresponding solutions to A, be uy,. Then, they satisfy

La(r) <0, I; (u) =0

That is
1 1
S = 2t 5] = 7, <o 52
q+1 p+1

i ll® = 2 s = T g = - (5.6)
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It follows from (5.5), (5.6) that, there exists C > 0 such that
luz, Il < C.

Hence, there exists a convergence subsequence of {u,,}, denoted by {u;,,}. Then,

u, —us inHH(£2),
Uy, = Ua inL(2).

Such a u 4 is a weak solution of (P,) for A = A.
(iii) Point 3 follows from the definition of A. O

6. Existence results for the p-Laplace equation

Consider the quasilinear elliptic problem
—Apu=—div(|VulP=2Vu) = f,(x,u), x€ 2,
u>0, xe$, (P)
u=0, xe0ds2,

where 1 < p <N, p*:N—_p; A>0.

When f, is sublinear, for example, f,(x,u) =Au%, 0 <« < p — 1, the sub-super solutions still can provide the existence
of a unique solution of (P) for all A > 0, see [55].

When f; is the concave-convex nonlinearity, for instance, f(x,u) = Au® +uf, 0 <a <p—1<p < p* —1, see [56,
23], they showed that the local minimizers of a class of functionals in the C! topology are still their local minimizers in
Wg)’p(Q). Applying this fact, they obtained that (P) has at least two solutions for all A € (0, A), no solution for A > A, at
least one solution for A = A. Such a kind of problems also has been studied in [59] by variational method and genus, in
[28] by sub-super solutions.

When f; has supercritical growth, there are few papers about this aspect. The papers still take advantage of ODE tech-
niques in balls. Zongming Guo [57,58] considered the problem (P) for fj(x,u) = u® — auf, p* —1 < o < 8. He obtained
that there are at least two positive radial solutions of (P) for A sufficiently small, and showed their asymptotic behavior
as A — 0. In [19], the authors studied (P) in a ball B for fj(x,u) =u® +uf, where p—1 <« < p* —1 < B, A =1. They
proved that there exists R, such that (P) has at least two distinct radial solutions provided R > R, and at least one radial
solution provided R = R,.

In this section, we give the existence result of positive solutions for quasilinear elliptic equation with supercritical growth.
In fact, we can extend the results of semilinear elliptic problem naturally to quasilinear elliptic problem by similar methods.

In the following, we study the p-Laplacian equation

—Apu=2ru®+hxuf, xeg,
u>0, xe$, (Py)
u=0, xe0ds2,

where 0 <o <p—1<pB<p*—1+71,and A, T are positive parameters (T is the constant obtained in [26]). h(x) satisfies
(H1), (H2).
We denote that

W (2) = {ue Wy (@) |uC.x) =u(- Ixal), Vx € 22},
with the norm [[ull, = (f,, [Vu[P dx)?.

Aq_is the first eigenvalue of —Ap in §2 with Dirichlet boundary condition, and @1 is the associated eigenfunction such
that ¢1 > 0 in £2.

Lemma 6.1. (See [26].) Assume that h(x) satisfies (H1), (H2), then there exists a positive number T = t(h, p, m, k) such that the
embedding Wé:f (2) — LZ (£2) is compact forallr € (1, p* + 7).

According to Lemma 6.1, the embedding mapping i : W&:S"(Q) — L,f“ (£2) is compact for g+ 1 < p* + . Hence, for
ue Wé’sp(s?), we have u € Lﬁ“(.Q). Then we can define the functional T, : W;’Sp(.Q) — Rt by

_ 1 _
I (u) = Enwnz—/m:c, u)dx,
2
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where

AsY 4+ h(x)s?, s>0,
0, s<0.

F,\(x,u):/f,\(x,s)ds and ]_‘,\(x,s):{
0

We know that the energy functional I, is of class C'.
Now, we give the existence result for (P;):

Theorem 6.2. Let 0 <« < p — 1 < 8 < p* — 1+ 7. If h(x) satisfies (H1), (H2), then there exists A € (0, co), such that

(1) forall » € (0, A), problem (P;) has at least two weak solutions;
(2) for A = A, problem (P,) has at least one weak solution u 4 € Wé:s" £2)N Lﬁ“ (£2);
(3) forall A > A, problem (P, has no solution.

Lemma 6.3. Let v be a weak solution of (Py), then v € C1-?(2) for some 6 € (0, 1).

Proof. v € W&‘Sp (£2) is a solution of (P,), applying Lemma 6.1, we get

vewgP@) = @) cl'(@), r=p*+r.

,S

Then, we obtain
[0 = f(x v®) =Av®% +hov? e 1°(2), o= %

Since 1 < 8 < p* — 1+ 1, we have
pr+rt
o> ——.
p*+1-—-1
We can denote
* +T
o= pi(l +¢), forsomee > 0.
p*+1-—1
Clearly, we also have
—div(|Vv[P72Vv) € L7 (£2),
and then
IVvIP~l e W9 (92).
If o > N, we are done. Otherwise, for 1 <o < N, we get from the Sobolev embedding theorem that
No

Wwbho(2)— [5(2), s= )
N-—-o

Thus,

[Vv[P~le152) and |Vv|eLl$P~D(0),
where s(p —1) <N for 1<p <N and 1 <o < N. Then, we get
Ns(p —1
veWwse(Q) s 11(@), r= 2P D
N—-s(p—1)
Clearly,

r
[® L), o=
B
We assert that

01
— >1.

225
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Indeed,
01 1
—=—, and r1>0,r>0.
o r

Thus, we only need to check

rn>r,
that is,
Ns(p —1
Nstp=1)_ >p*+T.
N—-s(p—1)

By computation, we get
[N*(p — 1)+ Np + p(N — p)t]e > (N — p)°z.
Since 1 < p < N, we have
N — )2
£ > ( P)°T >0
N*(p—1)+Np+p(N — p)T

Because of the arbitrary of &, we conclude r; > r, and then % > 1.
Applying bootstrap argument, we can get f;(x) € L°k(£2) for oy large enough. When oy > n, according to the Sobolev
embedding theorem, we obtain

IVvIP~l e Whok(2) — %% (), 0€(0,1).
It follows that
IVv| e %% (),

and then we conclude
vec(2). o

Remark 6.4. In fact, the proof of Theorem 6.2 is similar to the proof of Theorem 2.3. Only the following lemma we should
give a different proof. Other proofs we skip them here.

Lemma 6.5. Let A = sup{A > 0: (P,) has a solution}, then A € (0, 00).

Proof. We know that 1; is isolated in bounded domain, that is, there exists § > 0 such that for every u € (X1, A1 + ), the

problem

[—Apu:mulpzu, Xxe R, 61)
u=0, xe0s2, ’

has no nontrivial solution. B
Suppose that v € Wé’sp(.Q) is a solution of (P,), then it follows from Lemma 6.3 that v € C1-¢(£2). And there exists
a small enough & > 0 such that

0<egy<v inf2. (6.2)
Denote v = £¢1, we obtain

—Apy =hyP T <pyP (63)
However, let A be large enough such that for all » > X, we get

(r + VP <av® +h(xvP.
Thus, we have

—Apv = (A + VP > Pl (6.4)

From (6.2), (6.3) and (6.4), we can construct a solution ¥ < u < v_of the problem (6.1) by sub-super solutions. But this is
a contradiction. Hence, we conclude that there_exists A such that A <A < o0. B B
Moreover, we can also obtain solutions of (P;) for small A similar to Section 3, then A > 0. So, A € (0,00). O
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