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1. Introduction

We consider the Poisson equation for functions of complex variables on the unit disk D C C
Au=f in D, (1.1)

subject to the boundary condition

0

—u+ Au = on JD, 1.2

Hn bt g (1.2)
where n is the outward unit normal and A € C\{0}. This boundary condition is known as the third boundary
condition. We assume throughout that f € C(D) (continuous). We investigate the optimal control problem
of finding a control g in an admissible set of functions which minimizes the quadratic functional
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Tu.g) = [ P dwdy+ [ lo@) as, (13)
D 0

for different values of the parameter A € C\{0}.

Most works in the literature treat the case when A is a positive real parameter [10,15,20] known as the
Robin boundary condition [18,24,23,25] for which energy methods can be used to study the problem. The
case of A < 0, also known as the Steklov problem [28,18], has been considered by [5] and explicit solutions
are provided in terms of polar coordinates on a disk and it has been also studied by [3] where explicit
solutions are provided in terms of spherical coordinates on a sphere. In [4], the author considered different
representations of Green’s functions for Laplacian boundary value problems.

The Steklov problem is an eigenvalue problem with the spectral parameter in the boundary condition
and has various applications [17]. This boundary condition is relevant to the study of certain physical and
biological models such as the electron energy barrier model and oxygen absorption of human lungs [18,
16]. In some special cases, the Steklov spectrum can be explicitly computed as in [17] where the Steklov
eigenvalues and eigenfunctions of cylinders and balls are calculated explicitly using separation of variables
for a non-negative weight function p = 1 on the boundary and where the eigenfunctions are given in terms
of polar coordinates for the unit disk.

This paper considers however the more general case where A is any complex valued parameter on the unit
disk, and refers to this case by the “third boundary condition”. Moreover the explicit solutions are provided in
terms of holomorphic and anti holomorphic polynomials/functions from the perspective of complex analysis
and the parameter is assumed to be any complex number rather than limiting it to be a positive or a
negative real number [25]. The third boundary condition for holomorphic and harmonic functions is studied
by [24,23,25] and explicit solutions are provided for the case when A is a general complex valued function.
In this paper, we utilize the explicit solutions provided by [25] for the case of a general complex valued
constant A, to obtain a boundary controllability result on the solution to the BVP.

For A > 0, or the Robin problem on a general bounded domain, it is well known that there is a unique
solution, given sufficiently regular data g. Energy methods and the Lax—Milgram theorem are usually invoked
to establish the existence of a weak solution to the equation. The controllability of this problem and optimal
solution in case of the Robin as well as the Dirichlet boundary conditions are also known [13,21,2] for some
general domains and in the case of Steklov, there are also some studies available, among others [14,17].
These tools cannot be applied however for more general values of A when A is a complex number or when
A(z) is a complex valued function. In this paper, we study controllability of the Poisson equation with the
third boundary condition when the control is imposed in the boundary condition.

2. Preliminaries
2.1. Function spaces

We introduce the Sobolev space which we will use throughout the paper
W2(D) = {v € L*(D) : 6.v € L*(D), 8zv € L*(D)},
equipped with the norm

1/2

lollw=1 ) = /Ivl2da:dy+/Iaszda:der/@dexdy ,
D D D
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induced by inner product

(v, w) :/v@dxdy—l—/@zv@gﬁdxdy—i—/%vazmdxdy.
D

We also denote by W22 the Sobolev space

W22(D) = {v € L*(D) : 0,v € WD), 80 € WHI(D)},
with the norm

2 2 2 1/2
lelweam) = (lel3s + 10-0132 ) + 100 2s ) -
The fractional Sobolev spaces W#2(D) for 0 < k < 2, are defined as real interpolation spaces between

W?22(D) and L?*(D), see [6]. The trace map acts continuously from W™2(D) to W™~ 1/22(9D). We shall
also make use of the continuous embedding W2 ™(D) C C}(D) for m > 2.

The set of all complex-valued functions on the unit circle of the complex plane with absolutely convergent
Fourier series is called the Wiener algebra [22,19] and can be denoted by

+00 400
A(OD) = {h‘h =Y e, zead, h =3 bl < oo}.

2.2. Particular/special solution of the Poisson equation

The general solution to the Poisson equation (1.1) can be represented [9-12] as

u=¢(z) +¥(z) + w(z), (2.1)

where ¢ and @ are functions, holomorphic in D and w is the particular solution given by the expression
w =T11(f), a generalization of the so-called T operator [7,8,11,12]. We quote some relevant notations and
results from [8,11,12] to use in the paper without going into details.

The T operator, also known as the Pompeiu operator is defined [8,29] as
d d
== / £ 5 =8 zeb,

and the special solution w defined as T4 1 f(z) on the unit disk is given in explicit form (cf. [10]) by

w(z) = T /(2 /f YIn|z — ¢| de d. (2.2)

Higher order generalization of the Pompeiu operator provides a representation of functions w € C™+"(ID)
in terms of an area integral 1), ,, (0™ "w/9z"0z") with m +n > 0, but (m,n) # (0,0). Then Tp ; and T ¢
are the T and T operators respectively. The operators T, n have interesting properties such as 9, (T, nw) =
T—1nw and Oz(Trm nw) = Ty n—1w. Clearly 0,(T1 1w) = Tp 1w and 0z(Th 1w) = Th pw. It is important to
notice that Tm,nw =T, nu.
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Now, the boundary condition (1.2) is written as

Ou et hu=g(¢) on OD. (2:3)

‘ac ac

Note that throughout the manuscript, we occasionally use the notation g(z) for z € 9D interchangeably
with g(0) for 6 € [0, 2] for functions defined on the boundary.
Therefore, the boundary condition (2.3) can be expressed in the form

(Che +A) + (Cthe + M) = g*(¢)  on 9D, (2.4)
where
g () = 9(¢) = CTo1 f(Q) = CThof(C) = ATy f(C), ¢ € ID. (2.5)

Since |¢| =1 on 0D and T1of = Tp1f, it suffices to analyze the terms T 1 f = Tf and T} 1 f.
According to (p. 89) Theorem 30 in [7], the operator T is a completely continuous operator from C¥ (D)
to C'*(D) and the norm of T'f is bounded by the norm of f. Thus,

T fllovir@y < MIfllow ) (2.6)
Moreover, by Theorem 4.3 (c) [12] on page 679, for p = 2, T 1 satisfies
TLaf(2)] < MI[f]lz2(o), (2.7)

for all z € D and f € L?(D).
On the other hand, if f € L?(D) then Tf € W2!(D) and the estimate

1T fllwza ) < M| fll2D) (2.8)

holds, see [6]. Consequently, regarding T3 1 f, the estimate

| T1 1 fllw22m) < M| fllL2m)s (2.9)

holds.
Hence, the norm of w satisfies the following inequality

lwllw22m) < M| f|lr2(D)- (2.10)

By the Bernstein theorem [19], C¥(dD) C A(OD) for v > 1/2. Obviously C'(0D) C A(dD) C C(OD) and
if g(¢) € C(dD), then g*(¢) € C1(OD).
We can also conclude that the boundary term g¢* satisfies the estimate
9 lL2amy < C(lgll2opy + 1 T1,1 fll 220wy + 1 To,1f 2 omy + 1T1,0f 1| 2 (om))
< Cllgllz2omy + 1T 1 fllem) + 1Toafllw2am) + 1Tro0f w21 )
< C(llgllrz(omy + 1 fllz2m)); (2.11)

where C throughout the paper denotes a constant that depends on A.
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3. Main results

Our main results in this paper are the following four theorems. The first two address the case when the
complex number A is not a negative integer.

Theorem 3.1. Suppose A € C, but —\ ¢ N, then given f € C(D) and g € C'(OD), the Poisson equation
(1.1) with the third boundary condition (1.2) has a unique solution u explicitly given by the formula

0 * oo *

u= (Ti1f)(z Z k

k=0 k=0

(3.1)

where G*(2) 1= Y ooy grz" and H*(2) :== 3 3, G" 42" are holomorphic functions obtained by applying the
Schwarz operator on g*(¢) and g*(¢) as defined in the expressions given in (4.6) and (4.7) respectively.

On the other hand, if g € L*(OD) and f € L*(D) only, there exists a unique weak solution u € W(D)
satisfying

27 2m
72/3zu855d:17dy72/(%uazﬁd:cdyf/\/u(ew)ﬁ(ew)dﬂJr/g(@)i(eie) de
D D 0 0
= /fwx dy, Yve W>(D). (3.2)
D
The solution satisfies the estimate
lullw=1@) < Cllgllz2(am) + ClIf I L2m), (3.3)

with C' being a constant depending on .

The second theorem is on the existence and uniqueness of the optimal control g which minimizes the
functional (1.3).

Theorem 3.2. Suppose A € C, but —\ ¢ N, then given f € C(D), there exists a unique minimizer ¢° €
L2(0D) to the functional (1.3) subject to boundary value problem (1.1)—(1.2). Moreover, the optimal control
g% € C1(oD).

The next two theorems address the case when —A = kg € N wherein additional conditions are required
to guarantee uniqueness of solution to the boundary value problem and hence the well-posedness of the
control problem. In particular, we have

Theorem 3.3. Suppose —\ = ko € N, and suppose f € C(D) and g € C*(D) satisfy the compatibility
conditions
+ko dC

S (3.4)

JAGE -

I<l=1

(where g* is defined in (2.5)), then the Poisson equation (1.1) with boundary condition (1.2) has the general
solution u explicitly given by the formula

o0
gr
u= (Tha1f)(z) + g 2F 4 g ==k Zk 4 Azko 4 BzFo, (3.5)
k k k— ko ko
k=0,k#ko k=0,k#ko
Please cite this article in press as: A. Mohammed, A. Tuffaha, On boundary control of the Poisson equation with the third
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where A and B are any constants, while G*(z) :=Y 1o giz" and H*(2) := 3 oy G" 2" are given by (4.6)
and (4.7) respectively. If the additional conditions

/u(C) Mg = (3.6)
oD

/u(C) ¢Fomtd¢ = o, (3.7)
oD

are imposed, where uy and ug are given complex constants, then there is a unique classical solution.

On the other hand, suppose that uy; = us = 0, while g € L?(0D) only and satisfies compatibility conditions
(3.4), then there exists a unique weak solution u € W21(D) satisfying (3.2) and conditions (3.6) and (3.7).
Moreover, the solution u satisfies the estimate

lullw21 o) < Cligllz2om) + Cllf 2oy + Clua] + |uzl). (3.8)
As for the optimal control, we have the following theorem

Theorem 3.4. Suppose —\ = ko € N, uy = uy = 0, then given f € C(D), there exists a unique minimizer g°
to the functional (1.3) satisfying compatibility condition (3.4), subject to boundary value problem (1.1)—(1.2)
and conditions (3.6)—(3.7).

4. Proof of Theorem 3.1

Using the decomposition (2.1) of the solution to the Poisson equation, it suffices to find holomorphic
functions ¢ and 1) satisfying the boundary condition (2.4) on dD. In other words, ¢ and v satisfy

R(200 + A¢) + R(200 + M) = R(g*(2)), =z € D, (4.1)
and
(200 + Ap) — (200 + M) = S(g*(2)), z € D, (4.2)

where ¢g* is given in (2.5).
The solutions for ¢ and v are obtained through the Schwarz operator S which furnishes a solution G to
the problem

G =0 in D

R(G)=71(z) on ID,

given a function 7(z) € C'(9D). In particular, G(z) = S(7(-))(z) where the Schwarz operator S is defined
by

S(r())(z) = — 647(@ (C2—<Z - 1) %+ic, (4.3)

and c € R is arbitrary.
Therefore, the solution to boundary problem (4.1) is

(209 + \gp) + (281/) + Xw) =SRg*()D(z), zeD, (4.4)

Please cite this article in press as: A. Mohammed, A. Tuffaha, On boundary control of the Poisson equation with the third
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while the solution to (4.2) is given by
(200 + Ap) — (200 + M) = iS(S[g*()])(z), ze€D. (4.5)

Adding and subtracting the two equations, we obtain the conditions

(200 +36) = 3SRl (D) + 515Gl ON(E) = 556 ) = GHe), €D, (46)
and
(200 +X6) = 38Rl ON(E) - iSOl DG = 3@ () = HH (), 2€D (@7)

Due to the fact that the right hand sides of equations (4.6) and (4.7) are associated with the Schwarz
kernel, they are holomorphic functions and they can be written as

20" +Xp = G*(2), ze€eD, (4.8)
and
2 +Xp=H*(2), ze€D (4.9)

which are clearly linear equations for holomorphic functions ¢ and . To the corresponding homogeneous

equations
2¢) +Xp =0, 2€D,
and
2 +Xp=0, z€D
solutions can be given in the form of 2". Clearly » = —\ and 7 = —\ respectively and thus the solutions are

#(z) = C12=* and ¢(z) = Cy2z~* with C; and Cy being arbitrary complex numbers.

However, the terms 2~ and 2~ are the nontrivial solutions of the corresponding homogeneous equations
of (4.8) and (4.9) only if they are holomorphic, i.e., only if —\ = ky € N (automatically —\ = ko).
When —\ ¢ N, the terms 2~ and 2= are no longer holomorphic for z € D, so the only solutions of the
homogeneous equations are the trivial solution, i.e., Cy = Cy = 0.

4.1. Fourier series solution

Since ¢g*(¢) € C*(0D) C A(OD), functions G*(z) and H*(z) can be expressed in terms of absolutely
convergent Fourier series as (see Remarks 6.3)

G (2) =Y _giz", H*(2)=) 7,2 z€D; g ()= g4 +> gich, ¢eab. (410
k=0 k=0 k=0 k=0

Since ¢ and 1 are holomorphic in D, one can assume that

o0 oo

$(z) =D oz, w(z) =) ¥, zeD. (4.11)

k=0 k=0

Please cite this article in press as: A. Mohammed, A. Tuffaha, On boundary control of the Poisson equation with the third
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By substituting (4.10) and (4.11) into (4.8), it is easy to get that

o}

D l(k+Ngx — gilz¥ =0, zeD. (4.12)
k=0

If XeC,but =\ ¢ NU{0}, then £+ X #0, Vk € NU{0}. Thus (4.12) means that

9h S
= keN D. 4.1
o=y KENUDL ()= se (1.13)
Similarly, we conclude
¥(z) :i Tk (4.14)
E+ A

4.2. Uniqueness of solution

Considering the homogeneous problem (f = 0 and g = 0) arising from taking the difference of two
solutions, the solution has the form u = ¢ + 1) where ¢ and 1 are two holomorphic functions satisfying the
homogeneous version of conditions (4.6) and (4.7)

(200 +Xp) =0 on D (4.15)
(200 4+ X)) =0 on D, (4.16)
which implies that
¢=Crz7, (4.17)
= Chz . (4.18)

Since, ¢ and ¥ are holomorphic we either have —\ = ky € N or C; = C5 = 0. But X is nonzero and is not a
negative integer by assumption and thus C; = Cy = 0 and uniqueness of a classical solution follows. Note,
the case of A = 0 is the Neumann condition which is no longer the third boundary condition.

4.3. Continuous dependence on data

We next establish the estimate (3.3) showing continuous dependence of the solution u on the data f and
g in the prescribed norms. In particular, estimating the W2! norm of ¢, 1) and w we have

||¢\|%4/2=1(D) = ||¢||i2(m>) + ||3<15||2L2 D)
1
= |91:\2 p2k+1 / K |9k F2k—1
d 27 d
PN s i Z\HAI? '
0 k=0
Z |gk Z k2|gk|2 1
|k+>\|22k+2 |k+>\|22k

Now, if (A) # 0, then |k + A > |S(A)]. If S(A) = 0 and R(A) > 0 then |A + k| > A > 0. On the
other hand, if (A) = 0 and R(A\) = —m — d < 0 where m is a nonnegative integer and 0 < d < 1 then
A+ k| > min{d, 1 — d}. Hence, the first sum satisfies

Please cite this article in press as: A. Mohammed, A. Tuffaha, On boundary control of the Poisson equation with the third
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)

- |gk 2 1 1 *
2 —
kz k+)\|22k+2 < Ci(A 7"2|9k| i3 = (1 ||3900Y)

L2(D)
where
Sk S(A) #0
Ci(\) = %, S(A) =0, RN >0
max{% Ld} A=-m—-d<0
To estimate the second sum, note that if R(\) > 0, then
ki2
— <1
|k + A2 —
On the other hand, if ®(A) = —m — d < 0, where m is a nonnegative integer and 0 < d < 1, then we
bound the first m terms
K2 m?

< k=0,1,2,..
R TAY

noting that d and §(\) are not both zero. The remaining terms are bounded since ﬁ is a decreasing

function of k for £ > m + 1 and asymptotically converges to 1. Hence, we have

oo o

2 1 2 1 2| %2 1
Z 9k| _ Z k2| g7] . Z klgil® 1
+ A2 2k |l<:+/\|2 2k it |k + A2 2k

m? ” 1 (m+1)? & 1
) S — fof P, Ve S M *12_ 2
= 7Td2+|s(x)|2z|g’“| o A= a2 > iP5
k=0 k=m+1
Therefore,
— 9k|2 1 2 1
< AmChy(
Z Tt AR 2k = AmCal Z%“”“' 2% + 2
1 2
=20 3560
L2(D)
where
1, R(A) >0

B o { (aetier) ()} w0 =-m-a <o

Therefore, we conclude
181521 ) < CNS (9172 (o) (4.19)

where C(A) = 2C1(A) 4+ $Ca(N).

We now appeal to the properties of the Schwarz operator S defined in (4.3) which is bounded from
LP(0D) to LP(D) for 1 < p < oo [26]. In fact, the real part of the kernel in (4.3) is the Poisson kernel and
the map 7 — R(S(7)) is bounded from LP(9D) to LP(D) for all p (it is easy to see this is true for p = co
by the maximum principle). The imaginary part of the kernel is called the conjugate Poisson kernel, and

Please cite this article in press as: A. Mohammed, A. Tuffaha, On boundary control of the Poisson equation with the third
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the boundedness of mapping 7 — (S(7)) is equivalent to boundedness of the Hilbert transform on L? (D)
which holds for p € (1,00), a classical result due to Riesz (1924) [27].
Therefore, taking p = 2 and appealing to the expression for %S(g*) in (4.6), we have that

1) 122y < Cllg* |72 (om)-
Thus, by the inequality (2.11)
1S(g" )72y < CllgllZz(omy + CIFIE2my)-

A similar estimate for 1 also applies since

[PlF20 @) = 9172y + 1001172m)

—or /Z g% k‘Q F2RFL g, +27T/Z kg%, k|2 F2k=1 g,
&+ A2 k+ A2
lg* k|2 1 = 2|9 k|2
=27
Z|k+/\|22k+2+ Z|k+/\|22k
CNS@) 72wy (4.20)

and S(g*) satisfies the same estimate as S(g*).
Moreover, since w = T7 1 f, it satisfies the estimate

HU’H%VZJ(D) < C(||T1,1f||2L2(ID>) + ||T1,Of||2L2(JD>) + ||T0,1f\|%2(m>))
< ClflI72 )

where we used (2.10). Hence, the estimate (3.3) is established.
4.4. Existence and uniqueness of a weak solution

We now use a density argument to pass through the limit in the weak formulation of the problem (3.2). In
particular, given g in L?(0D) and f in L?(D) one can find a sequence of functions g, € C1(9D) converging
to g in L2(9D), and a sequence of functions f,, € C(D) converging to f in L?(D). The corresponding solution
u, to the equation satisfies the inequality (3.3), and thus we can extract a weakly convergent subsequence
Uy, corresponding to data {gy,, fn,} and converging weakly to an element u in W2L(D).

Taking the inner product of (1.1) with a test function v and integrating by parts using Green’s identity
over the domain D (see appendix), we obtain the weak formulation for the problem

2m 2m
2/6un_ﬁﬁdx dy+2/85un]. 0,vdx dy—i—)\/un (e)w(e?) d9—/gn_j (0)T(e") df = —/fnjﬁdxdy.
D D 0 0 D

(4.21)

Hence, passing to the limit in (4.21), we have that u € W?2!(D) is a weak solution corresponding to
the data g € L?(0D) and f € L?(D). That the solution is unique follows again from considering the
homogeneous problem satisfied by the difference of two solutions. Since the domain is regular and the
problem is homogeneous, the weak solution is in fact a classical solution and thus it is the zero solution.
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5. Controllability: proof of Theorem 3.2

Let m > 0 be the infimum of J over L?(0D). We now consider a minimizing sequence g,, € L?(9D) of
the functional (1.3), or in other words

and the corresponding sequence of weak solutions u,, = u(g,) € W21(D). Then, there exist constants M > 0
and N € N, such that J(u(gn),g9n) < M for all n > N. Therefore, we can extract a weakly convergent
subsequence g, — g € L?(0D). Moreover, using the inequality (3.3) we can extract a weakly convergent
subsequence u,, in W*!(D) converging to an element u € W*!(D). By passing to the limit as nj; — oo in
the weak formulation (4.21), we conclude that w is the unique weak solution to the problem corresponding
to data f and boundary data ¢°. In addition, Uy, converges to u strongly in L?(D) by compactness.

Now, since the norm is convex and lower semicontinuous it is weakly lower semicontinuous which implies

27

J(u,g%) = / fl? de dy + / 19°(0) % db
D 0

2m
§liminf/|un|2dxdy—|—liminf/\gn(9)|2 de
D 0
< liminf J(un(gn), gn) = m.

Therefore, the minimum of J is realized by the function ¢°. Uniqueness follows from strict convexity of
J(u(g),g) in g which is a consequence of strict convexity of the norm and the convexity of u(g).

We next characterize the optimal control and show that in fact u(g°) is a classical solution. In fact, we
can express u(g) as u = Lg* + Ty 1 f, where L : L?(0D) — W>1(D) denotes the solution map defined by

2m 2m
Lg=u < —2/6Zu(%6dazdy—2/6;u8zﬁdxdy—)\/u(eie)ﬁ(ew) d9—|—/g(9)ﬁ(ei9) df =0,
D D 0 0

(5.2)

Vv € W21(D), which is well-defined by Theorem 3.1.

We next derive the expression of the optimal control ¢° by taking the variation of the functional .J with
respect to g.

First, using the expression u = Lg* + 17,1 f we have

J=(Lg* +Ti1f, Lg" +Ti1f)p +(9",9")op,

which after taking the variation, and denoting by L* the adjoint of L with respect to the L?(ID) inner
product, we obtain

0=10J = (L*Lg*,69)op + (909", L*Lg*)op + (L*T1 1 f, 69" )op + (99™, L*T1 1 f)ap + (97,99 ) o
+(99%, 9%) op-
Therefore

2R(L*Lg*,69™)on + 2R(L*T1 1 f, 9% )op + 2R(g*, 69™)ap = 0,
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which holds for all 6g* € L?(0D) and thus
(I+L*L)g* = ~L*T1f. (5.3)
Now, the operator I + L*L is bounded on L?(dD) and coercive since
((I+ L*L)h, h)op = [Ihll72op) + IL* 7 22(op) = 17122 (om):

for all h € L?(0D). Therefore, by the Lax-Milgram theorem, (I + L*L) has a bounded inverse on L?(0D)
and hence we conclude

@)= —T+L* L) ' L*Ty 1 f+ 2Tf +ZTf + \Tv1f, z€ 0D. (5.4)

Moreover, we can explicitly compute the adjoint of the map L. Let h € L?(D) and set v to be the solution
to the problem

Av=h in D, (5.5)

subject to the boundary condition

0
Y +A=0 on 3D, (5.6)

then, given any g € L?(9D), we have using Green’s identity

(Lg, h)yp = (Lg, Av)p

27
= —2/62Lg O=vdx dy — 2/85Lg 0,vdx dy + /Lg(ew) %E(ew) de
D D 0
27 27 27
~) / Lo(e®) T(e™) df — / 9(8)T(e®) db + / Lg(e™) %5(61'9)019
0 0 0
27
— - [g)u(e*)as
0
= (9, L*h)ap,

where we used the definition of L as the solution map defined in (5.2).
Hence, the adjoint L* : L?(D) — L*(dD) is defined as the solution map to the problem

L*h=q < q= —v|sp and

27
—2/8zvagﬂdmdy—2/Bgvﬁzﬂdmdy—)\/v(ew)ﬂ(ew)de = /hﬂda:dy Yu e WHHD).  (5.7)
D D 0 D

In other words, the adjoint is the trace of the solution to the problem (5.5)—(5.6) and is thus bounded
L?*(D) — W?2/2(9D). Using a higher regularity argument via the Agmon-Douglis-Nirenberg method [1],
we can also deduce the regularity property L* : W2* (D) — W?25+1/2(9D).
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Now, from (5.3) we have that
g* = —L*Lg* — L*Tl’lf. (58)

The above relation shows that the optimal control ¢° is in fact more regular, and thus the corresponding
solution u to this control is a classical solution. In particular, we conclude that Lg* € W2!(ID). On the other
hand, L* is the solution map L*h = v|gp to the BVP (5.5)~(5.6), and thus L*Lg* € W23/2(dD) C C(dD).
Moreover, Ty 1 f € W?2(D), and accordingly L*T} 1 f € W25/2(9D) ¢ C'(dD). Thus, g* € W3/2(9D) N
C(9D). Tterating again using (5.8), we conclude L*Lg* € W23(9D) C C' (D). Therefore, g* is C! while
the optimal control ¢° may be expressed as

Q) =g"(Q) +CTo1f +{Tiof — AXT1af, (€D,

using (2.5). If we further assume f € C(D) then we conclude ¢° is also C''(9D) and thus the corresponding

Y is a classical solution in C?(ID). This completes the proof of Theorem 3.3.

optimal solution u
6. The case of —\ = ko € N: proof of Theorems 3.3, 3.4

If —A = ko € N, then (4.12) implies that

o=l REN\{lo), Gn=A il gl =0 o= > Ekrad seD (6)

k4N bt Tty BT A
where A € C is an arbitrary constant. In this case,
oo *
o(z) = k_(%:#ko . gkko 2F 4 Azko, (6.2)

If the compatibility condition gi = 0 is not satisfied, the problem (4.12) is not solvable for the case
—X € N due to incompatibility. This means that under the assumption —A = ko € N, if ¢ = 377 apz” is
a holomorphic solution to (4.8) then we must have g; = 0. In other words, due to the fact that G*(z) is
holomorphic, we may express g; = as

* 1 *
oy = 7 0)

and the compatibility condition g; = 0 can be expressed using the Cauchy integral formula as

JRGE

<=1

0, CeaD

and the following Theorem can be deduced.

Theorem 6.1. Let —A=ko € N. If g = 72 arz® is a holomorphic solution to (4.8), then G* must satisfy
the compatibility condition

—ko dC

* *

gk, =0 or /G(OC ?:
I¢]=1
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If the compatibility condition (6.3) is satisfied, then the problem (4.8) has the solution (6.2) for —\ € N with
A being an arbitrary complex number. If the compatibility condition (6.3) is not satisfied, then the problem
(4.8) s not solvable when —A € N.

Similarly, one can conclude that

0 *
W= Y T B, (6.4)
k—ko
k=0,k+ko
where B is an arbitrary constant, assuming the compatibility condition g*, = 0 is satisfied by H*. An
analogous theorem can be stated for the problem (4.9):

Theorem 6.2. Let —\ = ko € N. Ifp => 7 arz® is a holomorphic solution to (4.9), then H* must satisfy
the compatibility condition

ko d
7 =0 or [ H*<<><’“§:

Igi=1

0. (6.5)

If the compatibility condition (6.5) is satisfied, then the problem (4.9) has the solution (6.4) with B being an
arbitrary complex number. If the compatibility condition (6.5) is not satisfied, then the problem (4.9) is not
solvable when —\ € N.

Note that compatibility conditions (6.3) and (6.5) can be expressed as

d
G =0 or / g*(@ﬁ’%f:o. (6.6)
[¢]=1

Moreover, since —A = kg € N, the problem

Au=0 in D (6.7)
subject to the boundary condition
3u+)\u—0 on 0D (6.8)
on N ’ '
admits a family of solutions of the form
u(z) = AzFo + Bz, (6.9)

for any A, B € C, cf. [25]. This means that the optimal control problem of minimizing (1.3) subject to the
BVP (1.1)—(1.2) is not well-posed in this case. In fact, for any choice of g, the lack of uniqueness of solution
u implies a lack of controllability. In particular, for any g € L?(0D), we may choose A, and B so that the
value of the functional is arbitrarily large.

Therefore, we impose additional conditions (3.6) and (3.7) on the boundary data u which determine the
values of the coefficients A and B uniquely

/ (€) T d¢ =

oD
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and
[Jute) ot = us,
oD

where u; and us are given complex numbers.
This is justified by the following computations. If we take the inner product of z*0 with v while paying
attention to Z ¥0 = z7%0 on 9D, then we have

u(z) 20 =w)Ek + Y w4 Az + B on oD,
k=0,k#ko k=0,k#—ko

Hence, by the Cauchy complex integral formula, we have

/u(g) Zko+1 dgz/ w(z)zk0+1+ Z ak<k7k071+ Z bk? k+ko+1+AZZko+1+§ ac,
oD

oD k=0,k7ko k=0,k#—ko
= /w(z)ZkOH d¢ + 2miB.
oD
Thus,
2miB = uy — /w(z)zko+1 dcg.
aD
Similarly,
u(z) 2% = w(z)z* + Z apzFtho 4 Z bz "k 4 A4+ B2z% 0 on  OD.
k=0,k#~—ko k=0,k+ko

Therefore, using the Cauchy integral formula, we have

Ju@ cotac= [w@icor s 3 wcttote S ng T Sy peiet )
oD

oD k=0,k#—ko k=0,k+£ko ¢

:/w(z)ckof1 d¢ + 2miA,

oD

from which, we get

2miA = ug — /w(z)CkO_1 dc.

oD

Hence, the choice of u; determines the coefficient B and the choice of us determines the coefficient A,
which guarantees uniqueness of solution.

Repeating the estimates on the W?2! norm of the solution u as in the proof of Theorem 3.1 and using
the expressions for A and B, the estimate (3.8) easily follows.
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Remark. Notice for example that when f(z) =0, A = =2, g(2) = ¢12? + c222 + c323, problem (1.1)-(1.2) is
not solvable for |e1|2 + |e2|? # 0, Ves € C due to the fact that the compatibility condition is violated and it
is solvable for |c1]? + |ca|? = 0, Vez € C. Therefore, if the compatibility conditions are not satisfied, there is
no solution to the original problem.

6.1. Ezxistence of a weak solution
Given f € O(D), and g € L?(0D) satisfying the compatibility condition

/ (O — g,

¢
I¢l=1

we can find a sequence of functions g, € C1(0D) converging to g € L?(0D) as n — oo, and such that the
same compatibility condition

d
| g <o
¢ci=1

is satisfied. Such a sequence can be constructed by truncating the Fourier series for ¢g* to construct an
approximate sequence g7, which guarantees that the coefficients corresponding to z*° and zF0 remain zero.
Accordingly, g, (¢) may be selected to be g5 (€) + (To,1 f(C) + CThof(C) — koT11f(O)-

Therefore, if we impose the conditions (3.6) and (3.7), by the result of the previous section there exists
a unique solution wu, corresponding to the data g, and f to the BVP (1.1) with the boundary condition
(1.2) when —\ = ko € N. Integrating by parts via Green’s formula, we have that u,, satisfies (4.21). We now
invoke the a priori estimate (3.8), to extract a weakly convergent subsequence u,; converging to an element
u € W21(D). Passing to the limit in (4.21) as n — 0o, we obtain the weak formulation (3.2) satisfied by wu.
The same uniqueness argument as in the case of Theorem 3.1 also holds.

6.2. Proof of Theorem 3./

The proof of Theorem 3.4 on existence of the optimal control follows the same argument of proof of
Theorem 3.2, using the inequality (3.8). Under the assumptions u; = uy = 0, the solution map L : g — u
is a linear map. Here, the admissible set of controls includes the compatibility conditions (3.4). In other
words, given f € C(D) we minimize the functional J over the closed subset K of L?(9D):

K :=1{geI?D): / g<<>6*’“°d—§: / (cTo,1f<c>+ET1,of<o—koT1,1f<<)Z*’“°)

I¢I=1 I¢1=1

S
¢

By finding a minimizing sequence {g,} € K of the functional J, we can extract a weakly convergent
subsequence {g,,} converging weakly to an clement ¢° € L?(dD). Moreover, ¢° must satisfy the same
compatibility conditions and thus belongs to K. From (3.8) we have a uniform bound on (g, ), and thus we
can extract a corresponding subsequence of weak solutions u,, = u(gy,,) converging weakly to u in W>1(D).
It is easy to see again that this element u is the weak solution corresponding to ¢ and indeed satisfies
the conditions (3.6) and (3.7). In particular, the trace map is compact W2!(D) — L*(0D), and thus u,,
converges strongly to u on the boundary in L?(0D), and thus we can pass to the limit in conditions (3.6)
and (3.7) satisfied by w,,;, which implies u also satisfies (3.6) and (3.7). The same argument as before applies
to show that g° is the unique minimizer of J over the set K.
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6.3. Some remarks

The following identities hold

27 2m
1 [d¢ 1 [de?) i B
%/?—%/ 7 —%/dQ—l (6.10)
oD 0 0
and
1 &1 T iapde® i T
+E@6 L +ikg@\€ ") 1 +ik0 39 _
2—7”/4- ?— 27”_/6 o0 27”_/6 dd =0, Vk eN (611)
oD 0 0
By (4.10),
g Q=g 3 =g+ Y gl (e
k=0 k=0 k=0 k=1
and by (4.6),
1 101 2 d 1 1\ d )
6"(2) = 55" N = {5 [0 (25 -1) T rich =5 [0 (25 -5) T+pe
oD oD

1. 1 1\ d¢ i
%wg (O<1—222) T e
1 o0 o0 o0 _ 1 d .
~om [ (st s o) (S ) v e
7'('16]1)) k=0 k=0 h=0 C

Here, only terms k = h are of particular interest, and the rest all vanish due to (6.10) and (6.11) so that
- i
G* _ * k * Ze.
(2) I;gkz T 90T 5¢

Clearly, G*(z) is fully determined by the holomorphic coefficients of g*(z) up to a constant term.

Appendix A. Green’s identity

Let u(z) and v(z) be two complex valued functions defined on the unit disk and in C?(ID). Green’s identity
states that on any smooth domain in the plane, we have

/Au@dmdy:—/Vu-Vdedy—i—/g—ZEds
D D D

where ds = \/2'2(0) + y'2(0) df is the infinitesimal arclength and (z(0),y(#)) is a parametrization of the
boundary 0D, and n is the outward unit normal to the boundary.
Since the domain is the unit disk and Vu - V& = 20udv 4+ 20udv we have

2m
/Auidaz dy = —2/3u5€dm dy—2/5u35dmdy—|—/%(ewﬁ(ew)dﬁ.
D D 0

D
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Moreover, since our boundary condition on 9D is

ou
% + >\U’ =9,
the relation becomes
27 27
/Auﬁ dedy = -2 / Oudv dz dy — 2 /guaﬁdaj dy — A / u(e)o(e) do + /g(ew)ﬁ(ew) de.
D D D 0 0
Using Au = f, we finally have
27 2
—2/81155 dx dy — 2 /5u8§dm dy — )\/u(eie)ﬁ(eie) do + /g(em)ﬂ(em) do = /fi dx dy,
D D 0 0 D

which is the weak formulation of the problem given in (3.2).

References

[1] S. Agmon, A. Douglis, L. Nirenberg, Estimates near the boundary for solutions of elliptic partial differential equations
satisfying general boundary value conditions, I, Comm. Pure Appl. Math. 12 (1959) 623-727.
[2] N. Arada, J-P. Raymond, Time optimal problems with Dirichlet boundary controls, Discrete Contin. Dyn. Syst. 9 (6)
(2003) 1549-1570, https://doi.org/10.3934 /deds.2003.9.1549.
[3] G. Auchmuty, Steklov eigenproblems and the representation of solutions of elliptic boundary value problems, Numer.
Funct. Anal. Optim. 25 (3 & 4) (2004) 321-348.
[4] G. Auchmuty, Steklov representations of Green’s functions for Laplacian boundary value problems, Appl. Math. Optim.
(2016) 1-23, https://doi.org/10.1007/300245-016-9370-4.
[5] C. Bandle, Isometric Inequalities and Applications, Monographs and Studies in Mathematics, vol. 7, Pitman, 1980.
[6] L. Baratchart, A. Borichev, S. Chaabi, Pseudo-holomorphic functions at the critical exponent, J. Eur. Math. Soc. (JEMS)
18 (9) (2016) 1919-1960.
[7] H. Begehr, Complex Analytic Methods for Partial Differential Equations: An Introductory Text, World Scientific, Singa-
pore, 1994.
[8] H. Begehr, Iteration of the Pompeiu integral operator and complex higher order equations, Gen. Math. 7 (1999) 3-23.
[9] H. Begehr, A. Dzhuraev, An Introduction to Several Complex Variables and Partial Differential Equations, 1st edition,
Chapman and Hall/CRC, ISBN 0582255007, July 9, 1997.
[10] H. Begehr, G. Harutjunjan, Robin boundary value problem for the Poisson equation, J. Anal. Appl. 4 (3) (2006) 201-213.
[11] H. Begehr, G.N. Hile, Higher order Cauchy Pompeiu operators, Contemp. Math. 212 (1998) 41-49, https://doi.org/
10.1090/conm/212/02871.
[12] H. Begehr, G.N. Hile, A hierarchy of integral operators, Rocky Mountain J. Math. 27 (3) (1998) 669-706, https://doi.org/
10.1216 /rmjm/1181071888.
[13] H. Brezis, Functional Analysis, Springer-Verlag New York, 2001.
[14] B. Colbois, A. El Soufi, A. Girouard, Isoperimetric control of the Steklov spectrum, J. Funct. Anal. 261 (5) (2011)
1384-1399.
[15] D. Daners, Robin boundary value problems on arbitrary domains, Trans. Amer. Math. Soc. 352 (9) (2000) 4207-4236.
[16] M. Felici, B. Sapoval, M. Filoche, Renormalized random walk study of oxygen absorption in the human lung, Phys. Rev.
Lett. 92 (2003) 068101.
[17] A. Girouard, I. Polterovich, Spectral geometry of the Steklov problem, Math. Proc. Cambridge Philos. Soc. 157 (3) (Nov.
2014), http://arxiv.org/pdf/1411.6567v1.pdf.
[18] K. Gustafson, T. Abe, The third boundary condition — was it Robin’s?, Math. Intelligencer 20 (1) (1998) 63-71.
[19] A. Kufner, J. Kadlec, Fourier Series, Iliffe Books/Academia, London/Prague, 1971.
[20] L. Lanzani, Z. Shen, On the Robin boundary condition for Laplace’s equation in Lipschitz domains, Comm. Partial
Differential Equations 29 (1-2) (2004) 91-109.
[21] J.L. Lions, Optimal Control of Systems Governed by Partial Differential Equations, 1st ed., Grundlehren der Mathema-
tischen Wissenschaften, vol. 170, Springer-Verlag, Berlin, 1971.
[22] V.G. Maz’ya, S.M. Nikol’skii, Analysis IV, Encyclopedia of Mathematical Sciences, vol. 27, Springer-Verlag, Berlin, 1991.
[23] A. Mohammed, D. Siginer, F. Akyildiz, Eigenvalues of holomorphic functions for the third boundary condition, Quart.
Appl. Math. 73 (2015) 553-574.
[24] A. Mohammed, M.W. Wong, Solutions of the Riemann—Hilbert—Poincaré problem and the Robin problem for the inho-
mogeneous Cauchy—Riemann equation, Proc. Roy. Soc. Edinburgh Sect. A 139 (1) (2009) 157-181.

Please cite this article in press as: A. Mohammed, A. Tuffaha, On boundary control of the Poisson equation with the third
boundary condition, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.10.059



http://refhub.elsevier.com/S0022-247X(17)30961-7/bib41444Es1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib41444Es1
https://doi.org/10.3934/dcds.2003.9.1549
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib417563686D7574793034s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib417563686D7574793034s1
https://doi.org/10.1007/s00245-016-9370-4
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib42616E646C65s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib424243s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib424243s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib426567656872s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib426567656872s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib42656765687232s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib426567656872447A687572616576s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib426567656872447A687572616576s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib42656765687248617275746A756E6A616Es1
https://doi.org/10.1090/conm/212/02871
https://doi.org/10.1216/rmjm/1181071888
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4272657A6973s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib436F6C626F6973s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib436F6C626F6973s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib44616E657273s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib46656C696369s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib46656C696369s1
http://arxiv.org/pdf/1411.6567v1.pdf
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib477573746166736F6Es1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4B75666E6572s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4C616E7A616E69s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4C616E7A616E69s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4C696F6E73s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4C696F6E73s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4D617A7961s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4D6F68616D6D656444656E6E6973s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4D6F68616D6D656444656E6E6973s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4D6F68616D6D6564576F6E67s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib4D6F68616D6D6564576F6E67s1
https://doi.org/10.1090/conm/212/02871
https://doi.org/10.1216/rmjm/1181071888

ARTICLE IN PRESS

A. Mohammed, A. Tuffaha / J. Math. Anal. Appl. sss (seee) ees—see 19

[25] A. Mohammed, M.W. Wong, Boundary eigenvalues of the third boundary condition with complex valued variable coefficient
for Poisson equation, preprint.

[26] V. Pohl, H. Boche, Advanced Topics in System and Signal Theory: A Mathematical Approach, Foundations in Signal
Processing, Communications and Networking, vol. 4, Springer-Verlag, Berlin, Heidelberg, 2010.

[27] M. Riesz, Sur les fonctions conjugueés, Math. Z. 27 (1927) 218-244.

[28] W. Stekloff, Sur les problémes fondamentaux de la physique mathematique (suite et fin), Ann. Sci. Ec. Norm. Supér. (3)
19 (1902) 455-490.

[29] I.N. Vekua, Generalized Analytic Functions, Pergamon, Oxford, 1962.


http://refhub.elsevier.com/S0022-247X(17)30961-7/bib506F686C2D426F636865s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib506F686C2D426F636865s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib526965737As1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib5374656B6C6F6666s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib5374656B6C6F6666s1
http://refhub.elsevier.com/S0022-247X(17)30961-7/bib56656B7561s1

	On boundary control of the Poisson equation with the third boundary condition
	1 Introduction
	2 Preliminaries
	2.1 Function spaces
	2.2 Particular/special solution of the Poisson equation

	3 Main results
	4 Proof of Theorem 3.1
	4.1 Fourier series solution
	4.2 Uniqueness of solution
	4.3 Continuous dependence on data
	4.4 Existence and uniqueness of a weak solution

	5 Controllability: proof of Theorem 3.2
	6 The case of -λ=k0∈N: proof of Theorems 3.3, 3.4
	6.1 Existence of a weak solution
	6.2 Proof of Theorem 3.4
	6.3 Some remarks

	Appendix A Green's identity
	References


