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1. Introduction and the main result

This paper is concerned with the multiplicity of positive solutions to the following elliptic system:
o
—Au=fX)ul%u+ ——h®|u*2uv|?, ino,
a+p

) | _av = gl + 2 neolul* o2, in 2,

o+ B
u=v=0, onads2,

where 2 is a bounded domain in RV with smooth boundary, o, 8 > 1satisfy +  =2* = Z5(N > 3)and 1 < g < 2.
Moreover, we assume that f, g and h satisfy the following conditions.

(Hy) f.g € C(2). _
(Hz) There exist a non-empty closed set M = {x € £2; h(x) = max,.5 h(x) = 1} and a positive number p > 2 when

N >6,p > %2 when3 <N < 5suchthat h(z) — h(x) = O(|x — z|”) as x — z and uniformly inz € M.
(Hs3) f(x),g(x) > Oforx € M.

Remark 1.1. Let M, = {x € RV; dist(x, M) < r} forr > 0. Then by (H;)-(H3), there exist Cy, ro > 0 such that
f®),g(x),h(x) >0 forallx e M;, C £2

and
h(z) — h(x) < Go|x — z|” forallx € By (z)

uniformly inz € M, where B, (z) = {x € RN; |x — z| < 1o}
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For the systems of semi-linear elliptic equations with concave-convex nonlinearities, various studies concerning the
solution structures have been presented (for example [10,1,15,4,3,8,5]). In particular, for f = A, g = u, Hsu [10] proved
that (Ef ;) permits at least two positive solutions when the pair of parameters (A, u) belongs to a certain subset of R
Similar results were obtained by Adriouch and El Hamidi [1]. Further studies involving sign-changing weight functions
were taken by Wu [15] and Chen and Wu [4] for example, where the two positive solutions were obtained for the subcritical
case 2 < o + B < 2* in [15] while these for the critical case @ + 8 = 2* were obtained in [4]. The tool of them is the
decomposition of the Nehari manifold.

For2 < q < 2% ifN > 4,0 € £, f, g and h satisfy the following conditions.

(A1) f, g and h are positive continuous functions in £2.
(A;) There exist k points a', a2, ..., a* in §2 such that
h(a') = maxh(x) =1 for1<i<k,
xes2
and for some p > N, h(x) — h(a@') = O(Jx — d'|?) as x — d' and uniformly in i.
(A3) Choose py > 0 such that

Byy (@) [\ Byy(@) =@ forizjand1<ij<k,

and (X, B,, () C £2, where B, (a') = {x € R"; [x — z| < po}.

Lin [12] recently proved that (E; ;) admits at least k positive solutions when f and g are small enough. A similar result was
obtained in Li and Yang [11].

Motivated by [12,11], we aim to investigate how the coefficient h(x) of the critical nonlinearity affects the number of
positive solutions of (Ef ) when 1 < q < 2 in this work. We try to consider the relationship between the number of
positive solutions and the topology of the global maximum set of h by the idea of category. Furthermore, by borrowing
some techniques from [10,1,15,4,3,8,5], we will study (Ef ;) under the conditions (H;)-(Hs), i.e., we do not need to assume
f, g, hare positive solutions and 0 € §2 as [12,11]. The main result of this paper is as follows.

Theorem 1.1. Assume (H;)-(H3) hold. Then for each § < 1o, there exists As > 0 such that if ||fy |, + lIg+ll;o+ < As, (Erg)
has at least caty,; (M) + 1 distinct positive solutions, where f, = max{f, 0}, g = max{g, 0}, ¢* = 2

P and cat means the
Lusternik-Schnirelmann category (see [13]).

Remark 1.2. Suppose (A;)-(A3) hold. By Theorem 1.1, we obtain that (Ef ¢) has at least k+ 1 positive solutions when ||f | ¢+
and ||g]|,¢+ are small enough.

This paper is organized as follows. In Section 2, we give some notations and preliminary results. In Section 3, we discuss
some concentration behavior. In Section 4, we prove Theorem 1.1.

2. Notations and preliminaries

We propose to study (Ef ;) in the framework of the Sobolev space H = H(} (£2) x H(} (£2) using the standard norm

1
2
I(u, v)|lg = (/ |Vul? + |Vv|2dx> )
2

Denote

Vu|? + |Vv|2dx
Sep= inf Jo VUl + | .
(u,v)€H\{0} (f_(z |u|°‘|v|l3dx)m

Working as in the proof of [2, Theorem 5], we deduce that

B _a
sa=((5)"+(2)" s

where S is the best Sobolev constant, that is
Vu|?dx
S = inf \/:Q|7|2
ueH} ($2)\{0} (fg ul?* dx)T*
It is well known that S is independent of §2, and for each ¢ > 0,

[N(N — 2)e?|N-2/4
U{;‘(x) = 2 2 —
(&% + [x|»)N=2/2

(2.1)
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is a positive solution of critical problem
—Au=u”%u inRY

with [L [Vv,2dx = [ [v:|* dx = 1SV/2. Actually, S is never attained on a domain £2 # RV,
Positive solutions to (Ef ¢) will be obtained as critical points of the corresponding energy functional I ; : H — R given
by

1 2 1 q q 1 o B
Irg(u, v) = 5|I(U, )l — 1 (fui +gvi)dx — o hu® ") dx,
2 2

where u; = max{u, 0} and v, = max({v, 0}. From the assumption, it is easy to prove that I; ; is well defined in H and
Irg € C3(H,R).
As Ir 4 is not bounded below on H, we consider the behaviors of Iy ; on the Nehari manifold

Nrg = {(u,v) € H\ {0} I} , (u, v)(u, v) = O}.
Clearly, (u, v) € Ny if and only if
/ |Vul? + |Vo|2dx — / (ful + gov?)dx — / hu? vf dx = 0.
7 7 7

On the Nehari manifold Ny ¢, from the Sobolev embedding theorem and the Young inequality,

1 1 1 1
Ir g (u,v) = (f - —*> f |Vul> + |Vv|?dx — (f - 7) / (ful + gvl)dx
2 2¢) /g qa 2/ Ja

T IV bz = (2 = LY e + e e )Clia w1 (2.2)
Z\3 H g 2 L 3 H
> (il + g le)?0c, 2.3)

where C denotes positive constants (possibly different) independent of (u, v) € H. Let
Yr g, v) = I (U, v)(u, v)
= / |Vu|?|Vv|?dx — / (ful +gvlydx — f hu® v dx.
2 2 2

Then for (u, v) € Ny g,

V@) = Q- llw v} -2 —q / hut v dx (2.4)
2

=Q2-29w i+ 2 —q /Q(fui + gvl)dx. (2.5)
Similarly to the method used in [10], we split Ny , into three parts:
Ny = {(u, v) € Ny g: ¥ o (u, v) (1, v) > 0);
NPy = {(1, v) € Np.gi ¥f o (u, ) (1, v) = O};
Npg = {(u,v) € Ny g1 Y7 , (1, v)(u, v) < 0O}

In the sequel, we shall use A, to denote different small parameters. Then we have the following results.

Lemma 2.1. Suppose that (ug, vo) is a local minimum for I 4 on Nf ,. Then, if (ug, vo) & Nfo’g, (uo, vo) is a critical point of If ¢.

Lemma 2.2. There exists A, > 0 such thatif ||fy|l,¢+ + g+, € (0, A,), Nﬁg =0.

For the proofs of the two lemmas above, we refer the reader to [4, Lemmas 2.1, 2.2]. By Lemma 2.2, for ||f || o+ + 118+ 1l,¢* €
(0, A,), we write Ny ¢ = N;, [ JN;, and define

+ . . - _ .
0y = mer If g (u, v); b= inf Irg(u,v).
(u.v)evag (u,v)evag

For each (u, v) € H with [, huivf_dx > 0, set

1

C-lwv 7

tmax = 5 > 0.
(2* —q) [, hu$ v’ dx
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Then

Lemma 2.3. For each (u, v) € H with fQ hu+v+dx > 0, we have the following.
(i) If fg ()‘u+ + gv+)dx < 0, there is a unique t~ > tyayx Such that (t " u,t v) € N, , and

It o (t7u, t7v) = suplf g (tu, tv).
>0

(i) If [, (ful + gvl)dx > 0, there are unique 0 < t* < tmax < t~ such that (t*u, t*v) € N, (t"u, t"v) € Ny, and

[gtTu, tTv) = inf I g(tu, tv); I o (t u, t~v) = suplp 4 (tu, tv).
t>0

0<t=<tmax

Lemma 2.4. If [[f: |+ + g+ Il € (0. A,), then
(i) fog <0
(i) 67, = po for some py > 0.

For the proofs of Lemmas 2.3 and 2.4, the readers are referred to [4] for similar proofs.

Remark 2.1. From Lemmas 2.3 and 2.4, it is easy to know if (u, v) € Ny

/ hu® vf dx > 0.
2

Next we establish that Iy ; satisfies the (PS).-condition for ¢ € (—o0, fog +
sketch the proof here for reader’s convenience.

1gN/2

N3 }3) which was proved in [8] and we

gh/2

Lemma 2.5. For ||f; ;o + llg+ll,¢* € (0, Ay), If ¢ satisfies the (PS).-condition for ¢ € (—oo, 9f+ N Selg)-

Proof. Let {(uy, vy)} C H be a (PS).-sequence for I ; and ¢ € (—00, 9+ + SN/;) After a standard argument (see [14]),
we know that {(uy, v)} is bounded in H. Thus, there exist a subsequence stlll denoted by {(u, vr)} and (u, v) € H such that
(ug, vg) — (u, v) weakly in H. By the compactness of Sobolev embedding and [9, Lemma 2.1], we get

o [l +gwPdx = [, (ful + gvl)dx + o(1);

o [ —u, v =) = e, vl — I, V)IF + o(1);

o [, h(ug — w2 (ve — v)idx = [ hu)® (wofidx — [, huvfdx +o(1).

Moreover, we can obtain If”g(u, v) = 0in H™! (the dual space of H). Since If ¢ (U, vi) = ¢ 4+ 0(1) and If’_’g(uk, vr) = o(1) in

H~!, we deduce that

1 1
= v =)l — - /Q B — )% (o — v dx = ¢ — I g (u, v) + 0(1) (2.6)
and

0(1) = If o (e, vi) (U — U, v — V) = (If g (g, V) — I , (U, V) (U — U, v — V)
= [ — u, v = V)IF; — / h(we — w (v — v); dx + o(1).
2
Now we may assume that
[ (ug — u, v — v)||,21 — 1 and f h(u, — ws (v — v)frdx — 1 ask — oo,
2

for somel € [0, +00).
Suppose | # 0 and notice the fact h < 1, using the Sobolev embedding theorem and passing to the limit as k — oo, we
have

2
l = Sa,ﬁlz* s
that is,

N/2

1> s (2.7)
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Then by (2.6), (2.7) and (u, v) € N ¢ ({0},

1 1 nn
c=1Ig(u,v)+ Nl > fog + ng’/ﬂa

which contradicts the definition of c. Hence [ = 0, i.e., (ug, vy) — (u, v) stronglyinH. O

Then we obtain the existence of a local minimizer for If ; on fog.

Lemma 2.6. For |f; |l,¢+ + lIg+ Il € (0, A), the functional If ¢ has a minimizer (uf,, v;',) € N7, and it satisfies:

. + o+ +.
(i) If.g(uf_g! Uf’g) = Qf.g,

(i) (ufy, vfy) is a positive solution of (Ey g);

(iii) Iy (uf g vf'g) — 0 as Ifiller 184l or — O;

(V) 1uf g v )Ilm = 0as Iy llers g4 Il — O.

Proof. (i)-(ii) are consequences of [15,4]. Moreover, by (2.3) and Lemma 2.4,
0> I g(f, vy = — (il + lIgs )Y @C.

We obtain If ¢ (U}, vi",) = 0as [Ify l|¢, g+ |+ — O.
Now we show (iv). By (1, v/,) € N, and (2.5),

2* —q
. /(f+(uffg)" + g4 (U )dx
22 -2 Jq

(T T A ST TCr =1 1

Since I 4 is coercive and bounded below on Ny 4, (uffg, v;fg) is bounded in H and so that by (2.8) we know

Iy vf ) I7 <

IA

I g vF DI < CUUf el + 18+l e)-
Then

Ity vl — O as [Ifille, gl — 0. O

3. Concentration behavior

In this section, we will recall and prove some lemmas which are crucial in the proof of the main theorem.
For b > 0, we define

1 b
J2 ) = Sl V|2 - > /Q hu® v} dx

and
N2, (u, v) = {(u, v) € H\ {0}; U2 (u, v)(u, v) = 0}.

Then we have the following.

Lemma 3.1. For each (u, v) € Ng 4, we have the following.

b

(i) There is a unique t(bu’v) such that (t(u’v)

u, tf, , v) € N, and

I, 012 )

1 2~
b __ b s4b b _ __h5
MaptJoo (1t £0) = oot Ly ) = (b2 (fg hut o dx

(ii) For p € (0, 1), there is a unique t;,  such that (t/, ,u, t;, ,v) € NL,. Moreover,
_N 2—q _a 2
];O(t(]u_v)u, t(lu_v)v) <(A—-p2 (If,g(u» v) + W/’L(Fz C(||f+||1_q* + ||g+||Lq*)zfq> .
Proof. (i) Foreachu € Ne,, let

_ 1 b
h(t) = J2 (tu, tv) = =t?(|(u, V) |3 — —t* / hu® v dx.
2 27 Jg

403
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Then since Remark 2.1, we have h(t) - —ooast — oo,
B ) =t v - btz*—lf hu® v dx
2
and

B'(t) = tl|(u, v)|% — b2* — 1)t2**2/ hu® v} dx.
2

1
o _( . I3 ) o
(wv) — '
[, bhusvf dx

Then h'(t), ) = 0,t, ,u € Nl and h"(t}, ) = (2 — 2")||(u, )| < O.Hence there is a unique tf, ,, such that (tf, , u,
t0,.V) € N, and

Set

Nfl

: o (i o)l
Tzaoxjoo(tu,tv) _] (t(u U)u t(u U)U) N m

(ii) For u € (0, 1), we have

A

/,2 Fe @y + 84 (10 0y )4 dx < (Ifillgr + 18+ g ) Cll Ly o U oy I

2— -4 2 4 a Z
< ((||f+||q + ligs lg)cn?) q+5(/uII(tf’u,v)u,tf’u,v)v)IIZ)q

/\
| N

\S]
Ka}

[I
—2

C(||f+||q + ||g+||q*)2 1 + ||(t(u »ls t(u U)U)”H

h ‘

Thenletbh = ﬁ and by part (i),

1 1
r{ljoxlf,g(tu, tv) > Ir g ( a, l})u t(u v)v>

1—n 1u
H( (u, v)u’ t(u v) )
H

If,g (ua U)

2 N
1 T 2— q Lz 2
— o5 |t hut vl dx — —— Cfsllgr + 118+ llg#) Z
2 2 2q

= 2— q " 2
(1 - /’L)] f(u’v)u, t(u’v)v - 5 —2C ||f+||q + ||g+||q )2

2q

Il (u, v) Il 7o 9,7 2
= (1— _— — —nui2C + 2—
-t <f9 o dx) 2 M (e llgs + 118+ llg)

=(1— M)ZJQO(QL,U)“’ V) = 5 R

L
2—

Clf+llge + lg+llge)

This completes the proof. O

Following the same method asin [4] and Remark 1.1, let n(x) € C§° (R"V) be a radially symmetric functionwith0 < < 1,
[Vnl < C,and

. To
1, iflxl = —,
nx) = 2
0, if|x| >ro.
For any z € M, we define
We,z(X) = (X — 2)ve(x — 2)
where v, (x) is given by (2.1). From the same arguments of [ 13] we know

/ IV, .|%dx = S? +0(e¥%) and / e |¥ dx = S + 0(eN). (3.1)
2 2

Moreover, we have the following.
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Lemma 3.2.

N SN +o(e?), if N =6,
/Qh|ws,z| dx = SN/2+O(8¥), if 3<N<5.

Proof. See [4,Lemma 3.2]. O

Then we have the following results.

Lemma 3.3. There exist g > 0 small enough such that for ¢ € (0, &g), we have o (g9) > 0 and

N/2

suprg(ufg+t\/>w“,vfg+tfw“)<0fg+ —S,'s —o(so) uniformlyinz € M.

Furthermore, there exists t; > 0 such that
(uf, +t; Vw2, v, + t7V/Bwe,) € Ni, forallz e M.

Proof. Noting the conditions (H;)-(H3) and the compactness of M, the proofis almost identical to the proof of [4, Lemma 3.3]
and is omitted here for brevity. 0O
Lemma 3.4. We have

g2

inf JL(u,v) = mf IS W) = aﬁ’

(u,v)eNt,
where ] (u, v) = %||(u, WIIE — 5 [ utvldxand N©° = {(u, v) € H\ {0}; (%) (u, v)(u, v) = O}.

Proof. By [12, Lemma 4.4], we see

inf  J®(u,v) = N/2
(u,v)eN>®
Thus it suffices to show that inf, ) y1 Jo, v) = N/Z . Since
a, b\ 1/ a\N2
r{lzaox<5t —;t >_N(W) foranya > Oand b > 0,

by (3.1) and Lemma 3.2 we deduce that
N/2
(@ +B) [ |V | 2dx

; 22
(aiﬂg [ h|w£,z|2*dx>

SN/2+O(8N 2)

Z| =

sugJ;o(tﬁwg,z, ty/Bwe,) = —
t>

Then we obtain

inf JL(u, v)<—Sg/ﬂZ, ase — 0%,

(u, v)eN
Since h < 1, for each (u, v) € H \ {0}, we have

sup J®(tu, tv) < sup] (tu, tv).

>0
Hence
1 np2
—S¢ = inf u, v inf  supJ®(tu, tv
NP (u, v)eNOO] ©v) = (u,v)€H\ {0} t>§] ( )
gh/2
< inf sup] (tu, tv) = inf ] (u,v) < — aﬂ.
(u,v)eH\{0} >0 (u,v)eN

This completes the proof. O
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4. Proof of Theorem 1.1

In this section, we use the idea of category to get positive solutions of E; ; in H and give the proof of Theorem 1.1.
Initially, we give the following two lemmas related to the category.

Proposition 4.1. Let R be a C"! complete Riemannian manifold (modeled on a Hilbert space) and assume F € C'(R, R) bounded
from below. Let —oco < infR F < a < b < 4-00. Suppose that h satisfies the (PS)-condition on the sublevel {u € R; F(u) < b}
and that a is not a critical level for F. Then

#{u € F*; VF(u) = 0} > catra (F%),
where h® = {u € H; h(u) < a}.

Proof. See [6, Theorem 2.1]. O

Proposition 4.2. Let Q, 27 and 2~ be closed sets with 2~ C 2. Let ¢ : Q — 27, ¢ : 2~ — Q be two continuous maps
such that ¢ o ¢ is homotopically equivalent to the embedding j : 2~ — 2. Then caty (Q) > cato+(£27).

Proof. See [6,Lemma 2.2]. O
The proof of Theorem 1.1 is based on Propositions 4.1 and 4.2. To argue further, we need to introduce the following lemma.
Lemma 4.1. Let {(uy, vr)} C H be a nonnegative function sequence with fg (uk)‘j(vk)ﬁdx = 1and || (ug, uk)||§ —> Sa,p. Then
there exists a sequence {(x, €)} € RN x R* such that
N—2
wr(X) = (0 (X), W (%) == £, 7 (W(ErX + i), Ve(ExX + X))

contains a convergent subsequence denoted again by {wy} such that wy — o = (@', w?) strongly in D"*(RV) x D2 (RN)
with w'(x) > 0 and w?(x) > 0in RN. Moreover, we have &, — 0 and x, — Xo € 2 as k — oo.

Proof. See [7,Lemma 3.1]. O
Next we define the continuous map @ : H \ G — RN by
Joxu—uf )% (v — vf ) dx

P(u,v) = ey, B ’
[ (u uf )3 (v — vl Hlhdx

where G = {(u, v) € H; [ (u—uf )% (v — vffg)idx = 0}. Then we have the following.

/2

Lemma 4.2. Foreach 0 < § < ro, there exist A5, 8o > 0 such that if (u,v) € N, jL(u,v) < %sjjﬁ + 8o and |Ify |l +

||g+||Lq* < As, then @ (u, v) € M;.
Proof. Suppose the contrary. Then there exists a sequence {(u, vy)} C N1 such thatJL (uy, v) = ﬁs(i’/; +o(1), [Ifll e+ +
llg+Il,¢+ = o(1), and

D (uy, vy) & Mg forall k.

It is easy to show that {(u, vk)} is bounded in H and there is a sequence {t>°} C R such that (t8°uy, tf°v) € N* and

N/2

1 1
—SNE < T (R uk, 6000 < JL (6w, 20 < JL (ke ) = S o).

NP
We obtain t° = 1+ o(1) as k — oo and

lim J (e, v = lim — (e vol2 = tim ~ [ w0 (w0 dx
k—o00 ’ k—oo N ’ H k—oo N Q + +

: 1 a B 1 N/2
= kllrglo N h(ue) % (i)' dx = Nsa‘ﬁ +0(1). (4.1)
e 2
Define
(uy) (vk)
Up = k)+ k)+

1/(a+B)’ 1/(a+B)
(fomot@oiae) " (Jpatwla)
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We see that [, (U,})‘j(U,f)idx = 1.1t follows from (4.1) and the definition of S, 4 that
lim | (U, UD I = Sap-
k— o0

_ N=2
By Lemma 4.3, there is a sequence {(x;, &)} € RN x Rt such that g — 0,x, — X € £ and w(x) = & 2 (U,}(skx +
x1), U2 (erxx + X)) — (w1, wy) strongly in D12(RV) x D12(RV) with w; > 0 and w, > 0in RN as k — oo. Then by (4.1),

_ o _ B
(5 (52 e -
2 Ek + Ex +

1=0(1) +/ h(U,})i(Uﬁ)f_dX = ‘9k_N/
2

as k — oo, which implies xo € M. By the Lebesgue dominated convergence theorem again, we have
Jo xwe—ut % (e — vt ) dx

o= )% — v ) dx

o X% (v, dx

= =4 0(1), as|[(fi)sllers €)Ml — O
fg(uk)i(vk)ﬁdx L L

i Lo (d (52)) (02 (2))'
o fa (o (20))" (o (52))

—> X €M ask — oo,

D (ug, vi)

which is a contradiction. O

Lemma 4.3. There exists A; > 0 small enough such that if |Ifi |l + l18+l,+ < As and (u,v) € Ny, with Ir g (u, v) <
1gN/2 + %" (8¢ is given in Lemma 4.2), then @ (u, v) € M;.

Proof. By Lemma 3.1, for y« € (0, 1), there is a unique t/, , such that (t, , u, t, ,,v) € N, and

4,

_N 2—
];o(t(lu,v)u, t(lu,v)v) = (] - M) 2 <If,g(uv v) + 7 C(”er ”Lq* + ”g+”Lq*)2 q)

Thus there exists A5 > 0 small enough such that if [|f}. || ¢« + [lg+|l,;« < As and If g(u, v) < 1SN/2 42 >

1
Loty ) < 3 Sats + Bo.
By Lemma 4.2 and ||(uf+g, vf+g)||H — 0as |(fi)+ll g% 1(€)+1l;¢+ — O, we complete the proof. O
Now we denote ¢; g := Qf g T NSN/ - o (&p) and consider the filtration of the manifold of Ny, as follows:
re(Crg) = {W,v) €Np il g < crg).
Then catM(3 (M) critical points of I ; will be obtained from N, (¢f ) in the following.

Lemma 4.4. Let §, A5 > 0 be as in Lemmas 4.2 and 4.3. Then for ||fy ||,¢+ + &+ |l,e* < As, Ir g has at least caty, (M) critical
points in Ne ,(crg).

Proof. For z € M, by Lemma 3.3, we can define

F2) = (i + t; awe ., vf, + 67 /Boez) € Ny, ().
Furthermore, If ¢ satisfies the (PS)-condition on N, g(cf ¢). Moreover, it follows from Lemma 4.3 that @(Nf (¢r.g)) C M; for
If+llies + g+l < As.Define§ : [0, 1] x M — M; by

£0,2) = @ (u;fg T I t;\/ﬁw(l,g)s,z) € Ny (crg).

Then straightforward calculations provide that £(0,z) = @ o F(z) and limy_, ;- £(6, z) = z. Hence @ o F is homotopic to
the inclusion j : M — M;. By Propositions 4.1 and 4.2, I; ; has at least caty, (M) critical points in fog (crg). O
Finally we can give the proof of Theorem 1.1.

Proof of Theorem 1.1. Note Lemmas 2.6 and 4.4, and applying fog N Ny, = ¢ and the strong maximum principle, we
obtain the conclusion of Theorem 1.1. O
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