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1. Introduction

It is well known that, there are some nonclassical situations, where in contrast to Lax’s and Glimm’s clas-
sical results [12,17], the initial value problem for some physical models does not possess a weak L°-solution.
While a type of generalized solution called delta shock wave solution is introduced as its solution. Roughly
speaking, a delta shock wave solution is a solution such that at least one of the state variables contains
a Dirac delta function [35]. The investigations of one-dimensional delta shock waves have been intensively
developed in the past two decades [4-6,21,30,32,36] and the references therein. Interestingly, Danilov and
Shelkovich [10], Panov and Shelkovich [26] introduced the one-dimensional §(™-shock wave solution, where
6™ n =1,2,---, is nth derivative of the Dirac delta function, and shown that the solution to a one-
dimensional system of conservation laws involves not only Dirac delta functions but also their derivatives.
Moreover, the one-dimensional delta shock wave with a Dirac delta function in multiple state variables has
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been studied recently [8,24,25,28,37,38]. However, only little work has contributed to the investigations of
two-dimensional and high dimensional delta shock waves.
One typical example of the systems admitting a two-dimensional delta shock wave solutions is the two-
dimensional zero-pressure gas dynamics
{ pe+ V- (pU) =0, (1)
(pU) +V - (pU @ U) =0,

where the variables p > 0,U = (u,v) denote density and velocity, the V is the gradient operator over
the space variable X = (z,y), and the ® is the usual tensor product of two vectors. The system (1.1)
is obtained by flux-splitting numerical schemes for the two-dimensional compressible Euler equations [4],
or by letting pressure p = 0 on the two-dimensional isentropic Euler equations [18]. This system is used
to describe the motion of free particles sticking together under collision and the formation of large-scale
structures in the universe [1,27]. It has also been used for modeling dusty media which can be considered
as having no pressure [16]. There have been numerous studies on this system. In one-dimensional case, with
random initial data, Bouchut [4] given the Riemann solution and checked the solution satisfying (1.1) in the
sense of measures. The behavior of global weak solutions with random initial data was analyzed by Weinan,
Sinai and Rykov [11]. By viscous vanishing method, Sheng and Zhang [32] studied the Riemann problem for
system (1.1) in one-dimensional case, and also constructed the solutions for system (1.1) with four constant
values only involving contact discontinuities. Li and Zhang [20] established a complete form of generalized
Rankine-Hugoniot relation of the two-dimensional delta shock wave, and obtained all the Riemann solutions
to system (1.1) by solving this relation. Moreover, Li and Yang [19] considered the Riemann problem with
two constant values separated by a hyperplane, and obtained the n-dimensional (n > 3) plane delta shock
wave dependent on a family of one parameter. For more investigations of high dimensional delta shock
waves, the readers are also referred to articles [2,14,29,33,34]. It is noticed that the common feature of
above-mentioned multi-dimensional delta shock waves is that only one state variable contains a Dirac delta
function.

Mach-reflection-like pattern is a kind of important nonlinear phenomenon in multi-dimensional systems of
conservation laws. Li, Zhang and Yang [21] studied the two-dimensional Riemann problem for system (1.1)
with four constant values, where, the two-dimensional delta shock wave with a Dirac delta function only
in density emerges in the solution. Meanwhile, in some solutions, one two-dimensional delta shock wave
bifurcates somewhere into two new two-dimensional delta shock waves, and there exists a triple-wave point
where three delta shock waves match together. This structure is named as the Mach-reflection-like pattern,
which is similar to the Mach reflection configuration in gas dynamics [9,40]. It also resembles the Gucken-
heimer structure which issues in two-dimensional single conservation law [13,31,39]. All of these result from
the global (local and global) interactions of two-dimensional waves.

As was shown in [16], for modeling media which can be considered as having no pressure, it is necessary
to consider energy transport. This motivates us to study the following two-dimensional zero-pressure Euler
equations

(pU)e +V - (pU @ U) =0, (1.2)
(3PlU11* + pe)e + V- (3ollUI* + pe)U) = 0,
where the variable e > 0 represents specific energy, and ||U||?> = u? +v2. The third equation of system (1.2)

expresses the conservation of energy. The system (1.2) can be derived by letting the pressure p = 0 on
the two-dimensional compressible Euler equations. Kraiko [16] studied the system (1.2) in one-dimensional
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case, and the discontinuities which would be different from classical ones and carry mass, impulse and
energy, were used to construct the solution for arbitrary initial data. Nilsson, Rozanova and Shelkovich [22,
23] considered (1.2) in one-dimensional case by denoting the internal energy pe by a new variable H, and
shown the concentration processes of both mass and energy on the one-dimensional delta shock wave front.
Subsequently, the corresponding one-dimensional Riemann problem was completely solved by Cheng [7].
Motivated by the works [22,23], we consider (1.2) in the following form

pt +V - (pU) =0,
(pU) 4+ V - (pU @ U) =0, (1.3)
(olU[1? + H): + V- (30l|U|* + H)U) = 0,

where the state variable H > 0 denotes internal energy.

Albeverio, Rozanova and Shelkovich [3] introduced the integral identities to define a multi-dimensional
delta shock wave solution for system (1.3), and then derived the corresponding Rankine-Hugoniot condition.
They also shown the concentration processes of both mass and internal energy on the multi-dimensional
delta shock wave front. In the present paper, we study the two-dimensional Riemann problem for (1.3) with
initial data

(p,U,H)(0,X) = (p;, U;, H;), in the ith quadrant, i = 1,2, 3,4, (1.4)

where p; > 0,U;, H; > 0 are constant values, satisfying assumption (H): Each initial discontinuity projects
only one two-dimensional wave.

The self-similar bounded solutions are firstly analyzed. It is also proven that the p, uy, vy, uy, vy, H blow
up simultaneously in a finite time under certain assumptions on the initial data. These facts show that
two-dimensional delta shock wave with a Dirac delta function in both density and internal energy takes place
in this situation. While, both generalized Rankine-Hugoniot relation and entropy condition for this type of
two-dimensional delta shock wave are proposed. To construct the Riemann solutions in self-similar plane, the
generalized Rankine-Hugoniot relation is reformulated to a system of ordinary differential equations, and
the qualitative behavior of entropy solutions to this reformulated relation with four kinds of special initial
data is analyzed. Finally, under the assumption (H), twenty-three explicit solutions and their corresponding
criteria are obtained.

In the next section, we first present the self-similar bounded solutions. We analyze rigorously the phe-
nomenon of two-dimensional delta shock wave with a Dirac delta function in both density and internal
energy, and propose both generalized Rankine-Hugoniot relation and entropy condition for this type of
two-dimensional delta shock wave. We also reformulate the generalized Rankine-Hugoniot relation to a
system of ordinary differential equations. In Section 3, we discuss the qualitative behavior of entropy solu-
tions to the reformulated generalized Rankine-Hugoniot relation with four kinds of special initial data. In
Section 4, under the assumption (H), we divide the two-dimensional Riemann problem (1.3) and (1.4) into
five cases, and construct all of exact solutions in self-similar plan. A brief conclusion is given in Section 5.

2. Preliminaries

Under the conditions p > 0 and H > 0, the system (1.3) in direction (u,v)(u? +v* = 1) has a
quadruple eigenvalue \*¥ = pu + vv, with the associated right eigenvectors r{"” = (1,0,0,0)%, 75" =
(0, —v, 1, 0)T, k" = (0,0,0,1)7, satisfying VA*Y - ¢l = 0,7 = 1,2,3, where V is the gradient opera-
tor with respect to the variables p,u,v, H. Thus (1.3) is a linearly degenerate and non-strictly hyperbolic
system. Along the characteristic curve of system (1.3) defined as
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X =7, (2.1)
it holds that

These imply that all the characteristic curves are straight, and U keeps constant values along the charac-
teristic curve.

2.1. Self-similar bounded solutions

Since both (1.3) and (1.4) are self-similar, we seek self-similar solutions (p,U, H)(t,z,y) = (p, U, H)(E)
(2 =(&n),§ =x/t,n = y/t). Considering smooth solutions, the two-dimensional Riemann problem (1.3)
and (1.4) becomes the following boundary value problem

AWe + BW,, =0, (2.3)
with the boundary value at infinity

£2+n2*>001n,€1/77:(:0nstw = W;, if (¢,n) is in the ith quadrant, i =1, ..., 4,

where W = (p,u,v, H)T,

—{+u p 0 0
A 0 g+ 0 0
0 0 p(—E+u) 0 |°
0 H 0 —Etu
-n+v 0 p 0
B 0 p(—n+w) 0 0
0 0 p(—n +v) 0
0 0 H -n+wv
The system (2.3) has a quadruple eigenvalue (p > 0, H > 0),
A=(v—n)(u—-8&", (2.4)

with the associated right eigenvectors, 71 = (1,0,0,0)T,ry = (0,u — &, v —1,0)T,r3 = (0,0,0,1)T, which
satisfy VA -r; = 0,4 =1,2,3. Thus (2.3) is a linearly degenerate and non-strictly hyperbolic system.
Define the pseudo-characteristic curve of system (1.3) in (&, n)-plane by

=\ (2.5)

Q-‘Q-
™3

which has a singular point (u,v). Along each pseudo-characteristic curve, it holds that dU/d¢ = 0. Therefore,
all pseudo-characteristic curves are straight. We postulate that the pseudo-characteristic line comes from
the infinity and ends at its singular point.

We can see from (2.3) that, besides a constant state (p, U, H)(§,n) = Const. (p > 0, H > 0), the smooth
solution of (1.3) contains a vacuum solution p,U, H)(¢,n) = (0,U(§,n),0), where U(§,n) is an arbitrary
smooth vector-valued function.

Let us consider the bounded discontinuous solution. Let n = 7(&), with the states (p—,u_,v_, H_) and
(p+,ut, vy, Hy) on its two sides, be a discontinuity of the bounded discontinuous solution. It is a surface
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y = tn(x/t) with the normal direction (n — &o,0,—1)(c = 1/(§)) in (¢, z,y)-space. We solve the following
Rankine-Hugoniot condition

(n—€0,0,~1) - ([, [pul, [pe]) = 0,
(n = €0,0,-1) - ([pu], [pu?], [pu ])= (26)
(n —€0,0,-1) - ([pv], [puv], [pv?]) =
(n—&o,0,-1) - ([5p1U]1* + H], [(ngUHQ + H)ul, [(30l|U]]> + H)v)) = 0,
to obtain
c=G=tr =55 (2.7)
o] = ol
hereafter, [¢q] = ¢— — ¢+ be the jump of ¢ across the discontinuity. This is a two-dimensional contact

discontinuity, denoted by J, which is the pseudo-characteristic lines for both sides. It passes through the
singular points Z_ = (u_,v_) and E; = (u4,v4). We orient that a two-dimensional contact discontinuity
comes from the infinity and ends at one of these two singular points.

2.2. Two-dimensional delta shock wave solution

As pointed out in the last subsection, the bounded discontinuous solution only involves the two-
dimensional contact discontinuity, where the pseudo-characteristic lines for both sides are coincident. We
want to know that what type of singularity of solution to system (1.3) will develop when the pseudo-
characteristic lines from the different states overlap each other in (£, n)-plan. To this end, we first give some
useful lemmas.

Lemma 2.1. [15] A C* map X = f(a) from R™ to R™ is a C' diffeomorphism if and only if f is a proper
map, namely, ||f(a)|]] = oo as ||a|| = oo, and the det(df/da) never vanishes.

Lemma 2.2. Assume that initial data (p,U, H)(0,X) = (po, U, Ho)(X) € C*(R?) with bounded C° norm,
where po(X) > 0, Hy(X) > 0, then the characteristic lines passing through all the points on the initial plane
t = 0 never intersect for all time t > 0 if and only if none of the eigenvalues of the Jacobi matriz

8u0 auo

Uy _ [ o= Oy 2

8 — ((%O M) VX € R?, (2.8)
ox Jy

18 negative.
Proof. For any fixed ¢ > 0, the (2.1) with initial value X = (z¢, yo) can define a map
J(X) = Xo + tUo(Xo). (2.9)

Obviously, the (2.9) is a proper map for any fixed ¢ > 0 due to the bounded C° norm of the initial data.

Besides, we have by (2.9) that
6u0 auo
orx) _ (1T te oy (2.10)
8){O ta’Uo 1_|_ ta’l)o . .

BZDO
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Let a1, as be eigenvalues of 292 and by, by be eigenvalues of f (X) . We have

8X’
det(28)) = biby = (1+tar)(1 +taz) > 1. (2.11)

Thus, the map (2.9) is a O diffeomorphism by Lemma 2.1, that is, the inverse of f exists, denoted by f~!.

For any given bounded domain §2y on the initial plane ¢ = 0, let Ay > 0 be the area of the domain g,
Q, be a domain generated by the projections of the characteristic lines passing through the domain g
onto the plane t = to, and A(to) be the area of the domain €;,. We calculate that

Alto) //dX //’det (%D,

= // 1+ to(a1 + 02) + Cll(lzt(z) dXO
Qo

:AO + // to(al + CLQ) +tg(l1(l2 dXO

dXo

This shows that the area of the domain €2, is a nondecreasing function of ¢y, that is, the characteristic lines
passing through all the points on the initial plane ¢ = 0 never intersect each other for all time ¢ > 0.

On the other hand, assume that (2.8) fails. Then, there exists a bounded domain € on the initial plane
t = 0, such that at least one of the a; and as is negative in the domain €2§. This fact implies that there
exists a Ty > 0, such that

det( FX )>0X0€Q* for 0 <t < Ty,
and

det (

)—OXOEQ for t = Tg.

Thus, as 0 < tg < Ty, Xo € Qf, we deduce that

A* (to) :// dX://’det(agg)) e
Qr, Q

= // 1+to(a; +az2) + a1a2t% dXo

dX,

— 0, astyg— To,

where 2} is a domain generated by the projections of the characteristic lines passing through the domain
Q) onto the plane t = tg, and A*(to) is the area of the domain Q. Hence, the area of the domain Q2 is not
a nondecreasing function of ¢y, which contradicts to the fact that the characteristic lines passing through all
the points on the initial plane ¢ = 0 never intersect each other for all time ¢ > 0. The proof is complete. O

Theorem 2.3. Assume that initial data (p,U, H)(0,X) = (po, Uy, Ho)(X) € CY(R?) with bounded C° norm,
where po(X) > 0, Hy(X) > 0, then (1.3) admits uniquely a global smooth solution on t > 0 if and only if
the (2.8) holds.
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Proof. If the (2.8) holds, we can see from Lemma 2.2 that the map (2.9) is a C'! diffeomorphism. We then
calculate that

Ou  OJu Aug Qo) _ $9ug Ovg Aug

ox oy I Oxo (1 + tayo) t&yg Oz Oyo (2 12)
v ou | TN vy du (1 4 4Quo) _ 9 duo | ° :
dr Oy L {7ax, dxo dyo dxo dzo Oyo

By solving (2.2) with the given initial data, we obtain uniquely a global smooth solution,

_ (X)) _ -1 __ Hy (X))
det (ZHE (5-1(x) det (ZHEL (5-1(x)

On the other hand, suppose that (2.8) fails. There exists a point A = (a3, @) on the initial plane ¢ = 0,
such that at least one of the a; and as is negative at the point A. This implies that there exists a Ty > 0,
such that it holds that

det(ag)(()j))|X0:A>0 for 0 <t < Ty,
and
det (%82) |,y =0 fort =T

Thus, along the characteristic line passing through point A, we get det(aggg) Nxo=a — 0 as t — Ty, then
p — 00, g—; — 00, g—Z — 00, % — 00, g—; — 00, H - 0o ast — T by (2.12) and (2.13). Thus the density p,
the internal energy H and the first order partial derivatives of velocity U blow up simultaneously at a finite
time, which contradicts to the fact that the (1.3) admits uniquely a global smooth solution on ¢ > 0. The

proof is complete. O

By a method as used in [21], we can prove that the overlapping of pseudo-characteristic lines in (£, )-plan
is equivalent to that of characteristic lines in (¢, z, y)-space. Thus, when the pseudo-characteristic lines from
the different states overlap each other, we can know from Lemma 2.2 and Theorem 2.3 that, the density p,
the internal energy H and the first order partial derivatives of velocity U blow up simultaneously. This
motivates us to seek two-dimensional delta shock wave solution which contains a Dirac delta function in
both p and H.

Definition 2.4. The three-dimensional weighted Dirac delta function w(t, s)d supported on a smooth surface
S parameterized as x = x(t, s),y = y(t, s)(t € [0,400),s € [0,400)) is defined as

+oct-00
<ut)s.6>= [ [witsolta(s). (e s)dts
00
for all the test functions ¢ € C§°((0,00) x R ?).
Definition 2.5. The distribution (p, U, H) is a two-dimensional delta shock wave solution of (1.3) and (1.4)

in the sense of distribution if there exist a surface S and two functions w(t, s), h(t,s) € C'(S), such that
p=pt,X)+w(t,s)o,U=U(tX),H=H(t X)+h(t,s)d, and
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<p, Pt > + < pu, ¢p >+ < pv, ¢y >= 0,
<pu,dy > + < pu?, by > + < puv, $, >=0,
<pv, Py >+ < puv, Pp > + < pvz,qﬁy >=0, (2.14)
<3pllUI> + H,dr > + < (5p|/U|* + H)u, ¢, >
+ < (3ollU[]* + H)v, ¢, >=0,

for all the test functions ¢ € C§°((0,+00) x R?), where p, U, H € L>®([0,4+00) x R?; R),Ul|s = Us(t, s),

+oo+o00+00
<po>= [ [ [ poaxars <ut.s)so>,
0 —oo—oo

+oo+o0o+o00

< pu,p>= pupd X dt+ < w(t, s)us(t, )0, ¢ >,
(7

— 00 —00

and H has the similar integral identities as above.

With Definitions 2.4-2.5, in the region where the characteristic lines intersect each other, we introduce
a surface S : X = X(¢,s) which divides this region into two subregion _ and ., and seek the two-
dimensional delta shock wave solution,

(p—, U_,H_),(t,X) e Q_,
(0, U, H) = (w(t, $)5(X — X(t,5)), Us(t, 5), h(t, )0(X — X(t,5))), (t, X) € 5, (2.15)

(p+7u+7H+)7 (ta X) € Q-‘ra
where (p;, U;, H;),i = —, 4 are smooth bounded solutions, ¢ is the standard Dirac measure supported on the
surface S, and w(t, s), h(t, s) are the weights of the two-dimensional delta shock wave on the state variables

pand H.
Applying Gauss’s theorem, we can obtain easily the following lemma.

Lemma 2.6. If the (2.15) satisfies the system of partial differential equations with unknowns X, w,Us, h,

%—)t( =Us(t, s),
3¢ =(le], [pU]) - (N, Nx),
Qls) —(pU @ U) - (Ny, Nx),

lw sII2
GullUslHh _ (1151072 + H), [(pl|U][2 + H)UY) - (N, Nx),

(2.16)

where (N¢, Ny, Ny) = (u(s% - ’Ug%, —%7 %) is the mormal direction of S, then, it is a two-dimensional
delta shock wave solution of (1.3) and (1.4) in the sense of distribution.

In addition, we propose the following condition
U+-NX<U5~N)(<U,-NX7 (217)

to guarantee the uniqueness of two-dimensional delta shock wave solution, which means that all the char-
acteristic lines from the different states are incoming on both sides of the surface S.
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Definition 2.7. A discontinuity surface S satisfying (2.16) and (2.17) is called a two-dimensional delta shock
wave, denoted by 6.

The (2.16) is called the generalized Rankine-Hugoniot relation of two-dimensional delta shock wave.

It describes the location, propagation speed, and the weights of the two-dimensional delta shock wave.
Meanwhile, the (2.17) is called the entropy condition of two-dimensional delta shock wave.

2.83. The Riemann problem with two pieces of initial data

Denote
u_ v- 1 u— v- 1
[U*aUJm%_)S(]: Uy Uy 1 7[U*7U+55]: Uy Uy 1.
oz Oy 1
Os 0s n
The generalized Rankine-Hugoniot relation (2.16) is converted into
G =Us(t.5),
%:p—[U—aU5a%]7p+[U+aU5,%]a (2 18)
%:p*U*[U*7U57%_§]_p+U+[U+7U57%_)S(]7 ’
a5 11Us| 1> +1) -
(2,9—i)=(”7||U—||2 +H)[U-,Us, G5 = (51U |* + Hy)[U+, Us, 551,
and the entropy condition (2.17) becomes
[U_,Us, %5 >0, [UL,Us, %) <0. (2.19)
Under the entropy condition (2.19), we can deduce from (2.18) that
{%_?ZP[U,U(S,%_);]_I)+[U+,U5,%_§] 207 (2 20)
Gh —(E=||U- = Us||* + HO)[U-, Us, B8] — (5| |Us — U4 || + Hy)[Uy, Us, Z5] > 0.

These show that both w and A are non-decreasing functions of .

Let the line L : uxz + vy = 0 divide (x,y)-plane into two infinite regions 2_ and ., and the normal
direction N = (p,v)(u? + v? = 1) of L points from Q_ to ;. We consider the Riemann problem for
system (1.3) with initial data

(p73U77H7)7X 6 Q*’

LU, H)(0,X) = 2.21
(p )(0, X) {(p+7U+7H+),X€Q+, (2.21)

where p; > 0, H; > 0,9 = —, +, are constant values. We can prove easily that the necessary and sufficient
condition of the overlapping of characteristic lines from Q_ and Q. is

[U]- N >0. (2.22)

Therefore, this Riemann problem can be divided into the following two cases.

(i) [U]- N < 0. In virtue of [U] - N < 0, the characteristic lines from the domains Q_ and Q; do not
overlap. The vacuum will develop. The solution is expressed as
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(p—,U_,H_), X - N < U - Nt,
U -Nt<X-N<Us;- Nt, (2.23)

(p, U, H)(t, X) = § Vac.,
(p+’U+7H+)7 XN Z U2 - Nt.

(ii) [U]- N > 0. In this case, the characteristic lines from Q_ and Q will overlap each other. Thus we

seek a two-dimensional delta shock wave solution. We describe the initial data on L as
(2.24)

t=0:X(0,s) = (vs,—us), U(0,s) =Uy(s), w(0,s) =0, h(0,s) =0,

with parameter s > 0, where Up(s) is undetermined. Under entropy condition (2.19), we solve initial value

problem (2.18) and (2.24) to obtain
=Us(t,s)t+ X(0,s),

VP=U_+/p+U+

)
t,s) =
| AN (2.25)
)

)

=([U]- N)v/p=p+t,
_pilU_—U
:((%JFH Vo+ +Hi/p )rﬁ/ﬁ

Thus the solution can be expressed as follows

(p_,U_,H_),X -N < Uy - Nt,

(p, U, H)(t, X) = ¢ (w(t,s)6(X — X(t,5)),Us, h(t, s
(p+, Uy, Hy), XN >Us- Nt

)3(X — X(t,8)),X-N=Us-Nt,  (2.26)

Tt is shown that the two-dimensional delta shock wave solution (2.26) is self-similar except the weights w
,m)-plane, motivated by [21], introducing

i (

and h those are linear functions of ¢. To construct the solutions in (§
a pseudo-self-similar transformation X (¢, s) = t=(5), Us(t, s) = Us(5), w(t, s) = tm(S), h(t, s) = tn(s), where
s =1In(s/t), we reformulate (2.18) and (2.19)

= =E_ Us,

m =m— (P— [U—v Us, E] - p+[U+7 Us, E])e_g’

(mUs) =mUs — (p_U_[U_,Us,Z] — p3 U4 [Uy, Us, E])e” %, (2.27)
(5 Us[[* +n) =5 |Us[[* +n — (5 lU-* + H)[U-, Us, =]
— (FUP + Hi)Uy, Us, E])e 7,
and
[U_,Us,E] >0, [Us,Us,E] < (2.28)
With the second and third equalities in (2.27), it holds that
(2.29)

m[U_,U,,Us| = Ce®,

where C' = m(30)[U—, U4, Us(S0)]. Using the properties of the mixed product of the vectors, one can check
easily that the solution of (1.3) is entropic if and only if the ordering of U_, Us, Z is counterclockwise and

that of Uy, Us, 2 is clockwise.



2044 Y. Pang / J. Math. Anal. Appl. 472 (2019) 2034-207/

3. The qualitative behavior of solutions to relation (2.27)
We discuss the qualitative behavior of solutions to relation (2.27) with initial data
5=10:Z2(0) = Zg, Us(0) = U2, m(0) = mg > 0,n(0) = ng > 0. (3.1)
The following four special cases will be discussed in this section.
3.1. p_H_>0,p. =0, H. =0, [U_,U,Z] >0
Since the algebraic system

(m - m,) 1=1-p_ [U—a Us, E]eig -1 p+[U+a U67E]67§7
(mus — (mug)) -1 =u_ - p_{U_Us,Zle™ — - p [Uy Us, Ele~",
(mvs — (mvs)') -1 =v_ - p_[U_,Us,Ele”* — v - py Uy, Us, Ele” %,

which consists of the second and third equalities of system (2.27), with unknowns 1, p_[U_, Us,Z]e™* and
p+|Uy,Us, Z]e™*, has non-zero solution 1, p_[U_, Us,=]e~* and 0. This yields that

m—m/ 1 1
mus — (mus) u- ud| =0,

mvs — (mus)’ v vy
which implies
ml[U_, U2, Us| = mo[U_, U3, U] = 0. (3.2)
Inserting the second equation of (2.27) into the third one, and using p4 = 0, we get
m(Us —U_) =mo(UY —U_)e* 0. (3.3)
A combination of (3.2) and (3.3) shows [U_,U?,Us] = 0,[U-,U§,E] = [U_,U§,Zo]e®, then

m? —mm’ =p_m[U_,Us,Ele™* = p_[U_,m(Us —U_),ZE]e”*
=p_[U_,mo(U§ —U_),Z] = p_mo[U_, Uy, Z]

=p_molU_, U, Zo]e’.
Solving this differential equation yields that
m = £(m§ + 2p_mo[U_, Uy, Zp)(e™* — 1))1/265. (3.4)
Inserting this fact into (3.3) and (2.27), we derive that

5 — 0o_ _
Us = U-+mo(U§ —U-)%, E=U_+¢*(Z0 - U-) + ;g (m — moe®).
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Eu

Us =

[1]
o

Fig. 3.1. The qualitative behavior of solution to Case 3.1.

Notice that,

(U, Us, ] =[U—, U +mo(U§ —U_) =, U_ +€%(Zo — U-) + r—pire—(m — moe”)]
=m0 (U, UF, (B — U )e’] + [U-, U, iy (m — moe)])
moe [U Ué"—'O]

we can see m > 0 using entropy condition (2.28). Hence, the entropy solution can be shown as

_ 0_ _

= =U- + (S0 = Un) + ity (m = moe”).
= 1(,—5 1/2 5

m :(mg +2p*m0[U*7U§)7:0](6 - 1)) / e,

Us =U_ +mo(UJ —U_)%

m’

012 2 — 2 2
= (W gy g — (WS By ) g (WP B A,

With a simple calculation, we can obtain the following lemma.

Lemma 3.1. Under the conditions p_H_ > 0,py = 0,Hy = 0,[U_,U2,Z¢] > 0, the solution to (2.27)
and (3.1) has the following properties, shown in Fig. 3.1.

(1) lims—_ oo (E,m,Us,n) = (U_,0,U_,0);
(2) The Us = Us(5) lies on the line UXU_ and approaches U_ asymptotically;
(3) The E = =(5) protrudes to the line EoUy and approaches U_ asymptotically.

Remark 3.2. Under the conditions pyHy > 0,p— = 0,H_ = 0,[U,Uf,Z] < 0, we can solve (2.27)
and (3.1) in a similar manner as before.

3.2. p_H_ >0, pyHy >0, [U_,U%,E] >0, [Us,U% 5] <0, [U_,Up, U =0

The combination of [U_,U§,Zo] > 0,[U4+,Uf,Z0] < 0 and [U—-,U4,UJ] = 0 implies that there exist
pl > 0,/13_ > 0 with p® + ug_ = 1 such that

[U_,Us+,Z] >0, UY=p’U_+pSUy. (3.6)

While, it follows from (2.29) that
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m[U—vU-hUtS] :mO[U—7U+7U(§)]e§ =0. (37)

Substituting the second equality of (2.27) into the third one, and integrating it from 0 to s, we obtain

m(Us —U_) = &° (mo(Ug’ U - /p+(U_ U [Us, Us, E]e*%dr) £0. (3.8)
0

This fact together with (3.7) yields that
[U_,U;,Us] =0, (3.9)
namely,
Us=p-U_+pUpp +py =1 (3.10)
Then, using (3.9) and (3.6), we deduce from = — =’ = U that
[U_,Uy, 2] = [U_,Uys,Zgle® >0, (3.11)
then
[U_,Us, =] = [Uy,Us,Z] + [U-, Uy, Zole®. (3.12)

Hence, we can further derive from (2.27) that

m—m' = p_[U_, Uy, Eo] + (p— — p4)[U+. Us, Ele™", (3.13)
mUs — (mUs)" = p_U_[U_,Uy,Zo] + (p-U- — p3 Uy )[Uy, Us, Ele™, (3.14)
(ZNUs|* +n) = (5|Us]|> +n) = (5 |U-||* + H-)[U-, Uy, =]

+ (5 |U-|P + Ho = 5H[|UL )P = Hy)[Us, Us, Ele™. (3.15)

When p_ = py. Integrating (3.13) from 0 to § gives
m = e*(mo+ p_[U_,Us,Zo](e™* —1)). (3.16)

Using (3.10) and (3.11), one can calculate from (3.14) that

m(p+ U +p_Uy) = eg(moUg —p-[U_,Us,=0]

o\

u+U_ + M_U+)677d7').

Differentiating this equation with respect to s, we derive

’

M p—[U-, Uy ,Eole”®

2u——1 " mo+p-[U-, Uy, Eo](e5—1)"

Solving this equation yields that

1 mg(2p —1)
p- =51+ oo =)
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hence,

mg(2p’ —1)

U(S = %(Uf + U+) + %(m0+f7— [U_,U+,Eo](€7§71))2 (U, - U+). (3.17)

By a simple calculation, we have that

= _ 5= m2(2ﬂg_1) 1 1
= =€ (“0 + 2p,[[)U,,U+,EO] (’m_o o mo+p7[U,,U+,EO](e—§—1))(U— -Uy)

+ e - )(U- + U+)), (3.18)

_ 5@l -1mi 4 1 2 - 2
n—e< 2p_ O(m_oim0+p7[U77U+7EO](e*§_1))(%HU“F” +H *%HU—H *H—)+n0

+ B |UF]1? + &5 [U-, U, o) (5 I1U-11? + Ho + 55 ||UL | + H+)) — 5|Us|I. (3.19)
Besides, we can calculate that

m3(2u’ —1)

[U_, Us, E] :%(1 T tmotp_[U_,Us,Bol(e5—1))2 )[U—a U+a EO]

_2m3(1—p2)+p_[U- Uy, Eo)(e”° =1)(2mo+p— [U- U ,Eo(e”° 1)) = 1.5
== D (T (s ey G [U-, U+, Zole

>0,

Uy, Us 2= — S(1+ mo(@us 1) U, Uy, Zo)
+ Vs, 2l= =5+ G o male—o2 )WV - Y =0

_ 2pdmtp_[U- Uy Eol(e*—1)(2mo+p—[U-,Us Eol(e”°—1))

= 2(mo+p- 00y Zal(e="—1))2 V-, Uy, Eole”

<0.

Therefore, the solution expressed in (3.16), (3.17), (3.18) and (3.19) is an entropy solution.
When p_ # py. Comparing (3.13) with (3.14), we obtain

(m((p- — p+)Us — (p-U- — p1U3))) =m((p- — p+)Us — (p-U- — p+U4))
+ p—p+(U- = U)[U-, Uy, Eo). (3.20)
Integrating it from 0 to § leads to
m(p— — p4)Us =mo(p— — p1)Uje® + (m —moe®) (p-U- — pUy)
+ p—p+(U— - U+)[U—7 U+7EO](6§ - 1)7
then,

m® —mm/ =p- [va Ui, Eo]m + [U+, (p* - p+)mU5’ 5]6_

=p-[U-, Uy, Eolm + [Uy,mo(p— — p4)Uge® + (m — moe®) (p-U- — p,Uy)
+p-ps(U- =UD)U-, Uy, ol (e = 1), E]e™?

=mo(p—p% + p ) [U-, Uy, Eole” + p-pi[U-, Uy, Zo]* (1 — €°). (3.21)

One solves (3.21) to derive
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m = +ey/Go(5), (3.22)

where Go(8) = mg + 2mo(p—pS. + p+p2)[U-, Uy, Zol(e™* — 1) + p—p1 [U-, U4, ZoJ*(e* — 1)?. We then get

Us = L (p U_ — psU, + G 5)) (3.23)

here G1(3) = moe*((p— — p4) UL — p_U_ + p;Uy) + p_p+(U- — Uy)[U-,Us,Zp)(e® — 1). Again note
= — 2’ = Us, we obtain that

E =’ + E—r ((P U- —pUs)(e /% TdT (3.:24)
0

Also, inserting (3.13) into (3.15), we arrive at

((p= = p) (BNUs|* +n) = m(5[[U-|]* + H- — B5||UL||* — HL))'
=(p— = p)(BUs|* +n) = m(5[|U-|1* + H- = & |[U4||* — He)

+ (p+ G NU-P + Ho) = p- (51U 1P + H)[U-, Uy, Zol,
which is solved to be

n =~ |Us|* + (U3 + no)e®

+ = (m = moe) (V-2 + Ho — 5(|U4 |2 = Hy)

p——p+

(GNP + L) = o (5 U IP + B[O, Uy, Zol(1 - ). (3.25)
Let us single out an entropy solution. As m = e°1/Go(5), from

Go(5) = (mo + p-[U-, Uy, Zo) (e = 1))?

=(2mopl [U-, Uy, Zol(e™ = 1) + p-[U-, U4, Ed*(e™* = 1)*) (p4+ — p-),
Go(5) = (mo + p4[U-, Uy, o] (e — 1))?

=(2mopG [U-, Uy, Zol(e™* = 1) + p4 [U-, Uy, Ed*(e* = 1)) (p— — p4),

we can deduce that

—1__ e2% me ¥ —mo—p_[U_,Uy,Zol(e”*— —_
[U*’U&:] (mOMJr P+ : pp[,Ufpf-'— ol 1))[U*’U+’:0]

:%(mwi — oy «/Go(g)—(mo-‘rppi[g;er+,Eo](e*‘*—1)) )[U-, Uy, Eo]

>0,

25 me” % —mg— _ Eol(e ¥ — -
(U4, Us, S = — < (mop + p_ o—pelUo e Bolle =y U, 2]

25 Go(5)—(m U_,Us,Zo](e”— —_
= — S (mop?. + p Yot e Tt Sille —Dhyy vy, =)

<0.
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Zo
Fig. 3.2. The qualitative behavior of solution to Case 3.2.
However, as m = —e\/Go(3), if p- — p; > 0, it yields that
(U~ Us, =] = S (mops, — py 2e—=remeslimgedle =y, =) <0 (3.20)

Therefore, we choose m = e%,/Go(5) by entropy condition (2.28). The entropy solution is given as follows,

2 =Hpe® + pf_sp+ ((P—U— —piUp)(e™* = 1) - / %64(17')7

0
m :eE\/GO(E),
Us =—21 (p_U_ —p4+Us + GlT”) (3.27)

T p——p+

n=—B|Us|[* + (52|U5]|* + no)e

oL (m = moe®) (B2 ||U-| 2 + H- = 5 |[U4 | — Hy)

(- (NP + Hy) = ps (I + HO)U-, Uy, Zol(1 = €9)).
With a simple calculation, we can obtain the following lemma.

Lemma 3.3. Under the conditions p_H_ > 0,p+H, > 0,[U_,UQ,Z] > 0, [U4,Ug, =] <0, [U—, Uy, U] =0,
the solution to (2.27) and (3.1) given in (3.16), (3.17), (3.18) and (3.19) as p— = p4, or (3.27) as p— # p4+,
has the following properties, as illustrated in Fig. 5.2.

. - - — - - —U_ U.
(1) hm§—>700<:*am7 U5an) = (U5 +a\/p*p+[U*7U+a:0]7U5 +,TL,+), where U5 = %7”**% =

U_,U.,E - _ I
2 (=B IU |2 + Hy = 511U HIP) + o (G U2 + H- = 5 ||U5 1))
e Us = Us(5) lies on the line U_Uy and approaches the point Us ™ asymptotically;
2) The Us = Us(5) li he line U_U, and hes the point Us * call
e = = =(8) protrudes to the line Zg and approaches Us ™ asymptotically.
3) The =2 =2 d he line ZoUy and h Ua+ ll

Remark 3.4. Under the conditions p_H_ > 0,p+Hy > 0,[U_,Uy,Z] > 0,E(0) = Z0,Us(0) = U,
m(0) = 0,n(0) = 0, one can solve (2.27) and (3.1) in a similar way. The entropy solution is shown as

follows,
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= :eg(Eo +Us(e™* — 1)),

p—p+|U-, Uy, o) (1 —€®),

Us = _V/P=U-_+p3 Ut
VP=tyPy

LSNP + Ho + SE||UL 1P + Hy)[U-, Uy, Bol (1 = €F)

= Z2NUs|%, if p- = p., (3.28)

n=d o (U2 + Ho = 25 ||UL |2 = Hy)

(o= UL + Hy) = pi (5 U= |2 + H-)[U-, Uy, Zol(1 - 7))

— 2Us|, if p— # oy

3.3. prf > 0,,0+H+ > 07 [vaU(?vEO] > 07 [UJraU((S)?EO] < 0; [U77U+7U<(S)] >0

The conditions [U_,UQ,Z¢] > 0, [Us, U5 ,Zo0] < 0 imply that the straight line ZqUY intersects with the
Segment U_U; in the interior, labeled U0 by the intersection point, that is, U0 =l U_ + ,u+U+,u > 0,
pd > 0,1% + p% = 1. Let po be the ratio of the length of segment U,U0 and that of UU,, namely,
po = p./pC. If the solution of (2.27) and (3.1) satisfies entropy condition (2.28), we can define a similar
= piy/p—, the ratio of the length of the segment U_ Us and that of [j(;UJr, where Us is the intersection
point of the straight segments ZUs and U_U,, namely, Us = p_U_ 4+ Uy, pi > 0, i > 0, pi— + py = 1.

Denote b = [U_,U,Eo], 0% = —[Uy, U, Eo],b- = [U-,Us,Z] and by = —[Uy,Us,Z]. Then it holds
that, po = 9 /p® =0 /0%, = py/pu_ =b_/by. We then deduce from (2.27) that

= (p_p? — py) ==l (3.29)

Solving this differential equation with initial value p|z—¢o = po > 0, we get

1=/ p+/p-, if po = p+/p-»

S

yZiZ:J—ﬁ: = ype o=t exp(/ QW[U U5 ds) if g # \/m

Vor/p——no
0

(3.30)

We now present some lemmas.

Lemma 3.5. Under the conditions p— > 0,p4 > 0,[U_,UQ,Z0] > 0,[Us,U2,Z0] < 0, [U-,Uy,UQ] > 0, let
[U-,Us,E] > 0,[Uy,Us, Z] <0, then the inequality holds

([U_, Uy, Z) = [U_, Uy, Us))e™ > [U_, Uy, Zo] — [U—, Uy, U2] > 0,V5 < 0. (3.31)

Proof. From the conditions [U_,UY, =] > 0, [Us, UY, Zo] < 0, we can see that [U_, Uy, =] —[U_,U;,Uf] =
[U_,UQ,Z] — [Ut,U2,Zp] > 0. Similarly, the conditions [U_,Us, =] > 0 and [Uy,Us, Z] < 0 yield

[U_, Uy | — [U_, Uy, Us] = [U_,Us,E] — [Uy, Us,Z] > 0, (3.32)

0
mo +/ _U_,Us, =] — p+[U+,U6,E])e*2Tdr) >0, (3.33)

that is,
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[U—,U+,E] > [U*7U+7U5] > O. (3.34)

m m

Besides, by [U_,U,, U] > 0, it follows from (2.29) that
U_,U4,Us]/m > 0,[U-,Us,Us]" = (m —m")[U-, Uy, Us]/m. (3.35)

In virtue of m —m’ = p_[U_,Us,E| — p4+[U+,Us, Z] > 0, we have [U_,Uy,Us)’ > 0, then, (([U-,Ut,E] —
[U_,Uy,Us)e %) = —[U_,Uy,Us)e™® < 0,¥5 < 0. The proof is complete. O

Using (3.29), (3.30) and (3.34), we arrive at the following result.

Lemma 3.6. Under the conditions [U_,U§,Z0] > 0, [Uy,U2,Z] < 0, [U_, Uy, U] > 0, p— > 0, if
[U_-,Us,E] > 0,[Uy,Us,Z] <0, then for all s < 0, the solution to (3.29) with initial value pls—o = po > 0
possesses the following properties.

(1) If po < \/p+/p—, then p' < 0,0 < po < p < +/p4/p—;
(2) If po = /p+/p—, then p' =0, = \/ps/p—;
(8) If po > \/p+/p—, then ' > 0,y/py/p— < p < pio.

Lemma 3.7. Assume that [U_,UJ,Zo] > 0,[Us+,U,Z] < 0,[U-,Us+,Uf] > 0,p— > 0,p4 > 0,u9 > 0.
If there exists a unique solution to (2.27) and (3.1) for all § € (—c0,0], then this solution satisfies entropy
condition (2.28).

Proof. The contradiction method is used to prove this lemma. We only discuss the case g < v/p+/p—. The
other cases can be done similarly. Let G = {5 < 0|b_(7) > 0,b4(7) > 0,¥7 € [5,0]}. With the conditions
[U_,U2,Z] > 0,[Us,UP, =] < 0, the continuity of b_,b; shows that there exists a 57 < 0, such that
b_(1) > 0,by(7) > 0 for all 7 € [51,0]. Thus G is a non-empty set.

We proceed to prove inf G = —o0. Let 5, = inf G > —o0. According to conditions [U_,U,,U§] > 0,
p— >0,pp > 0,10 >0, when s € (3,,0], it holds that

0<po<p=0b_/by <pi/p-, (3.36)

and ([U_,U4,E] — [U_,Us,Us))e ™ > [U_,Uy,Zp] — [U-,U4,U§] > 0 by Lemma 3.5, namely,
(b— +by)e > b2 +5 > 0. (3.37)

In virtue of continuity of b_ and by, we take respectively the limits in (3.36) and (3.37) to obtain
b_(54)/by(54) > 0,b_(54) + b4(5+) > 0. These facts lead to b_(5.) > 0,b4(5.) > 0, which mean that
G is a closed set. Thus, there exists a constant h > 0, such that b_(7) > 0,b,(7) > 0,Y7 € (5. —h, 0], which
contradicts to s, = inf G. The proof is complete. O

Theorem 3.8. Assume that [U_,UQ,Z] > 0,[U4,U$,Z0] < 0,[U_,U4,UQ] > 0,p_H_ > 0,p;Hy > 0,
to > 0. For all s < 0, there exists uniquely an entropy solution to (2.27) and (3.1).

Proof. Tt is trivially checked that the right side of (2.27) is a continuous vector-valued function and satisfies
a local Lipschtiz condition. By the theorem on the existence and unique of solution to the system of ordinary
differential equations, there exists uniquely a solution to (2.27) and (3.1) on an interval I, where the solution
can be extended to the boundary of the region Q = {(E, Us, m,n, s)|m > 0,n > 0,5 < 0}.
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If I is a finite interval, namely I = (Ag, 0], where Ay < 0 is a constant, then it holds limz_, 4, (||Z]|+||Us||+
|m| + |n|) = co. With a similar proof as in Lemma 3.7, we can see that b_(5) > 0,b4(5) > 0,V5 € (Ay,0].

Hence as § € (Ao, 0], it shows from Lemma 3.5 that
m—m' >min{p_, p. }(b_ +by)e* > min{p_, p, }(b2 + %) = ag >0,

hence,

Ao
m = moe + e /—(m —m/)e"dr > moe® + ap(1 — ) > 0.

0

Besides, notice that [U_, Uy, U§] > 0,mqo > 0, it gives from (2.29) that

_3 U_,U.,U? U_,Uy,U?
0< [U*vUJraUts]e 5 = ol m+ 2] < mgz?‘l[o—&-ao(ﬁ—:f}m) = lo,
then, by Lemma 3.5,
Ao

0 <[U_, Uy Us] < [U_, U 5] = e ([U_ Uy Zo) - /[U,,U+,U5}e_7d7>
0

<eM([U_,Uy,Zo] — Aolo).

This gives that

(b* + bJr)e_g :([U*7 U+7 E} - [U*a U+? U5])6_S < ([U*’ U+> E])e_s
<[U-,U,,Zo] — Aolo.

Therefore, by these inequalities, it can be derived easily that

Ao

=eAo (mo - /(p_b_ + p+b+)6727d7'>
0

|m

Ag
<eo (mo - /max{p_,p+}(b_ + b+)e_27d7')
0

<moe™® +max{p_, p }([U-, Uy, Zo] — Aglo)(1 — ™),

Ao
1Ull =552 (maU8 = [(p-U-b- + psUsbie > |
0

0
A —27
<o (mollUS1] + [ max{p- [U-11 p4l|U4 [}o- + by)e>"dr)

Ao

sm(uu,m,ao] = Aolo)(1 — e™) max{p_[|U_|[, p+[|U+[}

+ etomol [UF]1),

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Ao 0
1] =|[e (Eof/Uge*TdT)H < eA°(||EO||+/|\U5||e*TdT)
0 Ao

—CA —_—
:m (([U—’ Us,Zo] — Aolo)(1 — ™) max{p—[|U-||, p+||U+[}
+ eAomol [UF]]) + ] Zol

Ao
il =[e (= [ (ERIV-IR + Ho)be + (G2 + Hby)enar)
0

+ e (B2 |UIP + no) — 2| |Us|?
Ao
<ot (= [ max{( U+ HO, (TP + HOYo 450 ar)
0

+ e (T |UD||2 + no) + 2 |U5 2
<max{(Z|[U_|]? + H_), (& ||U+ 1> + Hy) }([U-, Us, Zo] — Aolg)(1 — o)

+ U512 + o (| U212 + no).

These show that limz_, 4, (||E]| + ||Us|| + |m| + [n|) < oo, which contradicts to limz—, 4, (||Z]| + [|Us|| + |m| +
[n|) = co. Hence, there exists uniquely a solution to (2.27) and (3.1) for all § < 0.

Furthermore, we can verify by Lemma 3.7 that the solution satisfies entropy condition (2.28). The proof
is complete. O

We discuss subsequently the trajectory of = = E(s),s < 0, in (&, n)-plane. To make the following presen-
tation more convenient, we choose a coordinate system such that Uy * is on the origin of (£, n)-plane, the

o
line through U_ and Uy coincides with n-axis, and the direction of U, U_ is the direction of n-axis.

Lemma 3.9. Suppose that [U_,U§,Zo] > 0,[Uy,U$,Z0] < 0,[U_,U4,UQ] > 0,p— > 0,p1 > 0,9 > 0.
Denote 2 = Z(8) by n =n(&),5 < 0, then n = n(&) possesses the following properties.

(1) If po < \/p+/p—, then &y o 0;

gz
2

(2) IfMO = p+/p*; then 3?727 = 0;
2

(3) If o > \/p+/p—; then ng > 0.

Proof. We only prove (1). The other cases can be treated similarly. In our coordinate system, s(5) = 0,
Us(8) = p—v— + pyv4. Since pg < +/p4+/p—, it gives by Lemma 3.6 that

U5 > 0,5 < 0. (3.43)
Besides, by Theorem 3.8, it holds from (3.34) that
[U_,U4+,Us] > 0,Vs < 0. (3.44)

This fact with (3.32) leads to [U_,U4,ZE| = [U-,U,Us] + [U-,Us,E] — [U4+,Us,E] > 0,[U-,Uy,E] =
[U_, U4, 2] — [U-,U4,Us) = [U-,Us, 2] — [Uy, Us, Z] > 0, hence, &€ > 0,£ > 0,Vs < 0. Thus, it yields that
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ZUCut/ N ) (3.45)
The proof is complete. O

We next study the trajectory of Us = Us(s),s < 0, in (u,v)-plane. The (u,v)-plane is chosen in the
same way as the previous (&, n)-plane. Hence, these two coordinate systems can be coincided. Let Us =
Us(5) = (us(5,v5(5) by vs = vs(us). Its tangent line intersects with the line U_U, at some point Us, that
is, Us = (ug,v5) = k_U_ +ky Uy, k_ +ky = 1. We have that

Bt iy U= UsGHm)Us ()] i (U=Us(5+h).Us ()] = [U—.Us (5).Us (3))) /1
F= T oo OUGERT®] ~ oo (U405 GHR),Us (B =[0+,05(5),Us D)) /R
_ U ULUs) _ U mULUs)
il (s iy b awris i B (3.46)

Using (2.27), it follows that ki /k_ = pyby(p_b_)"' = py(p_p)~" > 0, which means that Us lies in the
interior of the segment U_U .

Lemma 3.10. Assume that [U_,UQ,Zo] > 0,[Uy,Ug,Zo] < 0,[U_,Us,UP] > 0,p_ps > 0, pls—0 = po > 0.
In (u,v)-plane, the trajectory of curve vs = vs(us) is shown as follows.

2
(1) If po < \/p+/p—, then (3:111:”?6 > 0;
(2) If o = /p+ /-, then S5 = 0;
(3) If po > /p+/p—, then ‘f;fg <0.

Proof. In the chosen coordinate system, we have us(S) = 0,05(5) = k_v_ + kivy. As up < /p+/p—, it
holds that (ki/k_)" > 0 by Lemma 3.6, then

75 < 0,V5 < 0. (3.47)

Notice that,
i s T T (3.48)
it is easy to see that % = —0j(usuf) "t In view of Theorem 3.8, we have [U_,Us,E] > 0, U4, Us, E] < 0.

These facts with (3,35)oand (3.33) yield [U-,U4,Us] > 0,[U-,Us,Ug] > 0, which show us > 0,uj > 0.
2
Thus, we have % > 0. The other cases can be done similarly. The proof is complete. O
s

Finally, we analyze the limit behaviors of Z(s) and Us(s) as § — —oc.

Lemma 3.11. Under the conditions [U_,U?,Z¢] > 0,[U;,UQ,Z0] < 0,[U-,Uy,U?] > 0,p_H_ > 0,
p+Hy > 0,10 >0, the E(8) and Us(3) satisfy

: =(3) — JT—+ : ) — 77—+
gl}l}loo._‘(S) =U; 7§£IP00 Us(s) =Us ™. (3.49)
Proof. In the chosen coordinate system, according to Theorem 3.8, it shows [U_,Us, E] > 0, [U4, Us, Z] < 0.
Using Lemma 3.5, the combination of (2.29) and (3.33) shows that 0 < lims, [U_,Uy,Us] <
lims_, oo Ce*(moe® + ag(1 —e¥))™1 =0, so limz_, o us = 0. We further calculate that
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Fig. 3.3. The qualitative behavior of solution to Case 3.3 with uo < \/p+/p—.
s
U, U, 5] = e [U_, Uy, Zo] — ¢ / U, U, Usle="dr, (3.50)
0

which implies limz_, o [U_,U,E] = 0, hence limz_, o & = 0,limz, oo (b— +b4) = limz, oo ([U-,U4,E] —
[U_,Us;,Us]) = 0.

Next, we prove limz_, o vs = 0,limz_,_o,n = 0. Here we only deal with the case pg < \/p+/p—. The
other cases can be done similarly. Both (3.45) and (3.48) imply that n = 95 +1'£(¢') ™1, vs = Vs +vfus (uf) L.
In virtue of pg < \/p4+/p—,=2 — E' = Us, we deduce from Lemmas 3.9 and 3.10 that

—00 < 1/(0)/6'(0) < n'/§ < vs/uz < v5(0)/u5(0) < 400, (3.51)
which shows both vj/u§ and n’/¢’ are bounded. Besides, it follows from (3.43) and (3.47) that

— —_v_—+ v ~ ~
0=p_ \/T/in_m \/TT_Jrﬁ < p_(v- 4 pvy) = s < 05(0),

¥5(0) < 05 = k- (v— + vy) < ko YEPE NP VN — ),

hence limz, oo n = limz, oo 05 > 0,limz, oo vs = limz, oo U5 < 0. Since limz_, oo & = limz, (€ —
us) = 0, we can obtain from (3.51) that limz, o1 — vs = lims,_7n = 0. Hence, we arrive at
limz, oon =0 and limz_, ., v5 = 0. We finish the proof of this lemma. 0O

In all, the qualitative behavior of solution is obtained. Here we only present the qualitative behavior of
solution for Case ug < /p+/p— in Fig. 3.3.

3.4. p~H_>0,p Hy >0, [U_,U{,Z] >0, [Us,UQ,Z0] <0, [U_,Uy,UP] <0
We first prove some lemmas.

Lemma 3.12. Under the conditions p_H_ > 0,p.Hy > 0,0 > 0,[U-,U2,Zo] > 0,[U4,U§, =] < 0,
[U_,Uy,UQ] < 0. If [U-,U4,Eo] > 0, then there exists a constant 51 > —o0, such that [U_,U4,Z(51)] = 0.

Proof. The contradiction method is used to prove this lemma. Here we only consider the case pg < \/p+/p—.
The other cases can be proved similarly. In virtue of [U_, UL, =] > 0, assume that

[U_,U4, =] > 0,¥5 < 0. (3.52)
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Define G = {5 < 0]b_(7) > 0,b4(7) > 0,0 < pu < +/p+/p—,¥7 € [5,0]}. Obviously, the set G is a
non-empty set.

We bhOW infG = —oo. Suppose S« = infG > —oo. Then as 7 € (8,,0], it holds that pg < pu =

T)/bp(T) < A p+/p—yb_(T) + by(7) = [U-,Us,E] — [U-,Uyt,Us] > 0,b_(7) > 0,b(7) > 0. Notice

that (3.29)7 we obtain b_(s*) > 0,b4(84) > 0,0 < pu(84) < v/p+/p— by the continuity of b_ and b, which

imply that G is a closed set. Thus there exists a constant h > 0, such that b_(7) > 0,b4(7) > 0,0 < pt <

Vp+/p—, V1 € (5« — h,0], which contradicts to 5, = inf G.
We substitute (2.29) into (3.50), and conduce that

[U_ U, 5] = eg([U_,UJr,EO} +O/m’1d7-),

where, C' = mgo[U_, U, UQ] < 0. Noting [U_,U,,U§] < 0,b_ > 0,by > 0,V5 < 0, it shows that

0
0<m=e* (mo + /(m - m’)e‘Tdr)
5
<e*mo + max{p_, p }([U-, U}, Zo] = [U+, U3, Zo])(1 — €°)
<mg + max{p_, p+}([U_, U6 s ‘:0] - [U+7 Uz?? EO])7

which implies that fgo m~1dr is divergent. Thus, we have limz_,o[U_,U;,Z] < 0, which contradicts
0 (3.52). We complete the proof of this lemma. 0O

Lemma 3.13. Under the conditions p_H_ > 0,p.Hy > 0,0 > 0,[U-,U2,Zo] > 0,[U4+,U§, =] < 0,
U_-,Uy, Uf;)} < 0. There exists a constant 55 < 81, such that the entropy condition is violated, that is,

(1) If po < \/p+/p—, there exists a constant s < 51, such that b_(83) = 0;
(2) If uo = \/p+/p—, there exists a constant so < 51, such that b_(S3) =0 and by (s2) = 0;
(8) If uo > \/p+/p—, there exists a constant s2 < 51, such that by(s3) = 0.

Proof. We consider pug < /py/p—. Let G = {5 < 51|b_(7) > 0,b4(7) > 0,7 € (5, 51]}. Obviously, G is
a non-empty set. Denote So = inf G. We claim that s; > —oo. In fact, if 55 = —o0o, then it holds that
b_(8) > 0,b4(8) > 0,5 < 0. We then get [U_,U;,='] = [U-,U4,E] — [U-,U;+,Us] = b_ + by > 0. Hence,
letting S5 < 51, it holds that [U_,Ut,=(83)] < [U-,U+,E(51)] = 0, 1(83) < V/p+/p—,[U-,U4,Us(33)] <
[U_,U,,=(83)]. Integrating (3.29) from 55 to §, we obtain

Voilp—ti _Veilp+iEs) v U+7_]
Jrelp——i  pi/r——n(zs) ( /2\/'0 P+ dr ) (3.53)
83

Considering

3

- [ 2 ar = [ 2 Ll

33 5

53

< [avrart-degetar,

5
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nv

Fig. 3.4. The qualitative behavior of solution to Case 3.4 with po < \/p+/p—.

where C' = mo[U_, Uy, UJ] < 0, it gives that the right-hand side of (3.53) tends to 0 as § — —oc. This fact

implies that there exists a constant 34 such that (\/py/p— + p)(\/p+/p— — )=t =1, that is b_(54) = 0,
which contradicts to 84 € G. Thus, there exists a constant 5, < 31, such that b_(s2) = 0. The other cases
can be treated similarly. We finish the proof of this lemma. O

With the similar manner as in Lemmas 3.9 and 3.10, we obtain the following lemmas.
Lemma 3.14. Under the conditions p_H_ > 0,p Hy > 0,0 > 0,[U-,U2,Zo] > 0,[U4,U§, =] < 0,

[U_,U4,UQ] <0, as [U-,Uy,Zo] > 0, then for all 5 € (52,0], the curve n = n(§) preserves its convezity,
namely, all the conclusions of Lemma 3.9 are true.

Lemma 3.15. Under the conditions p_H_ > 0,p+Hy > 0,9 > 0,[U-,U,Z0] > 0,[U,Uf,Zo] < 0,
[U_,Uy,UQ] <0, as [U-,Uy,Eo] > 0, the trajectory of curve vs = vs(us) is shown as follows.

(1) When po < /p+/p—, as 5 € (51,0], then ‘(1;;’%“ > 0, while as 5 € (52,51), then dus - ;
2 — —

(2) When Ho = v/ p-‘r/p—; then (11;%6 = 0,5 € (8270];

(8) When o > \/p+/p—, as § € (51,0], then ‘(1;2’%5 < 0, while as 5 € (32,51), then dus - .

Remark 3.16. Under the conditions p_H_ > 0,p+Hy > 0,p0 > 0,[U-,U,Z0] > 0,[U4,UQ,Zo] < 0,
[U_,Us,UQ] <0, as [U-,Us,Zp] < 0, we can prove that for all 5 € (52, 0), the convexity of curve vs = vs(us)
is the same as that of curve n = n(¢).

Therefore, we obtain clearly the qualitative behavior of solution. Here we only illustrate the qualitative
behavior of solution for Case g < /p+/p— in Fig. 3.4.

4. The structures of solutions

In this section, we construct the solutions to (1.3) and (1.4) in (&, n)-plane. The construction of the
solutions involves frequently the interactions of two two-dimensional waves, where their interaction point
Zo becomes a straight line X = Egt in (¢, X )-space. We will continue the solution of (1.3) at the Cauchy
support t = s : X = Egs up to t > s which corresponds to § < 0. This is why we solve the reformulated
Rankine-Hugoniot relation (2.27) § < 0.

We present the following Schauder’s fixed point theorem.
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Fig. 4.1. The solution for Case 4.1(i).

Theorem 4.1. Suppose that K is a non-empty conver closed set in Banach space B, T is a continuous
operator, and T(K) is a precompact set in B. Then, there exists x € K such that Tx = x.

Besides, for the presentation more convenient, we orient the normal direction of discontinuity z =0,y > 0
as N = (1,0), the normal direction of ray y = 0,2 > 0 as N = (0,—1), the normal direction of ray
x =0,y <0as N = (—1,0), and the normal direction of ray y = 0,2 < 0 as N = (0,1). We also list the
following notations,

®: the state (p;, U;, H;), Z;: the point (u;,v;), Z;=,: the segment connecting points Z; and Z;,

Q;: the determination region of the state (9, where Q3 = {(£,7)|€ > u1,n > v1}, Q2 = {(£&,M)|§ < ua,
n> 7}2}, Q3 = {<£777)|£ <ug,n < 03}7 Q4= {(5777)|§ > Ug, N < ’U4}7

Jij: the two-dimensional contact discontinuity connecting the states () and (@,

d;;: the two-dimensional delta shock wave connecting the states (0 and (),

d;: the two-dimensional delta shock wave connecting the state (i) and the vacuum,

5{3»: the two-dimensional delta shock wave emitting from point A and connecting the states (i) and (),

54: the two-dimensional delta shock wave emitting from point A and connecting the state () and the
vacuum,

m;j: the weight of d;; on the variable p,

n;;: the weight of §;; on the variable H,

the fine curve standing for the two-dimensional contact discontinuity,

the black curve representing the two-dimensional delta shock wave.

Next, we divide the two-dimensional Riemann problem (1.3) and (1.4) into five cases by the different
combinations of two-dimensional waves, and construct the solutions to each case.

4.1. Four two-dimensional contact discontinuities

By (2.7), the initial data satisfy u; = wug,v1 = v4,u3 = u4,v2 = vs. It can be divided into the following
two cases.

(i) up = ug > ug = ug,v1 = vq4 < vo = v3. In this case, we can see that four determination regions €2;,
i = 1,2,3,4 do not overlap, and that the pseudo-characteristic lines from the states @) (i = 1,2,3,4) do
not come into the rectangle =1 =,=3=,. Thus, the contact discontinuities Ji2, Jos, Js4 and Jy1 stop at their

singular points =, Z5, =23 and =4, while, the vacuum develops in the rectangle Z,=5=3=4. The solution is
shown in Fig. 4.1.
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Fig. 4.2. The solution for Case 4.1(ii).

(i) w1 = ug < ug = uyg,v1 = vg < V2 = v3. Ji2 meets with Jo3 at the point E3. One can see that the

pseudo-characteristic lines from the states () and (3) intersect each other in the rectangle =1=,=3=,. Hence,
a delta shock wave issues in this rectangle. The initial data for this delta shock wave are defined as

(4.1)

S

0 { Z(0) =5, Us(0) = 0,m(0) =0, n(0) =0,
(p—7 U-, H—) :(p17 Ui, Hl)’ (p+’ Uy, H-‘r) = (,037 Us, H3)'
Besides, the u; = ug < us,v; < va = vs lead to [Uy,Us, 23] > 0. Using Remark 3.4 and solving initial value
problem (2.27) and (4.1), we obtain the exact solution expressed in (3.28), labeled by delta shock wave 672 .

Similarly, J34 and J4; interact at the point =4. The inequalities u; < uz = ug,v1 = vq4 < v3 imply
[Us, U1,Z4] > 0. By Remark 3.4, we solve initial value problem (2.27) with initial data

(4.2)

S

0 { Z(0) =Z4, Us(0) = 0,m(0) =0, n(0) =0,
7 (p—:U—vH—) :(p37U3aH3)a (p+aU+7H+) = (phUlaHl)a

and obtain a delta shock wave 61551 This 515?;4 finally matches with (515?? at the singular point U}3. The solution
is shown in Fig. 4.2.

4.2. Four two-dimensional delta shock waves

From (2.22), the initial data satisfy w1 < ug,v1 < v4,uq < ug,ve < vs. It involves the following three
cases.

(i) ug < uz < uyp < ug,v; < vy < vy <vs. Let A be the intersection point of the delta shock wave d;2:

5 _ y/Prui+y/p2uz U12 _ /P1Ui+/p2Ua
=y viE 2 o= Y=Y

p1+p2 Voitypz ) (43)
miz =y/p1p2(ug —u1), niz = (%%—@Iﬁ—i—\/ﬁfb)%,
and the line Z9=3, B the intersection point of the delta shock wave d41:
_ JPavat /o 41 _ /PiUs+/PilL
=" Us = mrvm w

papr||U—U4||? vy—vy

Ma1 =v/pap1(va —v1), Na1 = (W +p1Hy + \/ijl)Wa

and the line Z;Z5, C the intersection point of the delta shock wave d34:
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¢ __ V/P3ust+/paus U3t — VP3Us++/paUy
p3+pa > Ve VP3t+y/pa

(4.5)
3pa||Us—U.
ma4 =\/papa(uz — ug), nz4 = (7”‘;’('?/',')_31\/1” + /paHs + \ﬁH4) Nyl
and the line 2124, D the intersection point of the delta shock wave do3:
_ \/P2v2++/p3v3 U23 _ /P2U2+/p3U3
=% Y6 T T mtvs (46)

Ma3 =+/p2p3(v3 — V2), N2z = (%71\/[&” +Vp2Hs + \/—HQ) \/;_zr\}/zp_s’

and the line 2354, E = (u}?,v2), F = (u1,v3'), G = (u3*,vy) and H = (us,v??).

We analyze the structure of solution. Since uy < ugz < w1 < ug,v; < vg4 < vo < w3, the delta shock
waves 012,023, 034,041 do not meet. While, there exists a domain, inside which no pseudo-characteristic
lines from the states @) (i = 1,2,3,4) comes. This fact implies that the vacuum emerges in this domain.
Thus, the structure of solution is that these four delta shock waves separate the vacuum from the states (),
1=1,2,3,4, and finally match together.

We now construct rigorously the solution. Sine the weights and velocities of delta shock waves are actually
changed at their intersection points, the delta shock waves can not propagate along their previous routes.
Without loss of generality, let point =} € AE. By the laws of conservation of mass, momentum and energy,
the initial data at this point are given as follows,

12
m12U5 erIU;l

2(0) =25, Us(0) = Uy, = s m(0) = mg = myg +mj,

§=0, n(O):n(l):n12—|—’n>1k7(p,,U,,H,):(pl,U17H1> (47)
(p+,U+,H+) = (O7U(£an)v0)7 [U—>U6750] = [Ulngp:(lJ] 0

where Uy € AAEZy, mj € [0, M*],n] € [0, N*], and M* and N* are determined. By the result in Sub-
section 3.1, we solve initial value problem (2.27) and (4.7) to obtain the solution which is given in (3.5),
denoted by delta shock wave 6153.

Let =2 be the intersection point of 615(1) and d41, where the weights and velocity of 615‘1) are m3,n5 and Uy, .
It shows by Lemma 3.1 that 2§ € BF,U;, € ABFZ;. We claim that mj € [0, M*],n3 € [0, N*].

In fact, denote m, = max{mjia, mas, M34, Ma1 }, N = max{nia, nas, N34, N4}, So the area of quadrilateral
=152252354,

Lo =max{ o U L NG 00 10511 0

—max{ V/Pi(va—v1) /P (s —ua) /P3(v3—v2) At (ua—u) }
Pv= (vPat++/p1)(va—v1) 7’ (\/p3+v/Pa)(u1—ua)’ (\/p2++/p3)(v3—va)’ (\/P1+/p2)(uz—us3)

U201 . Hp |Usll | Hs [[Usll | Ha
+Pz’ 2 Jr/)a’ 2 +p4 :

_ Nl . H
Qx fmax{ 5 + p—ll,

In virtue of ug < uz < uy < ug,v1 < vg4 < V9 < v3, we have

1\4113100 { (M+m*)zpz§/[/721(M+m*)So} —p? <1
This fact implies that there exists a M* > 0 such that
(M* +m.)%p? + 201 (M* +m,)Sy < (M*)2. (48)

Similarly, since
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Nll_rgloo (N+n.)ps+Lop« (]{[\/[*—‘,—m*)/Q—i—q*M =p. < 1’
there exists a N* > 0 such that
(N* + n.)ps + Lop«(M*™ +m,)/2 4+ ¢ M* < N*. (4.9)

Denote by 52 the value of 5 at the point =3. It follows from (3.5) that

0
52 (pd — I P N 152y — VPIULHVPava
o+ €520} — 1) + bty (m(52) — mie®) = VALY,

Since 75 — vy > 0,0, —v1 > 0,m(53) — mges> > 0, [Uy, Ug. ,Zf] > 0, we have

5 Vpa(va—v1) VPa(va—v1)
0<e™< (p14pa)(n§—v1) < (p1+pa)(v2—v1) =p« <l (4.10)

Combining this fact with (4.8) and (4.9), we deduce

* 1\2 25 25 1/2
ms =((mb)2e + 2p1m[Us, US, Eh(e* - ¢*)

1/2
s((M* +m.)’pl 4+ 2p1 (M* + m*)50> <M,

[1Us || U 5 U3, |12
Tl; 1 S2+ 1 S2+ (H 11? + Igll)(mz m(1)652)_ 522 m;

<(N* + n*)p* + Lop«(M™ +my)/2 + q¢.M* < N*,

which arrive at the desired claim.
We proceed to solve initial value problem (2.27) with initial data

41
ma1Uj +m;U;2

2(0) = =3, Us(0) = Uy, = , m(0) = mg = may +m3,

mg1+ms3
5:0’ TL(O) :ng:n41 +n;a(p—7U—7H—):(p4aU47H4>7
(p+, Uy, Hy) = (0,U(&,1),0), [U-,U7,Z(0)] = [Us, U3, E5] >0,

and obtain a delta shock wave 525 0 which intersects with d34 at some point Z3. We don’t stop this process until
the delta shock wave (fé intersects with d12 at a point =5 € AE, where Us. € AAEEy, mjs € [0, M*],n
[0, N*].

Let K = K1 x Ky x K3 x Ky, where K1 = AE, Ky = AAEZ,, K3 = [0, M*], K4 = [0, N*]. An operator
T : K — K is defined as

T(‘—‘OaUélvmhnl) (:‘(5)7U§<57m;7n;)' (4'11)

We claim that there exists a fixed point (=, U§, m*,n*) € K such that T'(Z., Uj, m*,n*) = (E,, U, m*,n*).
In fact, choose R® as the Banach space B with the usual metric topology. K is a non-empty convex closed
set in B. According to the property of the dependence of solutions of ordinary differential equations on its
initial data continuously, we can deduce that the operator T is continuous. Since TK is bounded, T K is
a precompact set in RS. Thus, by Theorem 4.1, there exists a fixed point (Z.,U. ,m*,n*) € K such that
T(Z., U5, m*,n*) = (B4, U5, m*,n").

Therefore, the global solution is constructed, as illustrated in Fig. 4.3.

We observe from Fig. 4.3 that, each of the 13, d23, d34 and d4; splits somewhere into two new delta shock
waves before they reach their own singular points or end-points. While, there exists a triple-wave point
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Fig. 4.3. The solution for Case 4.2(i).

where three delta shock waves match together. This structure is called the Mach-reflection-like pattern
[21], which is similar to Mach reflection configuration in gas dynamics. Meanwhile, the mechanism for the
formation of this configuration results from the global interactions of two-dimensional delta shock waves.

(i) w1 < ug,uq < ug,v; < vg4,v < vz, [Ur,Us,Us] > 0 and [Uy,Us,Uy] < 0. The §15 and da3 collide at
some point A. The initial data at this point can be shown as follows,

= _ A _ (Pruity/pouz  /pava+./p3vs _ maaUs?4masUz?
2(0) = A= ( ), Us(0) =

p1tp2 ’ p2+p3 miz+mag

s=0, m(O) = mi2 + Ma3, n(O) = ni2 + Na3, (412)
(p*7U77H7) = (p17U17H1)3 (p+7U+7H+) = (p3aU37H3)~

b

The [Uy,Us, Us] > 0 implies that [Uy, Us(0), A] > 0,[Us, Us(0), A] < 0, [U1,Us, Us(0)] > 0. Using the result
given in Subsection 3.3, we solve initial value problem (2.27) and (4.12), and obtain a delta shock wave &75.
Without loss of generality, we only consider the case that the trajectory of o5 protrudes to =;=3. This delta
shock wave stops at the singular point Uj}3.

Meanwhile, the d34 intersects with the d4; at some point B. The initial data at this point are given as
follows,

- _ p _ (\/P3ust+y/paus /psvaty/piv1 _ maaU*+may US?
H(O) =B= ( p3+pa ’ patp1 )’ U‘S(O) - ma3qa+may ’

5=0,4¢ m(0) = mz4 + ma1, n(0) = n3q + na41, (4.13)
(p—,U_,H_) = (p3,Us, H3), (p+, Uy, Hy ) = (p1,Ur, Hy).

It shows by [Uy, Us, Uy] < 0 that, [Us, Us(0), B] > 0, [Uy,Us(0), B] < 0, [Us, Uy, Us(0)] > 0. We solve initial
value problem (2.27) and (4.13), and obtain a delta shock wave d%;. This delta shock wave also stops at the
singular point U}3. See Fig. 4.4.

(iii) Ug < U1 < U < Uz, < V4,02 < U3, [Ul,Ug,UQ] > 0 and [Ul,U3,U4] > 0. The 1o overtakes 523 at
the point A. The initial data at this point are (4.12). The [Uy,Us, Uz] > 0 yields that [Uy, Us(0), A] > 0,
[Us,Us(0), A] < 0,[Uy,Us,Us(0)] > 0. Solving initial value problem (2.27) and (4.12), we obtain a delta
shock wave 07%.

When v#t < v}3 and u2* < uy. The 67}, 934 and d4; do not meet, and stop at their own end-points. Based
on the result in Case (i) of this subsection, we can see that the Mach-reflection-like pattern appears in the
solution. Specially, we take a point C' on §{} satisfying [Z3, 24, C] > 0, such that a new delta shock wave 6§
emits from this point, which separates the state (D from the vacuum. This 6§ overtakes &4, at some point
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Fig. 4.5. The solution for Case 4.2(iii)a.

D and produces a new delta shock wave 62 connecting the state (@) and the vacuum. Subsequently, the 67
intersects with 34 at some point E, and generates a new delta shock wave ¥ which separates the state @
from the vacuum. This 6% finally matches with 673 at the point C. See Fig. 4.5.

When vg“ < vg?’ and ug"" > up. The d41 and d34 interact at some point B, and the initial data at
this point are shown in (4.13). Since [Uy,Us,Us] > 0,[U1,Us,Us] > 0, it shows that [Us, Us(0), B] > 0,
[Uy,Us(0), B] < 0,[Us,U1,Us(0)] < 0. By means of the result shown in Subsection 3.4, we solve initial
value problem (2.27) and (4.13), and obtain a delta shock wave §5. Without loss of generality, we only
consider the case that the trajectory of 5% protrudes to Z1Z4. According to Lemma 3.13, we know that the
entropy condition of 07 is violated before it reaches the singular point U}3. As 6F; meets with 574 before its
entropy condition fails, if we solve initial value problem at the intersection point locally, then no solution
exists for this initial value problem. Based on the result in Case (i) of this subsection, it shows that the
Mach-reflection-like pattern takes place in the solution. More precisely, let C' be a point on §5, satisfying
[E1,Z3,C] < 0, such that a new delta shock wave 0§ emits from this point connecting the state 3 with the
vacuum. The 53? overtakes 5{‘3 at some point D, and generates another new delta shock wave Jf connecting
the state (D and the vacuum. This 6P finally matches with 65, at the point C. See Fig. 4.6.

As the entropy condition of 5% fails before it intersects with d1%, this situation can be treated in a similar
way as the last case. The solution is shown in Fig. 4.6.

Therefore, this case has two types of solutions.

It is shown from Fig. 4.5 that the local interaction of d12 and o3 generates a new 5{‘3 and then the

global interactions among 7%, 834, 641 result in the Mach-reflection-like pattern. Besides, it is also observed
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Fig. 4.6. The solution for Case 4.2(iii)b.

from Fig. 4.6 that the local interactions of d12 and do3, as well as the d34 and J4; generate the (51%, 51% and
then the global interactions of §7}, 65 bring about the Mach-reflection-like pattern. The mechanism for the
formation of this configuration results from the local and global interactions of two-dimensional delta shock
waves.

4.8. Three two-dimensional delta shock waves and one two-dimensional contact discontinuity

Without loss of generality, suppose that the initial continuity connecting the states () and 2) projects
a contact discontinuity Jio. By (2.7) and (2.22), the initial data satisfy w1 = us, v < v4,ug < uz,ve < v3.
We consider the following three cases.

(i) [U1,Us2,Us] > 0,[U1,Usz,Uy] > 0 and vy < vj! < va. Denote by A = (ug,v#!) the intersection point of
041 and Jyo. Since all the pseudo-characteristic lines from the state 2) stop at the point =g, the v < vf;“ < v
shows that the state on the right of the point A is the vacuum. By solving initial value problem (2.27) with
initial data

s

L { 2(0) = A = (uz,v5"), Us(0) = Ui, m(0) = ma1,n(0) = nay, (4.14)

(p_,U_,H_) = (p4,U4,H4), (p+’U+7H+) = (OaU(gan)’O)v

we obtain a delta shock wave §;'.

When 634 meets with &5 earlier than it meets with do3. The 634 collides with dj' at some point B, and
forms a new delta shock wave 62 which connects the state (3 with the vacuum. Then this 62 overtakes
23 at some point C, and generates another new delta shock wave 6§ which connects the state 2) with the
vacuum. The §¢ finally stops at the point =5, as illustrated in Fig. 4.7.

When 6034 meets with o3 earlier than it meets with 6;14. The d34 overtakes do3 at some point B. Solving
the initial value problem (2.27) with initial data,

2(0) = B = (ult, v2%), Up(0) = masbitmastiyt

5=0,49 m(0) = mao3 + mas, n(0) = nag + N34, (4.15)
(p—, U_,H_) = (p2,Uz, Hy), (p4+,Us,Hy) = (pa,Us, Hy),

we obtain a delta shock wave J%, using the results in Subsection 3.3 if [Uy, Uy, Us(0)] > 0, or the results
in Subsection 3.4 if [Uz, Uy, Us(0)] < 0. The interactions of 6%, and 65 at some point C' form a new delta
shock wave 0§ which connects the state (2) with the vacuum. This 6§ finally vanishes at the point Z5. See
Fig. 4.8.
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Fig. 4.8. The solution for Case 4.3(i)b.

Therefore, the solutions show two exact structures.

ii) [U1,Us,Us] > 0, [U1,Us,Us] > 0 and v1 < vg < vi'. The Jio and 647 interact at some point A, where
5
the initial data are given as follows,

E0)=A= (ul,vgu), Us(0) = U41,m(0) = my1,n(0) = ngy,
5=0, (4.16)
(p,,U,,H,) = (p47U4aH4)7 (p+aU+7H+) = (,02,U2,H2)~

The ugy < uy = us,v1 < ug < vf;“ lead to [Usg, Uz, Us(0)] < 0. We then solve initial value problem (2.27) and
(4.16) to obtain a delta shock wave 4. By Lemma 3.13, we can see that the entropy condition of 63 is
violated before it reaches the singular point U 523.

The interactions among 6@1, 034 and d93 are the same as those of 5{‘37 d41 and d34 in Case (iii) of Subsec-
tion 4.2. We only depict the solutions in Figs. 4.9 and 4.10.

(iii) [Uy,Us2,Us] < 0,[U1,Us,Uy] < 0 and v < vy. The Ji2 meets with do3 at some point A, where the
initial data are given below,

s

. { 2(0) = A = (u1,03%), Us(0) = UF*,m(0) = ma3,n(0) = nag, (4.17)

(p—,U_,H_) = (p1,U1, H1), (p1,Uy, Hy) = (p3,Us, H3).

The [Uy,Us,Us] < 0,u; < uz and v; < vy yield [Uy, Us, Us(0)] > 0. We solve initial value problem (2.27)
and (4.17) to obtain a delta shock wave §75.
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Fig. 4.9. The solution for Case 4.3(ii)a.
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Fig. 4.10. The solution for Case 4.3(ii)b.

Fig. 4.11. The solution for Case 4.3(iii).

Similarly, the d34 overtakes d4; at some point B, where the initial data are given in (4.13). There are
two subcases: [Uy,Us, Uy] > 0,[U1,Us,Us] < 0. For the former, the structure of the solution is similar to
Fig. 4.10. For the latter, it shows that [Us, Uy, U] > 0. We solve initial value problem (2.27) and (4.13) to
obtain a new delta shock wave 0%, which matches with 675 at the singular point U}3. See Fig. 4.11.
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Fig. 4.12. The solution for Case 4.4(1)(i)a.

4.4. Two two-dimensional delta shock waves and two two-dimensional contact discontinuities

We classify this situation into the following two cases, then construct the solution for each case.

(1) Two delta shock waves are neighboring. Without loss of generality, two delta shock waves d34, 941
connect the states 3) and (@), as well as the states @ and (@), respectively. According to (2.7) and (2.22),
we have u; = ug,uy < usz,v9 = vz, v1 < v4. This case is divided into the following three subcases.

(1) ug < uz < up = ug,v1 < Vg4,V < vf;“ < vg = v3. Let A = (uQ,vgﬂ) be the intersection point of d41
and Jys. In virtue of v; < vf;“ < vy, the state on the right of the point A is the vacuum. We solve initial
value problem (2.27) and (4.14), and obtain a delta shock wave 3.

As 634 meets with 6f earlier than it meets with Ja3. The d34 collides with (5f at some point C, and forms
a new delta shock wave 530 . It connects the state (3) with the vacuum, which finally stops at the point Zs.
Meanwhile, the Jo3 stops at the singular point Zy. See Fig. 4.12.

As 034 interacts with Jo3 earlier than it interacts with 5;14, which implies vo = v3 < v4. Denote by B the
intersection point of d34 and Ja3, where the initial data are presented as follows,

o o 7u34,02 p— 34m = ms3q,N = N34
:07{40)3(57 1)y Us(0) = Us",m(0) = maa, n(0) = naa, (4.18)

(p,,U,,H,) = (p2vU27H2)7 (p+,U+,H+) = (p4aU4vH4)'

Besides, it has [Ua, Uy, Us(0)] > 0 by uy < usz < ug,vs = v3 < v4. Solving initial value problem (2.27) and
(4.18), we obtain a delta shock wave §5,.

The 68, meets with §;' at some point C, and forms a new delta shock wave §$. This 6§ connects the
state 2 with the vacuum, which finally stops at the point =5. See Fig. 4.13.

Therefore, there exist two exact solutions.

(ii) ug < ug < U1 = Ug, Vo = V3,01 < Vg, 0] < Vg < vf;“. The Jio intersects with d41 at some point A, where
the initial data are given in (4.16). Besides, it holds [Uy, Uz, U] < 0 due to ug < uj = uz,v1 < vg < v4. So,
we solve initial value problem (2.27) and (4.16), and then obtain a delta shock wave 634. It is noticed that
the entropy condition of d4} is violated before it reaches the singular point Uz

Denote by B the intersection point of Joz and ds4, where the initial data are given by (4.18). From
vy = v3 < vg,uy < u3z < ug, one has [Us, Uy, UP] > 0. Solving initial value problem (2.27) and (4.18), we
obtain a delta shock wave 6%3.

The interactions of d4y and §5, are the same as those of 673 and 65 in Case (iii) of Subsection 4.2. We
only describe the solution in Fig. 4.14.
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Fig. 4.13. The solution for Case 4.4(1)(i)b.
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Fig. 4.15. The solution for Case 4.4(1)(iii).

(iii) ug < ug < Uy = u2,v3 = Vo < v1 < v4. In this case, the d41 overtakes Jio at some point A. The initial
data at this point are (4.16). By u4 < u1 = ug2,ve < v1 < vy, it shows [Ug, Uz, U?] > 0. We solve initial
value problem (2.27) and (4.16) to obtain a delta shock wave (55&1. Symmetrically, the d34 and Jo3 interact at
some point B. The uy < uz < ug, vy = v3 < vq lead to [Us, Uy, Ug] > 0. Solving initial value problem (2.27)
and (4.18), we get a delta shock wave 62,. This 62} finally matches with 62} at the singular point U2*. The
solution is shown in Fig. 4.15.
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Fig. 4.17. The solution for Case 4.4(1)(iv)b.

(iv) ug < up = ug < ug,v1 < v2 = v3,v1 < v4. The J1o meets with Jog at the point Zg. The u; = us < us,
v1 < vy = vg yield that [Uy,Us, E3] > 0. We solve initial value problem (2.27) and (4.1) to obtain a delta
shock wave 672.

The sequent interactions among (5155’, 034 and d41 are the same as those of 6{13, 034 and &4 in Case (iii) of
Subsection 4.2. We only depict the solutions in Figs. 4.16 and 4.17.

(V) up = ug < ug < ug, vy < vy = v3,v1 < vg. The Jyio and Jo3 interact at the point Eg. The u; = ug < ug,
v < vg = vg lead to [Uy, Us, 23] > 0. Hence, we solve initial value problem (2.27) and (4.1) at this point to
obtain a delta shock wave 0.

Meanwhile, the d34 overtakes d41 at some point B, where the initial data are shown in (4.13). There are
two subcases: [Uy,Us, Us] > 0, [U1,Us, Uy] < 0. For the former, the structure of the solution is similar to
Fig. 4.17. For the latter, one has [Us, Uy, U?] > 0. We solve initial value problem (2.27) and (4.13), and
obtain a delta shock wave 65,. This §5 finally matches with 87} at the singular point U3, The solution is
illustrated in Fig. 4.18.

(2) Two delta shock waves are not neighboring. Without loss of generality, assume that two delta shock
waves 093,041 connect the states @ and (), as well as the states @ and (D respectively. From (2.7) and
(2.22), the initial data satisfy us = ug,u; = ug,ve < vsz,v1 < us. We only consider the subcase uz = uy <
U = Uz, v < vgu < vy <wg,v1 < vy < v§3 < w3, because the solutions to the other subcases are similar to
those in Cases (1)(i)—(iii) of this subsection.
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Fig. 4.18. The solution for Case 4.4(1)(v).
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Fig. 4.19. The solution for Case 4.4(2).

In this subcase, the d4; and Jy5 interact at some point A. Since vy < v§1 < v9, we solve initial value
problem (2.27) and (4.14), and obtain a delta shock wave §;'. This delta shock wave vanishes at the
point =y4.

Meanwhile, the J34 meets with do3 at some point B. In virtue of vy < v§3 < w3, the initial data at this
point are as follows,

s

N { 2(0) = B = (u3,v3’), Us(0) = U, m(0) = maz,n(0) = nas, (4.19)

(p_,U_,H_) = <p2aU2aH2)’ (p+7U+?H+) = (O’ U(fan)’o)

We solve initial value problem (2.27) and (4.19) to get a delta shock wave 6. This delta shock wave stops
finally at the point Z5. The solution is depicted in Fig. 4.19.

4.5. One two-dimensional delta shock wave and three two-dimensional contact discontinuities

Without loss of generality, assume that a delta shock waves d12 connects the states (D) and (2). We have
can see from (2.7) and (2.22) that, uy < u2,v; = v4, u3 = uyg, v2 = v3. The following two cases are discussed.

i) ug = ug < U1 < U2, V4 = v1 < Vo = v3. The 619 overtakes Jos at some point A = (u}2,v2). The initial
s
data at this point are
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Fig. 4.20. The solution for Case 4.5(i).

S

2(0) = A = (ul2, vy = U, m(0) = mi2,n(0) = nya
:0,{“(0) = A= (u;",v2), Us(0) = Us~,m(0) »n(0) ’ (4.20)

(p—a U—a H—) = (pl, Ula Hl)a (/0+7 U+a H+) = (Ov U(f, 77)7 0),
due to uz < u; < u}? < wuy. Solving initial value problem (2.27) and (4.20), we get a new delta shock
wave 1. This delta shock wave vanishes at the point =;.
Meanwhile, the J34 and Jy; also stop finally at their respective singular points 23 and Z4. The solution
is given in Fig. 4.20.

(ii) w1 < ug,u; < uz = ug,v4 = v1 < v2 = v3. The J34 and Jy; meet at the point Z4. The u; < uz = uy,
vy = v1 < vy = vy yield [Us, U, Z4] > 0. We solve initial value problem (2.27) and (4.2) to obtain a delta
shock wave 674

Meanwhile, 412 interacts with Jo3 at some point B. When u; < u}? < us < ug, the initial data at this
point are

§:

. { 2(0) = B = (u;”, v2), Us(0) = Ug?,m(0) = maz, n(0) = niz, (4.21)

(p_,U_,H_) = (pllele)v (p+7U+7H+) = (p3,U3,H3).

Besides, the u; < u}? < uz < uz,v; < ve = vg lead to [Uy,Us, Us(0)] < 0. Solving initial value problem
(2.27) and (4.21), we obtain a delta shock wave 6£. It is noticed that the entropy condition of §% is violated
before it reaches the singular point U}, The interactions of 6} and 054 are the same as those of 6% and
844 in Case (iii) of Subsection 4.2. We only picture the solution in Fig. 4.21.

When u; < ug < uf < ug, the initial data at the point B are

S

- _ _ ’LL12 Vs — k2 m = Mi2,N =MNni2
:07{_(0) =B = (u5",v2), Us(0) = Us~, m(0) ,n(0) ’ (4.22)

(p—>U—7H—) = (plaUlaHl)v (p+7U+aH+) = (OvU(gvn)vo)

We solve initial value problem (2.27) and (4.22) to obtain a new delta shock wave 62. The 6P and 65 collide
at some point C, and form a new delta shock wave d$. This 6§ connects the state 3) and the vacuum, and
finally vanishes at the point =Z3. See Fig. 4.22.

When u; < uéZ < up < ug, the initial data are shown in (4.21). Besides, the u; < uéZ <uy < uz,v; <
vy = vy yield [Uy,Us, Us(0)] > 0. Hence, by solving initial value problem (2.27) and (4.21), we obtain a
delta shock wave 0%,. The 65 matches finally with 51551 at the singular point U}3, as shown in Fig. 4.23.

Therefore, this case contains three exact solutions.
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Fig. 4.22. The solution for Case 4.5(ii)b.

Fig. 4.23. The solution for Case 4.5(ii)c.

5. Conclusion

We analyzed completely the exact solutions to the two-dimensional Riemann problem (1.3) and (1.4).
Under the assumption (H), twenty-three explicit solutions and their corresponding criteria are obtained. The
occurrence of two-dimensional delta shock wave with a Dirac delta function in both density and internal
energy is confirmed rigorously. The mechanism for the formation of this kind of two-dimensional delta
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shock wave results from the overlapping of the linearly degenerate characteristic lines. It is also shown
that the Mach-reflection-like patterns appear in solutions. Precisely, in some solutions, one two-dimensional
delta shock wave splits somewhere into two new two-dimensional delta shock waves, that is, there exists
a triple-wave point where three two-dimensional delta shock waves match together. The mechanism for
the formation of this pattern results from the global (or local and global) interactions of this type of
two-dimensional delta shock waves, or the interactions of this type of two-dimensional delta shock waves
with the two-dimensional contact discontinuities. To the best of our knowledge, this type of mechanism for
the formation of Mach-reflection-like pattern has not been found in the previous studies.
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