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We extend the notion the topological entropy of a free semigroup action defined by 
Bufetov [6] to the case of a free semigroup action on a metric space not necessarily 
compact, provide some properties of this extended topological entropy, extend the 
topological analogue of the classical Abramov–Rokhlin formula for the entropy of a 
skew product transformations with respect to a metric space not necessarily compact 
and give some bounds for the entropy for some particular systems such as a free 
semigroup with m generators of affine transformations on p-dimensional torus and 
smooth maps on a Riemannian manifold.
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1. Introduction

Topological entropy, which describes the complexity of a system, plays an important role in topological 
dynamical systems. It was first induced by Adler, Konheim and McAndrew [1] as an invariant of topological 
conjugacy. Later, Bowen [4] and Dinaburg [7] gave equivalent definitions of topological entropy in a metric 
space not necessarily compact. Bowen [5] gave a definition of topological entropy for subsets of a compact 
space in a way which resembles Hausdorff dimension. Later, some researchers tried to find some suitable 
generalizations of topological entropy for other systems. Friedland [8] gave a survey of entropies for graphs, 
semigroups and groups, and gave some examples for these entropies. Ghys, Langevin, Walczak and Przytycki 
[9,12,13] gave the notions of entropy in various abstract topological settings, and studied the relationships 
between them. Mihailescu and Urbanski [16,17] gave the notion of inverse topological entropy and some 
applications to dimension estimates. Nitecki [18] introduced definitions of various notions of topological 
entropy and their relations to preimage sets. Kolyada and Snoha [11] introduced the topological entropy 
of nonautonomous dynamical systems and Zhu, Liu, Xu and Zhang [23] studied some more properties of 
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this case of topological entropy. Stepin and Tagi-Zade [19] introduced the notion of the topological entropy 
for amenable group actions and studied some properties of this topological entropy. Biś [2] proposed the 
notion of topological entropy of a semigroup of finite continuous maps and this case of topological entropy 
was studied by Biś and Urbański [3], Ma and Wu [15], Ma and Liu [14] and Wang and Ma [21]. Bufetov [6]
defined the notion of the topological entropy of free semigroup actions in a different way and identified this 
notion of topological entropy with fiber entropy of a certain skew-product transformation. Recently, Tang, 
Li and Cheng [20] gave an equivalent definition of Bufetov’s topological entropy [6] by using open cover and 
some properties.

Wang and Ma [21] extended the notion of the topological entropy defined by Biś [2] to the case of a 
semigroup of continuous maps on a metric space not necessarily compact. Similar to [21], in the present 
paper, we extend the notion of the topological entropy defined by Bufetov [6] to the topological entropy of 
a free semigroup action generated with m generators of uniformly continuous maps on a metric space not 
necessarily compact, give some properties of this topological entropy, study its relation with the topological 
entropy of a skew-product transformation, extend the main results of Bufetov [6], and estimate the bounds 
of the extended topological entropy for some particular systems, such as a free semigroup with m generators 
of smooth maps on a Riemannian manifold, and affine transformations on p-dimensional torus.

This paper is organized as follows. In section 2, we give some preliminaries. In section 3, we give the 
definitions of a free semigroup action generated with m generators of uniformly continuous maps on a 
metric space not necessarily compact and give some fundamental properties of them which are useful to 
calculate them. In section 4, we extend the topological analogue of the classical Abramov–Rokhlin formula 
for the entropy of a skew product transformations with respect to a metric space not necessarily compact. 
In section 5, we estimate the bounds of the topological entropy for some particular systems, such as a free 
semigroup with m generators of smooth maps on a Riemannian manifold and affine transformations on 
p-dimensional torus.

2. Preliminaries

Let F+
m be the set of all finite words of symbols 0, 1, · · · , m −1. For every w ∈ F+

m , |w| denotes the length 
of w, i.e., the number of symbols in w. If w, w′ ∈ F+

m , define ww′ to be the word obtained by writing w′

to the right of w. With respect to this law of composition, F+
m is a free semigroup with m generators. We 

write w ≤ w′ if there exists a word w′′ such that w′ = w′′w.
If w ∈ F+

m , w = w1w2 · · ·wk where wi ∈ {0, 1, · · · , m − 1} for all i = 1, 2, · · · , k, let fw = fw1fw2 · · · fwk
. 

Obviously, fww′ = fwfw′ for any w′ ∈ F+
m .

Denote by Σm the set of all two-side infinite sequences of symbols 0, 1, . . . , m − 1, that is,

Σm = {ω = (. . . , ω−1, ω0, ω1, . . .)|ωi = 0, 1, . . . ,m− 1 for all integer i}.

A metric on Σm is introduced by setting

d(ω, ω′) = 1/2k, where k = inf{|n| : ωn �= ω′
n}.

Obviously, Σm is compact with respect to this metric. The Bernoulli shift σm : Σm → Σm is a homeo-
morphism of Σm given by the formula:

(σmω)i = ωi+1.

Assume that ω ∈ Σm, w ∈ F+
m , a, b are integers, and a ≤ b. We write ω|[a,b] = w if w = ωaωa+1 . . . ωb−1ωb.

Let X be a compact metric space with metric d, and f0, f1, · · · , fm−1 be continuous maps of X into itself. 
Then there is a free semigroup with m generators f0, f1, · · · , fm−1 acting on X.
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For every w ∈ F+
m , define a metric dw on X by

dw(x1, x2) = max
w′≤w

d(fw′(x1), fw′(x2)),∀x1, x2 ∈ X.

Obviously, if w ≤ w′, then dw(x1, x2) ≤ dw′(x1, x2).
A subset F of X is said to be a (w, ε, f0, · · · , fm−1)-separated set of X, if x, y ∈ F , x �= y implies 

dw(x, y) > ε. Define Nsep(w, ε, f0, · · · , fm−1) to be the largest cardinality of any (w, ε, f0, · · · , fm−1)-separ-
ated set of X. Since X is compact with respect to the metric dw, Nsep(w, ε, f0, · · · , fm−1) is a finite number.

A subset E of X is called a (w, ε, f0, · · · , fm−1)-spanning set of X if for every x ∈ X there ex-
ists y ∈ E such that dw(x, y) ≤ ε. Let Nspan(w, ε, f0, · · · , fm−1) denote the smallest cardinality of any 
(w, ε, f0, · · · , fm−1)-spanning sets of X.

In [6], Bufetov defined

Nspan(n, ε, f0, · · · , fm−1) = 1
mn

∑
|w|=n

Nspan(w, ε, f0, · · · , fm−1),

Nsep(n, ε, f0, · · · , fm−1) = 1
mn

∑
|w|=n

Nsep(w, ε, f0, · · · , fm−1),

and also defined the topological entropy of a semigroup action by the formula

h(f0, · · · , fm−1) = lim
ε→0

lim sup
n→∞

1
n

logNspan(n, ε, f0, · · · , fm−1)

= lim
ε→0

lim sup
n→∞

1
n

logNsep(n, ε, f0, · · · , fm−1).

Observe that for m = 1, this definition coincides with Bowen’s definition [4,22].

Remark 2.1. It’s obvious that h(f0, · · · , fm−1) is less than or equal to the topological entropy of the semi-
group generated by G1 = {idX , f0, · · · , fm−1} defined by Biś [2].

3. Topological entropy and basic properties in the present paper

Let (X, d) be a metric space which is not necessarily comp act and uniformly continuous maps f0, f1, · · · ,
fm−1 from X into itself.

Let K be a compact subset of X. For any w ∈ F+
m and ε > 0, a subset E ⊆ X is said to be a 

(w, ε, K, f0, · · · , fm−1)-spanning set of K, if for any x ∈ K, there exists y ∈ E such that dw(x, y) ≤ ε. 
Define Nspan(w, ε, K, f0, · · · , fm−1) to be the smallest cardinality of any (w, ε, K, f0, · · · , fm−1)-spanning 
sets of K. A subset F ⊆ K is said to be a (w, ε, K, f0, · · · , fm−1)-separated set of K, if x, y ∈ F , 
x �= y implies dw(x, y) > ε. Let Nsep(w, ε, K, f0, · · · , fm−1) denote the largest cardinality of any 
(w, ε, K, f0, · · · , fm−1)-separated sets of K.

For any n ≥ 1, let

Nspan(n, ε,K, f0, · · · , fm−1) = 1
mn

∑
|w|=n

Nspan(w, ε,K, f0, · · · , fm−1), (3.1)

Nsep(n, ε,K, f0, · · · , fm−1) = 1
mn

∑
|w|=n

Nsep(w, ε,K, f0, · · · , fm−1). (3.2)

Obviously,
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Nspan(w, ε2 ,K, f0, · · · , fm−1) ≥ Nsep(w, ε,K, f0, · · · , fm−1) ≥ Nspan(w, ε,K, f0, · · · , fm−1),

hence,

Nspan(n, ε2 ,K, f0, · · · , fm−1) ≥ Nsep(n, ε,K, f0, · · · , fm−1) ≥ Nspan(n, ε,K, f0, · · · , fm−1). (3.3)

Thus we give the following definition.

Definition 3.1. Let (X, d) be a metric space which is not necessarily compact, f0, f1, · · · , fm−1 uniformly 
continuous transformations from X into itself, and K a compact subset of X. Define

H(K, f0, · · · , fm−1) := lim
ε→0

Nspan(ε,K, f0, · · · , fm−1) = lim
ε→0

Nsep(ε,K, f0, · · · , fm−1),

where

Nspan(ε,K, f0, · · · , fm−1) = lim sup
n→∞

1
n

logNspan(n, ε,K, f0, · · · , fm−1),

and

Nsep(ε,K, f0, · · · , fm−1) = lim sup
n→∞

1
n

logNsep(n, ε,K, f0, · · · , fm−1).

Thus, we can define the topological entropy of X with respect to the semigroup with m generators 
f0, f1, · · · , fm−1 by

H(f0, · · · , fm−1) := sup{H(K, f0, · · · , fm−1) : K ⊆ X is compact}.

Remark 3.2. (1) If m = 1 and f is a uniformly continuous map of X, then the new definition of topological 
entropy generated by f is the same as the topological entropy of f defined by Bowen [4], we denote this 
topological entropy by h(f).

(2) If X is compact, then h(f0, · · · , fm−1) = H(X, f0, · · · , fm−1) = H(f0, · · · , fm−1). Thus the new 
definition of topological entropy of a free semigroup actions is the same as the topological entropy defined 
by Bufetov [6]. We write Hd(f0, · · · , fm−1), Hd(K, f0, · · · , fm−1) respectively to emphasize d if we need to.

(3) It’s obvious that H(f0, · · · , fm−1) is less than or equal to the topological entropy of the semigroup 
generated by G1 = {idX , f0, · · · , fm−1} defined by Wang and Ma [21].

Example 3.3. Let (X, d) be a metric space which is not necessarily compact, f0, · · · , fm−1 uniformly con-
tinuous transformations from X to itself. Denote G the semigroup with m generators f0, · · · , fm−1 acting 
on X. If the family G are equicontinuous, then Hd(f0, · · · , fm−1) = 0.

Proof. For any ε > 0, there exists δ > 0 such that for any x, y ∈ X if d(x, y) < δ then 
d(f(x), f(y)) < ε, ∀f ∈ G. For any compact subset K of X, there exists M > 0 such that for 
any w ∈ F+

m , Nspan(w, ε, K, f0, · · · , fm−1) ≤ M and then Nspan(n, ε, K, f0, · · · , fm−1) ≤ M . Thus 
Nspan(ε, K, f0, · · · , fm−1) = 0. Therefore Hd(K, f0, · · · , fm−1) = 0. Moreover, we have Hd(f0, · · · ,
fm−1) = 0. �
Definition 3.4. Let X be a metric space, d and d′ the two metrics on X. We say d and d′ are uniformly 
equivalent if idX : (X, d) → (X, d′) and idX : (X, d′) → (X, d) are both uniformly continuous.
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Theorem 3.5. Let (X, d) be a metric space, f0, · · · , fm−1 uniformly continuous transformations from X to 
itself. If d and d′ are uniformly equivalent, then

Hd(f0, · · · , fm−1) = Hd′(f0, · · · , fm−1).

Proof. Let ε1 > 0, choose ε2 > 0 such that d′(x, y) < ε2 implies d(x, y) < ε1 for any x, y ∈ X. Choose ε3 > 0
such that d(x, y) < ε3 implies d′(x, y) < ε2 for every x, y ∈ X.

For any compact subset K in X and w ∈ F+
m , we have

Nspan(w, ε1,K, f0, · · · , fm−1, d) ≤ Nspan(w, ε2,K, f0, · · · , fm−1, d
′)

and

Nspan(w, ε2,K, f0, · · · , fm−1, d
′) ≤ Nspan(w, ε3,K, f0, · · · , fm−1, d).

Hence

Nspan(n, ε1,K, f0, · · · , fm−1, d) ≤ Nspan(n, ε2,K, f0, · · · , fm−1, d
′)

≤ Nspan(n, ε3,K, f0, · · · , fm−1, d).

Moreover,

Nspan(ε1,K, f0, · · · , fm−1, d) ≤ Nspan(ε2,K, f0, · · · , fm−1, d
′)

≤ Nspan(ε3,K, f0, · · · , fm−1, d).

If ε1 → 0, then ε2 → 0 and ε3 → 0, so we have Hd(K, f0, · · · , f−1) = Hd′(K, f0, · · · , fm−1). Therefore we 
have Hd(f0, · · · , f−1) = Hd′(f0, · · · , fm−1). �
Remark 3.6. If X is compact and if d and d′ are equivalent metrics, then they are uniformly equivalent. 
Moreover, each continuous map f : X → X is uniformly continuous. Therefore, if X is a compact metrizable 
space, the entropy of f0, · · · , fm−1 does not rely on the metric chosen on X (provided that metric induces 
the topology of X).

Theorem 3.7. Let (X, d) be a metric space, and f0, · · · , fm−1 uniformly continuous transformations from 
X to itself. Let δ > 0. In order to compute H(f0, · · · , fm−1), it suffices to take the supremum of 
H(K, f0, · · · , fm−1) over those compact sets of diameter less than δ.

Proof. The proof follows [22] and [21] and is omitted. �
Theorem 3.8. Let (Xi, di)(i = 1, 2) be a metric space. Let F (1) = {f (1)

0 , · · · , f (1)
m−1} be a set of finite uniformly 

continuous maps on X1, and F (2) = {f (2)
0 , · · · , f (2)

k−1} a set of finite uniformly continuous maps on X2. 
Let F (1) × F (2) = {(f × g)0, · · · , (f × g)mk−1}, where (f × g)i ∈ {f × g : f ∈ F (1), g ∈ F (2)}, and 
(f × g)(x1, x2) = (f(x1), g(x2)) for any f × g ∈ F (1) × F (2) and x1 ∈ X1, x2 ∈ X2. A metric d on the 
product space X1 ×X2 is given by d((x1, x2), (y1, y2)) = max{d1(x1, y1), d2(x2, y2)}. Then

Hd(F (1) ×F (2)) ≤ Hd1(F (1)) + Hd2(F (2)).

If X1 is compact and Hd1(F (1)) = limε→0 lim infn→∞
1
nNsep(n, ε, X1, F (1)) or X2 is compact and 

Hd2(F (2)) = limε→0 lim infn→∞
1
nNsep(n, ε, X2, F (2)), then

Hd(F (1) ×F (2)) = Hd1(F (1)) + Hd2(F (2)).
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Proof. Firstly, F (1) × F (2) is a set of finite uniformly continuous transformations on X1 × X2. For any 
ν = ν1 · · · νn ∈ F+

mk, there exist unique w(1) = w
(1)
1 · · ·w(1)

n ∈ F+
m and unique w(2) = w

(2)
1 · · ·w(2)

n ∈ F+
k

such that (f × g)νi
= f

(1)
w

(1)
i

× f
(2)
w

(2)
i

for any 1 ≤ i ≤ n and thus (f × g)ν = f
(1)
w(1) × f

(2)
w(2) . On the other hand, 

if w(1) = w
(1)
1 · · ·w(1)

n ∈ F+
m , w(2) = w

(2)
1 · · ·w(2)

n ∈ F+
k , there exists unique ν = ν1 · · · νn ∈ F+

mk such that 
f

(1)
w

(1)
i

× f
(2)
w

(2)
i

= (f × g)νi
for any 1 ≤ i ≤ n and thus f (1)

w(1) × f
(2)
w(2) = (f × g)ν . Thus for any n ≥ 1, the map 

ν 	→ (w(1), w(2)) is a one-to-one correspondence.
Let Ki ⊆ Xi be compact, i = 1, 2. For any ε > 0 and n ≥ 1 and w(1) = w

(1)
1 · · ·w(1)

n ∈ F+
m and 

w(2) = w
(2)
1 · · ·w(2)

n ∈ F+
k , if Fi is a (w(i), ε, Ki, F (i))-spanning set of Ki, then for any (x1, x2) ∈ K1 ×K2

there exist y1 ∈ F1 and y2 ∈ F2 such that dw(1)(x1, y1) ≤ ε and dw(2)(x2, y2) ≤ ε. Moreover, there exists 
ν = ν1 · · · νn ∈ F+

mk such that (f × g)ν = f
(1)
w(1) × f

(2)
w(2) . So for any ν′ = νk · · · νn and 1 ≤ k ≤ n, we have

d((f × g)ν′(x1, x2), (f × g)ν′(y1, y2))

= d((f (1)
w

(1)
k ···w(1)

n

(x1), f (2)
w

(2)
k ···w(2)

n

(x2)), (f (1)
w

(1)
k ···w(1)

n

(y1), f (2)
w

(2)
k ···w(2)

n

(y2)))

= max(d1(f (1)
w

(1)
k ···w(1)

n

(x1), f (1)
w

(1)
k ···w(1)

n

(y1)), d2(f (2)
w

(2)
k ···w(2)

n

(x2), f (2)
w

(2)
k ···w(2)

n

(y2)))

≤ ε.

Therefore F1 × F2 is a (ν, ε, K1 ×K2, F (1) ×F (2))-spanning set of K1 ×K2. So

Nspan(ν, ε,K1 ×K2,F (1) ×F (2)) ≤ Nspan(w(1), ε,K1,F (1)) ·Nspan(w(2), ε,K2,F (2)),

and thus

Hd(K1 ×K2,F (1) ×F (2))

= lim
ε→0

lim sup
n→∞

1
n

log
[ 1
(mk)n

∑
|ν|=n

Nspan(ν, ε,K1 ×K2,F (1) ×F (2))
]

≤ lim
ε→0

lim sup
n→∞

1
n

log
[ 1
(mk)n

∑
|ν|=n

(
Nspan(w(1), ε,K1,F (1)) ·Nspan(w(2), ε,K2,F (2))

)]

= lim
ε→0

lim sup
n→∞

1
n

log
[( 1

mn

∑
|w(1)|=n

Nspan(w(1), ε,K1,F (1))
)
·
( 1
kn

∑
|w(2)|=n

Nspan(w(2), ε,K2,F (2))
)]

≤ Hd1(K1,F (1)) + Hd2(K2,F (2)).

Let πi : X1 × X2 → Xi be the projection map, i = 1, 2. If K is a compact subset of X1 × X2, then 
K1 = π1(K) and K2 = π2(K) are compact and K ⊆ K1 ×K2. Hence

Hd(K,F (1) ×F (2)) ≤ Hd(K1 ×K2,F (1) ×F (2)).

Therefore

Hd(F (1) ×F (2)) = sup
K⊂X1×X2
compact

Hd(K,F (1) ×F (2))

≤ sup
K1⊂X1
K2⊂X2

Hd(K1 ×K2,F (1) ×F (2))
compact
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≤ sup
K1⊂X1
K2⊂X2
compact

(Hd1(K1,F (1)) + Hd2(K2,F (2)))

≤ sup
K1⊂X1
compact

Hd1(K1,F (1)) + sup
K2⊂X2
compact

Hd2(K2,F (2))

= Hd1(F (1)) + Hd2(F (2)).

Now suppose X1 is compact. (The proof is similar if X1 is not compact but X2 is compact.) Since any 
compact subset of X1 ×X2 is a subset of X1 ×K2 for some compact subset K2 of X2, we have

Hd(F (1) ×F (2)) = sup{Hd(X1 ×K2,F (1) ×F (2)) : K2 is a compact subset of X2}.

Let K2 be a compact subset of X2, δ > 0, and ν ∈ F+
mk. There exist w(1) ∈ F+

m and w(2) ∈ F+
k such that

(f×g)ν = f
(1)
w(1) ×f

(2)
w(2) . If E1 is a (w(1), δ, X1, F (1))-separated set of X1 and E2 is a (w(2), δ, K2, F (2))-separ-

ated set of K2, then E1 ×E2 is a (ν, δ, X1 ×K2, F (1) ×F (2))-separated set of X1 ×K2. Therefore

Nsep(ν, δ,X1 ×K2,F (1) ×F (2)) ≥ Nsep(w(1), δ,X1,F (1)) ·Nsep(w(2), δ,K2,F (2))

and so

Nsep(δ,X1 ×K2,F (1) ×F (2))

= lim sup
n→∞

1
n

log
[ 1
(mk)n

∑
|ν|=n

Nsep(ν, δ,X1 ×K2,F (1) ×F (2))
]

≥ lim sup
n→∞

1
n

log
[ 1
(mk)n

∑
|ν|=n

(
Nsep(w(1), δ,X1,F (1)) ·Nsep(w(2), δ,K2,F (2))

)]

= lim sup
n→∞

1
n

log
[( 1

mn

∑
|w(1)|=n

Nsep(w(1), δ,X1,F (1))
)
·
( 1
kn

∑
|w(2)|=n

Nsep(w(2), δ,K2,F (2))
)]

≥ lim inf
n→∞

1
n

logNsep(n, δ,X1,F (1)) + lim sup
n→∞

1
n

logNsep(n, δ,K2,F (2)).

According to the condition we give, letting δ → 0, we have

Hd(F (1) ×F (2)) ≥ Hd1(F (1)) + Hd2(F (2)). �
Remark 3.9. Let m = 1 and fi : Xi → Xi (i = 1, 2) a uniformly continuous map of a non-compact metric 
space (Xi, di). P. Hulse [10] obtained an example that Hd(f1 × f2) < Hd1(f1) + Hd2(f2).

4. Relationship between the topological entropy of a skew-product transformation and the topological 
entropy of a free semigroup action

Let (X, d) be a metric space which is not necessarily compact, suppose a free semigroup with m generators 
acts on X, the generators are uniformly continuous transformations f0, f1, · · · , fm−1 of X.

To this action, a skew-product transformation F : Σm ×X → Σm ×X is defined by the formula

F (ω, x) = (σmω, fω0(x)),

where ω = (· · · , ω−1, ω0, ω1, · · · ). Here fω0 stands for f0 if ω0 = 0, and for f1 if ω0 = 1, and so on. For 
w = i1 · · · ik ∈ F+

m , denote w = ik · · · i1. Let ω = (· · · , ω−1, ω0, ω1, · · · ) ∈ Σm, then
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Fn(ω, x) = (σn
mω, fωn−1fωn−2 · · · fω0(x))

= (σn
mω, fω|[0,n−1]

(x)).

Our purpose is to find the relationship between the topological entropy h(F ) of a skew-product trans-
formation and the topological entropy H(f0, · · · , fm−1) of a semigroup action, where h(F ) denotes the 
topological entropy defined by Bowen [4,22].

Theorem 4.1. The topological entropy of the skew product transformation F satisfies

hD(F ) = logm + Hd(f0, · · · , fm−1), (4.1)

where the metric D on Σm ×X is defined as

D((ω, x), (ω′, x)) = max(d′(ω, ω′), d(x, x′))

and the metric d′ on Σm is introduced by setting d′(ω, ω′) = 1/2k, and k = inf{|n| : ωn �= ω′
n}.

Remark 4.2. Recall that h(σm) = logm, where h(σm) denotes the topological entropy of σm in symbol 
space Σm.

The proof of this theorem is as analogous as that of Bufetov [6]. We first give the following two lemmas.

Lemma 4.3. For any compact subset E of X, n ≥ 1 and 0 ≤ ε ≤ 1
2 , we need to prove

Nsep(n, ε,Σm ×E,F ) ≥
∑

|w|=n

Nsep(w, ε, E, f0, · · · , fm−1). (4.2)

Proof. Let N = mn. There are N distinct words of length n in F+
m . Denote them as w1, w2, · · · , wN . For 

each 1 ≤ i ≤ N , choose ω(i) ∈ Σm such that ω(i)|[0,n−1] = wi. It is obvious that for 0 < ε < 1
2 the subset 

{ω(i) : i = 1, 2, · · · , N} is a (n, ε, σm)-separated subset of Σm. Let Ni = Nsep(wi, ε, E, f0, · · · , fm−1) and 
{xi

1, x
i
2, · · · , xi

Ni
} a (wi, ε, E, f0, · · · , fm−1)-separated set of E. Then the points

(ω(i), xi
j) ∈ Σm ×X, i = 1, · · · , N, j = 1, · · · , Ni,

form a (n, ε, Σm × E, F )-separated set of Σm × E, and the cardinality of this subset is exactly ∑
|w|=n Nsep(w, ε, E, f0, · · · , fm−1). So the inequality (4.2) is proved. �

Lemma 4.4. For any compact subset E of X, n ≥ 1 and ε > 0, we need to prove

Nspan(n, ε,Σm × E,F ) ≤ K(ε)
( ∑

|w|=n

Nspan(w, ε, E, f0, · · · , fm−1)
)
, (4.3)

where K(ε) is a positive constant that depends only on ε.

Proof. Let C(ε) be a positive integer satisfying 2−C(ε) < ε
100 and N = mn+2C(ε). There are N

distinct words of length n + 2C(ε) in F+
m . Denote them as w1, · · · , wN . For each 1 ≤ i ≤ N , 

choose ω(i) ∈ Σm such that ω|[−C(ε),n+C(ε)−1] = wi. Obviously the subset {ω(i) : i = 1, 2, · · · , N}
is a (n, ε, σm)-spanning subset of Σm. Let w′

i = ω(i)|[0,n−1], Bi = Nspan(w′
i, ε, E, f0, · · · , fm−1) and 

{xi
1, x

i
2, · · · , xi

B } a (w′
i, ε, E, f0, · · · , fm−1)-spanning set of E. Then the points
i
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(ω(i), xi
j) ∈ Σm ×X, i = 1, · · · , N, j = 1, · · · , Bi,

form a (n, ε, Σm × E, F )-spanning set of Σm × E, and the cardinality of this subset is no greater than 
K(ε)(

∑
|w|=n Nspan(w, ε, E, f0, · · · , fm−1)) where K(ε) is a positive constant that depends only on ε. So the 

inequality (4.3) is proved. �
The proof of Theorem 4.1. From Lemma 4.3 we have for any compact subset E of X,

Nsep(n, ε,Σm ×E,F ) ≥ mn ·Nsep(n, ε, E, f0, · · · , fm−1),

and then obtain that

hD(F ) ≥ hD(Σm × E,F ) ≥ logm + Hd(E, f0, · · · , fm−1).

Then

hD(F ) ≥ logm + Hd(f0, · · · , fm−1).

From Lemma 4.4 we have

Nspan(n, ε,Σm × E,F ) ≤ K(ε)mn ·Nspan(n, ε, E, f0, · · · , fm−1),

and hence

hD(Σm ×E,F ) ≤ logm + Hd(E, f0, · · · , fm−1) ≤ logm + Hd(f0, · · · , fm−1).

Since any compact subset of Σm ×X is a subset of Σm × E for some compact subset of E ⊂ X, we have

hD(F ) = sup{hD(Σm ×E,F ) : E is a compact subset of X}.

Then

hD(F ) ≤ logm + Hd(f0, · · · , fm−1),

and the proof is complete. �
Remark 4.5. If (X, d) is a compact metric space, Bufetov [6] proved that

hD(F ) = logm + hd(f0, · · · , fm−1). (4.4)

5. Some estimates of the topological entropies of free semigroup actions

In this section, we will give some estimates of the topological entropy defined by Bufetov [6] and the 
topological entropy defined in section 3 of some particular systems.

Theorem 5.1. Let M be a p-dimensional Riemannian manifold and f0, f1, · · · , fm−1 the C1 maps on M , 
then

Hd(f0, · · · , fm−1) ≤ log
( 1
m

m−1∑
i=0

(
max{1, sup

x∈M
‖dxfi‖}

)p)
,

where d denotes the metric on M induced by the Riemannian metric.
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Proof. Let ai = max{1, supx∈M ‖dxfi‖}, 0 ≤ i ≤ m − 1. For any w = w1w2 · · ·wn ∈ F+
m , by the mean-value 

theorem

d(fwi
(x), fwi

(y)) ≤ ( sup
x∈M

‖dxfwi
‖) · d(x, y) ≤ awi

d(x, y), ∀x, y ∈ M, 1 ≤ i ≤ n.

Suppose K is a compact subset of M . We shall select convenient charts on M that cover K. Let ||| · |||
denote the norm on Rp given by

||| u |||= max | ui | if u = (u1, · · · , up) ∈ R
p

and let B(0, r) denote the open ball in Rp with center 0 and radius r in this norm. Choose differentiable 
maps ϕj : B(0, 3) → M, 1 ≤ j ≤ q, such that K ⊂

⋃q
j=1 ϕj(B(0, 1)). Let b > 0 be so that d(ϕj(u), ϕj(v)) ≤

b ||| u − v |||, ∀u, v ∈ B(0, 2), 1 ≤ j ≤ q. For any δ ∈ (0, 1), let

E(δ) = {(t1δ, · · · , tpδ) ∈ R
p : ti ∈ Z} ∩B(0, 2).

The cardinality of E(δ) is at most (4
δ )p. Each point of B(0, 2) is within distance δ of a point of E(δ). 

Consider F (δ) =
⋃q

j=1 ϕj(E(δ)). This set is clearly a (w, (
∏n

i=1 awi
)bδ, f0, · · · , fm−1) spanning set for K. 

Given ε > 0, put δ = ε
(
∏n

i=1 awi
)b , then

Nspan(w, ε,K, f0, · · · , fm−1) ≤ q
(4(

∏n
i=1 awi

)b
ε

)p

=
( n∏

i=1
awi

)p(4b
ε

)p

q.

So

Nspan(n, ε,K, f0, · · · , fm−1) ≤
1
mn

∑
|w|=n

( n∏
i=1

awi

)p(4b
ε

)p

q

= 1
mn

(m−1∑
i=0

api

)n(4b
ε

)p

q.

Moreover

lim sup
n→∞

1
n

logNspan(n, ε,K, f0, · · · , fm−1) ≤ log
( 1
m

m−1∑
i=0

api

)
.

Letting ε → 0 we have

Hd(K, f0, · · · , fm−1) ≤ log
( 1
m

m−1∑
i=0

api

)
.

Then

Hd(f0, · · · , fm−1) ≤ log
( 1
m

m−1∑
i=0

api

)
= log

( 1
m

m−1∑
i=0

(
max{1, sup

x∈M
‖dxfi‖}

)p)
. �

Example 5.2. Let M be a p-dimensional Riemannian manifold, f0, · · · , fm−1 the Lipschitz maps with a 
common Lipschitz constant L ≥ 1. Applying Theorem 5.1,

Hd(f0, · · · , fm−1) < p logL.



Y. Wang et al. / J. Math. Anal. Appl. 435 (2016) 1573–1590 1583
Theorem 5.3. Let X be a compact metrizable group, A0, · · · , Am−1 surjective endomorphisms of X and 
a0, · · · , am−1 ∈ X. Let μ denote the Haar measure on X and d a left-invariant metric on X. Then 
h(A0, · · · , Am−1) = h(a0 ·A0, · · · , am−1 ·Am−1) and

h(A0, · · · , Am−1) = lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(e, ε, A0, · · · , Am−1))

)]
, (5.1)

where

Dw(e, ε, A0, · · · , Am−1) =
⋂

w′≤w

A−1
w′ (Bd(e, ε))

and e is the identity element of X and Bd(e, ε) is the open ball with center e and radius ε with respect to 
the metric d.

Proof. Let gi = ai · Ai for any 0 ≤ i ≤ m − 1. For any ε > 0, w = i1 · · · ik ∈ F+
m and w′ = il · · · ik where 

1 ≤ l ≤ k, Wang and Ma ([21], in the proof of Theorem 4.2) proved that

g−1
w′ Bd(gw′(x), ε) = x · (Ail ◦ · · · ◦Aik)−1

Bd(e, ε).

Putting Dw(x, ε, g0, · · · , gm−1) =
⋂

w′≤w g−1
w′ (Bd(gw′(x), ε)), we have

Dw(x, ε, g0, · · · , gm−1) =
⋂

w′≤w

g−1
w′ (Bd(gw′(x), ε))

=
⋂

w′≤w

x ·A−1
w′ Bd(e, ε)

= x ·
⋂

w′≤w

A−1
w′ Bd(e, ε)

= x ·Dw(e, ε, A0, · · · , Am−1).

Consider a (w, ε, g0, · · · , gm−1)-separated subset E of X with cardinality Nsep(w, ε, g0, · · · , gm−1), then

⋃
x∈E

Dw(x, ε2 , g0, · · · , gm−1) =
⋃
x∈E

x ·Dw(e, ε2 , A0, · · · , Am−1)

is a disjoint union since E is a separated subset of X. Therefore

Nsep(w, ε, g0, · · · , gm−1) · μ(Dw(e, ε2 , A0, · · · , Am−1)) ≤ 1.

Thus

Nsep(w, ε, g0, · · · , gm−1) ≤
1

μ(Dw(e, ε
2 , A0, · · · , Am−1))

,

and

Nsep(n, ε, g0, · · · , gm−1) ≤
1
mn

∑
|w|=n

1
μ(Dw(e, ε

2 , A0, · · · , Am−1))

and then
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Nsep(ε, g0, · · · , gm−1) ≤ lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(e, ε

2 , A0, · · · , Am−1))
)]
.

Moreover

h(a0 ·A0, · · · , am−1 ·Am−1) = h(g0, · · · , gm−1)

≤ lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(e, ε

2 , A0, · · · , Am−1))
)]
.

If a set F (w, ε, g0, · · · , gm−1) spans X with cardinality Nspan(w, ε, g0, · · · , gm−1), then

X ⊂
⋃
x∈F

Dw(x, 2ε, g0, · · · , gm−1) ⊂
⋃
x∈F

x ·Dw(e, 2ε, A0, · · · , Am−1).

Thus

Nspan(w, ε, g0, · · · , gm−1) · μ(Dw(e, 2ε, A0, · · · , Am−1)) ≥ 1,

and then

Nspan(w, ε, g0, · · · , gm−1) ≥
1

μ(Dw(e, 2ε, A0, · · · , Am−1))
.

Therefore

Nspan(n, ε, g0, · · · , gm−1) ≥
1
mn

∑
|w|=n

1
μ(Dw(e, 2ε, A0, · · · , Am−1))

,

and then

Nspan(ε, g0, · · · , gm−1) ≥ lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(e, 2ε, A0, · · · , Am−1))

)]
.

Moreover,

h(a0 ·A0, · · · , am−1 ·Am−1) = h(g0, · · · , gm−1)

≥ lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(e, 2ε, A0, · · · , Am−1))

)]
.

This expression also equals h(A0, · · · , Am−1) since the right hand is independent of ai, 0 ≤ i ≤ m − 1. So 
the equality (5.1) holds. �
Corollary 1. Let Tp be the p-dimensional torus, μ the Haar measure on Tp and f0, · · · , fm−1 the surjective 
endomorphisms on Tp. Then

h(f0, · · · , fm−1) = lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(e, ε, f0, · · · , fm−1))

)]
,

where

Dw(e, ε, f0, · · · , fm−1) =
⋂

w′≤w

f−1
w′ (Bd(e, ε)).
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Theorem 5.4. Let (X̃, d̃) and (X, d) be metric spaces and π : X̃ → X a continuous surjection such that there 
exists δ > 0 with

π|Bd̃(x̃,δ) : Bd̃(x̃, δ) → Bd(π(x̃), δ)

an isometric surjection for all x̃ ∈ X̃. If f̃0, f̃1, · · · , f̃m−1 are uniformly continuous transformations on X̃, 
and f0, f1, · · · , fm−1 are uniformly continuous transformations on X satisfying πf̃i = fiπ for any 0 ≤ i ≤
m − 1, then

Hd(f0, · · · , fm−1) = Hd̃(f̃0, · · · , f̃m−1)

Proof. The proof follows [21] and is omitted. �
Corollary 2. Let Tp be the p-dimensional torus, A0, · · · , Am−1 endomorphisms of Tp, and Ã0, · · · , Ãm−1
linear transformations on Rp, where Ãi is the lift of Ai for 0 ≤ i ≤ m − 1, then

Hd(A0, · · · , Am−1) = Hd̃(Ã0, · · · , Ãm−1),

where d̃ is the metric on Rp determined from Euclidean norm.

Lemma 5.5. Let A0, · · · , Am−1 be the linear transformations on Rp, μ the Lebesgue measure on Rp and ρ a 
metric on Rp determined by a norm. Then

Hρ(A0, · · · , Am−1) = lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε, A0, · · · , Am−1))

)]
,

where

Dw(0, ε, A0, · · · , Am−1) =
⋂

w′≤w

A−1
w′ (Bρ(0, ε))

and

Bρ(0, ε) = {x ∈ R
p : ρ(x, 0) < ε}.

Also, Hρ(A0, · · · , Am−1) does not depend on the norm chosen.

Proof. Since all norms on Rp are equivalent, they induce uniformly equivalent metrics on Rp. So by Theo-
rem 3.5 we have Hρ(A0, · · · , Am−1) = Hd(A0, · · · , Am−1) where d is the Euclidean distance on Rp. Also it 
is clear that the expression given in the theorem is also independent of the norm. Hence we can suppose ρ
is the Euclidean distance as well.

Let K be a compact subset of Rp with μ(K) > 0, ε > 0 and w ∈ F+
m . Similar as the proof in [21]

(Lemma 4.5), we have

Nspan(w, ε,K,A0, · · · , Am−1) ≥
μ(K)

μ(Dw(0, 2ε, A0, · · · , Am−1))
.

Hence

Nspan(n, ε,K,A0, · · · , Am−1) ≥
1
mn

∑ μ(K)
μ(Dw(0, 2ε, A0, · · · , Am−1))

.

|w|=n
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Then

Nspan(ε,K,A0, · · · , Am−1) ≥ lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

μ(K)
μ(Dw(0, 2ε, A0, · · · , Am−1))

)]

= lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, 2ε, A0, · · · , Am−1))

)]
.

Therefore

Hρ(A0, · · · , Am−1) ≥ lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε, A0, · · · , Am−1))

)]
.

On the other hand, let w ∈ F+
m . Let Kq be the closed p-cube with center 0 ∈ R

p and side length 2q. 
Similar as the proof in [21] (Lemma 4.5), we have

Nsep(w, ε,Kq, A0, · · · , Am−1) ≤
2p(q + ε)p

μ(Dw(0, ε
2 , A0, · · · , Am−1))

,

and then

Nsep(n, ε,Kq, A0, · · · , Am−1) ≤
1
mn

∑
|w|=n

2p(q + ε)p

μ(Dw(0, ε
2 , A0, · · · , Am−1))

.

Moreover,

Nsep(ε,Kq, A0, · · · , Am−1) ≤ lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε

2 , A0, · · · , Am−1))
)]
.

If K is any compact subset of Rp then there exists q > 0 such that K ⊂ Kq. Thus

Nsep(ε,K,A0, · · · , Am−1) ≤ Nsep(ε,Kq, A0, · · · , Am−1)

≤ lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε

2 , A0, · · · , Am−1))
)]
,

and then

Hρ(K,A0, · · · , Am−1) = lim
ε→0

Nsep(ε,K,A0, · · · , Am−1)

≤ lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε

2 , A0, · · · , Am−1))
)]
.

Therefore

Hρ(A0, · · · , Am−1) = sup{Hρ(K,A0, · · · , Am−1) : K ⊂ R
p is compact}

≤ lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε, A0, · · · , Am−1))

)]
. �

Theorem 5.6. Let V be a p-dimensional vector space, ρ a metric on V induced by a norm on V , A0, · · · , Am−1
the linear transformations on V . If for each 0 ≤ i ≤ m − 1 all eigenvalues of Ai is of modulus greater than 
or equal to 1, then
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log 1
m

(m−1∑
i=0

p∏
j=1

|λ(i)
j |

)
≤ Hρ(A0, · · · , Am−1) ≤ log 1

m

(m−1∑
i=0

Λp
i

)

where λ(i)
1 , λ(i)

2 , . . . , λ(i)
p are the eigenvalues of Ai, 0 ≤ i ≤ m − 1, counted with their multiplicities, and Λi

is the biggest eigenvalue of 
√
AiAT

i , 0 ≤ i ≤ m − 1.
Particularly in the case p = 1 and V = R

1, we have

Hρ(A0, · · · , Am−1) = log 1
m

(m−1∑
i=0

|λ(i)
1 |

)
,

where λ(i)
1 is the proportionality constant of Ai : R → R, x 	→ λ

(i)
1 x, 0 ≤ i ≤ m − 1.

Proof. By choosing a basis in V , we can suppose V = R
p. Let μ be the Lebesgue measure on Rp. Since 

all norms on Rp are equivalent they induce uniformly equivalent metrics on Rp and by Theorem 3.5
Hρ(A0, · · · , Am−1) = Hd(A0, · · · , Am−1) where d is the Euclidean distance. Hence we may suppose that ρ
is the Euclidean distance. By Lemma 5.5 we have

Hρ(A0, · · · , Am−1) = lim
ε→0

lim sup
n→∞

[ 1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε, A0, · · · , Am−1))

)]
.

Let w = w1 · · ·wn ∈ F+
m and n ≥ 1. Similar as the proof in [21] (Thm. 4.6), we have

μ(Dw(0, ε, A0, · · · , Am−1)) ≤ μ(A−1
w Bρ(0, ε))

= | det(Aw)−1| · μ(Bρ(0, ε))

= 1∏n
i=1

∏p
j=1 |λ

(wi)
j |

· μ(Bρ(0, ε)).

Hence

1
n

log
( 1
mn

∑
|w|=n

1
μ(Dw(0, ε, A0, · · · , Am−1))

)

≥ 1
n

log
( 1
mn

∑
|w|=n

n∏
i=1

p∏
j=1

|λ(wi)
j |

)
− 1

n
logμ(Bρ(0, ε))

= 1
n

log
[ 1
mn

(m−1∑
i=0

p∏
j=1

|λ(i)
j |

)n]
− 1

n
logμ(Bρ(0, ε))

= log 1
m

(m−1∑
i=0

p∏
j=1

|λ(i)
j |

)
− 1

n
logμ(Bρ(0, ε))

and

Hd(A0, · · · , Am−1) ≥ log 1
m

(m−1∑
i=0

p∏
j=1

|λ(i)
j |

)
.

On the other hand, for any n ≥ 1 and w = w1 · · ·wn ∈ F+
m and w′ = wi · · ·wn ≤ w, we can omit from 

[21] (Thm. 4.6) that
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(Aw′)−1
Bρ(0, ε) ⊃ Bρ(0,

1∏n
i=1 Λwi

ε).

Thus

Dw(0, ε, A0, · · · , Am−1) =
⋂

w′≤w

(Aw)−1Bρ(0, ε) ⊃ Bρ(0,
1∏n

i=1 Λwi

ε).

Then
1
n

log
[ 1
mn

∑
|w|=n

1
μ(Dw(0, ε, A0, · · · , Am−1))

]

≤ 1
n

log
[ 1
mn

∑
|w|=n

1
μ(Bρ(0, 1∏n

i=1 Λwi
ε))

]

= 1
n

log
[ 1
mn

∑
|w|=n

( n∏
i=1

Λwi

)p]
− 1

n
logμ(Bρ(0, ε))

= 1
n

log
[ 1
mn

(m−1∑
i=0

Λp
i

)n]
− 1

n
logμ(Bρ(0, ε))

= log 1
m

(m−1∑
i=0

Λp
i

)
− 1

n
logμ(Bρ(0, ε)).

Therefore

Hρ(A0, · · · , Am−1) ≤ log 1
m

(m−1∑
i=0

Λp
i

)
. �

Example 5.7. Let A1 : R → R, x 	→ 3x, and A2 : R → R, x 	→ 5x. Applying Theorem 5.6, we cam get 
H(A1, A2) = log 1

2 (3 + 5) = 2 log 2. Denote G1 = {idR, A1, A2}. For the topological entropy H(G1) defined 
in [21], we have H(G1) = log 5. Obviously, H(A1, A2) < H(G1).

Remark 5.8. Example 5.7 shows that H(A1, A2) is strictly less than the topological entropy H(G1) defined 
in [21].

Theorem 5.9. Let A0, · · · , Am−1 be endomorphisms of Tp. If for each 0 ≤ i ≤ m − 1 all eigenvalues of the 
matrix [Ai] which represents Ai are of modulus greater than or equal to 1, then

log 1
m

(m−1∑
i=0

p∏
j=1

|λ(i)
j |

)
≤ Hρ(A0, · · · , Am−1) ≤ log 1

m

(m−1∑
i=0

Λp
i

)

where λ(i)
1 , λ(i)

2 , . . . , λ(i)
p are the eigenvalues of [Ai], 0 ≤ i ≤ m − 1, counted with their multiplicities, and Λi

is the biggest eigenvalue of 
√

[Ai][Ai]�, 0 ≤ i ≤ m − 1.
Particularly in the case p = 1, we have

Hρ(A0, · · · , Am−1) = log 1
m

( m∑
i=1

|λ(i)
1 |

)
,

where λ(i)
1 is the degree of the automorphism Ai of S1, for every 0 ≤ i ≤ m − 1, where S1 denotes the unite 

circle.
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Remark 5.10. (1) For the system generated by the iteration of a single linear map A of Rp, we already have

h(A) =
∑

{i:|λi|>1}
log |λi|

where h(A) is the topological entropy of the single map A and λ1, · · · , λp are the eigenvalues of the linear 
map A [22].

(2) if G is a semigroup generated by G1 = {idV , f0, · · · , fm−1}, Wang and Ma [21] gave

max
0≤i≤m−1

p∑
j=1

log |λ(i)
j | ≤ H(G1) ≤ p max

0≤i≤m−1
log Λi,

where H(G1) is the topological entropy of the semigroup defined in [21].

Example 5.11. Let A and B be the hyperbolic automorphisms on T2 induced by the matrices
(

4 1
1 −1

)
and

(
1 −1
−1 −3

)

respectively. Then we can easily get the bounds of the entropy H(A, B) as

log 9
2 ≤ H(A,B) ≤ log(19 + 3

√
29

4 + 3 +
√

5).

Remark 5.12. This example is appeared in [21]. If G1 = {idT2 , A, B}, then the topological entropy H(G1)
defined in [21] follows

log 5 ≤ H(G1) ≤ 2 log 3 +
√

29
2 .

Problem 5.13. It is well known that for a homeomorphism f : X → X of a compact metric space X
the equality h(f) = h(f−1) holds where h(f) denotes the topological entropy of f . If f0, · · · , fm−1 are 
homeomorphisms of X, is it true that h(f0, · · · , fm−1) = h(f−1

0 , · · · , f−1
m−1)?
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