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1. Introduction

The notion of a linearly invariant family (L.ILF.) was introduced by Pommerenke [24]. He obtained various properties
of linearly invariant families on the unit disc, including growth, distortion and coefficient bounds of L.IF.s, which are
generalizations of related results in the theory of univalent functions. Generalizations of this notion to higher dimensions
were obtained by Barnard, FitzGerald and Gong [ 1], Pfaltzgraff [20], Pfaltzgraff and Suffridge [21-23], Gong (see [10] and the
references therein), Godula, Liczberski and Starkov [9], Hamada and Kohr [15,16], and the authors (see [13,14]). Pfaltzgraff
and Suffridge [23] proved a number of interesting results concerning the norm-order of L.L.F.s on the Euclidean unit ball in
C" and connections with univalence (starlikeness, convexity).

There are important differences between the theory of linearly invariant families of locally univalent functions on the
unit disc U and that of locally biholomorphic mappings on the unit ball in C". Among them, we mention the following:

e In the case of one complex variable, a well known result due to Pommerenke [24] yields that the family X of normalized
convex (univalent) functions on U is a L.LF. with minimum order 1. In contrast to the one variable case, Pfaltzgraff and
Suffridge [22] proved that the family X (B") (n > 2) of normalized convex mappings of the Euclidean unit ball B" is a
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L.LF. that does not have the minimum trace-order (n + 1)/2 for LLF.s on B", i.e. ord X (B") > (n + 1)/2, and there exist
LLF.s & on B" of minimum trace-order, which are not contained in X (B") for n > 2.

e In dimension n > 2, ord X (B") is still unknown (see [22]). However, in the case of the unit polydisc U" of C", the family
K (U™) is a LLF. of minimum trace-order n (see [22]). Also, there exist L.I.F.s on U" of trace-order n, which are not subsets
of X (U") (see [22]; cf. [16]).

e The Cayley transform does not provide sharp bounds for the growth of the Jacobian determinant of the L.LF. X (B") for
n > 2 (see [22]). On the other hand, in dimension n > 2, the sharp lower bound in the following distortion result for the
family K (B"):

n

1
; = IDF@)e < i zeB,

(T+lizlle) Izlle)?’
where || - || denotes the Euclidean norm on C", is unknown (see [23]; see also [11], and the references therein).

o In contrast with the case n = 1 (ord S(B!) = 2), the L.LF. S(B") (resp. S(U™)) consisting of all normalized biholomorphic
mappings on B" (resp. U") has infinite order (both trace-order and norm-order are co) for n > 2 (see [23]). Hence, in
higher dimensions it is of interest to study properties of LLF.s ¥ such that £ ¢ S(B") (resp. # ¢ S(U™)).

e In dimension n > 2, the exponents in the bounds for the Jacobian determinant for L.I.LE.s on the unit balls B" and U"
are different (see [20,22]). The authors [13] gave a clear explanation for this phenomenon, based on the fact that these
exponents depend on the Bergman metric at the origin. We obtained a unified approach to the above results and proved
a general distortion result for L.L.F.s of finite trace-order on the unit ball of an n-dimensional JB*-triple.

Recently, Duren, Hamada and Kohr [8] extended the notion of linear invariance on the Euclidean unit ball B" in C" to
the case of affine and linearly invariant families of pluriharmonic mappings of B" into C". To this end, they obtained various
results concerning two-point distortion theorems for affine and linearly invariant families of harmonic functions on the
unit disc U and of pluriharmonic mappings of B" into C". We mention that affine and linearly invariant families of harmonic
functions on the unit disc U were introduced by Sheil-Small [25]. Other results about linearly invariant families in C" may
be found in [10,11] and the references therein. Also, recent results related to two-point distortion results for harmonic
mappings of the unit disc and necessary and sufficient conditions for univalence of pluriharmonic mappings of the Euclidean
unit ball B" in C" may be found in [4,5].

In this paper, we continue the above work on LI.F.s and we obtain growth and distortion theorems for linearly invariant
families # of locally biholomorphic mappings on the unit ball B of an n-dimensional JB*-triple X with finite norm-order
llord|le,1 ¥, where

1
llord|le,1F = sup sup {EIIDZf(O)(w, ')”X,e}

feF |wlx=1
and
Allx.e = sup{llAz|l. : llzllx = 1}, A € L(C").

Note that the reason for which we use the Euclidean norm || - || for the target space instead of the norm on X is that we are
able to obtain lower bounds in the two-point distortion theorems for linearly invariant families on any homogeneous unit
ball in C". Next, we obtain similar results for affine and linearly invariant families (A.L.LF.s) of pluriharmonic mappings of
the unit ball B into C". Various particular cases are also obtained. Again, in most of these results, we use the Euclidean norm
for the target space, to obtain lower bounds in the two-point distortion theorems for A.L.I.LF.s on B. We remark that in the
case of the upper bounds in the two-point distortion theorems, we may also obtain similar results to those in Theorems 5.1
and 5.4, by replacing the Euclidean norm || - || by the norm || - ||[x on X. In the last section of this paper, we obtain two-point
distortion theorems for L.ILF.s and A.L.L.E.s on the unit polydisc U" in C".
The main results in this paper are generalizations to homogeneous unit balls of recent results obtained in [8,12,13].

2. Preliminaries

Let X, Y be complex Banach spaces. We denote by L(X, Y) the space of continuous linear operators from X into Y with
the standard operator norm. Let I be the identity operator in L(X), where L(X) = L(X, X).

The set of holomorphic mappings from a domain §2 C X into Y is denoted by #(£2, Y). The set #(£2, X) is denoted by
H(£2). Amapping f € #(£2,Y) is said to be biholomorphic if f (£2) is a domain, the inverse f~! exists and is holomorphic
on f(£2). When £2 contains the origin, we say that a mapping f € #(£2) is normalized if f (0) = 0 and Df (0) = I.

The family of normalized biholomorphic mappings in #(£2) will be denoted by S(£2). In the case of one complex variable,
S(U) is the usual family S of normalized univalent functions on the unit disc U. Let .£S(§2) be the family of normalized locally
biholomorphic mappings of £2 into X. Also, let K (B) be the subfamily of S(B) consisting of convex mappings.

Foreachz € X \ {0}, let

T@) ={; elX,0): (@) = lzllx, ILlIx =1},

where || - ||x is the norm on X. This set is nonempty by the Hahn-Banach theorem.
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Let Aut(£2) denote the set of biholomorphic automorphisms of §2. A domain §2 is called homogeneous if forany x, y € £2,
there exists some mapping f € Aut(§2) such that f(x) = y.

Definition 2.1. A complex Banach space X is called a JB*-triple if there exists a triple product {-, -, -} : X3 — X which is
conjugate linear in the middle variable, but linear and symmetric in the other variables, and satisfies

(i) {a, b, {x,y,z}} = {{a, b, x},y, 2} — {x, {b, a, y}, 2} + {x, y, {a, b, z}};
(ii) themap aQa : x € X +— {a, a, x} € X is Hermitian with nonnegative spectrum;

(iii) [I{a, a, a}llx = llall;:

fora,b,x,y,z € X.

Remark 2.2. Every bounded symmetric domain in a complex Banach space is homogeneous. Conversely, the open unit ball
B of a Banach space admits a symmetry s(z) = —z at 0 and if B is homogeneous, then B is a symmetric domain. Banach

spaces with a homogeneous open unit ball are precisely the JB*-triples (see [18]). We refer to [3,26,27] for relevant details
of JB*-triples and references.

For every a € X, let Q, : X — X be the conjugate linear operator defined by Q,(z) = {a, z, a}. This operator is called the
quadratic representation and it satisfies the fundamental formula

Qo,) = QuQyQq
foralla, b € X. For every z, w € X, the Bergman operator B(z, w) € L(X, X) is defined by

Bz, w) = I — 220w + Q,Q,,
where zOw(x) = {z, w, x}. Let B be the unit ball of a JB*-triple X. Then, for each a € B, the M6bius transformation g, defined
by

2.(2) = a+ B(a, 0)"*(I + z0a) 'z, (2.1

is a biholomorphic mapping of B onto itself with g,(0) = a, g,(—a) = 0, g_, = g; ! and Dg,(0) = B(a, a)'/2.
Let| - |lx be anormon X and || - || denote the Euclidean norm on C". For A € L(X, C"), let

Allx,e = sup{llAzll : lIzllx = 1}
and if X = C", let

lAllx = sup{llAz|lx : llzllx = 1}
and

Alle = sup{llAz|l, : llzlle = 1}.

3. Linearly invariant families of holomorphic mappings

We begin this section with the notion of linearly invariant families on the unit ball B of a complex Banach space X. Then
we give the notion of norm-order and obtain distortion and growth results for L.I.LF.’s on the unit ball of finite dimensional
JB*-triples (cf. [13,23]).

Definition 3.1. Let B be the unit ball of a complex Banach space X. Then a family # is called a linearly invariant family (L.LF.)
if the following conditions hold:

(i) F C LS(B);
and
(if) Ag(f) € F,forallf € F and ¢ € Aut(B).

Here A4 (f) is the Koebe transform of f given by
Ag(f)(2) = [D(0)] ' [Df (p(ON] ' (fF(¢(2)) — f(¢(0))), z €B.

Note that the Koebe transform has the group property Ay o Ay = Agoy-
If X = C" and ¥ is a linearly invariant family, we define two types of norm-order of F (cf. [13,23]), given by

1
llordle,1F = sup sup {*IIsz(O)(w,-)le,e}
feF wlx=1 {2

and

1
lord|le2F = sup sup {||D2f<0)(w,w>||e}.
fes wix=1 2
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Itis clear that ||ord||,; ¥ > |lord||. ¥ . On the other hand, since

2 _1 2 _ N2 _ N2
Df(O)(Z,w)—2[Df(0)(l+w,2+w) D’f(0)(z.2) Df(O)(w,U))},

we obtain |jord|l1F < 3|ord|..¥. Moreover, if X is a finite dimensional complex Hilbert space, then |ord|l.1F =
|lord|le 2 F by [17, Theorem 4].
We also define the trace-order of # (cf. [14,20]) given by

1 2
ord ¥ =sup sup {5 |tr [D*f (0) (w, )]|} .

feF Jwlx=1

We now give some examples of linearly invariant families on the unit ball B of a complex Banach space X (cf. [13,14,22]).

Example 3.2. (i) K(B), the set of convex mappings in L£S(B). If X is a finite dimensional complex Hilbert space, then
[lord|le,1K(B) = 1 (see [23,15]). On the other hand, it is known that in the case of an n-dimensional complex Hilbert
space withn > 2, ord K(B) > (n + 1)/2 and ord K (B) is unknown (see [22]).

(ii) S(B), the set of all biholomorphic mappings in £S(B). If X is a complex Hilbert space of dimension n, where n > 1, the
linearly invariant family S(B) does not have finite trace-order (see [1]; cf. [20]).

(iii) U4 (B), the union of all linearly invariant families contained in £S(B) with trace-order not greater than «. This is a
generalization of the universal linearly invariant families U, = U,(A) considered in [24].

(iv) If ¢ is a nonempty subset of £S(B), then the linearly invariant family generated by § is the family

Algl ={Ap(@) : g € G, ¢ € Aut(B)}.

The linear invariance is a consequence of the group property of the Koebe transform. Obviously, A[4] = & if and only if
g is a linearly invariant family. In the cases of the unit Euclidean ball and the unit polydisc of C", this example provided
a useful technique for generating many interesting mappings (see [20-22]). For example, we can use a single mapping
f from £S(B) to generate the linearly invariant family A[{f}]. The family A[{i}], generated by the identity mapping
i(z) = z, consists of all the Koebe transforms of i(z).

In the rest of this paper, unless otherwise stated, let B be the homogeneous unit ball of X = C", that is B is the unit ball
of a finite dimensional JB*-triple X. We also assume that

inf{||z]le :z € 0B} = 1. (3.1)

This assumption is not so strong, because for any unit ball B of a finite dimensional JB*-triple X, there exists a constantc > 0
such that ¢B satisfies the equality (3.1). Also, let

Cy; = sup{||z]le : z € 0B}. (3.2)
Taking into account the relations (3.1) and (3.2), we deduce that
lzllx < lzlle < Gilizllx, z€X.

Also, since |tr(A)| < n||Al|, for all A € L(X, C") by (3.1), we have

ord ¥ < n|lord|1F .

Theorem 3.3. Let B be the unit ball of a finite dimensional JB*-triple X which satisfies the condition (3.1). Let ¥ be a linearly
invariant family on B. Then ||ord||e.1F > 1 holds.

Proof. Let

1
lord|lx2F = sup sup {*IIDZf(O)(Z,Z)le}-
feF Jzlix=1 | 2

Then |jord||x 2 > 1by [13, Theorem 3.9]. Since ||ord||.,1F > |lord|[x 2 by (3.1), we obtain the theorem. O

Let hy be the Bergman metric on B at 0 and let
1
c(B) = = sup |ho(z, w)|.
2 zZ,weB

By [19, Theorem 6.5] (see also [14, Proposition 2.3]), we deduce that c(B) = hy(e, e)/2, where e is an arbitrary maximal
tripotent in X.
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The following result was obtained in [14, Theorem 4.1] (compare [20]).

Theorem 3.4. Let F be a linearly invariant family on the unit ball B of a finite dimensional |B*-triple X. If ord ¥ = o; < 00,
then

1— 1z ar—c(B) 1 z ar—c(B)
—El - ::Z::Xiww) < |detDf (2)] < —El + llzllx) zeB (3.3)
X _

llz|x)ecte®”
forallf € F.If Bis the Euclidean unit ball or the unit polydisc of C", then the above estimates are sharp.

In view of Theorem 3.4, we may prove the lower bound for ||Df (z)||x ., when f belongs to a L.LF. on the unit ball of a finite
dimensional JB*-triple X.

Theorem 3.5. Let B be the unit ball of an n-dimensional JB*-triple X which satisfies the condition (3.1). Let F be a linearly
invariant family on B. If ||ord|[1F = o < 00, then

(1=l =@ _ o (i

A zimercam = IDf@lixe = C——=20s

T+ lizllx) (1 —=lizlx)
forallf € ¥, where C; is a constant defined by (3.2).

Proof. Letord ¥ = o. Since | det Df (z)| < |IDf (2)|lx . and o
from the relation (3.3).
Next, let x = |jord||x 1 ¥, where

zZ €B, (3.4)

< no by the condition (3.1), the lower bound in (3.4) follows

1
llord||x 1 F = sup sup {EIIsz(O)(w, ~)|IX}.

feF llwlx=1
Then oy < « in view of the relation (3.1), and

A+ lzlo>=" _ (4 2l
=41 )
(1= llzllx)xx+1 (1= llzllx)*+!

IDf @)lIx.e = CIDf@)]Ix = G

by [13, Theorem 4.2]. O

Let B" be the Euclidean unit ball in C". Then Theorem 3.5 yields the following particular case (compare [13,23]). In view
of [23, Theorem 4.1], the upper estimate in (3.5) is sharp and the lower estimate in (3.5) is not sharp.

Corollary 3.6. Let F be a linearly invariant family on B". If ||ord|.1F = o < oo, then

n+1
(1 —lzll)* 2m (1+ fzlle)*!
s < IDf @)l £ s
(1 + ||z]lo)* 25 (1 —lizlle)

forallf € .

z € B", (3.5)

If U™ is the unit polydisc in C", then we obtain the following corollary, in view of Theorem 3.5 (compare [16] and [22]).
Corollary 3.7. Let ¥ be a linearly invariant family on U™. If ||ord|l.1F = o < oo, then

(1 llzllo0)*! (14 lizllo0)*!
(5 eyt = 1P @lxe = Vg e

forallf € ¥, where || - || denotes the maximum norm on C".

zelU", (3.6)

Question 3.8. Are the estimates in the inequalities (3.6) sharp?
As in the proof of [23, Theorem 4.2], we may use Theorem 3.5 to deduce the following growth result for L.LF.’s on the
unit ball of finite dimensional JB*-triples.

Theorem 3.9. Let B be the unit ball of a finite dimensional JB*-triple X which satisfies the condition (3.1). Let ¥ C £S(B) be a
linearly invariant family of norm order |lord|l.1F = « < oo and let f € . Then

G [ (14 lIzllx \*
If@lle < Y {(1_”2”X> - 1} , ZE€B, (3.7)

where Cy is a constant defined by (3.2).
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Theorem 3.10. Let B be the unit ball of an n-dimensional JB*-triple X which satisfies the condition (3.1). Let F be a linearly
invariant family on B. If |ord||.1F = o < 00, then

(1 _ ||Z ”X)(anl)oﬂrnflfc(B)

n—1
QT Lgemram 1wl = G IDF@ule, ze B weX,

forallf € &, where C is a constant defined by (3.2).

Proof. We use an argument similar to that in [23, Theorem 4.1]. If A € L(C"), then ||Allx.e = +An, Where0 < A1 < Xy <
- < A, are the eigenvalues of A*A and

Va1 < inf{[lAw], : [wllx = 1).

Also, | detA| = /iq - hn < VA A V2 Since oy < ne, we obtain from Theorems 3.4 and 3.5 that
(1= [lz]lx)™® (1= |lz|lx)%—®
(14 [lz[lx)ne+e® = (14 |z]lx)ee+®

|det Df 2)] = V21 -+ An

< \/ler(lnfl)/Z

a—1\ -1
S\/)Tl<cl(1-|-||l||x) >

(1= |zl

IA

for all z € B. Therefore, we have

(1 _ ||Z ||X)(2n—l)a+n—l—c(B)

n—1 n—1
(1 + ||z||x)@n—Da—n+1+cB) < 'War = IDfF@wlle

forall z € Band w € X with ||w|x = 1. This completes the proof. O

In view of Theorem 3.10, we may obtain the following result, which is a generalization of [ 12, Theorem 5] to the case of
finite dimensional JB*-triples.

Theorem 3.11. Let B be the unit ball of an n-dimensional ]JB*-triple X which satisfies the condition (3.1). Let F be a linearly
invariant family on B. If ||ord||1F = a < oo and f € ¥ is biholomorphic on B, then

If @)lle > ¥ho(artanh |iz[x), z € B, (3.8)
where
v p—2(2n—au
Yo (v) = c}*"/o Cosh a2 ® du, 0<v < oo. (3.9)

Proof. Let § = |lord|l¢1 A[{f}]. Since A[{f}] € F by the fact that # is a LLF,, itis clear that § < . Now, fixr € (0, 1) and
let p(r) = min{||f (2)|le : l|zllx = r}. Then, there exists a zg € 9B, such that ||f(zo)|le = p(r).Let I' = {tf(z) : 0 <t < 1}.
Then, as in the proof of [ 12, Theorem 5], we deduce that

d
mnz/ £
; 1C 1

where y = f~1(I"). In view of Theorem 3.10, we obtain that

Df (%) dlig|lx.

e

r 2n—1)6+n—1—c(B)
o [Ta=0t
If@lle = p(r) = ;™"

| (T @D dt = ¥, s(artanhr),

for ||z||x = r. Since ¥, s(v) > ¥, ,(v) for v € [0, 00), the result follows, as desired. O

In view of Theorem 3.11, we obtain the following two-point distortion result, which is a generalization of [ 12, Theorem 7]
to the case of finite dimensional JB*-triples.

Theorem 3.12. Let B be the unit ball of an n-dimensional ]B*-triple X which satisfies the condition (3.1). Let £ C £S(B) be a
linearly invariant family of norm-order |lord|l.1¥ = « < oo and let f € F be biholomorphic. Then

If (@) —fD)lle = ¥no(Cpla, b)) max{Ty(a), Ty (b)}, a,b € B, (3.10)
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where ¥, ,, is defined by (3.9), Cg(a, b) denotes the Carathéodory metric in B, and

T;(2) = 1Bz, 2) "’ IDf @)1 7'll,"'. z€B. (3.11)

Conversely, if a locally biholomorphic mapping f on B satisfies the inequality (3.10), for all a, b € B and for some o > 0, then f is
biholomorphic on B.

Proof. We use an argument similar to that in the proof of [ 12, Theorem 7]. Fix a, b € Band let g, € Aut(B) be given by (2.1).
Also, let

F(z) = [Dg,(0)]~'[Df (2,(0)] ' (f(&(2)) — f (b)), z €B. (3.12)
Since ¥ is a L.LF,, it follows that F € #. In view of (3.8), we deduce that

IF@)lle = ¥no(artanh|jz[x), z € B.
Lettingz = g, !(a) in the above, we deduce that

If (@ = F()lle - 1[Dg(O)]'[DF (D)™ le = IF(2)lle = Wia (C(2, 0)).

Finally, since Dg,(0) = B(b, b)'/? and Cz(z, 0) = Cg(a, b), by the fact that the Carathéodory metric is invariant under the
biholomorphic automorphisms of B, we obtain the relation (3.10) by interchanging the roles of a and b, as desired.

For the converse part, it suffices to see that if f is a locally biholomorphic mapping on B, which satisfies (3.10), and if
f(a) = f(b) fora, b € B, then we must have a = b, in view of the fact that the Cg is a metric. O

We close this section with the following upper bound for the distortion ||f (a) — f (b)||., when f belongs to a L.L.F. on the
unit ball of a finite dimensional JB*-triple X (cf. [13, Theorem 4.7] and [2, Lemma 2.7]).

Theorem 3.13. Let B be the unit ball of a finite dimensional JB*-triple X which satisfies the condition (3.1). Let ¥ C £S(B) be a
linearly invariant family of norm-order |jord|l1¥ = o < oo and let f € . Then

If (@ —Fb)l < Z%[exp(zac,g(a, b)) — 11min{T; (@), T;(b)}, a.b € B,
where

Ti(z) = IDf (2)B(z, 2)*|l, z € B, (3.13)
and C; is a constant given by (3.2).

Proof. We use an argument similar to that in the proof of [ 13, Theorem 4.7]. Fix a, b € B and let g, € Aut(B) be given by
(2.1).In view of the linear invariance of the family #, we deduce that F € #, where F is given by (3.12). Taking into account
the relation (3.7), we deduce that

IF@l < = :(%) _ 1}, zeB.

2o |\ 1~ |izllx

Now, ifz = g~ !(a) in the above, we deduce that

If (@) — f(b)lle = IIDf (b)Dgy(0)DF (2) |l
C
= IIDf(b)ng(O)IIei[eXp(ZaCs(z, 0)) —1].
Finally, since Dg,(0) = B(b, b)'/2, Cz(z, 0) = Cg(a, b) and interchanging the roles of a and b in the above relation, the result
follows, as desired. O

4. Families of pluriharmonic mappings

In this section, we define the notions of affine and linear invariance for families of locally univalent pluriharmonic
mappings on the unit ball of a finite dimensional complex Banach space, and we present some basic results related to these
notions. The results will be applied in Section 5 to prove two-point distortion theorems for pluriharmonic mappings.

Let B be the unit ball of a finite dimensional complex Banach space X = C". A complex-valued function f of class C? on

B is said to be pluriharmonic if its restriction to every complex line is harmonic. This happens if and only if aza-aﬂf =0
j0Zk

inBforallj,k = 1,2...,n. Areal-valued function f of class C? on B is pluriharmonic if and only if it is the real part of
some holomorphic function on B. Every real-valued harmonic function on the unit disc U is the real part of a holomorphic
function on U, but this is no longer true for harmonic functions on B. Thus, in dimension n > 2, the family of all pluriharmonic
functions is a proper subclass of the family of all harmonic functions on B. Every pluriharmonic mapping f : B — X can be
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written as f = h+ g, where g and h are holomorphic mappings of Binto X, g is the usual complex conjugate ofg in X = C",
and this representation is unique if g(0) = 0.

Let Sy (B) be the family of all univalent pluriharmonic mappings f = h + g on B, where h, g € #(B), g(0) = 0, and
h € L£S(B). We remark that a mapping f € Sy (B) is not necessarily sense-preserving; that is, its real Jacobian (when f is
regarded as a mapping from R?" to R?") need not be positive. Let 52 (B) be the subfamily of mappings f = h+g € Sy (B) such
that Dg(0) = 0. Also, let .£Sy (B) be the family of all pluriharmonic mappings f = h 4+ g on Bwith h € £S(B) and g(0) = 0.
In the case of one complex variable, the family Sy (U) is a normal family, while S,‘_),(U) is compact (see [6,7]). However, if B is
the n-dimensional Euclidean unit ball with n > 2, the family Sy (B) is not normal (see [8]).

We recall that in the case n = 1, a harmonic mapping f = h + g is sense-preserving on the unit disc U if and only if
Ig'(z)| < I[N (2)|,z € U. This condition is equivalent to the statement that h is locally univalent on U and |wf(z)| < 1 for
z € U, where wy = g’/h’. Hence, the analytic function h + ag is locally univalent on U for |a| < 1(see e.g.[7]).

The following theorems are generalizations of [8, Theorems 5 and 6] to the unit ball of a finite dimensional complex
Banach space. Since the proofs are similar to those in [8, Theorems 5 and 6], we omit them.

Theorem 4.1. Let B be the unit ball of an n-dimensional complex Banach space X = C" andletf = h+g : B — C"bea
pluriharmonic mapping such that h is locally biholomorphic on B. If

IDg(z)[Dh(z)] e < 1, z €B, (4.1)

then h + Ag is locally biholomorphic in B for each A € L(C") with ||A|le < 1. Furthermore, f is a sense-preserving mapping on B.

The following result provides concrete examples of univalent pluriharmonic mappings on B (see [8, Theorem 6] and [5]).

Theorem 4.2. Let h : B — C" be a convex (biholomorphic) mapping and let g € #¢(B) be such that the condition (4.1) holds.
Then f = h + g is a sense-preserving univalent mapping on B.

Remark 4.3. Let h : B — C" be a locally biholomorphic (resp. biholomorphic) mapping and let A € L(C") be such that
llAlle < 1. Then it is not difficult to deduce that f = h + Ah is a pluriharmonic sense-preserving locally univalent (resp.
univalent) mapping on B, in view of Theorem 4.1. Moreover, if h is also convex (biholomorphic) on B, then f is a convex
pluriharmonic mapping on B.

For families ¥ C £Sy (B) of pluriharmonic mappings, we introduce the following notions of linear and affine invariance
(cf. [8]; see [25] forn = 1).
Linear invariance. If f = h+ g € ¥ then for each ¢ € Aut(B) the mapping

F(2) = [Dp(0)]”'[Dh(p(0)]~'{f (¢(2)) — f(¢(0))}, z € B,

also belongs to .
Affine invariance.If f = h+g € F and A € L(C") has norm ||Al|e < 1, and if h + Ag is locally biholomorphic on B, then
the mapping

F(z) = [I + ADg(0)] '[f () + Af@)], z €B,

also belongs to .

Remark 4.4. The family # of sense-preserving mappings in LSy (B) has the “affine invariance” property. Indeed, if ||Al|. < 1,
then the mapping w — w + Aw is a sense-preserving mapping. Therefore, if f = h + g is sense-preserving and A € L(C")
has norm ||A|l. < 1, and if h + Ag is locally biholomorphic on B, then the mapping

F(z) = [I + ADg(0)]'[f @) + Af@)], z€B,

is sense-preserving, because it is a composition of sense-preserving mappings.
We now define the order of a linearly invariant family # C £Sy (B) of pluriharmonic mappings by (cf. [8])
1 _

o = a(F) =sup {EIIDZh(O)(w, Mxe:f=h+geF, |wlx= 1} :
Note that if  is a L.LF. of locally biholomorphic mappings, then «(¥) is the norm-order as introduced in Section 3 (cf. [23]).
Remark 4.5. (i) Itis not difficult to deduce thatif # C LSy (B) is a linearly invariant family of order o (F), then the family

F*={h:h+g e F} C £LS(B) is also a linearly invariant family with norm-order «(¥*) = «(¥). Since Theorem 3.3

(cf. [13, Theorem 3.9], [23, Theorem 3.1]) yields that «(¥*) > 1, we deduce that «(¥) > 1 for every linearly invariant
family & C £Sy(B) of pluriharmonic mappings.
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(ii) The family Ky (B) C Sy (B) of pluriharmonic mappings with convex image is affine and linearly invariant. It would be
interesting to estimate « (Ky (B)) in dimension n > 1. For n = 1, the family Ky of convex mappings in Sy has order 2.

5. Distortion of pluriharmonic mappings

In this section, we generalize the results in Section 3 to the case of pluriharmonic mappings on B. The first result is a
generalization of Theorem 3.9 to pluriharmonic mappings (see [8, Theorem 7] in the case of the Euclidean space X = C").

Theorem 5.1. Let B be the unit ball of an n-dimensional JB*-triple X which satisfies the condition (3.1). Let £ C £Sy(B) be
an affine and linearly invariant family of order « = «a(F) < oo.Let f = h+ g € ¥, and suppose that h + Ag is locally
biholomorphic on B for each A € L(C") with ||A|le < 1. Then

C 14 |zl \©
If@lle < — (1 + Dg(O)]le) [(X ~1|. zeB,
2a 1—llzllx
where Cy is a constant given by (3.2).

Proof. We shall use arguments similar to those in the proof of [8, Theorem 7]. In view of the hypothesis that h 4 Ag is locally
biholomorphic on B for A € L(C") with ||Al|e < 1, the affine invariance of the family # shows that

[ +ADg(0)]~'(f + Af) = [I + ADg(0)]"'[(h + Ag) + (Ah + )]
also belongs to the family #. Hence, in view of Theorem 3.5 and Remark 4.5, we obtain that

(1+r)!

I +ADg(0)]_1[Dh(Z) + ADg(2)]lIx,e < Clm,

r=lzllx <1,

and thus
1+
(1 —=r)yett’

where 1 (g) = 14 ||Dg(0)]|. It follows from this that

14!
[IDh(z)(w) 4+ ADg(2)(w)[le = n(@)C1 ———llwllx,
(1—r)et

IDh(z) + ADg(2)llx,. < (g)Cy

forallw € X and A € L(C") with ||A]le < 1. For fixedz € Band w € X \ {0}, there exists a unitary matrix A such that
ADg(z)(w) = cDh(z)(w) for some ¢ > 0. This implies that

(1+r)*!

IDh(z)(w)|le + IDg(Z)(w)le < M(g)am

lwllx (5.1)

forallz € Band w € X, wherer = ||z||x < 1.
Now fix an arbitrary pointz € B.Iff (z) = 0, then Theorem 5.1 holds. So we may assume thatf(z) # 0.Letv : [0, 1] > R
be given by

v(®) =No(f(2)), 0=<t=1,
for ¢ € T(f(z)). Then v(0) = 0 and
1 1
@t = v = [ viod = [ 96 (hee + e @) de
0

0
1
Sfo (IDh(tz) @)l + [Dg(t2)(2) ) dt.

Hence, it follows from (5.1) that

YA 4ty G [/1+r\¢
||f(Z)||e§M(g)C1/O Wrdt:u(g)m[(l_r> _1]

for ||z]lx = r < 1. This completes the proof. O

The following result is a generalization of Theorem 3.11 to pluriharmonic mappings (see [8, Theorem 8] in the case of
the Euclidean space X = C").
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Theorem 5.2. Let B be the unit ball of an n-dimensional JB*-triple X which satisfies the condition (3.1). Let ¥ C Sy(B) be an
affine and linearly invariant family of pluriharmonic mappings of order « = a(¥) < oo. Let f = h+ g € F and suppose that
IIDg(0)|le < 1and that h + Ag is locally biholomorphic on B for each A € L(C") with ||Alle < 1. Then

If @lle = (1 —|IDg(0)lle) ¥n o (artanh ||z]lx), z € B,
where ¥, ,, is defined by (3.9).

Proof. We shall use arguments similar to those in the proof of [8, Theorem 8]. In view of the affine invariance of F,
Theorem 3.10 and Remark 4.5, we obtain that

(1 _ r)(anl)OkH‘lf]fC(B)

Il + ADg(0)]~'[Dh(z) + ADg(2)](w)le > C; ™" 17 1)@ Demrire® llwllx,

forallr = ||z||lx < 1, w € X and A € L(C") with ||Al|. < 1. It follows that
. (1— r)(Zﬂ—])oH»n—]—C(B)

IDh(z)(w) + ADg(2)(w)le = A(g)C; " 17 1)@ D rire® lwllx,
forallr = ||z|lx < 1, w € X and A € L(C") with ||Alle < 1, where

rg) = inf Il +ADg@]"Il;".
This implies that

] (1 _ r)(2n—1)a+n—1—c(B)
| IDh(z)(w)lle — IDg@) (W)l = A()C; " lwllx, (5.2)

1+ r)(Zn—l)u—n+1+c(B)

forr = ||z||x < 1Tand w € X.
Now, fixr € (0, 1) and let p(r) = min{||f (2)|l : ||z]lx = r}. Then, there exists a zy € 9B, such that ||f (z9)|le = p(r). Let
I' = {tf(z9) : 0 < t < 1}. Then, we deduce that

p(r) > / ’Dh(;) @ ) _ HDg(;) 91 aneix
=) 1zl |, ndc i || 41E
where y = f~1(I"). In view of (5.2), we obtain
r 1—t (2n—1)64+n—1—c(B)
@l = rgc [ 4= it

0 (] + t)(2n71)67n+1+c(3)
= A(g)¥; 4 (artanhr),
for ||z||x = r.Since A(g) = 1 — ||Dg(0)]||. (see the proof of [8, Theorem 8]), we obtain the theorem. 0O
We denote by (cf. [8])
S(z) = |IB(z, 2)"*[Dh@)]7"||; ' (1 — |Dg@)[Dh(2)] '[le), z € B,

and

. 1
v® =i, { Il + ADZ(©)] e - I, + ADg(0)]lc } ’ :3)

where g € #(B) with ||Dg(0)|lc < 1and h is locally biholomorphic on B. Note that v(g) > (1 — ||Dg(0)|l)/(1+ [|Dg(0)]l¢).
The following result is a generalization of Theorem 3.12 to pluriharmonic mappings (see [8, Theorem 9] in the case of the
Euclidean space X = C").

Theorem 5.3. Let B be the unit ball of an n-dimensional JB*-triple X which satisfies the condition (3.1). Let ¥ C £Sy(B) be an
affine and linearly invariant family of pluriharmonic mappings of order o« = a(F) < oo,and let f = h+ g € ¥. Assume that
h 4 Ag is biholomorphic on B for each A € L(C") with ||All. < 1, and the condition (4.1) holds. Then

If(@) —fb)lle > Pnola, b), a,beB, (54)
where
D (a, b) = v(g) ¥n«(Cp(a, b)) max{S(a), S(b)}

and ¥, ,, is defined by (3.9). Conversely, let f = h + g be a pluriharmonic mapping on B such that h is locally biholomorphic on
B and |Dg(0)|le < 1. If the relation (4.1) holds and f satisfies the relation (5.4) for some « > 0 and foralla,b € B, then f is a
sense-preserving univalent mapping on B.
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Proof. We shall use arguments similar to those in [8, Theorem 9]. Since f = h+ g € ¥ and h 4 Ag is biholomorphic on B,
it follows that F = [I 4+ ADg(0)]~!(f + Af) € ¥ for ||A|. < 1 by the affine invariance property for #.Let F = H + G. Then

H = 1[I+ ADg(0)]"'(h + Ag) € £S(B)
and in view of Theorem 3.12 and Remark 4.5, we obtain that

[H(@) —H(b)lle = ¥n.«(Cp(a, b)) max{Ty(a), Ty (b)}, (55)

forall a, b € B, where T;(z) is given by (3.11). On the other hand, we see that
S(z
Ti@) > ——&
Il +ADg(0) |l
Combining (5.5) and the above relation, we obtain that
lh(a) — h(b) + Ag(a) —g(b)lle > Pnola,b), a,beB, (5.6)

forall A € L(C™) with ||All < 1.
Finally, fix a, b € B. Then we may choose a unitary matrix A and some ¢ > 0 such that A(g(a) —g(b)) = —c(h(a) — h(b)).
Then, in view of (5.6) and this equality, we obtain that
If (@ —f)lle = [lIh(a) — hb)lle — lig(a) — g(b)l|
lh(a) — h(b) + A(g(a) — gb))ll.
> ®nq(a,b).

This completes the proof. O

The next result provides an upper bound for ||f (a) — f(b)||., where f belongs to an affine and linearly invariant family of
pluriharmonic mappings on B. This result is a generalization of [8, Theorems 1 and 10] to the unit ball of a finite dimensional
JB*-triple.

Ifg,h € #(B), let

S(a) = |IB(a, @)'?|l(IIDh(@)||c + [Dg(@)llc), a € B.
For every g € #¢(B) with ||Dg(0)|l. < 1, let (cf. [8])

x(@g) = HAS”LIPl Il + ADg(0)] "l - Il +ADg(0)||e}~ (5.7)

Theorem 5.4. Let B be the unit ball of an n-dimensional JB*-triple X which satisfies the condition (3.1). Let £ C £Sy(B) be an
affine and linearly invariant family of order o« = a(¥) < oo and let f = h+g € ¥ be such that the condition (4.1) holds. Then

C - -
If (@) = fD)lle < X(g)ﬁ [exp(2aCp(a, b)) — 1] min{S(a), S(b)}, a,b € B,
where C; is a constant given by (3.2).

Proof. We shall use arguments similar to those in [8, Theorem 10]. Since f = h+g € # and h+Ag is locally biholomorphic
on B by Theorem 4.1, it follows that F = [I 4 ADg(0)]~(f + Af) € # for ||A||. < 1 by the affine invariance property for .
Let F = H 4+ G. Then

H = [I + ADg(0)]"'(h + Ag) € LS(B)
and in view of Theorem 3.13 and Remark 4.5, we obtain that

C ~ ~
[H(a) —HD) | < ﬁ [exp(2aCy(a, b)) — 1] min{Ty (a), Tu(b)}, (58)

forall a, b € B, where Tf (z) is given by (3.13). On the other hand, it is not difficult to deduce that

Tu(z) < S@)|I[I +ADg(0)1 [, z € B.

Combining (5.8) and the above relation, we obtain that

C .
lh(a) — h(b) + A(g(a) — gl < x(g)i [exp(2aCp(a, b)) — 1] min{S(a), S(b)}, a,b € B, (5.9)

forall A € L(C") with ||A]l. < 1.
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Finally, fix a, b € B. Then we may choose a unitary matrix A and some ¢ > 0 such that A(g(a) — g(b)) = c(h(a) — h(b)).
Then, in view of (5.9) and this equality, we obtain that

If (@) = fb)lle < lIh(@) —h(b)ll. + lIg(@) — g b
[h(a) — h(b) + A(g(a) —gDb))ll

C - -
X(g)ﬁ [exp(2aCp(a, b)) — 1] min{S(a), S(b)}.

This completes the proof. O

Let # C £S5y (B) and let £° be the subset of # consisting of all mappings f = h+g € # such that Dg(0) = 0. In view of
Theorems 5.3, 5.4 and 4.1, we obtain the following consequence, which is a generalization of [8, Corollary, p. 6216] to finite
dimensional JB*-triples.

IA

Corollary 5.5. Let B be the unit ball of an n-dimensional |B*-triple X which satisfies the condition (3.1). Let £ C £S5y (B) be an
affine and linearly invariant family of order « = «(¥) < oo and let f = h+g € F° be such that the condition (4.1) holds.
Then

If @ — f)lle < 2% [exp(2aCs(a, b)) — 1] min{S(a), S(b)}, a,b € B,

where C; is a constant given by (3.2). In addition, if h + Ag is biholomorphic on B for A € L(C") with ||Alle < 1, then f isa
sense-preserving univalent mapping on B and

If (@ —fb)lle = 2, (a,b), a,beB, (5.10)
where ®° _(a, b) = W, ,(Cg(a, b)) max{S(a), S(b)} and W« is given by the relation (3.9).

no

Conversely, let f = h + g be a pluriharmonic mapping on B such that h is locally biholomorphic on B and g is holomorphic
on B. If the relation (4.1) holds and f satisfies the relation (5.10) for some o > 0 and for all a, b € B, then f is a sense-preserving
univalent mapping on B.

Remark 5.6. If we define the order of a linearly invariant family # C £Sy (B) of pluriharmonic mappings by
1 _
ax = ax(F) = SUD{EIIDzh(O)(w, MNx:f=h+geF, |wlx= 1} ;

and replace the condition ||All. < 1by ||A|lx < 1in the definition of “affine invariance”, then we can obtain similar results
to those in Theorems 5.1 and 5.4, by replacing || - || by || - ||x and the constant C; by 1.

6. LL.F.s and A.L.LF.s on the unit polydisc in C"
In this section, we consider L.LF.s and A.LLLF.s on the unit polydisc U" in C". Note that U" is the unit ball of the JB*-triple
with the triple product
x5, 2} = &Yiz)<isn, X=(x), y= 1), z= (z) € C".
Then Q,(2) = (a;zi;)1<i<n and
B(a, )z = (z; — 2|ail’zi + |ail*z)1<i<n-
Therefore, we have
B(a,d)'?z = (1 = ai|)2z)1<i<n and B(a, )"’z = (1 — |ai*) " '2)1<i<n-

Also, since c(U") = n and C; = 1/n, we obtain the following results. Theorem 6.1 is a direct consequence of Theorem 3.10,
and Theorem 6.2 may be obtained directly from Theorem 3.11.

Theorem 6.1. Let F be a linearly invariant family on U™. If ||ord|.1F = a < oo, then
(1= [|2]| o) "1
(1 + [lz]| o) 2= Dot
forallf € F.

lwle < VA" IDf@wll,, zeU" wec,

Theorem 6.2. Let ¥ be a linearly invariant family on U™. If |lord||1F = @ < oo and f € ¥ is biholomorphic on U", then

1-n (2n—1a
n 1—1z
Hﬂﬂhz“ﬁ1—<|HM> , zeU (6.1)
22n — Do 14 |zl
Since Tr(z) > (1 — [lzZ|2)NIDf (@] ',z € U", we obtain the following two-point distortion theorem from

Theorem 3.12.
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Theorem 6.3. Let ¥ C LS(U") be a linearly invariant family of norm-order |ord||.1F = « < ooandlet f € F be
biholomorphic. Then

1-n
If (@) —f(b)lle = 2L [1—exp(—=2(2n — DaCyn(a, b)) max{T*(a), T7* (b)}, (6.2)
2n - Do

)

for a, b € U", where Cyn(a, b) denotes the Carathéodory metric in U", and
T(2) = (1= zIB)IIDF @171,

Conversely, if a locally biholomorphic mapping f on U" satisfies the inequality (6.2), for all a, b € U™ and for some a > 0, then f
is biholomorphic on U™,

Since Tf (2) < (1 — minj<i<y |zi>)IDf @) |le, z € U™, we obtain the following result from Theorem 3.13.
Theorem 6.4. Let ¥ C LS(U") be a linearly invariant family of norm-order |jord|.1F = o < coand let f € F. Then

If (@ —Fb)lle < g[exl)(zacu“ (a, b)) — 1Imin{T*(a), T7°(b)}, a,b e U",

where
Tfm(z) =|1— min |z,<|2 IIDf @) |le, ze€U". (6.3)
1<i<n

Next, we consider A.LLF.s on the unit polydisc in C". The following results are particular cases of Theorems 5.2, 5.3, 5.4
and Corollary 5.5.

Theorem 6.5. Let & C Sy (U™) be an affine and linearly invariant family of pluriharmonic mappings of order « = a(F) < oo.
Let f = h4+ g € ¥ and suppose that ||Dg(0)||c < 1 and that h + Ag is locally biholomorphic on U™ for each A € L(C") with
lAlle < 1. Then

1-n 1_— - @2n—-a
||f(z>||ez(1—||Dg<0)||e>2(2*f_1)a{1—(1+::§::) } —

Since S(z) > (1 — |IzII2)IIIDh(z)]~ 1171 (1 — |IDg(2)[Dh(2)]~'||¢), we obtain the following theorem.

Theorem 6.6. Let ¥ C LSy (U") be an affine and linearly invariant family of pluriharmonic mappings of order « = o (F) < o0,
andlet f = h+ g € . Assume that h 4 Ag is biholomorphic on U" for each A € L(C") with ||All. < 1. If

IDg(2)[Dh(2)] e < 1, zeU", (6.4)
then
If(@ —fD)lle = .5 (a,b), a,beU", (6.5)
where
1-n
@5, (a,b) = M [1—exp(—2(2n — DaCyn(a, b))] max{S>(a), S*(b)},

22n — Do
v(g) is given by (5.3), and
§%¥(z) = (1= |ZIZ)IDh@)] ;' (1 — IDg@)[Dh(z)]'[le), z € U™

Conversely, let f = h+ g be a pluriharmonic mapping on U" such that h is locally biholomorphic on U™ and ||Dg(0) || < 1.If the
relation (6.4) holds and f satisfies the relation (6.5) for some o« > 0 and for all a, b € U™, then f is a sense-preserving univalent
mapping on U™.

Since §(z) < (1 — minj<i<, |z]*)(|IDh(2) |l + ||Dg(2)]c), we obtain the following theorem.

Theorem 6.7. Let ¥ C LSy (U") be an affine and linearly invariant family of order « = a(F) < ocoandletf =h+g € ¥
be such that the condition (6.4) holds. Then

If @ — fFB)e < x(g)zi(f [exp(2aCyn (a, b)) — 1] min{S$>(a), S*(b)},
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for a,b € U", where x (g) is given by (5.7), and

§%() = (1 ~ min |zl-|2) (IDh@)le + IDg@)ll). 2 € U".

Corollary 6.8. Let £ C £S5y (U™) be an affine and linearly invariant family of order « = a«(F) < coandlet f =h+g e F°
be such that the condition (6.4) holds. Then

n ~ -
If (@) —f)lle < % [exp(2aCyn(a, b)) — 1]min{S*(a), S™(b)}, a,be U".
In addition, if h + Ag is biholomorphic on U™ for A € L(C") with ||A|l. < 1, then f is a sense-preserving univalent mapping on
U" and
If (@ —f(b)]le = P°(a,b), a,beU", (6.6)

where

1-n
@,?f(a, b) = 3 v [1 —exp(—2(2n — DaCyn(a, b))] max{S*(a), S*(b)}.

2n— NHa

Conversely, let f = h + g be a pluriharmonic mapping on U" such that h is locally biholomorphic on U™ and g is holomorphic
on U". If the relation (6.4) holds and f satisfies the relation (6.6) for some « > 0 and foralla, b € U", then f is a sense-preserving
univalent mapping on U".

For A € L(C"), let
[Alloe = sup{[lAzlloo : Izlloc = 1}.
If we define the order of a linearly invariant family # C £Sy(U™) of pluriharmonic mappings by

1 _
Uoo = Qoo(F) = SUD{ZIIDZh(O)(w, Mo :f=h+ZeF, lwlleo = 1},

and replace the condition ||All. < 1by ||A|ls < 1 in the definition of “affine invariance”, then we can obtain similar results
to those in Theorems 5.1 and 6.7, by replacing || - ||l by || - ||c and the constant C; by 1.

Theorem 6.9. Let ¥ C L£Sy(U") be an affine and linearly invariant family of order o« = a(F) < oo.Let f =h+g € F, and
suppose that h 4+ Ag is locally biholomorphic on U" for each A € L(C") with ||A||oc < 1. Then

1 1 0 @
@l < 5-(1+ IDgO) ) [<M> - 1} . zeum

T — Izl

Theorem 6.10. Let F C LSy (U™) be an affine and linearly invariant family of order « = a(F) < ocoandletf =h+g e F
be such that the condition

IDg(2)[Dh(2)] oo <1, z €U,
holds. Then
1 - -
If(@ —f) o < xoo(g)g [exp(2aCyn(a, b)) — 1] min{S;°(a), S3°(b)},

fora, b € U", where

x(®) = sup {II1+ADg(O)] "l - I + ADg () o .

llAlloo <1
and
$°@) = <1 — min |Zi|2> (IDh(2)lloo + IDg(@) |0), 2z € U™
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