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1. Introduction

Regularity properties of the Bergman projection have been studied for many years. In particular, its
LP boundedness is of considerable interest. When the underlying domain has sufficiently smooth boundary,
decisive results were obtained by several people working on it (e.g. [9,21,17,20,18,19,6,1], etc.). Most recently,
in [16], Lanzani and Stein show that the Bergman projection is bounded on LP for 1 < p < oo, when the
underlying domain is strongly pseudoconvex with only C? boundary. However, when we look at some
domains with serious singularities at their boundaries, the LP boundedness of the Bergman projection will
no longer hold for all p € (1, 00).

There is also a sequence of papers concerning domains with non-smooth boundary. In [15], Lanzani and
Stein consider non-smooth planar domains, and the ranges for p depend on different types of boundaries. In
a series of papers, [13] and [14], Krantz and Peloso show that the Bergman projection for the two dimensional
non-smooth worm domain is bounded only when p is in a range depending on the winding of the domain.
In [3] and [4], Chakrabarti and Shaw focus on the d-equation and the corresponding Sobolev regularities,
over the product domains and the Hartogs triangle. In [23], Zeytuncu applies Forelli-Rudin’s inflation idea
to consider a class of domains of the form {(z,w) € C?| z € D, |w|? < u(z)}, where u is a weight on D. We
should point out that this class of domains is slightly different from what we focus here.
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Recently, Chakrabarti and Zeytuncu study the LP mapping property of the Bergman projection on the
Hartogs triangle in [5]. In [7] and [8], Edholm and McNeal study the Bergman theory of other variants of
the Hartogs triangle. In [11], Huo obtains new explicit formulas for the Bergman kernel on some Hartogs
domains and studies the boundary behavior of the kernel function on the diagonal.

As a well known fact, the Hartogs triangle does not possess a Stein neighborhood bases, and the Sobolev
regularity of its Bergman projection does not behave well near the nontrivial singularity on the bound-
ary. Hence, we may expect the LP regularity of the Bergman projection of the Hartogs triangle and its
generalization will not behave well, too. In particular, here we figure out the exact range of p for the L?
boundedness of the corresponding Bergman projection.

In this paper, we study a class of bounded Hartogs domains which generalize the two dimensional Hartogs
triangle H = {(z1,22) € C?| |21] < |22| < 1}. To be precise, for j = 1,...,l, let ; be a bounded smooth
domain in Cki, let ¢; : Q; — B¥ be a biholomorphic mapping between €2; and the unit ball B¥i in
Cki with inverse ng;l, let m; = ZZ:1 ks with mg = 0 and m; = k < n, and we use the notation that
Zj = (Zm;_,41,---,%m,;) when z € C". For 1 <k < n, we look at the bounded Hartogs domain given by

{k iy = ={z€C” maX|¢J(ZJ)‘ < o1 < <zl <1}

in C". Whenl =1, k=1, n =2, and ¢, is the identity map, we obtain the classical Hartogs triangle.

For nontrivial examples, we can take ¢; to be nonsingular linear mappings. When n =4, [ = 2, k) = 1,
ko =2, ¢1(21) =221 — 1, ¢a(22,23) = (22 + %z;),, z3), we obtain a bounded domain which is the intersection
of two unbounded domains,

1
{Z S (C4‘ |22’1 - 1|2 < |Z4|2 <1, |22 + §Zg|2 + |Z3|2 < |Z4|2 < 1}.

We can also take ¢; to be nonlinear, then we may obtain other types of domains. When n = 3, [ = 1,
k=k =2, ¢1(21,22) = (Z2 5,322 + 1), the domain becomes

{ZG(C3|| |2+|322+1|2< |z3]? < 1}

By this consideration, the domains HY {k;,0,) CAN be a large class of domains to some extent.

For an arbitrary domain D, the corresponding Bergman projection Pp is orlglnally defined on L?(D),
mapping onto the Bergman space A%(D) = O(D) N L2(D). If D is bounded, then L? (D) ¢ L?(D) when
p’ > p. So the Bergman projection Pp can be defined on LP(D) N L?(D) = LP(D) for all p > 2. When
1 < p < 2, the Bergman projection Pp on LP(D) will mean Pp on the subspace LP(D) N L%(D) of LP(D).
So for any p € [1,00), when we say the Bergman projection Pp is bounded on LP(D), we mean the Bergman
projection Pp mapping LP(D) N L?(D) onto AP(D) N L?(D) is bounded, where AP(D) = O(D) N LP(D).
With all these in mind, we can state our main result.

Theorem 1.1. For 1 < p < oo and 1 < k < n, the Bergman projection Pyn for H?kj 6} is bounded on

{kj ¢;}
2n 2n>

Lp (H{kj@j}) if and only if p is in the range <n—+1’ 2n),

It is quite interesting that the boundedness range for p does not depend on {kj, ¢;}, but only on the
dimension n. If we take ¢; = id;, the identity map of B*i, then we will obtain our standard model

¥ - " 2 CEEEEY
H{kj} ={zeC |1U§1;’,i%<l|zj| < |zr41] < <|zn| < 1},

which plays an important role in this article. For simplicity, we will mainly deal with the case [ = 1, since
the general case requires no new work but clumsy notations. So we come to the n-dimensional generalized
Hartogs triangle
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Z = {Z € Cn' |(21""7Zk)| < |Zk+1| <---< |Zn| < 1}
In order to emphasize our standard model, we state the special case separately as follows.

Theorem 1.2. For 1 < k < n, the Bergman projection Pgyp for H} is bounded on LP(H}) when nz—fl <p<

2n

o and is unbounded when 1 < p < f—]:l The same conclusion is true for our standard model H?kj}.

Remark 1.3. Indeed, for p € (nQ—_fl, %), by a simple argument, we can extend the Bergman projection Py
to all the space LP(HZ), not just defined on the subspace LP(H7) N L?(H7). The same is true for HI,., and
H?’%‘@j}'

Remark 1.4. For | = 1, when n = k, the generalized Hartogs triangle will degenerate to the unit ball B* in
C*. A classical result states that the Bergman projection is bounded on LP for p € (1,00). Moreover, the
domain Hﬁ s, Will degenerate to the smoothly bounded domain 2, which indeed is strongly pseudoconvex.
Therefore the L? boundedness of the Bergman projection is true for p € (1,00) by the result in [16]. In fact,
if we follow the method in the proof of Theorem 1.1, for a general [, when n = k, we can see that the same

result holds for the degenerate domain.

Our starting point is to study the Bergman projection for the classical Hartogs triangle by following the
method used in [10], where they only deal with the unit disk in C. After applying a biholomorphism to
transfer the Hartogs triangle to a product domain, we find that we can use a similar estimate (compared to
the unit disk) to control the absolute value of the determinant of the Jacobian from the transformation, but
we have to make a restriction on p, namely p € (%, 4). Tt is a little bit tricky to find a bounded sequence { f,, }
in L? N L2, such that the sequence { Py(f,,)} blows up in LP, when p = %. Further, we find that this idea can
be generalized to higher dimensions, so we set up the n-dimensional generalized Hartogs triangle H} and
the standard model HY, ,. Finally, by Bell’s extension theorem (see [2]), we find that the LP boundedness

of the Bergman projection will be preserved for a more general class of bounded Hartogs domains H?kw 6}
2. Transfer to a product domain

We start the proof by transferring the n-dimensional generalized Hartogs triangle to a product domain.
2.1. The biholomorphism

Let D be the unit disk in C, and let D* = D\{0} be the punctured disk. Let us look at the n-dimensional
generalized Hartogs triangle

= {2 € C (o1, ey 2] < ompa] < o < Jzal < 1}

Define a map F : H? — B* x D* x --- x D* (n — k copies of D*) given by

21 2k Rk+1 Zn—1
F(zl,...,zn):< e , e v Zn ),
Zk+1 Rk+1 Rk+2 Zn

which can be easily seen to be a biholomorphism with inverse

Gwy,...,w,) = (wl(wkH W)y e We(Whet1 W), (Wg1 - - Wy),y e e (wn_lwn),wn).

By a direct computation, we see that the determinant of the Jacobian of G is given by det J5(w) =

n—1

k
Weyy "Wy
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2.2. The Bergman kernels

Consider the punctured disk D*, any function f € O(D*) has a Laurent expansion f(w) =372 ajw’
converging uniformly on compact subsets. A direct computation shows that w/ € L?(D*) when j > 0, and
they are orthogonal. Hence, it follows easily that the set {w’};>o is a complete basis in the Bergman space
A%(D*). If we normalize the area measure, namely dV (w) = Ldudv with w = u + iv, such that V/(D*) =1,
then we obtain the Bergman kernel function on D* x D* given by

1

Kp-(w,n) = [(ETER

For the unit ball B¥ in C*, again we normalize the volume measure, such that V(B*) = 1, then we know
that the Bergman kernel function on B* x B* will be

1

A (Y

where (w,n) = Z?Zl w;n;, for w,n € BF.
By above consideration, for the product model B¥ x D* x - - - x D*, if we use the notation w = (w1, ..., ws)
(when w € C"), then by the formula for the Bergman kernel function on product domain, we obtain

K (w,n) 1 o :
ko D* ... xD+ (W, 1) = P (1 —wpmm)? M)?’
Bk XD* X xD n (1= (@, 7))+t (1 — wep1Tgr1)> ( )

Since we have the biholomorphism G : B¥ x D* x --- x D* — H}, by the transformation formula for the
Bergman kernel functions (see [12, Proposition 1.4.12]), we obtain

Ky (2,¢) = Kuyp (G(w), G(n))
_ 1 (2.1)
det JS(w)det TE (n)(1 — (@, 7)) 5+ TT1_p 1 (1 — w;)?

for z,¢ € HY and w,n € B* x D* x --- x D*.

3. Estimates for the kernels
3.1. The kernel on B*

For —1 < a < 0, we follow the idea in [22] to obtain an estimate for the integral

Ja(w) — / (1 — |77|2)adv(77)

1= (w,m)[F+1 7

where w € B¥ (the restriction o > —1 makes the integral convergent). First of all, we need the following.

Lemma 3.1. Let v = (vy,...,v) be a multi-index, and let o be the normalized area measure on SF (the
boundary OB ), i.e. o(SF) = 1. Then

(k=1
/“'d“ N ETE
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Proof. Let dm denote the standard volume form on the Euclidean space, then we have the integral

/ 1272 exp(— |2 *)dm(2) / 12512 exp(—|z; ?)dm(z;)

- ﬁ 0/72”]6 : (3.1)

On the other hand, identifying C¥ = R2?* and using the polar coordinates z = r¢ and dm(z) =
2kr2k—1%drda(§), we have

7Tk i v 1 .2 v
/\z”|26xp(—\z|2)dm(z) :2k-F/r2| [+2k=1 o= dr/|§ 1*do ()
© LY " (3.2)

= g (k=1 [l (e
Sk

Hence, comparing (3.1) and (3.2), we have [, |€”[*do(§) = %
With the lemma above, we can show the estimate for the integral J,(w).

Lemma 3.2. For —1 < a <0, we have J,(w) ~ (1 — |w|?)®, for any w € B*.

Proof. For w,n € B¥, since |(w,n)| < 1, we have the expansion

1 B 1 - 1
1= (w,p)[F+1 (1= (w,n) s (1= (w, )+
LS T(n+ kg TS T(m kD i (3.3)
=2 oo " 2 W e

Substitute the expansion into J,(w), and integrate term by term. By the rotational symmetries on B*, we

obtain
=3 ) / (w1 = )V (o)
= T(n+1)2 I(&HL)2

Since dV(n) is unitary invariant, if we apply a unitary transformation U to the integral above, such that
U(w) = (|w|,0,...,0), then we have

Juw) = S~ Lt
"(w)_;r(n+1 T(EL

/ w2 a2 (1 — [PV ()

0
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1

i) kin!
— 2 slos 2n n+k—1 1_ Ozd 34
NZ\wP”B(a—l—l,n—&—k)
n=0
_Z a+1 n+k)|w|2n
«T(n+k+a+1)

F(’I’L—O&) 2n 2\«
W3 ) = (1 ),
7;) F'in+1I'(—a)

Here, for the second line, we use the polar coordinate 1, = r&;. For the third line, we apply the previous
lemma and the substitution p = r2. From the fourth line through the last line, we apply the basic properties
of the Beta function and the Stirling’s formula to estimate the Gamma functions (as n — o0). The last
equality holds, since a < 0. O

3.2. The kernel on D*

Similarly, for —1 < a < 0 and 8 > —2, we modify the idea used above to obtain an estimate for the
integral

1— |n|*)*[n|?dV
Iaﬁ(w):/( 7|71|)w77ﬁ||2 ().

D*

where w € D* (again, the restrictions & > —1 and § > —2 make the integral convergent).

Lemma 3.3. For —1 < a < 0 and 8 > —2, we have 1, g(w) ~ (1 — |w|*)®, for any w € D*. In addition,
when B < 0, we have I, g(w) < (1 — |w|?)¥wl|?, for w € D*.
Proof. As before, for w,n € D*, we expand the kernel function

1 (o) e}

— n
T = e
m=0

Substitute the expansion back to the integral, and integrate term by term. By the rotational symmetry on
D*, we obtain

oo

Ls(w) =3 / fwn (1 — [7[2)° 0l dV (1)

n:OD*

- 1
= Z|w|2"/27“2"+ﬁ+1(1 — )%y
n=0 0

00 1
= Sl [ g (35)
n=0 0

= p
= Z|w|2"B(a +1,n+ )

n=0

+1)
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oo

Z Na+1)I n—|—B—|-1)
—~ I(n+2+a+2)

‘w|2n

— F(n—a) n __ o

Again, similar to the previous lemma, we use the polar coordinate n = re’?, then apply the substitution
p = r2. By the basic properties of the Beta function and the Stirling’s formula, we obtain the asymptotic
behavior for the Gamma functions (as n — o0). The last equality holds, since o < 0.

When 3 < 0, since w € D*, we have |w|? > 1. Hence, for any w € D*, we have I, s(w) < (1 — |w|?)®|w|?
by above argument. 0O

4. The Schur’s test

For any domain D, to show the LP boundedness of the Bergman projection Pp, we can show a stronger
statement, namely the LP boundedness of the integral operator |Pp| associated to the kernel |Kp|. Here
|Kp| is the absolute value of the Bergman kernel Kp for D. By this consideration, we need the following
version of Schur’s test, which can be found in [10].

Theorem 4.1 (Schur’s test). Suppose X is measure space with a positive measure u. Let T(x,y) be a pos-
itive measurable function on X x X, and let T be the integral operator associated to the kernel function
T(z,y).

Given p,q € (1,00) with % + % =1, if there exists a strictly positive function h a.e. on X and a M > 0,
such that

(1) [ T(z,y)h(y)idu(y) < Mh(x)?, for a.e. x € X, and
(2) [ T(z,y)h(z)Pdu(z) < Mh(y)?, for a.e. y € X.

Then T is bounded on LP(X,du) with ||T| < M.
Proof. Let f € LP(X,du), by Holder’s inequality and (1), we have

T ()] < / T, )| () ds(y)

X

< (/T(x,y)h )lduly /T )Py )\pdu(y)) (4.1)
X

=

T(a,y)h(y) 1) Pdu(y)) ",

IA
=
&

7N

+

|=

for a.e. x € X. So, by Fubini’s theorem and (2), we have

/|Tf VPdu(e) < M5 [ he)Pdu(e /Ta:y )P £ () Pduly)

Z X
[ T pn@rdu) [ o)l @ P (12)

ya
q

M
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p+4t/1f ) [Pdp(y)

= M|\ f Hp-
This completes the proof. O
5. Proof of Theorem 1.2

With the above preliminaries, we now can present the proof of Theorem 1.2.

Proof. According to Theorem 4.1 (Schur’s test), if we take X = BFxD*x---xID*, du(n) = |det JS(n)[2dV (n),
and T'(w,n) = |Kuy (G(w), G(n))| from (2.1), then for any measurable function f defined on Hy, we have

T(foG)=|Pu|(f) oG
So, for a given p € [1,00), T' is bounded on LP(X,du) if and only if |Pgy| is bounded on LP(H}). Now let
h(n) = (1= 1)1 = Ineral?) -+ (0= 1) g |55 ]

where s,tk41,...,t, are real numbers to be determined later and 7§ = (91,...,7nr) as before. We need
to verify the conditions (1) and (2) in Theorem 4.1 to conclude the LP boundedness of T, for the given
p,q € (1,00) with % + % =1.

For condition (1), by Lemma 3.2 and Lemma 3.3, we have

7 (w) = [ Tlw,mhn) du(n)

X
‘1/(1_“7 v f [ A=l i)
J u—wnw1JH1 ;1L — w7 o)
< M(1—|@f*)* H (1 = fuw; [*)*efw; |
j=k+1
= Mh(w),
for some M > 0, provided
—1<sg<0,
—2<tp19+k <0,
(5.2)
—2<tyg+n—1<0.
For condition (2), similar argument shows,
7)) = [ T mh(wPdute)
X
1 — |@12)PdV (D) = 1 — |w.|2)5P|w, |tPH—1dV (w,
L [ OGOy (g 5
11— (@,7)] |7 =11 = w751

J=k+1p.
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n

< M=) ] (= Ini[)Plmyl""
j=k+1
= Mh(n)?,
for some M > 0, provided
—-1<sp<O,

—2<tppip+ k<0,

—2<typ+n—1<0.

From (5.2) and (5.4), we have

SE(_é’O)m(_%’O)’

e (A2 E (k2

q q p

tne(_n+17_n—l]m(_n+17_
p

q q

So the real numbers s, tx41, ..., ¢, exist when

k k+2 k E+2
>——, > ——,

q p p q

n—1

n—1 n—+1 n—1 n—+1
> — > —

)

q p p
or equivalently, when f—fl <p< % This proves the first part of the theorem.
To show the unboundedness of PHZ for1 <p< nQ—J’rLl,

For j =1,2,..., let a; = ji] Define ¢(r) = py (D)

defined on (0, 1]. Now, if we look at the sequence {f,,}5°_; given by

1

flz) = {guznn(zl,;l)"‘ » Jen] € (@msns 1]

07 |ZTL| € [O>am+1]

for z € H, then we have

n
1

T / (G w))[ 7

Ln+L (Hy)

BF XD* x - xD*

we first look at the case p =

wiyy - wp PV (w)

(5.4)

, when r € (aj41,a;]. Then we have a function g
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ZOO = I =)
j n+1 j n+1
.7 — G54 )

=1

oo
Zj 2(n+l) < 00,

IN

N

<.
—

by the limit comparison test. Since each f,, is bounded on H?, we see that f,, € L?(H}). So we have
constructed a sequence {f,}%_, C L?*(H}) N Lt (HY), with ”fm”L%(Hn) bounded by a constant for
. k

all m.
On the other hand, for w € B* x D* x - - - x D*, by the reproducing property and the rotational symmetry,

we have

ko, n—l
| Py (fn) (G(w))] = | / Fr (Gl v (n) ‘

B XD XD Wiy R (1= (@, 77>)k+1 H g1 (1= wym5)?
" Jwn |” ! 1 *’wnﬂ_n)z

/ gDl 1V (1)

am41<|nn|<1

> /1 g(r)r’dr

(5.6)

|wn|n—1

Therefore, since V (H}) is finite,

oo o0

i P ()l g 2 V)5 Za ol —al,) 23 it =
J

—1

again by the limit comparison test. So Pyp is not bounded on Lt (HR).
For1<p< +1, we take the same sequence {f,}5°_; given above. Notice that, by Holder’s inequality
and (5.5), we have

[ fmll o @py < Cllfmll, 2n, g < 0’ < o0,

for some constants C, C’ > 0. So we again have a sequence { fin }pv—y C L*(Hy) N LP(HR), with || f| o sz
bounded by a constant for all m. However, from (5.6), we see that

: I bl — _
im | Py (Fo) oy > VER) 7 D la) —aj ) 2 ) 57" = oo
j=1 j=1

Hence, Py is not bounded on L? (Hy) for 1 <p < anl This proves the second part of the theorem.

For our standard model

Y - " S ...
H{kj} ={zeC |1U§1?%<Z|Z]| < |zr41] < <|zn| < 1},
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we again transfer it to a product domain via the biholomorphism F : H?kj} S BF X xBRxD* x - x D
(n — k copies of D*) given by
~ 21 2k Rk+1 Zn—1

F(Zl)"'7zn):( PARERE ) b PR ) )Zn)?
Zk+1 Zk+1 k42 Zn

with its inverse

Gwy, ..., wy) = (W1 (Wkt1 - Wp)y e oo, We(Wht1 +* Wa )y (Wit - W)y« oy (Wi—1 Wy ), W)
and det TS (w) = wy, , ---wp~!. Similarly, we have

1
det TS (w)det T (n) TT—y (1 — (w17, K+ [Ty (1 — w;7)?

)

KH?,W} (2,¢)

for w,n € B x .- x B x D* x --- x D* and (z,¢) = (G(w),G(n)) € Hy, 4 x HY,. 4. To apply Theorem 4.1

(Schur’s test) to conclude the L? boundedness of the operator |PHv{Lk N |, we only need to modify the positive
J

function h by replacing the factor (1 — |7j|?)® by Hé.:l(l — |n7;?)%. It is easy to see the range (nz—fl, 20 for

p will not change. Also, the same sequence {f,,}5°_; works well in our standard model H?kj}. Therefore,

PH?kj} is not bounded on LP (H?kj}) for1<p< nQ—J’rLl This completes the proof. O

Remark 5.1. As we have seen in the proof, the unboundedness of PH?k N is still valid when 0 < p < 1.
6. Proof of Theorem 1.1
Proof. For the bounded Hartogs domain
HYy, 0,y = {2 €C" fg?%il\¢j(%)| <lapga| <-o- <Jz| <1},
we define a biholomorphism & : H?kj’ 61 H?kj} by
©<2) = (¢1<Z~1)7 LRI (bl(gl); Zk41y++-> ZTL)7
with inverse
O (w) = (7 (), .. .,¢f1(wl),wk+1,...,wn).
By a direct computation, it is not difficult to see, for z € H?kj e
l
det Jg (2) = [ det 75 (%))
j=1

For each j, we have the biholomorphism ¢, : Q; — B¥i | with both Q; and B* being smooth and bounded.
Since B*/ is strongly pseudoconvex, it satisfies condition R. By Bell’s extension theorem (see [2]), ¢; and
¢j_1 extend smoothly to the boundaries. So, we can find two positive real numbers ¢; and d;, such that for
any Z; € j,

0<¢j < |det Tf (£)] < d;.
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Hence, if ¢ = Hi:l cj and d = Hl d;, for z € HYy, 6,1 We have

0 < c<|det JS(2)| < d.

Suppose for some p € [1,00), the Bergman projection PH?k. . is bounded on LP(H? Ty }) then for f €
Lr(H? Tk, }) we have

1Pap, (Mg, o= [ 1P, (D@G)PIdet TPV (2

{kjvd)j}

= [ IPay,,, (Fo® At TP TE PPV (2

%, 01 (6.1)
< max{c* 7P, d*P}| P (fod- detjcb)”[,ﬁ H7,

{kj.#;}

< Cmax{c® 7, d* P} f o ® - det J5 ||ZL)?(H?1€J-,¢]~})

d)j})

< CemlP=2glr=2 ||f||1£p(H?k,})’
J

for some C'> 0. So the Bergman projection Py, | is bounded on LP(HT{‘kj}).

Conversely, if we apply the same argument to ®~! : H?kj} — H?kj o, We see that the LP boundedness
of PHn Will imply the L? boundedness of PH?k. e So, for a given p € [1,00), PH?k 53 is bounded on
77
LP(H? {k b5 }) if and only if Py, k) is bounded on LP(H 1k })
Since the Bergman prOJectlon is self-adjoint, given p,q € (1,00) with 1 —|— = =1, the LP boundedness of
PHn Wlll imply the L? boundedness of PHn . Hence, by Theorem 1.2, for 1 <p < o0, PHn - is bounded

on L ( {k; }) if and only if n+1 <p<:74 Therefore P, o) is bounded on LP(HY} "y }) if and only if
J
p is in the range (anl, -=). This Completes the proof. O

7. Concluding remarks

We have shown that the LP boundedness of the Bergman projection for a class of bounded Hartogs
domains is valid when p is in some range depending only on the dimension. And the range is sharp for
p € [1,00). However, the restriction on the form of this class of domains is quite special. It should be
pointed out that there could be other generalization of the Hartogs triangle in higher dimensions. We will
study this direction in the future. Also, it will be very interesting to fine more techniques to deal with other
types of Hartogs domains and other integral operators for Hartogs domains.
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