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Abstract

We consider the null controllability problem for two coupled parabolic equations with a
space-depending coupling term. We analyze both boundary and distributed null controllabil-
ity. In each case, we exhibit a minimal time of control, that is to say, a time Ty € [0, oo] such
that the corresponding system is null controllable at any time 7' > Ty and is not if 7' < Tp. In
the distributed case, this minimal time depends on the relative position of the control interval
and the support of the coupling term. We also prove that, for a fixed control interval and a
time 7o € [0, 0], there exist coupling terms such that the associated minimal time is 7.
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1 Introduction and main results

This paper deals with the controllability of non-scalar parabolic equations with a reduced number
of controls. The control of parabolic systems is a challenging issue, which has attracted the interest
of the control community in the last decade. These parabolic systems arise, for example, in the
study of chemical reactions and in a wide variety of mathematical biology and physical situations
(see e.g. [24], [35], [16], ...). More precisely, the aim of this paper is to investigate the relationship
between the location of the controls and the action of the coupling terms. We will see that in this
framework new phenomena arise.

To this end, let us fix T > 0 and w = (a,b) C (0, 7) and consider the following control problems:

Yt — Yz + Q(CL’)AOZJ =0 in QT = (Oaﬂ-) X (OaT)v

y(0,-) = Bu, y(m,-)=0 on (0,7), (1.1)
y(-,0) = 9o in (0,7),
and
Yt — Yzo + q(2) Aoy = Bul, in Qrp,
y(0,-) =0, y(r,)=0 on (0,T), (1.2)
y(-,0) =wo in (0, 7),

where Ay € £(R?) and B € R? are respectively given by:

Aoz(g é) and B:(?). (1.3)

In systems (1.1) and (1.2), ¢ € L®(0, 7) is a given function, g is the initial datum and u € L?(0,T)
and v € L?(Qr) are the control functions.

Let us remark that for every u € L?(0,T) (resp., v € L*(Qr)) and yo € H~1(0,m;R?) (resp.,
Yo € L%(0,7;R?)), system (1.1) (resp., system (1.2)) possesses a unique solution defined by trans-
position (resp., a unique weak solution) which satisfies

y € L2 (Qr;R?) N CO([0, T); H~1(0, 7; R?))
(vesp., y € L*(0,T; Hy(0,m;R?)) N C°([0, T; L*(0, 7; R?)))
and depends continuously on the data u and yg, i.e., there exists a constant C' = C(T') > 0 such
that
1Wllz2(@riz2) + Wl oo,z (0,mm)) < C (IWollz-1(0,mme) + ullz2(0,7)
(vesp-, |1yl L2 (0, m3 0.2y + [1Yllcoo,13:020,mm2)) < C ([v0llL2(0,mm2) + [Vl 22(01r)))-

Let us recall that the function y* € L?(Qr; R?) N C°([0,T); H~1(0, 7; R?)) (resp., the function
y* € L2(0,T; H}(0,m;R?)) N C°([0,T]; L*(0,7;R?))) is a trajectory of system (1.1) (resp., of
system (1.2)) if y* is the solution of (1.1) (resp., of (1.2)) corresponding to the data u* € L2(0,T)
and y5 € H1(0,m;R?) (resp., v* € L?(Qr) and y; € L*(0,m;R?)). With the previous notations,
we define:

Definition 1.1. 1. It will be said that system (1.1) (resp., system (1.2)) is approximately con-
trollable in H~1(0, m; R?) (resp., in L?(0,7;R?)) at time T if for every yo,yq € H (0, 7;R?)
(resp., yo,ya € L?(0,7;R?)) and for every ¢ > 0, there exists a control u € L2(0,T) (resp.,
v € L*(Qr)) such that the solution y to (1.1) (resp., to (1.2)) satisfies

Hy(vT) - yd”H*l(O,‘n;Rz) S 3 (resp., Hy(vT) - yd||L2(0,7r;]R2) S 5)'



2. Tt will be said that system (1.1) (resp., system (1.2)) is null controllable at time T if for
every yo € H~1(0,m;R?) (resp., yo € L?(0,m;R?)), there exists a control u € L?(0,T) (resp.,
v € L*(Qr)) such that the solution y to (1.1) (resp., to (1.2)) satisfies

y(,T) = 0in H~(0,m;R?) (resp., in L?(0,m; R?)).

3. Finally, it will be said that system (1.1) (resp., system (1.2)) is exactly controllable to trajec-
tories at time 7' > 0 if for every yo € H (0, 7;R?) and every trajectory y* of system (1.1)
(resp., for every yo € L?(0,m;R?) and every trajectory y* of system (1.2)), there exists a
control u € L%(0,T) (resp., v € L?*(Qr)) such that the solution y to (1.1) (resp., to (1.2))
satisfies

y('v T) = y*('a T) in Hil(o’ 5 Rz) (resp., in LQ(Oa 5 Rz))

In this work we are interested in studying the controllability properties of systems (1.1)
and (1.2). Let us observe that we are exerting only one control force on the systems (a boundary or
distributed control) but we want to control the corresponding state y which has two components.
In fact, the first equation in (1.1) and (1.2) is indirectly controlled by means of the term g(z)ys.
Of course, this coupling term must be different from zero, i.e., ¢ £ 0. On the other hand, using
the linearity of systems (1.1) and (1.2), it is easy to see that the null controllability property at
time T of the previous systems is equivalent to the exact controllability to trajectories at time T’
for these systems.

Systems (1.1) and (1.2) are particular classes of more general n x n parabolic control systems
of the form:
yt — DAy + A(z,t)y = Bvl, in Qp:=Qx (0,7),
y = Culr,, on Xy =90 x (0,7), (1.4)

y(-,0) = o in Q,

where w and Ty are, respectively, open subsets of the smooth bounded domain © C RY and of its
boundary 092, D = diag (dy,--- ,d,) € L(R™), with n > 1, is a positive matrix, B, C' € L(R™, R"),
with m < n, are given matrices, and A = (as;),<; ;<o € L™ (Qr; £(R™)) is a matrix-valued
function. When m < n, the issue for this system is to control the whole components of the system
with a control function acting, locally in space or on a part of the boundary, only on some of them.
We refer to [5] for a review of results for the controllability problem of system (1.4).

The first results on controllability of the scalar case, n = 1, concerns the one-dimensional case
N = 1. They have been established by H.O. Fattorini and D.L. Russell (see [20, 21]) through
the moment method. The controllability of the N-dimensional case, still for the scalar equation
(n = 1), has been established later by G. Lebeau and L. Robbiano in [32] and by A. Fursikov
and O. Yu. Imanuvilov in [23] using Carleman estimates. It is interesting to point out that the
boundary and distributed null controllability of scalar parabolic problems is valid for any positive
time 7', for any I'g C 092 and for any w C €.

Let us also underline the reference [18], where the author proves the existence of a minimal
control time for the one-dimensional heat equation with controls on the form f(x)u(t), with
f e H1(0,7), a given fixed function, and u € L(0,T).

The first results on controllability of coupled parabolic equations (n > 1) have been established
in [37, 13, 3, 26]. They concern mainly system (1.4) with n = 2, C'= 0 (distributed control) and

5=(1):

In all the previous works the authors use Carleman inequalities for the corresponding adjoint
system to (1.4). The main assumption on the matrix-valued function A is that there exist an open
subset wy C w and a positive constant o such that

a2 >0>0 or ap<—-0<0 in wyX (O,T) (15)



It is interesting to point out that in [26], under the weaker assumption
|a12| >0>0 in wy X (O,T), (16)

the authors prove a null controllability result at time 7' > 0 for some generalizations of system (1.4).

The previous controllability results have been extended in [27] to n > 2 when system (1.4)
has a particular structure: cascade systems. To this end, the authors assume a generalization
of assumption (1.5) on the coupling matrix A(-,-) and, again, use Carleman inequalities for the
adjoint problem for proving the null controllability result.

In [4], a necessary and sufficient condition for the approximate and null controllability at time
T > 0 is established when A is a constant matrix. This condition does not depend on T and
generalizes the algebraic Kalman condition (see [29]), well-known for the controllability of finite
dimensional systems. In the case n = 2, this necessary and sufficient condition reduces to a2 # 0.

Let us now describe the existing results on boundary controllability of system (1.4) (B = 0).
There are few results on this framework and most of them concern the one-dimensional case
(N =1), D= Idand A a constant matrix. When D = Id and A is a constant matrix, a necessary
and sufficient condition is exhibited in [22] and [6]. This condition is different from the one that
characterizes the distributed null controllability of system (1.4) in the constant case (see [4]).
As a consequence and unlike the scalar case, we deduce that the distributed and boundary null
controllability properties of non-scalar parabolic systems are in general not equivalent.

The boundary null controllability problem for system (1.4) in the constant case is more intricate
if D # Id. When n = 2, the boundary null controllability property holds if T is greater than a
minimal time T € [0, 00] which depends on the coefficients of the constant matrices D and A
(see [10]). For instance, if the diffusion matrix D, the coupling matrix A and the control vector
C are given by

D =diag(1,d%), d#0,1, A:<8 é) 0:<‘1)>7 (1.7)

then system (1.4) is approximately controllable at time 7" > 0 if and only if d is an irrational
number and the minimal time T} of null controllability depends on the diophantine approximation
of d. Let us also underline that this phenomenon (minimal time of controllability for parabolic
equations) has been observed for the first time in the scalar case in [18], but concerning pointwise
controls. We would like to comment that, for system (1.4) with the previous data (1.7), it is
possible to select positive numbers d > 0 for which system (1.4) is approximately controllable at
any positive time 7" and never null controllable (see [10]). Unlike the scalar case, from the results
in [10] we infer that the approximate and null boundary controllability properties for non-scalar
parabolic systems are, in general, not equivalent.

In [22], [6] and [10], the authors use the moment method (see [20, 21]) to prove the positive
null controllability result at time T'. They carry out a study on bounds of biorthogonal families to
exponentials associated to complex sequences. In fact, the previous minimal time Ty is related to
the index of condensation of the sequence of eigenvalues of the operator associated to the system
(see [10]).

Finally, in [12] the authors extend the one-dimensional boundary null controllability results
from [22] and [6] to the N-dimensional case when the domain €2 is a cylindrical domain.

Unlike the distributed controllability problem for system (1.4), Carleman estimates for the
corresponding adjoint system seem not to be suitable when dealing with the boundary null con-
trollability problem of system (1.4).

Let us come back to systems (1.1) and (1.2). First, observe that from the null controllability
result stated in [26], if the function ¢ satisfies (1.6), with o > 0 and wy C w an open interval, then
system (1.2) is null controllable at any positive time T'. Therefore, a natural question arises: what
happens if SuppgNw = (7 The first and partial answer concerns the approximate controllability
of this system. More precisely, in [30], the approximate controllability of system (1.2) at every
time 7" > 0 is proved when ¢ = 19 with O a nonempty open subset of 2. Later, other partial



answers are given for the null controllability of systems (1.1) and (1.2) under sign conditions on
the function ¢ (see [2], [36], [1] and [17]):

q#0 and ¢>0 or ¢<0 in (0,m). (1.8)

These results have been obtained as a consequence of the corresponding hyperbolic results by using
the transmutation strategy (see [33]). Of course in the N-dimensional case (N > 2), they assume
the Geometric Control Condition (GCC) defined in [11] on both sets w and Supp ¢. Clearly these
assumptions are not necessary in the parabolic setting.

The first satisfying answer without sign conditions on ¢ concerns the null controllability of
systems (1.1) and (1.2) when ¢ satisfies the condition

/07T q(x)dx #£ 0. (1.9)

Under this condition, in [7] the authors give a necessary and sufficient condition for the approximate
and null controllability at time 7" > 0 of system (1.1). As a consequence, they also obtain the null
controllability property at any positive time 7" for (1.2) under the same conditions.

The first general result for the distributed controllability of system (1.2) concerns the approx-
imate controllability and is proved in [34] and [14]. For general open sets w, the authors provide
a necessary and sufficient condition for the approximate controllability of system (1.2) in terms of
Supp ¢ and the connected components of 0\ w.

Some results presented here have been announced in [9]. In fact, in [9] the controllability of
system (1.1) and the controllability of system (1.2) when the function ¢ and the control interval
w = (a,b) satisfy the geometrical condition

Suppq C [0,a] or Suppgq C [b, 7] (1.10)

are analyzed. Under the previous condition (1.10), a minimal time of boundary and distributed
null controllability, To(q) € [0, +o0], arises in such a way that these systems are null controllable
at time T if T' € (To(q), 00) and are not when T' € (0, Tp(q)).

In this paper, we are going to provide a complete answer to the controllability problem of
system (1.1) and system (1.2) without imposing condition (1.10) and when the control domain is
an interval, w = (a,b).

In the sequel, we set pj the normalized eigenvectors of the Dirichlet laplacian in (0, 7), i.e.,

or(x) = \/gsin(kx), Vo e (0,7), k>1.

On the other hand, the corresponding eigenvalues are given by k2, k > 1.
Let us first present our boundary control results, that is, our main result related to system (1.1).
To this end, let us introduce the quantity

Ii(q) = / " 4(@) o (@) ? de (111)

One has:

Theorem 1.1. Let us consider Ag and B given by (1.3) and q € L*(0,7), a given function.
Then, one has:

1. System (1.1) is approzimately controllable at time T > 0 if and only if

Ii(q) #0 Vk>1. (1.12)



2. Assume that condition (1.12) holds and define

~ . —log |11 (q

To(q) := limsup % € [0, 00]. (1.13)
k—o00

Then, if T > To(q) system (1.1) is null controllable at time T. On the other hand, if

T < Ty(q) system (1.1) is not null controllable at time T.

This result has been announced in [9].

Remark 1.2. The first point of Theorem 1.1 has been already proved in [34] by means of an
extension of the Fattorini-Hautus test (see [19]). For the sake of completeness we will provide a
direct proof.

Remark 1.3. The approximate controllability result stated in Theorem 1.1 does not depend on
the final time T": approximate controllability of system (1.1) at some time 7' > 0 is equivalent to the
approximate controllability of system (1.1) at any time T > 0. On the other hand, condition (1.12)
characterizes the approximate controllability property of system (1.1). Thus, (1.12) is a necessary
condition for the null controllability of this system at some time 7" > 0.

Remark 1.4. Note that the sequence {I;(q)},~, is convergent and from a simple computation
one has: -

. L ["
Jim Ti(q) = ;/O q(x) d.
From this, it readily follows that the sequence {I;(q) ' }rea is bounded and Ty(q) = 0 whenever
condition (1.9) holds (for the expression of the set A, see (1.17)). Observe that, under condi-
tion (1.8) on the function ¢, (1.12) holds and Tp(g) = 0. In particular, Theorem 1.1 generalizes
the one-dimensional parabolic boundary controllability results obtained in [1] and [36].

Remark 1.5. We will see in Section 7 that there are functions ¢ € L>(0, ) such that To(g) > 0
(in fact, fo(q) may take any value in [0,00]). In particular, Theorem 1.1 implies that, even
in a parabolic setting, a positive time of control may appear and that, unlike the scalar case,
boundary approximate and null controllability are not equivalent properties in the non-scalar case
(see also [10] for a similar result). On the other hand, Theorem 1.1 also infers negative boundary
controllability results for hyperbolic versions of system (1.1). Indeed, if ¢ € L*°(0, ) is such that
To(g) > 0, the transmutation strategy (see [33]) implies that the corresponding hyperbolic version
of (1.1) is not controllable in the natural space associated to the system (see Theorem 3.6 in [1])
at any time 7" > 0.

In this work, we will also analyze the controllability properties of system (1.2) when w =
(a,b) C (0,7) is an interval and ¢ € L>(0,7) is a general function which satisfies

SuppgNw = 0, (1.14)

i.e., when Suppq C [0,a] U [b, 7].
For any k > 1, we associate with the function ¢ € L (0, 7) satisfying (1.14) the new sequences
{Iiyk(q)}k;zp i =1,2, given by

us

hat) = | i@lee@ P dr, Ihalg) = | i@l d (1.15)

Observe that, under condition (1.14), the quantity Ij(q) (see (1.11)) can be also computed as
Ie(q) = T k(q) + T2.k(q)-

For the distributed control problem (system (1.2)), let us first recall a recent result on approx-
imate controllability:



Theorem 1.2 ([14]). Let us consider Ay and B, given by (1.3), and q¢ € L*°(0,7), a function
satisfying (1.14). Then, system (1.2) is approzimately controllable at time T > 0 if and only if

k(@) + [I1k(q)| #0 VE = 1. (1.16)
For the sake of completeness this result will be proved in Section 4.

Remark 1.6. Observe that formula (1.16) can be equivalently written under the form
e(@)| + [L2k(@)| #0, VE>1 and |Lk(q)]+[Lx(q)| #0, VE=>1.

Remark 1.7. As in the boundary case, the approximate controllability result for system (1.2)
does not depend on the final time 7: system (1.2) is approximately controllable at some time
T > 0 if and only if it is approximately controllable at any time 7" > 0.

To state our null controllability result for system (1.2) when g € L*°(0, 7) satisfies (1.14), we
need some definitions and notations. First, let us define the sets

A={k>1:1;:(q) #0} = Ay UAg,
A ={keAN:L4(q) #0}, Ay:={keA:ILi(q) =0} and (1.17)
A3 = {kZ].:Ik(q):O},
where It (¢) and I ;(g) are given in (1.11) and (1.15). Observe that A;, Ay and Ag are disjoint
sets and, of course, A; UAs UA3 = AUA3 = N*,
On the other hand, let us assume that the function ¢ € L*°(0, 7) is such that condition (1.16)

holds. Thus, we can introduce the quantities —log|I; x(q)| and —log |I;(q)| where we will use the
notation — log|z| = oo when x = 0. With this notation and under assumption (1.16), we deduce

min{—log L1 4(q)], ~ log |lx(q)|} € R, ¥k > 1.
One has:

Theorem 1.3. Let us consider Ag € L(R?) and B € R?, given by (1.3), and ¢ € L*(0,7), a
function satisfying (1.14). Let us also assume condition (1.16), and define

. min{— log |I ,—log|I
i) o= tim s M08 D) Lo [0}
—> 00

(1.18)

Then, given T > 0, one has:

1. Assume that T' > Ty(q). Then, system (1.2) is null controllable at time T .

2. If T < Ty(q), then system (1.2) is not null controllable at time T

As in the boundary case, condition (1.16) characterizes the distributed approximate control-
lability of system (1.2). This implies that (1.16) is a necessary condition for the distributed null
controllability at time T > 0 of (1.2).

We end the presentation of our main results with some remarks.

Remark 1.8. Asin Remark 1.4, it is not difficult to see that the sequences {I; x(q)},~, i = 1,2,
are convergent and from a simple computation one has: -

. L[ . [
lim I ;(q) = —/ q(z)de, lim Iy i(q) = —/ q(z)dx.
k—o00 0 k—o0 b

s ™

Thus, under condition (1.16), the minimal time Ty(q) is well-defined and satisfies Ty(q) € [0, o0].
We will check in Section 7 that, given the control interval w = (a,b), there are functions ¢ €



L*°(0, ), which fulfill condition (1.14), for which Tp(g) > 0 and even Ty(q) = co. For such func-
tions, system (1.2) is approximately controllable at all positive time 7" but it is not null controllable
at time T if T' € (0,7y(q)). Again and unlike the scalar case, the distributed approximate property
is not equivalent, in general, to the distributed null controllability property in the non-scalar case.
Also, following the reasoning in Remark 1.5, from Theorem 1.3, we deduce that when ¢ € L>°(0, )
satisfies (1.14) and Tp(q) > 0, the hyperbolic version of system (1.2) is not controllable in the nat-
ural space associated to the system (see Theorem 3.5 in [1] and Definition 1.1 in [17] for the
definition of this space) at any time T' > 0.

Remark 1.9. We will see that the minimal time Ty(q) can be also calculated using different
formulae. To be precise, as a direct consequence of Lemma 2.7, this minimal time is also given by

min{—log |75 x(¢)|, — log [ I(9)[} _ min{—log |7, 1(q)|, —log |I5.x(q)[}

To(q) = liIICn sup 12 1ilr€n sup 12
— 00 — 00
in{— log |I —log |1 —log |1
— Jimsup min{—log |11 x(q)|, Z§| 2.k(q)|, —log | k(Q)|}_
k—o0

Remark 1.10. Let us fix a function ¢ € L>°(0,7) and a control interval w that satisfies (1.14).
Taking into account that condition (1.12) implies (1.16) and the inequality To(q) < Tp(q), the
boundary controllability at time T° > 0 of system (1.1) implies the distributed controllability at
time T > 0 of system (1.2) provided the control interval w satisfies (1.14). But, it is interesting
to note that there exist functions ¢ € L*(0,7) and control intervals w fulfilling condition (1.14)
for which Ty(q) < Ty(q) (see Example 7.3). This provides another difference with the scalar case:
boundary and distributed controllability are not equivalent in the non-scalar parabolic setting.
However, if w = (a,b) and ¢ € L>(0,n) are such that (1.10) holds, then Ty(¢) = To(g) and
system (1.1) is null controllable at time 7" > 0 if and only if system (1.2) is also null controllable
at time 7.

Remark 1.11. The minimal time Tp(q) (see (1.18)) depends on the function ¢ but also on the
position of the control interval w (satisfying (1.14)). This fact provides a new phenomenon in the
framework of the distributed controllability of non-scalar parabolic problems: the dependence of
the controllability result on the position of the control set. Indeed, we will also see in Section 7 (see
Example 7.3) that, given 7y € (0, c0] (which could be 79 = o), there exist a function ¢ € L>°(0, )
and control intervals wy,ws C (0, 7), satisfying (1.14), such that (1.16) holds, for w; and we, and

Tél)(q) =0 and TéQ)(q) =19 > 0.

In the previous equalities, Tél)(q) is the minimal time associated to the function ¢ and to the
interval w; (see (1.18)). In conclusion, system (1.2) is null controllable at every positive time T, if
the control is exerted on wy, but it is not null controllable at time 7" if T' € (0, 7p) and the control
is exerted on wy. This is another big difference with the scalar parabolic case. This dependence
of the zone of control was highlighted in [14], in the case of the approximate controllability of
system (1.2).

Remark 1.12. Under assumption (1.8) on the function ¢, conditions (1.12) and (1.16) hold
for every interval w C (0,7) satisfying (1.14). This means that systems (1.1) and (1.2) are
approximately controllable at any positive time 7. In fact, taking into account Remarks 1.4
and 1.8, we get that To(q) = Tp(q) = 0 and systems (1.1) and (1.2) are also null controllable at
any positive time 7. Thus, our results recover the one-dimensional parabolic version of the results
in [30], [36], [1] and [17], with less restrictive assumptions on q.

The rest of the paper is organized as follows: In Section 2 we set and analyze some preliminary
results related to the spectrum and the (generalized) eigenspaces of the operator associated with
systems (1.1) and (1.2). Section 3 is devoted to studying the boundary controllability problem for
system (1.1), namely to the proof of Theorem 1.1. For clarity, this section has been divided into two



subsections; in the first one it can be found the proofs concerning the approximate controllability
of system (1.1). In Subsection 3.2, the null-controllability property of this system is proved. The
distributed approximate controllability problem is considered in Section 4. Theorem 1.3 is proved
in Sections 5 (the positive null-controllability part) and 6 (negative null-controllability part). The
last section contains some complementary results and some examples that illustrate the different
situations.

2 Some preliminary results

In this section we will give some properties which will be used below. Let us consider the vectorial
operator

d?
Li=—— —1Id+q(x)Ao : D(L) C L*(0,m;R?) — L*(0,m;R?) (2.1)

with domain D(L) = H?(0,m;R?) N H}(0,7;R?) and also its adjoint L*. We will always denote
by (-,-) the standard scalar product of either L?(0,7;R) or L?(0,r;R?), by (-, ->X,7X the duality
pairing between the Hilert space X and its dual X’.

We are interested in studying the spectrum of the operators L and L*. To this end, given a
function g € L*(0,7), we consider the quantity I;(q) given by (1.11), £ > 1. With this notation,
one has:

Proposition 2.1. Let Ay be given by (1.3) and consider the operator L given by (2.1) and its
adjoint L*. Then,

1. The spectra of L and L* are given by o(L) = o(L*) = {k* : k > 1}.
_ [ ¥ [ Yk
‘1)1,1@—(0), %,k—((pk),
X 0
1 k- ( illz ) ) (I)Q,k = ( Ok ))?

where 1y, is the unique solution of the non-homogeneous Sturm-Liouville problem:

*wmfk%/f:[ k(@) —q(@)] @ in (0,m),

2. Given'k > 1, if

(resp., if

=0, ¥(m) =0, (2.2)
/ Y(z)pr(r) dr = 0,
then,
(L—KEI)®1 =0 and (L —Kk>I))®qp = I1(q)®1 (2.3)
(resp.,
(L* = k1) ®F ), = Ii(q) @3, and  (L* — k*14) ®5, =0). (2.4)

In particular, if k € A then k* is a simple eigenvalue and @1 and ®oy (resp., ®3, and
(I)T,k) are, respectively, an eigenfunction and a generalized eigenfunction of the operéztor L
(resp., L*) associated to k?, while if k € A3 then @, and Py i, are both eigenfunctions of L
(resp., L*) associated to k2.

Proof. First, L can be written



where A = % : L2(0,m) — L%*(0,7) with domain D (A) = H?(0,7) N H}(0,7) is, as is well-
known, boundedly invertible with compact inverse. We can check that:

L= ( (—Aorl - (—A)(iz()l_ol(_ A )

which readily implies that L~! is a compact operator on L?(0,7;R?). Thus, the spectrum of L
reduces to its point spectrum.
We have now to solve the eigenvalue problem:

-y + qy2 = Ay1 in (0,7),
—y5 = Ayz in (0, 7),
y1(0) = 42(0) =0, y1(7m) = y2(m) = 0.

If y, = 0, then, A = k2 is an eigenvalue of L and taking y; = ¢, we obtain ®, ;. as associated
eigenfunction of L. If we now assume that yo # 0, then, again A = k% and yo = ¢}, is a (normalized)
solution to the second o.d.e. Observe that the first equation admits a solution if and only if k£ € Ag,
ie., I;(¢) = 0. In this case, @2 1, is a second associated eigenfunction of L. In conclusion, if & € As,
then k? is a double eigenvalue of L.

From the above considerations, it is clear that if Ij(q) # 0, then the eigenvalue k% of L is
simple and @, j, is an associated eigenfunction. Observe that, taking ®2 ;, = (y1,y2), the equation
(L — kQId)¢2’k; = C‘Dl’k writes:

—y{ — k*y1 = cpr = qy2 in (0,7),
—yY — k?y2 = 0 in (0, 7),
y1(0) = 32(0) = 0, w1 (7) = y2(m) = 0.
Thus, again, choosing ys = ¢ and inserting this expression in the first equation, we get for y;:
{ —yi — Ky = [c — glex,
y1(0) = 42(0) =0

A necessary and sufficient condition for the previous nonhomogeneous Sturm-Liouville problem to
have a solution is that

/Ow[c—q(x)]|<pk(x)|2dx20, ie, c¢=1Ix(q).

With this value of ¢, the Sturm-Liouville problem has a continuum of solutions given by y; =
Yor + Y where v € R is arbitrary and v, is the unique solution of (2.2). This proves that, for
k € A, ®q, is a generalized eigenfunction of L associated to k2.

Note that since the eigenvalues of L are real, then o(L*) = o(L) and the corresponding
eigenspaces have the same dimension. Finally, reasoning as before, it is not difficult to prove the
assertions concerning L*. This ends the proof. O

In the next result we are going to give an explicit expression and some properties of the
function . This expression and properties will be used later and will be crucial in the proof of
Theorems 1.1, 1.2 and 1.3. One has:

Proposition 2.2. Let us fix ¢ € L>(0,7) and take k > 1. Then, one has:
vnle) =awpn(o) — [ sin(kle = ) (@) - a(©))on(€) de
0
o= [ [ sinlhte - ) (@) - a©)] en(Opu(o) g da.

In addition, there exists a constant C > 0 such that

C C
|ak| < E7 Hwk”Lm(O,ﬂ') < E? H’(/JI/CHL”(O,W) < C’ Vk > L. (26)



Proof. Let us fix k > 1. Starting from formulae (2.5), it is straightforward that vy satisfies (2.2).
Finally, the properties (2.6) can be easily deduced from the formulae (2.5) . This finalizes the
proof. O

Using the eigenfunctions and the generalized eigenfunctions of the operators L and L* (see
Proposition 2.1), we are going to construct two bases of the space L?(0,7;R?). To this end, let us

consider the sets
B = {(I’l,ka (b?,k ke N*},
(2.7)
B ={of,,05,  keN},

where ®; 5 and @7, ¢ = 1,2, are given in the statement of Proposition 2.1. The next result states
that B and B* are bases for the space L?(0,7;R?). One has:

Lemma 2.3. Given a function g € L*(0,7), the sequences B and B* are biorthogonal Riesz bases
in L?(0,m; R?).

Proof. Let us first prove that B and B* are biorthogonal families. Indeed, using (2.3) and (2.4),
it readily follows from the equality:

(L~ k1)@, @} ) = (@, (L — k212) D] ;)

that
Sl (q) (P1k, @ ;) = (% = k%) ( @k, ®; )+ 01,15(q) (Ppk, 5 5) (2.8)

where k,j > 1,v,p € {1,2} and 4, is the Kronecker symbol (equal to 1 if 4 = v, and to 0
otherwise). We claim that

j# k= <<I>u’k,<1>;j> =0, for v,ue{1,2}.

Actually, if j # k, setting (1, v) = (1,2) in (2.8) leads to (®1 %, @3 ;) = 0 and setting (p,v) = ( 1)
gives (®1 4, ®7 ;) = 0. Using this and considering the cases (p, ) = (2,2) and then (p,v) = (2,1)
give the other orthogonality relations. For j = k, direct computations show that < vk <I>; k>

Opp for v, =1,2.
Let us show that B is complete in L?(0,7;R?). Indeed, if f = (f1, f2) is such that

<fa (I)V,k> :O, sz ]., Vl/:]_’Q7
then in particular

(f1, %) + (f2, 1) = 0.

This implies that fi = f» = 0 (since {¢x},, is an orthonormal basis in L?(0,7)) and proves the

VkZI, { <f1790k>207

completeness of B. We prove in the same way that B* is complete in L?(0, 7; R?).
We are now ready to show that B is a Riesz basis for the space L?(0,7;R?). To this end, we
use the following result which can be found in [25] or [28] for instance:

Lemma 2.4. Let {x}r>1 be a sequence in a Hilbert space X. Then the following statements are
equivalent.

1. {xk}r>1 is a Riesz basis in X.

2. {xp}tr>1 is a complete Bessel sequence in X and possesses a biorthogonal system {yg}r>1
that is also a complete Bessel sequence in X. O



We recall that the sequence {z4}r>1 in the Hilbert space X is a Bessel sequence if it satisfies
Z\(z,z@x | <00, VreX.
E>1

As a consequence of the previous lemma, the task consists in showing that the series

S1 = Z [<f, (I)l,k>2 + <f7‘1>2,k>2] and Sy = Z [<f, T,k>2 n <f, @;7k>2}

k>1 k>1

converge for any f € L%(0,m;R?).
It is easy to see that:

Si=> [\f1,k|2 + [(f1s ) + fz,kﬂ ,S2=) [\fl,k + (o, n)|* + |f2*k‘2}

k>1 k>1

where f; i, is the Fourier coefficient of the function f; with respect to ¢y. Relation (2.6) allows to
bound S; (i = 1,2) as follows:

1
Si<Cy (fl,k|2 = feul + ﬁ) s

k>1
This proves the convergence of the series S; and S and finishes the proof. U

Remark 2.1. It is interesting to point out that, indeed, B is quadratically close to the canonical
orthonormal basis of L?(0, 7;R?) (see [25] for a definition):

= 0
s fou- () - ( 1)
0 ©k k>1
since, thanks to (2.6)

2 2 2
) (H(DL’“ = O1klLeomme) + P2k — ®2vk||L’-’(0m;R2)) = I¥eli20.m < o0
k>1 k>1

Corollary 2.5. Given a function ¢ € L>(0,), then B*is a basis in HE(0,m;R?), biorthogonal to
B C H~1(0,m;R?), where B* and B are given in (2.7).

Proof. We take L?(0,7;R?) as a pivot space and then

Hy(0,mR?) < L*(0,m;R?) — H~'(0,mR?) = (H, (0, W;RQ))/.
First, it is clear that B* C H}(0,7;R?) and is complete in this space since it is in L2(0, 7;R?). On
the other hand, by definition of the duality pairing, <(I>Vak”q);,j>H—1,H5 = <<I)V,k, <I>;‘;$j> = Ouulk;j

for k,j > 1 and v,u € {1,2}. Thus B C H~1(0,7;R?) is biorthogonal to B* and B* is minimal in
H}(0,7;R?). Tt remains to prove that for any f = (f1, f2) € H}(0,7;R?), the series

ZkaQDk

k>1
{{(f,®1k) T+ (f o) P31} = ot
- v R I T o ( | @ dx+f2,k) o

k>1 k>1
(2.9)
converges in Hg(0,m;R?). But Y, firpr, i = 1,2, converges in Hg(0,7) (f;x is the Fourier
coefficient of the function f; € Hg(0,m) with respect to @x). On the other hand, the series
> s [,k also converges in H{ (0, ). Indeed, since f; € H}(0,7), one has

1
Dl lklzzom < C Y 1fsl SC (DK 1Al + ) 15 | < oo,

k>1 E>1 k>1 k>1



where we have used the properties in (2.6).
Let us assume that there exists a constant C' > 0 such that the inequality

/OTr f1(@)vg(z) dz| < ¢ Vk > 1, (2.10)

_ﬁa

holds for any function f; € H}(0, 7). This implies that the series

DK

k>1

2

/ " h@)n(e) de
0

converges and assures the convergence in Hg (0, 7) of the series
S ([ fwn i) o
k>1 N0

This completes the proof of the convergence in H{ (0, 7;R?) of the series in (2.9) and finalizes the
proof.
Let us see (2.10) for a function f € HE(0, 7):

/O” f(@)Yp(z) dr = —/07r f'(x) /Ow Di(s) ds da.

From the expression of ¢, (see (2.5) and (2.6)), we get ¥y () = appr(x) — 1 Hp(z) with |ay| < C/k
and

Hi(o) = sin(io) | " cos(OME©)pr(€) ds — cos(he) [ sin(kee()pn(€) de

0
with hy = I(q) — q. Therefore, the function hy is uniformly bounded in (0, 7). Also, we have:

| sy ds =~ costhe) [ coshem(€on @)t + [ coRMhu(©)pue) de

and

— %sin(kx) /Ow sin(k&)hi (§)er(§) d€ + %/j sin? (k&) hy (&) (€) dE.

Therefore, for some positive constant C',

/0'»" Vi(s)ds

Combining the previous formulas we get (2.10). O

C

< ﬁ’ Vx € (0,77)7 k > 1.

Let us finish this section by giving an expression in w of the function 1y, the solution of (2.2).
This expression will be crucial in the proof of Theorem 1.3.

Proposition 2.6. Let ¢ € L>(0,7) be a function satisfying (1.14) with w = (a,b) C (0,7). Let
us also consider the function 1y constructed in Proposition 2.1. Then, for any k > 1:

Yr(r) = Tk (r) + gr(z), Vr€w,
with

and

m= 31 [ a©m© st e
_Iilq

gr(x) = T) /01 sin(k(x — &))pr(§) d€ — \/ghkT@ cos(kx), Vr€w,

where the quantities ay, I(q) and Iy (q) are respectively given in (2.5) and (1.15).



Proof. Fix k > 1. The function ¢y, is given by (2.5). Taking into account (1.14), if x € w, one
gets from formulae (2.5)

IkliQ) /Om sin(k(z — €))er(€) d€ + % /Oa sin(k(z — €))q(§)er(€) d€

= k() + gk (),

V() = arpr(z) —

where 71, and g are given above. OJ

We will finish this section by proving the formulae of the minimal time Ty(q) (given by (1.18))
stated in Remark 1.9. One has

Lemma 2.7. Let {ak}r>1, {bkte>1 and {ck}r>1 three real sequences satisfying

ar =br +cr and ag|+ |bk| + |ck| #0, Vk> 1. (2.11)
Then,
in{—1 —log |b in{—1 =V
lim sup min{ og|a;€2|, og |bk|} — limsup min{ og}a;;l, og |ck|}
k—o00 k k—o00 k
— Jimsup min{— log IkaI’ —logferl} Jim sup min{— log |, - 120g [bk[, — log e}
k— 00 k k—o0 k

Proof. As said before, under condition (2.11), we can introduce the quantities — log |ax|, — log |b]|

and — log|ci| where we will use the notation —log|z| = oo when & = 0. For simplicity, we are

going to prove the last identity. Using the symmetry of (2.11), the remainder formulae also hold.
Observe that the triplet (ay, by, c) € P, for any k > 1, where P is the plane in R? given by

Pi={(z,y,2) ER3:x =y + 2}
Of course, the semi-norm
(@, y, 2)ll9 := max{ly[, 2|}, V(z,y,2) €P

and ||(z,y, 2)|leo = max{|z|, |y|,|z|} are equivalent norms in P. As a consequence, there exist two
positive constants ¢; and ¢y such that

al(@ y,2)le < ll(@,y,2)llo < c2ll(@,y,2)[l9, V(z,y,2) € P.
Notice that,
min{—log [bx|, — log [cx|} = —log max{|bx|, |cx|} = —log || (ak, by, cx)|»
and
min{—log |ax|, — log |bk|, — log |ck|} = —log max{|ak|, bk |, x|} = —log || (a, bk, k)l oo-
Therefore,

log (ca|(an, by, ci)llw) _ _logll(ar, br, cr)lloo _ _log (crll(an, br, cr)2)
B k2 = k2 = k2 ’

that is to say,

log co IOgH(akybkack)HiP< 10g||(akabkvck>||oo< loger  log||(ak, b, cx)|»
k2 k2 = k2 = k2 k2

The proof follows from the previous inequality. This finishes the proof. O



3 Boundary controllability problem

In this section we will prove Theorem 1.1. To this end, let ¢ € L*°(0,7) and Ay given by (1.3).
We introduce the backward adjoint problem associated with systems (1.1) and (1.2):

=0 — Oy + q(2)A50 =0 in Qp,
0(0,)=0, O(m,-)=0 on (0,7), (3.1)
0(-,T) =09 in (0,7),
where 6y € L?(0,7;R?) is a given initial datum. Let us first see that this problem is well posed.
One has:
Proposition 3.1. Assume that 0y € L?(0,m;R?) is given. Then, system (3.1) admits a unique
solution 0 € L*(0,T; H} (0,7 R?)) N C°([0,T]; L?(0, 7; R?)) which writes
0(t) =D e =0 (0, @ k) (€5, — (T — 1) Iy () D34) + (0o, D2.4) 5 ) (32)
k>1

and in addition satisfies
1011 20,7112 (0.7:%2)) + [0l 000,73 12(0,mR2)) < Cll€0l L2 (0,m:R2),

for a positive constant C independent of 8. Furthermore, if 0y € H}(0,7;R?), then the solution
0 of the adjoint problem (3.1) satisfies

0 € L2(0,T; H2(0, 7 B2) 1 HA(0, 5 B2)) 1 CO((0, T); HE(0, 7 B2)),
and
10112 0,7; 120 H2 0,7:82)) + [10]lcoo,17:m2 (0,7:82)) < CllO0ll 2 (0,7:2)
for a new constant C > 0 independent of 6.
The next proposition provides a relation between systems (1.1) and (3.1):

Proposition 3.2. Let us consider Ay and B given by (1.3) and ¢ € L*°(0,7). Then, for any
Yo € H=1(0,m;R?), u € L?(0,T;R?) and 0y € H}(0,7;R?), one has

T
| @B 0,000t = (7). 80} -2y~ 0: 0012y
0
where y € L*(Qr; R*) N CY([0,T); H1(0,7;R?)) and 6 € L*(0,T; H*(0,7;R?) N HE(0,m;R?)) N
C°([0,T]; HL(0,7;R?)) are, resp., the solutions to (1.1) and (3.1) associated with (u,yo) and 6q.

For a proof of the previous results see for instance [38] or [22].
The controllability of system (1.1) can be characterized in terms of appropriate properties of
the solutions to the adjoint problem (3.1). More precisely, we have:

Proposition 3.3. Under the previous assumptions, one has:

1. System (1.1) is approzimately controllable at time T > 0 if and only if the following unique
continuation property holds:

“Let 6y € Hg(0,7; R?) be given and let 0 be the corresponding solution of the adjoint
problem (3.1). Then, if B*0,(0,t) =0 on (0,T), one has 8 =0 in (0,7).”

2. System (1.1) is null controllable at time T > 0 if and only if there exists a positive constant
C such that the observability inequality

T
10600y mzey <€ [ 10 0.0 at (33

holds for every 0y € H (0,7 R?). In (3.3), 0 is the adjoint state associated with 0.

Again, this result is well known. For a proof see, for instance, [39], [15], [38] or [22].



3.1 Boundary approximate controllability

This subsection is devoted to proving the approximate controllability of system (1.1), that is to
say, the first point of Theorem 1.1. To this end, we are going to apply item 1 of Proposition 3.3.
Recall that Ag € £(R?) and B € R? are given in (1.3) and ¢ € L°°(0, 7) is a given function.

Necessary condition: By contradiction, let us assume that condition (1.12) does not hold,
i.e., that there is kg > 1 for which Iy, (¢) = 0. Let us see that the unique continuation property for
the adjoint system (3.1) is no longer valid. Indeed, let us take 0y = a®7 , +0®5, "€ H(0,m;R?),
with a,b € R to be determined. In this case, ko € A3 (see (1.17)) and the functions @7 ~and
@3 ,, are eigenfunctions of the operator L* (see Proposition 2.1) associated with the eigenvalue
k2. Thus, it is not difficult to see that the corresponding solution to the adjoint problem (3.1) is
given by

APkq

0(-,t) = e RT=0) (4% 4 b®3, | = e R (T—D)
(1) [a® jy + 025 1] e, + bk,

Therefore,
2
B*0,(0,t) = e *o(T—1) <aw;0 (0) + bko\/j> , Vte(0,T).
m

Just taking a = koy/2/m and b = —iy, (0) we get B*0,(0,-) = 0 on (0,7) but § # 0. So,
system (1.1) is not approximately controllable at time 7" > 0. This proves the necessary part of
the first point of Theorem 1.1.

Sufficient condition: Let us now assume that condition (1.12) holds. The task now is to
prove that the unique continuation property for the solutions of the adjoint problem (3.1) holds.
To this end, let us take 6y € Hg (0, 7;R?) and assume that the corresponding solution @ of (3.1)
satisfies

B*0,.(0,t) =0 Vte (0,7).

From Corollary 2.5, we know that B* is a basis for H}(0,7;R?) (for the expression of B*,

see (2.7)). Therefore,

Oo(x) =) (an®] 4 (2) + b @3 1 (2))

k>1

where the previous series converges in Hg(0,7;R?). In this series the coefficients are given by
ar = (6o, ©1 1) and by, = (0, P2 i) for any k& > 1. In view of (3.2) in Proposition 3.1, we have:

Oz, t) =) e T [ay (@7, — (T — 1) I () @3 1) + bi®3 1] -
k>1

This series converges in CY([0, T]; H} (0, m;R?)) and this property allows us to write:

B 0,(0,4) = > e M0 {[ap B D], (0) + b B D3, (0)] — (T — )11 (q) ax B*®3 5, ,(0)}

k>1
_ —k2(T—t) / 2 —k2(T—t) 2
= Ze apy(0) + bpky/ — —Z(T—t)e I (q) agky/ =
k>1 L T

for any t € (0, 7). On the other hand, from the results proved in [22] and [6] about biorthogonal
families to exponentials, we infer that the family {e=** te=*"'},~, C L2(0,T) is minimal® in
L?(0,T). Recall that we have assumed B*0,.(0,-) = 0 on the interval (0, 7). Then, the expression
of B*0,(0,-) together with the property of the exponentials imply ap = by = 0 for any k£ > 1.
This proves the continuation property for the solutions to the adjoint problem (3.1) and, thanks
to Proposition 3.3, the approximate controllability of system (1.1) at any positive time 7.

1We say that a sequence {zk}1>1 in a Banach space X is minimal if for any [ > 1 one has z; ¢ span {z}, : k # [}.



3.2 Boundary null controllability

In this subsection we will study the null controllability properties of system (1.1), i.e., we will
prove the second item in Theorem 1.1. Let us first observe that condition (1.12) is a necessary
condition for having the null controllability property of system (1.1) at time 7" > 0. This, in
particular, implies that A = N* (the set A is given in (1.17)) and Tp(q), given by (1.13), is well
defined and Ty(q) € [0, <]

3.2.1 Positive boundary controllability result

Let us assume that T > Tp(q) € [0,00) (see (1.13)). Our objective is to prove that system (1.1)
is exactly controllable to zero at time T. To this end, for yo € H~1(0,7;R?), we will reformulate
the null controllability problem as a moment problem.

Using Propositions 3.1 and 3.2, we deduce that the control u € L?(0,T) drives the solution
of (1.1) to zero at time T if and only if u € L?(0,T) satisfies

T
/ u(t)B*0,(0,t) dt = —(yo,0(-,0)) -1, g1, V0o € Hy (0, m;R?),
0

where 0 € C°([0,T]; H}(0,7;R?)) is the solution to the adjoint problem (3.1) associated with 6.
Since B* is a basis of Hg (0, 7;R?) (see Corollary 2.5), the null controllability property at time T
for system (1.1) is equivalent to find u € L?(0, T such that

/OT w(t)BEOR(0,8) dt = —(yo, 05, 0)) sy, WE>1, Vi=1,2, (3.5)
where %% is the solution of system (3.1) associated with 6y = @7, (for the expression of the
function @7, see Proposition 2.1). Let us take

u(t)=v(T —1t), te(0,T).
Developing the equality (3.5), one has:
1. If we take 6y = @3 ; , the solution of the adjoint problem is 02k (- t) = e*ktz(T*t)CI);’k and (3.5)

becomes,

T

]_ —

/ €7k2t7f(t) dt = k\/§€k2T<yo, Q3 k)1, = €7k2TM1(k)(yo)> Vk > 1.
0

It is easy to see that
M9 (o) < Cllyol-r 0wz, VE= 1, (3.6)

for a positive constant C' independent of k£ and .
2. Let us now take 6o = ®7 ;. In this case the solution of the adjoint system (3.1) is
015 0) = IR — (T =) I () e 00y,

and, then, the equality (3.5) transforms into (u(t) = v(T —t), t € (0,T))
T 2 T 2
GO [ 0 d— R@p ) [ et o
0 0

— 2 * *
= =T (o, @5 ) 1y — T (@) (W0, @5 4) 11 1| -

Thus, the control v = v(T — -) must also satisfy

T 2 67k2T — k)
te” " tu(t)dt = M5 (yo), Vk>1,
/o ( ) Ik(CI) g ( O)




where

M@w@:%¢§WMWWWmHkm@nmﬂ%—ﬂu@m¢hmﬂﬁﬂ.
Using the properties of the function ¢y, stated in Proposition 2.2 (see (2.6)), one has
AP (o) < Cllwollaro.mmy, VR 2 1. (3.7)
for a new positive constant C' independent of k and yq.
Summarizing, we have proved that u € L?(0,T) is such that the solution y of system (1.1)

satisfies y(+,7) = 0 in (0, ) if and only if v = u(T — -) € L?(0,T) satisfies

T
/ e tu(t) dt = e F T MM (yo),
OT ) e~ kT (3.8)
te K ty(t) dt = M (yo), VE > 1,
/0 © Ii(q) i B
with Ml(k) (yo) and Mz(k) (yo) satistying (3.6) and (3.7).
From the results in [22] (see also [6]), we can conclude that the sequence

_ 1.2 _ .2
{el,k =k t,eg,k = te F t}
E>1

admits a biorthogonal family {q1x,q2x}x>1 in L?(0,7), i.e., a family {q1 x, g2k }r>1 in L*(0,T)
satisfying

T
| enstus®de=bud k=1 1<ns<o (39)
0
which moreover satisfies that for every € > 0 there exists a constant C; 7 > 0 such that

lgikllz20my < Core™, VE>1, i=1,2. (3.10)

Using the formulas in (3.8) and the property (3.9), we infer that an explicit formal solution of
the moment problem (3.5) is given by

W(T =ty =o(t) = 3 e ™7 (Mf’“)(yo)ql,k(t) R

Ik: (Q) MZ(k) (yO)QQ,k(t)> :
k>1

Let us see that this series defines an element of L?(0,7) when T > fo(q), i.e., the previous
series converges in L?(0,7T) if T > To(q). Indeed, from the definition of the minimal time Tp(q)
(see (1.13)) and for any fixed € > 0, we can infer that there exists a positive constant C. such that

L B (@o@ve) >,
1k (q)]

On the other hand, we can use the bounds (3.6), (3.7) and (3.10) and get a new positive constant
C. r for which

2 2
efk Teek

1
— <Cer——F~— lvollg-1(0.x:
5 |I/c(q)| || OHH 1(0,m;R2)

Ii(q)

2 — _~
e T (Ml(k) (yo)a1,k + Mg(k)(yO)QZ,k)

L2(0,7)

.2 T _
< Cer IO gy s ey
This last inequality proves the absolute convergence of the series which defines the control u since
€ may be chosen arbitrarily small. This proves the null controllability of system (1.1) at time T
when T > Ty(q).



3.2.2 Negative boundary controllability result

In order to finish the proof of Theorem 1.1, let us prove that if 0 < 7' < Ty(q), then system (1.1)
is not null controllable at time T'. Recall that condition (1.12) holds. We argue by contradiction.

Assume that system (1.1) is null controllable at time T < Tg(q). By means of Proposition 3.3,
this last fact is equivalent to the existence of a positive constant C' such that the observability
inequality (3.3) holds for every solution 6 of the adjoint problem (3.1). Let us work with the
particular solutions associated with initial data 6y = akCDT’k + bk@;k, with ag,br € R, to be
determined, and @7, and @3, given in Proposition 2.1. With this choice, the solution 0 of (3.1)
is given by

0% (-, t) = ape ™ T (®] , — (T — )11 (@) B3 4,) + bwe ™ T=0D5 . Wk > 1.
Thus, the observability inequality (3.3) becomes
Ay <CAgy, VE2>1,

with

)

A= T2 4 (lan 2 h 3 a0m + 42 (k= The(@ar)?| } = e 2 TR jar?, i > 1,

and

T
Ao ;:/ 25 gt (0) + (b — tTa(q)an) o, ()2 dt, Wk > 1.
0

Taking ar = 1 and by = —1,(0)/¢,(0) = —%+/5},(0), the inequality observability transforms
into

2 T
TR < Avp < Chay = OZ (@) 42 / Pehdl, k21,
0

that is to say, for a new constant C' > 0 not depending on k, one has,
1< 0 T |L(g)f, Vk>1. (3.11)

From the definition of fg(q), we obtain the existence of an increasing unbounded subsequence
{kn}n>1 such that

Tolg) = tim 10811k (D)l

2
n—o00 kn

€ (0, 00].

Assume that 0 < Ty(¢) < oo (the case Tp(q) = oo is much simpler and the details are left to the
reader). In this case, for every € > 0, there exits a positive integer n. such that

—log |11, (¢)|

K2 , Vn>n..

To(g) —e <
This last inequality together with (3.11) provide the new inequality

1< Cef%i(f"(q)fT*E), Vn > n..

The previous inequality gives a contradiction if we take 0 < € < (fo(q) — T) /2. This ends the

proof.



4 Distributed approximate controllability

In this section we will address the problem of the approximate controllability at time 7" > 0 of
system (1.2), i.e, we will prove Theorem 1.2. As said above, Theorem 1.2 is a direct consequence
of the results on approximate controllability stated in [14]. For the sake of completeness we will
provide a direct proof of the result.

As in Section 3, we will first establish the relation between system (1.2) and (3.1). On the other
hand, we will also give a general characterization of the controllability properties of system (1.2).
One has:

Proposition 4.1. Let us consider Ay and B given by (1.3) and q € L*>°(0,7), a given function.
Then, for any yo € L*(0,m;R?), v € L?(Q71) and 6y € L?(0,7;R?), one has

J[| vl 0050, dode = (5, 7). 00) ~ (30,60, 0).

wherey, 0 € L2(0,T; H} (0,7 R?))NCY([0, T); L*(0, m; R?)) are, resp., the solutions of systems (1.2)
and (3.1) associated to (yo,v) and 0.

For a proof of the previous result see for instance [15], [38] or [22].

Proposition 4.2. Under assumptions of Proposition 4.1, one has:

1. System (1.2) is approximately controllable at time T > 0 if and only if the following unique
continuation property holds:

“Let 6y € L*(0,7; R?) be given and let 6 be the corresponding solution of the adjoint prob-
lem (3.1). Then, if B*0 =0 in w x (0,T), one has 6o =0 in (0,7).”

2. System (1.2) is null controllable at time T > 0 if and only if there exists a positive constant
C such that the observability inequality

100, 0)[250.mims) < C // \B0(a, 1) ? du dt (4.1)
wx (0,T)

holds for every 0y € L?(0,m;R?). In (4.1), 0 is the adjoint state associated to 0y, i.e., the
solution of (3.1) associated to 6.

Again, this result is very well known. For a proof see, for instance, [39], [15] or [38].
We can already prove Theorem 1.2. The arguments will be similar to those used in Section 3.
We recall that ¢ € L>(0, ) is a function satistying (1.14), where w = (a, ).

Necessary condition: Again, we argue by contradiction. Let us suppose that condition (1.16)
does not hold, i.e., that there exists ko > 1 such that Iy, (¢) = I1 k,(¢) = 0. We will see that the
distributed unique continuation property for the adjoint system (3.1) fails to be true.

First, from Proposition 2.6, the function vy, is given by:

Zbko ({E) = TkoPko (l’), Vr € w, (42)

(since Iy, (q) = I1,5,(q) = 0) where 7y, is given in Proposition 2.6.

On the other hand, let us take 0y = a®y, + 005, € L?(0,m;R?), with a,b € R to be
determined. Again, the functions @7, and @3, = are eigenfunctions of the operator L* (see
Proposition 2.1). Thus, the solution of the adjoint problem (3.1) is given by (3.4), so that:

B 9(x,t) = e M T (aghyy () + bor () = e 0T (amyyy + b) i (), V(a,t) € w x (0, T),

thanks to (4.2). Just taking a =1 and b = —7, we obtain B*0 =0 in w x (0,7) and 6 # 0. This
contradicts the distributed unique continuation property for system (3.1). So, system (1.2) is not
approximately controllable at time 7" > 0. This proves the necessary part of Theorem 1.2.



Sufficient condition: Let us assume that condition (1.16) holds. The objective is to show
that system (1.2) is approximately controllable at time T', when ¢ € L®(0,7) satisfies (1.14).
This amounts to prove the distributed unique continuation property for system (3.1) stated in
Proposition 4.2.

Let us fix 6y € L?(0,7;R?) and assume that the corresponding solution 6 of (3.1) satisfies

B9=0 in wx(0,7).

Since B* is a basis for L?(0, m;R?) (for the expression of B*, see (2.7)), we can write

0y = Z (akq)ik + bkq);k) )
k>1

where the coefficients are given by ap = (6, ®1.%) and by = (0p, Pa,) for any £ > 1. As it has
been already observed, we have:

0(,t)=> e TN Loy [0 ), — (T — )11, (q) D5 ] + @5, ) in Q.
k>1

In fact, following the ideas in Lemma 2.3, it is not difficult to prove the convergence of this
series in C°([0,T]; L?(0,7;R?)). Thus,

2 2
B0, t)w = > e ¥ T [ax B O] | + bpB @5 ] — > (T — t)e ¥ T Vay Iy (q) B*® 4.,

k>1 k>1
2 2
= Z e T [arelw + brprl] — Z(T —)e " T Dag I (q) el
k>1 k>1

for any t € (0,T). Using again that the family {¢=*"*, te=*"*},51 C L2(0,T) is minimal in L2(0,T)
and the assumption B*0 =0 in w x (0,7T) we get

ap¥rlw + bpprlo =0 and  arlp(q)erlo =0 VE>1

It is clear that from the previous identities that ar = by, = 0 for all & € A. On the other hand,
taking into account the expression of the vy in w (see Proposition 2.6), the last equality becomes

I
(a7 + bg)pr(z) — \/g%@ak cos(kz) =0 Vo ecw, VkeAs.
Using the independence of ¢ and the function cos(k-) in w, we conclude that a; = by, = 0 for every
k € As. This proves that 8y = 0. Therefore, we have proved the distributed continuation property
for the solutions to the adjoint problem (3.1) and the approximate controllability of system (1.2)
at any positive time T

5 Proof of Theorem 1.3: The positive null controllability
result

This section will be devoted to proving the null controllability of system (1.2) at time 7" > 0, when
this time satisfies T' > Tp(q) (To(q), given by (1.18), is assumed to be finite in this section). In
order to make the proof clearer, we will divide it into several steps.

5.1 The moment problem

We start the proof of the first point of Theorem 1.3 by reformulating the null controllability
property for system (1.2) as a moment problem. To this end, let us consider T > Tp (q) (To (q)



is given by (1.18)). The aim is to prove that for any yy € L?(0,7;R?) there exists a control
v € L?(Qr) such that the corresponding solution y of system (1.2) satisfies y(-,7) = 0 in (0, 7).

Let us fix an initial datum yo € L?(0,7;R?). Thanks to Proposition 3.1 and 4.1, it is easy to
see that the solution y € C°([0, T]; L?(0, 7;R?)) of system (1.2) associated with yo and a control
v € L?(Qr) satisfies y(-,T) = 0 in (0, ) if and only if the control v € L?(Q7) satisfies

17 v(x,t)1,B*0(x,t) de dt = — (yo,0(-,0)), Vb € L*(0,m;R?),

where 6 is the solution of the adjoint problem (3.1) corresponding to y. Using that B* is a basis
of L?(0,7;R?) (see Lemma 2.3) this last property is equivalent to v € L?(Qr) and satisfies

// v(x,t)1,B%0; k(z,t) de dt = — (yo, 0 1(-,0)), Vk>1, Vi=1,2, (5.1)

where 6; , denotes the solution of system (3.1) associated with 6y = @fk By means of the
previous problem we have reformulated the null controllability property for system (1.2) as a
moment problem.

In order to solve the moment problem (5.1), the first main idea is to search controls under the
particular form

v(x,t) = fi(x)v (T —t) + fo(x)ve (T — 1), (x,t) € Qr, (5.2)

where vy, v € L?(0,T) are new controls, only depending on ¢, and f;, fo € L?(0, ) are appropriate
functions satisfying the condition Supp f1, Supp fo € w = (a,b). This choice will be made clearer
a little further in the text.

For k > 1 and 0 = @3 ;, the solution to (3.1) is given by 0o i (-, t) = e*’“2(T’t)<I>§7k. Thus, after
a change of variables, the moment problem (5.1) with controls v given by (5.2) reads as follows:

T T
fl,k /0 Ul(t)eik% dt + fg’k /0 Ug(t)67k2t dt = —eikQT <y0, q);,k> 5

where fi 1, for are, respectively, the Fourier coefficients with respect to ¢, corresponding to fi,
f2: i
SN / filx)op(z)dx, ©=1,2, Vk>1. (5.3)
0
For 6y = @7 ;, the corresponding solution of (3.1) is given by
2
0(,1) = e T (], — (T = )11 (q) D3 -

From the expression of functions 7, (see the statement of Proposition 2.1), for K > 1 and i = 1,
the equality (5.1) with controls v given by (5.2) changes into

T T
ka/ Ul(t)e_kztdt+f27k/ vg(t)e_th dt
0 0
T

— I(q) f1.k /OT v1(t) te=F°t dt — Ik(q)fz,k/o va(t) te= k"t dt
=~ ({0 ¥ 1) ~ TIx(a) (0. B3.4)) -
where, for k> 1, ﬁ,k, f;k are given by
Fooi= [ Hanta) e, i=1.2 (54)
Let us point out that, thanks to the properties of the function ;. (see (2.6)), one has

%,i:Lz if k> 1, (5.5)

fi,k‘ <



for some positive constant C.

Summarizing, we have transformed the null-controllability problem at time 7' > 0 for sys-
tem (1.2) into the following moment problem: Find v € L?(Qr) under the form (5.2) such that
v1,v9 € L%(0,T) satisfy

T T f
fl,k/o V1 (t)efk(zt dt + fo i /o vg(t)eszt dt = —eF'T <y0, @§7k>

T T
ik / V1 (t)e*krzt dt + fo / ’Uz(t)e*k% dt
0 0 k>1, (5.6)
T

T
_Ik(q)flk/o vi(1) te_kztdt—fk(Q)fzk/O va(t) te H 1 dt

=~ T ({yo, 7 1,) — TIi(q) (0. B3 ) .

with the notations in (5.3) and (5.4).

Our objective is to solve the previous moment problem under the assumption (1.16) and when
T > Ty(q) (see (1.18)). To this end, we will construct appropriate functions fi, fo € L?(0,7)
satisfying Supp f1,Supp fo € w = (a,b). Let us remark that, if we fix & > 1, (5.6) is a linear
system of two equations and four unknown quantities:

T N T ) T . T .
/ vi(t)e™ " dt, / va(t)e™" " dt, / oi(t)te "1 dt and / v (t) te ™t dt.
0 0 0 o

The moment problem (5.6) can be written as

AV + Avki}k =F, Vk>1, (57)
whith for k > 1 :
) /4 0 0

Ay = J:M JiQ’k , A = (5.8)

fikg for —I( @) fie —Ie(q) for

T , T ,

/ vi(t)e *tdt N / vy (t)te Ftat

Vii=| 7° . V= 9 : (5.9)

g K2 g K2k?
/ vo(t)e T dt / vo(t)te Kt dt
0 0

and
2T
—e <yo, (I);,k>

—e KT (<y0, (I)Tk> —T1Ik(q) <y0’ (I);x"?>)

Remind that f;  is the Fourier coefficient of f; with respect to ¢, and ﬁk is given by (5.4).

F, = (5.10)

5.2 Construction of the functions f; and f;

In this subsection we will construct appropriate functions fi, fo € L%(0,T) satisfying

Supp f1, Supp f2 € w,
which will allow us to solve the moment problem (5.7) . One has:

Lemma 5.1. There exist functions f1, fo € L*(0,7) satisfying Supp f1, Supp fo C w and such that

min {|f1 x|, | f2,x

|Bi| := |fiefo e — forfie| >

b2 vkl

>
o (5.11)
ﬁv



In (5.11) C s a positive constant only depending on f1 and fa, fir (i = 1,2) is the Fourier
coefficient of the function f; with respect to yy, and f; j is given by

ﬁk = / fi(x)cos(kx)dx, k>1, i=1,2. (5.12)
0

Proof. Let us consider the functions f1 := 1(4, 5,) and fao := 1(4,,) With a1,b1,a2,b € w and

a; <b;,i=1,2. Then,
a; +b;\ . bi —a;
fik / fi(x)pp(z) de = k;\/jSl <kT> sin <kT>’
N i +0i\ . bi — a;
fik :/ fi(x) cos(kx) dx = fcos <kza + > sin <kz - > )
7 0 k 2 2

Direct computations show that
) an (25 i (s 0|

4 12|, by
|Bi| = ﬁ\/;‘sm (k

Let us now take by = a1 + 24, ag = a1 + ¢ and by = ay + 3¢, with a; € (a,(3a + b)/4) and
¢ € (0,(b—a)/4) such that ay/7 is a rational number and ¢/7 is an irrational algebraic number
of order 2. In this case, we have that (a; +¢) /7 and (a; + 2¢) /7 are also irrational algebraic
numbers of order 2. Thus, a1,b1,a2,b € w and a; < b;, ¢ = 1,2. On the other hand, let us
admit the following property which will be proved below: if /7 € (0, 00) is an irrational algebraic
number of order 2, then

S11 é > :)1:;
fOI a [)()Sltlve C()IlSlaIl( C ()Illy de[)elldlllg on é‘.

Coming back to the expressions of f1x, for and |By| and taking into account the previous
property, one obtains

il = 22 i o G +-0)] s () >
| \/7|sm(k:(al+2€))|sm(k€)
|By| = \/7|sm k0)| >/~753’ VE > 1,

with C, Co and C3 positive constants only depending on a; and ¢. This proves (5.11).
Let us finalize the proof showing inequality (5.13). This inequality is a consequence of Liou-
ville’s theorem on diophantine approximation:

P;\Q u|Q

Lemma 5.2 ([31]). Let v be an irrational algebraic number of degree n > 2, i.e., v is an irrational
number which is the root of a polynomial of degree n with integer coefficients. Then, there exists
a positive number C, depending on v, such that

n

C
u——’>—, Vp,q e N*, ¢>0.

Let us consider £ > 0 such that £/7 is an irrational algebraic number of degree 2 and let us
see inequality (5.13). First, for any k > 1 there exists hj, € N* such that

K el <
T

vk > 1.

| =

Indeed, we can take hy, = |k&/m| if k&/m — |k&/m] <1/2 or hy, = |k&/m| + 1 otherwise (|-] is the
floor function, i.e., for x € R, |z| gives the largest integer less than or equal to ).



If we now apply Lemma 5.2 with v = ¢/7, n =2, ¢ = k and p = hy, we get

Cr

Tg‘kf—hkﬂf , VE>1,

ol

and
k|sin (k€)| = k |sin (k€ — hgm)| = ksin |k§ — hpm| > ksin (%) >2C, Vk>1

In the last inequality we have used

, Yz e (0,7/2].

sin 2
T

This proves inequality (5.13). O
As a consequence of the previous result, we also have:

Corollary 5.3. Let us consider the functions fi and fo provided by Lemma 5.1 and the associated
matriz Ay given in (5.8). Then, there exists positive constants Cy and Cy (only depending on fi
and fa) such that
k(@] _ - Uk(a)]
—Cy
kS k

|det Ag| > C4 . VE> 1 (5.14)

Proof. Let k > 1. We have (see (5.8))
det 4;, = (f1kf2,k = f2,kfl,k) ;

where f1; and fs, are the Fourier coefficients of f; and fo and where ﬁ,k and ﬁ,k are given
by (5.4). Using Proposition 2.6 and taking into account that Supp f; C w, one gets

fik = Tk fik +/ fi(z) gr(z) dz.
0
So - -
det Ay = (fm/ f2(x) gi(x) dx — f2,k/ f1(@) gr () dx) :
0 0
Using again Proposition 2.6, g, can be written as

gr(z) = = P /: sin(k(z — €))pr(§) d¢ — gllkT@) cos(kx), Vrew, Vk>1

We deduce then that

w I ~ ~ T
det Ay, = —\/; 1’2((1) (fl,ka,k - fZ,Icfl,k) - % (f1.Gok — forGrr), k>1,

where ﬁk is given in (5.12) and

Gip = / / fil) sin(k(z — €))gr(€) dé de,

for i = 1,2 and k£ > 1. Finally, from (5.11) and using that the sequence {G; x}r>1 (1 = 1,2) is
bounded, we deduce (5.14) for k > 1. This ends the proof. O



5.3 Solving the moment problem

We will devote this subsection to solving the moment problem (5.7) when T > Ty(q) (To(q), given
by (1.18), is assumed to be finite in this section). To this end, we will work with the functions f;
and fy provided by Lemma 5.1 and Corollary 5.3

Theorem 5.4. Let yo € L?*(0,m;R?) be given and let us consider the moment problem (5.7).
Then, we can find a solution of this problem under the form

T
2 2
/0 vi(t)e_k tdt=eF TMl(i)(yO),

. 2 . (5.15)
/ vit) teFt dt = e P T M (y),
0

where the quantities Mi(f;) (yo) € R, with k > 1 and 1 < 1,5 <2, satisfy the following property: for
any € > 0 there exists a positive constant C. (only depending on €) such that

‘M( ) " ‘ <C. ekz(To(q)+25)||y0||L2(0wR2) Vk>1, 1<i,j<2. (5.16)

In the sequel, let us fix € > 0. From the definition of the minimal time Ty(q), we can infer the
existence of a positive integer k. for which

min {—log |11,k(q)[, — log |Tx(q)|}
2

<Tolqg)+e, Vk> k.. (5.17)

In order to find a solution of the moment problem (5.7) under the form (5.15), we are going
to distinguish if k& belongs to the set Ay, the set A or the set Az (see (1.17)).
5.3.1 The case k € A\,

Let us start solving the moment problem (5.7) when k € Ay (for the definition of Ay, see (1.17)).

1. Let us first consider k¥ € Ay with k < k.. Thanks to Lemma 5.1 (see (5.11)) we can deduce
that fi rfor # 0 for any k > 1. In this case, we solve the moment problem (5.7) as follows. Take

T T
/ va(t)e 7t dt = / va(t)te ¥ ldt =0, VkeA, k<k.
0 0

With this choice, system (5.7) is equivalent to
T ) )
ka/ ’Ul(t)eik t dt = Fls )7
0

- T ) T ) (518)
ka/ (et dt —Jk(q)fl,k/ on(t) te Kt dt = P,
0 0

with k € Ay, k < k. and where F,Ei), 1 = 1,2, are the components of Fy (see (5.10)). Observe that
in the set Ay one has I} (q) # 0. Therefore, the previous problem can be solved as in the boundary
case (see Section 3.2) obtaining a solution under the form (5.15), for any k € Ay with k < k.. In

. k
particular, M1( 2)(y0) Mz(,z) (yo) = 0.

Using the properties of f; , (see (5.5)) and taking into account that k¥ € Ay and k < k., we
deduce the existence of a positive constant C. such that

‘MW ‘<C||y0||Lz(o7r]R2), Vke A, k<ke, 1<ij<2 (5.19)

As a consequence, we get inequality (5.16) for any k € Ay, with k < k..



2. Let us now deal with the case k € A; and k > k.. As before, our objective is to solve the
moment problem (5.7). To this end, for k > k., let us split the set A; into two subsets

1

k2

A{76::{kEA1:k>k5and— 5

1oguk«n|S'nﬂq>+-§a},

1 3
A= {k €N i k>k.and — ﬁlog|lk(q)| > To(q) + 55} .

If k € A7 ., then we reason as in the previous case. We take

T T
/ va(t)e 't dt :/ vt te ¥t dt =0, Vke A},
0 0
and the moment problem (5.7) is equivalent to (5.18), with k € A] . Again, we can compute the
solution of this system, which is given by (5.15) (k € Aj _), where Ml(kQ) (yo) = Mé@(yo) =0 and
-1

ljl(,kl) (yO) = fl f <y03 (I);,k> ’
-1 J71 k
M (yo) = ——— D) T, NS LT S
2,1 (yo) f1,kfk(q) <<y0 1,k> k (Q) <y0 2,k> f1,k <yo 2,k>

From the properties satisfied by ke, fik, ]71,k and the definition of Aj_ (see (5.17), (5.11)
and (5.5)), we get

k 1_1.2
|72 w0)| < CH oz 0.mime) < Cuet
Lek?

M(kl) Yo ‘ < Cs <
Mol <Oy
for a positive constant C. independent of k and yo. We have then proved the bounds (5.16) in the
case k € Aj

Let us now consider k € Ay .. From the definition of the set A; . and the inequality (5.17), it
is easy to see that the minimun in (5.17) is reached in —log |I1 x(¢)| and therefore

2
||y0||L2(O,7r;R2) < Ceek (To(q)+28)HyO||L2(O,7T;R2)7 Vk € Aigu

—log |17 k. 3 —log |]
7g‘k217k(q)‘ < To(q) +e< TQ(Q) + 56 < 7gk|2k(q)‘, Vk € Al,Ey
whence L,
II(q)] < e 2% I 1(q)|, Vk €A,
This last inequality together with inequality (5.14), allow us to write:
|det A| > Cee 2% |1 4(q)|, Yk € Ay, (5.20)

(possibly for an integer k. larger than before). The matrix Ay is given by (5.8) and C. is a new
positive constant depending on ¢ > 0.
We can now solve the moment problem (5.7) when k € A; .. To this end, we will take

T T
/ vi(t)te Ftdt = / va(t)te ¥ dt =0, ke A,
0 0

Thus, the moment problem (5.7) is equivalent to A,Vj = Fj, whith Ay, Vi and F}, respectively
given by (5.8), (5.9) and (5.10). The solution of the system is explicitely given by Vi = A, 'Fy,
ie.,

T
/ s®)e ™t dt = e TME (yo), ke Ay
0
Taking into account inequality (5.20), the expression of F} (see (5.10)) and the properties of ﬁ-,k,

it is not difficult to prove that Mi(”;) (yo) satisfies (5.16) for any 4,5 : 1 <4,j <2 and k € Ay .
This finalizes the proof of Theorem 5.4 in the case k € A;.



5.3.2 The case k € Ay

Let us continue with the proof of Theorem 5.4 in the case kK € As. Observe that in this case
I 1(q) = 0 and Ix(q) # 0 (see (1.17)) and therefore, inequality (5.17) changes into

—log |11(q)|
k2

When k € Ay and k < k. we can repeat the arguments developed for & € Ay and k < k.
and obtain that we can solve the moment problem (5.7) with a solution under the form (5.15)

where MZ-(YI;) (yo) satisfies (5.19) for every 4,5 : 1 < 4,5 <2 (k € Ay and k < k). In particular, we
deduce (5.15) and (5.16) for k € Ay and k < k..
Let us now consider an integer k € Ay such that & > k.. In this case we can reason as in the

case k € A7 _. Indeed, we set

< To(Q) +e, Vk>k.,, keAs. (5.21)

T T
/ va(t)e Kt dt = / vt te ¥t dt =0, Vke A},
0 0

and (5.7) becomes (5.15) (k € Az), where Ml(@(yo) = Mz(kz) (yo) = 0 and

k -1 .
Ml(,l) (yo) = N (y0, ®5.1.) »

M2(k1) (yo0) = m <<y07q)ik> — T (q) <y07q);,k> + Q: <y03 (I);k>> .

Combining the previous expressions, the inequality (5.21) and the properties of fi ;, (see (5.11))

and J?l,k (see (5.5)), we infer that the coefficients Mi(’];)(yo) satisfy the bounds (5.16) for any k € As,
with k& > k., and 1 <1,j < 2. This completes the proof of Theorem 5.4 in the case k € As.

5.3.3 The case k € A3

In order to finish the proof of Theorem 5.4, let us deal with the case k € Az, with Az given
in (1.17). In this case I;(¢) = 0 and the inequality (5.17) reads as follows

—log |11, (q)|
k2
When k € Az the moment problem (5.7) is simpler. It can be written as AyV; = Fi (A,
Vi and Fj are given in (5.8), (5.9) and (5.10)). Using inequality (5.14) we deduce det Ay # 0
for any k € A3 and the solution of (5.7) is given by Vi, = A; ' Fj,. Combining inequalities (5.5),
again (5.14) and (5.22), we get the formulas (5.15) (MQ(’? (yo) = 0,7 = 1,2, in this case) and (5.16)
for k € As.

<To(q)+e, Vk>k., keAs. (5.22)

5.4 Conclusion

In this subsection we will finish the proof of the null controllability result for system (1.2). To
this end, we will show that if 7" > Ty(q), To(q) given by (1.18), there exist controls vi,vy €
L?(0,T) such that the control v € L?(Q), given by (5.2) (f1 and fo are the functions provided by
Lemma 5.1), satisfies the moment problem (5.1) or, equivalently, (5.7). Thanks to Theorem 5.4,
this amounts to the existence of controls vy,vy € L?(0,T) which satisfies (5.15) for coefficients

J\Ji(f;)(gﬂ))7 1<4,5 <2, k>1, that fulfils the bounds (5.16).
Let us find controls vy, ve in L2(0,T) satisfying (5.15). To this effect, we are going to reason as
in Subsection 3.2.1. Indeed, using the property (3.9), we can obtain an explicit formula for these

controls: ) . i
vilt) = > e T (M (go)ark(t) + M o)z (1)), i =1,2.
k>1



Then, the control v given by (5.2) is a solution of the moment problem (5.1) as soon as the previous
two series converge in L?(0,T). But taking into account the bounds (5.16) and the property of the
biorthogonal sequence {¢1 k, g2, }x>1, we can conclude that the series are absolutely convergent in
L2(0,T) if T > To(q). Indeed, we can write

2 2 2
< Ce,Te k Tek (To(q)+25)esk HyO|

—k2T 4 r(k) ’
M," t
He £ (yo)quﬁ( ) L20.1) —

|L2(0,7T;1R2)

= ngT €_k2(T_TO(q)_3E) ||y0 ||L2(O,7r;R2)a

for any k> 1 and £,7:1 < /¢,7 < 2. Observe that if we take

= (0, T=Tola) _go@)

we can conclude the absolute convergence in L?(0, T)) of the series defining v, and v,. This finalizes
the proof of the positive null controllability result stated in Theorem 1.3.

Remark 5.1. An inspection of the previous proof shows that the null controllability result for
system (1.2) at time T holds if the function g € L*°(0, ) satisfies

I(q) = / " @) lon(@)P dr £ 0, VE > 1,

and T > Ty(q) (sce (1.13)). In particular, this result occurs if the open interval w = (a, b) satisfies
Supp g Nw # 0.

This result is not optimal because if ¢ € C°(0,7) N L>(0,7) and Supp ¢ Nw # (), then there exist
an open interval wyp C w and o > 0 such that one has condition (1.6). From [37, 13, 3, 26], we
know that the null controllability result for system (1.2) is valid for any positiver time 7T

6 Proof of Theorem 1.3: The negative null controllability
result

In order to prove the negative null controllability result stated in Theorem 1.3, let us assume
that T € (0,To(q)), where Ty(q) is given in (1.18). In particular, we assume that Ty(q) > 0,
otherwise there is nothing to prove. We are going to follow the same argument developed for
the boundary controllability problem for system (1.1) (see Subsection 3.2.2). Indeed, we will
prove that system (1.2) is not null-controllable at time 7" by contradiction. As in the boundary
case, system (1.2) is null-controllable at time T if and only if there exists a constant C' > 0 such
that any solution 6 of the adjoint problem (3.1) satisfies the observability inequality (4.1) (see
Proposition 4.2).

Let us fix an arbitrary k > 1. For 6y = ax®] ;, 4+ 0x @3 5., with (ax,br) € R* and @7, given in
Proposition 2.1, the previous inequality reads as

Ay < CAyp, (6.1)
with ,
Ay = e 2T Lo 2 4 [lagl?| [0rll3 a0 + (b — Tarli(a)’] }
and
4 —2k3t 2
Aoy i= / / €2t appy () + (br — tari(q))ox (@) do.
0 Jw

Using the expression of ¢ (x) given in Proposition 2.6 and

) /Owsin(k(zf))@k(f)df\/Z;Im(Q)COS(W)a Vi € w,

gk(z) =



then by choosing a; = 1 and by, = —7, we get:

T 2
A27k _ / / e—2k t
0 Jw

with gi defined by

2

_\/ghkT@ cos(kx) + Ii(q) (gr(x) — tor(x))| dudt

aie) =~ [ sin(hlo - ) eu©)ds, k21

From the expression of A;; we directly obtain the inequality A;; > e 2k°T

inequality (6.1) can be rewritten as

Therefore,

1< O T Ay < CT (I i(@)]? + Tu(a)) = Ce2T (210801 @1 . c21oelriol)

(6.2)
< Cle— 2k [3z min(=log|I1 x(a)],~ log| Ik () ) =T
From the definition of Ty(g) (see (1.18)) there exists a subsequence of indices {ky}n>1 C N*
satisfying:
in (—log |1 —1
To(g) = lim SR 1081, (@], —log T, (@)

n—o0 k%

If Th(gq) < oo, as a consequence, we deduce that for any € > 0 there is n. > 1 such that

min (—log |/, (¢)], —log |Ix, (9)])
k2

>To(q) —e, ¥Yn>n..

Coming back to inequality (6.2), we obtain
1< Ce*%i[To(Q)*E*T], Vn > ne,

which gives a contradiction if we take € € (0,7y(q) —T'). In the case in which Ty(q) = oo, the rea-
soning is easier and we also get a contradiction. This proves that the observability inequality (4.1)
does not hold and finishes the proof of the negative null controllability result of Theorem 1.3.

Remark 6.1. For proving the second item in Theorem 1.3, the assumption (1.14) on the support
of ¢ has been strongly used. To be more precise, observe that (see Proposition 2.2)

() = (@) ok (x) + gr(z), VYo e (0,7).

But thanks to assumption (1.14), 7 is a constant function on w. This is the key point in the
contradiction argument.

7 Complementary results. Some examples

We will devote this section to giving some complementary results on the minimal times To(q) and
To(q) (see (1.13) and (1.18)) associated to the null controllability of systems (1.1) and (1.2). In
the distributed case (1.2), we will also provide some examples which clarify the dependence of this
minimal time Ty(q) on the coefficient ¢ € L*(0,7) and on the position of the control interval w
with respect to Supp ¢ when condition (1.14) holds.

Before giving these complementary results and examples, let us state a technical result which
will be used later:

Lemma 7.1. Let us fized 79 € [0,00], ®g € [0,00) and ¢ > 0. Then, there exist an irrational
number v > 0 such that |v — x| < & and

Jim sup — log |sin (kv)|

h /{12 = T0- (71)
—00



This result has been essentially proved in [18] and [10]. For the sake of completeness we will
include its proof in Appendix A.
The first result reads as follows:

Theorem 7.2. For any 19 € [0,00], there exists ¢ € L>(0,7) satisfying (1.12) such that the
minimal time To(q) associated to the system (1.1) (see (1.13)) is given by To(q) = 19. Moreover,
the function q can be chosen such that ¢ > 0 in an open interval [0,¢) (¢ > 0) and

Supp g = [0, 7].

Proof. The proof is a direct consequence of Lemma 7.1. Indeed, let us fix 79 € [0, 00]. Applying
Lemma 7.1 with o = 1 and ¢ = 1/2, we deduce the existence of an irrational number v € [1/2, 3/2]
satisfying (7.1). Let us take a = v/2 € [1/4,3/4] and consider the function ¢ € L*°(0, ) given by

1 if x € [0, an),
alw) = —% if z € [am, 7).

Clearly, ¢ > 0 in [0, am) and Supp ¢ = [0, 7]. On the other hand,

Ii(q) = / " 4@ on(@)P da = Wl‘—l sin (2kar)

—a)
Therefore I (q) # 0, for any k£ > 1, and

- —log |1, —log |sin (2k —log |sin (k
TO (q) = lim sup M = lim sup o8 |Sln2( CWT)| = lim sup M =T9.
This ends the proof. O

Remark 7.1. It is interesting to observe that there is not a clear relation between the minimal
time of null controllability of system (1.1) (see (1.13)) and the length of the set

{z €[0,x] : q(z) > 0}.

(resp., the set
{z €[0,7] : q¢(x) < 0}).
With the previous ideas, we can prove:
“For any 19 € [0,00] and € € (0,7), there exists ¢ € L>(0,7) satisfying ¢ > 0 in [0,7 — €]
(resp., ¢ < 0 in [0,7 — ¢€]), Supp g = [0, 7] and To(q) =1.”7
As said before, if ¢ Z 0 and ¢ > 0 in [0, 7] (resp., ¢ < 0 in [0,7]), then To(q) =0, ie.,
system (1.1) is null controllable at time 7', for any 7" > 0.

The next result is related to the minimal time of distributed null controllability To(g) of
system (1.2) (see (1.18)). One has:

Theorem 7.3. Let us fit w = (a,b) C (0,7). Then, for any 19 € [0,00], there exists a function
g € L*>(0,m) satisfying (1.14) and (1.16) such that the minimal time of null controllability, To(q),
associated to the system (1.2) (see (1.18)) is given by

TO (q) = 170-
Proof. The proof is very similar to the one done in Theorem 7.2. Indeed, let us assume that a > 0.
The proof is similar if b < 7. We are going to work with the function ¢(x) given by:
1 ifzeamnm, (a4 a)m),
q(z) =< -1 ifze[(a1+a)m, (a1 + 2a)7],

0  elsewhere,



with a1, € (0,1) to be determined. Suppose that (a3 + 2a) 7 < a. Then, it is not difficult to
show (see (1.11) and (1.15)) that

I k(q) = Ix(q) = /Oa q(z)|pr () |* dz = —% sin® (kam) sin (2km (a1 + «@)) .

Given 79 € [0, 00], from Lemma 7.1, let us take o € (0,a/(37)), an irrational number satisfy-
ing (7.1) for 79/2, i.e.,

) —log |sin (kam)| 7o
lim s )l _ To 2
e "2

On the other hand, let us also take ¢, an irrational algebraic number of degree 2, such that
¢ € (2a/(3m),4a/(3w)). With these two quantities, let us set

14
alzifoz.

Whit this choice, it is easy to check
0<am<(a1+2a)7m<a

and therefore, Supp ¢ C (0,a) and (1.14) holds. The previous choice also gives

2 .
I k(q) = Ix(q) = T sin? (kar) sin (krd) |

and (1.16) holds (a, £ are irrational numbers). Using inequality (5.13) (£ = n{), we deduce

2 2 c
— — | = 1 < — < — — ) — 1 — —
log <k:7r) 2log |sin (kam)| < —log |Ix(q)| < —log <k;7r> 2log |sin (kar)| — log (k) ,

for a positive constant C'. These last inequalities and (7.2) provide

y min{— log |I ,—log|I
To(q) =h£nsup {~log] 1»k(k‘12)‘ glk(@)l} _ .
— 00

This ends the proof of Theorem 7.3. O

Remark 7.2. Following the ideas in the proof of Theorem 7.3, it is possible to give an example
of function ¢ and control interval w, with a positive minimal time of controllability, such that
condition (1.14) holds and

SuppqUw = [0, 7.

Indeed, let us fix 7 € (0,00] and consider a € (0,1/2), an irrational number which will be
chosen later, w = (7/2,7) and

1
5@ if x € [0,am),
Q(w) = —a ifze [onr, g] ’
0 elsewhere.
With these data, one has condition (1.14) and
1
I 1(q) = Ir(q) = ——— sin (2ka) .

4km

Since « is an irrational number, again, condition (1.16) holds. Finally, as a direct consequence
of Lemma 7.1, it is posible to find v = 2« € (0,1) for which condition (7.1) holds. Taking into
account this last property and the expression of the distributed minimal time (see (1.18)) we can
conclude Ty(q) = 79.



Let us finalize giving an example which reveals the dependence of the minimal time Ty(g) for
the null controllability of system (1.2) on the position of the control interval w.

Example 7.3. Let us consider «y € (4/5,1), ag € (1/5,2/5), two irrational algebraic numbers of
degree 2. Let us also take ¢ € (0,1/5), another irrational number (which will be selected later)

satisfying appropriated properties. On the other hand, let us set
1 1
alzg(al—ag—ﬁ)ﬂ, a2:§(a1+a2—€)77.

With the previous choice, one has

O<ar <ay+4r<as <ag+Im<m.

Indeed,
1 1/4 2 1 T
e Sl e -
ay 2(a1 Qo )7r>2<5 E 5)7r 10>0,
1 2 1 4
ag — (a1 +4m) = (g — €)™ > 0; a2+€7r(a1+a2+€)ﬂ<2(1+5+5>5ﬂ<7r

1 ifz € lar,a; + 4n],
q(z):=< —1 ifz € lag,as + {n],

0 elsewhere.

With this function ¢, the objective is to analyze the dependence of the minimal time of null
controllability for system (1.2) on the position of the control open set w = (a,b) C (0,7). To this
end, we will consider three different situations:

1. |SuppgNw # 0 | In this case, system (1.2) is a particular case of system (1.4) (C = 0) where

the coefficient a15 = ¢ satisfies condition (1.5) with ¢ = 1 and wy could be a connected
component of the interior of the set Suppg Nw # (). From very well-known results (see for
instance [37], [26] or [27]), we deduce that system (1.2) is null controllable at time 7" for any
T > 0, that is to say, the minimal time of distributed null controllability is zero: Ty(g) = 0.

2. ‘ ap +4r <a<b<as ‘: In this case, condition (1.14) holds and it is easy to show (see (1.15))

I k(q) = % [(ﬁ - % sin (kér) cos (k (2a1 + EW))] ,

Ir 1 (q) = —% [&r — %sin (ktm) cos (k (2@1 + gﬂw)>} ,
I(q) = L1 k(q) + L2,k (q) = —% sin (kér) sin (k (a1 + as + ¢n)) sin (k (ag — a1))

2
=7 sin (kfr) sin (ko) sin (ko) .
™
Thanks to the assumption on aj, as and ¢, we deduce that Iy(q) # 0 for any £ > 1 and
g fulfills condition (1.16). Since ¢ > 0, we also obtain the existence of kg > 1 such that
|1 k(q)] > |Ix(q)| for all k > ko. Therefore (see (1.18)),

—log|I
To(q) = limsup —0g| 1,4(9)] =0.

k—o0 k2
In conclusion, under the previous geometrical situation, one obtains that system (1.2) is
approximately and null controllable at any positive time T'. Observe that the null controlla-
bility property of system (1.2) is independent of the diophantine approximation properties
of the irrational number /.



3.]0<a<b<a ‘ or ‘ag +/4m <a<b<m| In this case, condition (1.14) also holds. Let

us analyze the case 0 < a < b < a;. An analogous result can be obtained in the case
as + I < a < b < w. With the previous choice, I1 (g) = 0,

2
Ix(q) = % sin (kfr) sin (ko 7) sin (kas) ,

and

: —log |1k (g =

To(g) = limsup k|2 (9)] (: To(q)) .
k—o0

Again, we will use the properties of irrational algebraic numbers proved before. To be precise,

as a consequence of inequality (5.13) applied to ay7 and aom, we deduce the existence of

two positive constants C and Cy such that

—log (%) —log |sin (kfm)| < —log |1k (q)| < —log <Qi;f2> —log |sin (kfm)|, Vk>1.

As a consequence,
-1 in (k¢
To(g) = limsup S |SH21< ﬂ',
k—o0 k

and the minimal time of null controllability for system (1.2) depends on the diophantine
approximation properties of the irrational number ¢. Thanks to Lemma 7.1, given 79 €
[0,00], there is ¢ € (0,1/5) satisfying (7.1), that is to say, there is £ € (0,1/5) such that
To(q) = 70. In contrast with the geometrical situation in item 2, in the current case, the null
controllability property of system (1.2) strongly depends on the diophantine approximation
property of the irrational number /.

Summarizing, with this example we have shown that, given a function ¢ € L*°(0, ), the null

controllability property of system (1.2) is different when the function ¢ and the control interval
w satisfy SuppgNw # 0 or Suppg Nw = (. But even in this last case, i.e., in the case in which
condition (1.14) holds, the distributed null controllability result depends on the relative position
of the set Suppq and the control interval w. For the same function ¢ and the same non-scalar
parabolic problem, we can find control intervals satisfying (1.14) for which the minimal time of
null controllability can be zero and if we move the control interval (still satisfying (1.14)) the
minimal time is positive or even co. This phenomenon is very well-known in the framework of the
controllability of hyperbolic problems but, to our knowledge, is new in the parabolic framework.
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A  Proof of Lemma 7.1

We will obtain the proof of Lemma 7.1 as a consequence of Lemma 5.2 and the result:

Lemma A.1. 1. Let us fized 79 € (0,00), z9 € [0,00) and € > 0. Then, there exist an
irrational number v > 0 and a sequence of rational numbers {py/qi},~, such that py and g
are co-prime positive integers, the sequences {py},~, and {qi},~, are strictly increasing,

lv—mxo| <e and lim e™% |v— Pri— 1. (A.1)
k— o0 qr
Moreover, for any k > 1 one has
0 <lqev —pi| <lqv—pl, Vp,q €N, with ¢ < q+1. (A.2)

2. For any o € (0,00), xp € [0,00) and € > 0, there exists an irrational number v > 0 and a
sequence of rational numbers {pi/qi}~, such that py and qi are co-prime positive integers,
the sequences {py}~, and {qr},~, are strictly increasing and

Pk
v — =F

. 240
lv =20l <e and lime%
qk

~0. (A.3)

The previous result has been proved in [10] (see Lemma 6.22, Corollary 6.25 and Appendix A).
Let us fix g > 0 and ¢ > 0. In order to prove Lemma 7.1 we will use some ideas from [10].
We will divide the proof of Lemma 7.1 into three different cases:

Case 179 = 0. Given z¢ > 0 and € > 0, let us take v € [xg— €, x¢ + €] a positive irrational algebraic
number of order 2. From (5.13) applied to & = vm, we deduce the existence of a positive constant
C such that

|sin (kvm)| > %, Yk > 1.

r]:‘}llls7
4 Og Sin T — Og

=0.
k—o0 k2 k—o0 k2

Taking into account that the previous limit superior is always nonnegative, we deduce (7.1). This
proves the result for 9 = 0.

Case 19 € (0,00). Given xy > 0, & > 0 and 79, we can apply the first item in Lemma A.1 and
conclude the existence of an irrational number v € [zg—¢, zo +¢] satisfying (A.1) and (A.2) for the
sequences of positive integers {py},~, and {qr},~,. With this choice we deduce that v satisfies
limy o0 pr/ak = v,

k—oc0 qk
0<|vgr —pr| <|vg—p|, Yp,q € N*, ¢ <qry1.

1
lim <67"q’2~“ lvai pk,> =1 and (A4)

Let us see that the previous number v satisfies (7.1).
From the first equality in (A.4) we deduce limy_, |vgr — px| = 0 and

~ —log |si -
To(q) = limsup 5 > lim sup 5 = lim sup glsin [ﬂ-gy% Pe)]
k—00 k k— 00 qj k—o0 qi

_ - qz)
i —log [m |lvgr —pil] .. log (71'(]196 0k
= lim 3 = lim )
k—o0 q;, k—o0 q;,

—log |sin (vkm)| —log |sin (vqim)|

= 170-

Then TO (q) > 70. Observe that the previous reasoning also implies the existence of the following
limit: | ]

T |sin [ gl/qk — i)l
k—o0 qj.

=T0.



Let us now prove the inequality T 0(q) < 719. To this end, let us fix £ > 0. From the previous
property, there exists ko(g) > 1 such that

— log|sin [”g”q’“ =Pl e Wk k(o). (A.5)

qj

As in the proof of Lemma 5.2, for every n > 1 there is h,, € N* for which
1
lvn — hy| < 2 Vn > 1.

Let us take no(e) = qi,(e) > 1. Thus, using that the sequence {gx},~, is strictly increasing,
if n > np(e), we infer the existence of k > ko(e) such that gx < n < gr+1. These last properties
together with the second formula in (A.4) allow us to write

1

0< |qu _pk‘ < |Vn_hn| < 57

and
|sin (vnm)| = |sin (vnm — hy,7)| = sin |vnm — hy, 7|
> sin lvgpm — pre7| = |sin (vgpm — prm)|,  Vn > mno(e) g <n < grt1-
Since g < n < qr+1, the previous inequality and (A.5) give

— log |sin (vn)| - —log |sin [7 (vqr — pi)]|

2 — 2
n 45

<t+e, Vn>ne(e):qr <n < grir,

and
— log |sin (vnm)|

5 <719+e Ve>DO0.

lim sup
k—o0 n

In conclusion, we have obtained (7.1). This proves Lemma 7.1 when 7y € (0, c0).
Case 179 = c0. For 79 = o0, g > 0 and € > 0, we apply the second item in Lemma A.1l with,
for instance, o = 1/2. We deduce the existence of a positive irrational number v which fulfills

property (A.2). Repeating the arguments of the previous point we deduce limg_,o0 |Vqr, — pr| =0
and (o =1/2)

~ —log |si _log |si _
To(q) = limsup > lim sup Og|bm2(qur)| = lim sup 0g |sin [ﬂ-quk Pe)]

k—o0 k2 k— o0 qj; k—oc0 '

_ _q2+0)
_ g —loslmlvae —pel] log (que :
= lim 3 = lim D)
k—o0 q k—o0 qi

—log |sin (vkm)|

= OQ.

This shows that fg(q) = oo and finishes the third case and the proof of Lemma 7.1.



