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1. Introduction

Let D denote the unit disk. Let L? denote the Lebesgue space of square integrable functions on the
unit circle T. The Hardy space H? is the subspace of analytic functions on DD whose Taylor coefficients
are square summable. Then it can also be identified with the subspace of L? of functions whose negative
Fourier coefficients vanish. The space of bounded analytic functions on the unit disk is denoted by H°.
The Toeplitz operator on the Hardy space H? with symbol f in L°(T) is defined by

Ty(h) = P(fh),

for h € H?. Here P is the orthogonal projection from L? to H?. The unilateral shift operator on H? is
S=T,.

Let A be a bounded operator on a Hilbert space H. We define the range space M(A) = AH, and endow
it with the inner product

<Afa Ag>M(A) = <fa g>H7 fag € H & KerA.

M(A) has a Hilbert space structure that makes A a coisometry on H.
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Let b be a function in H{®, the closed unit ball of H>. The de Branges-Rovnyak space H(b) is defined
to be the space

M((I = TyT)12).
We also define the space H(b) in the same way as #(b), but with the roles of b and b interchanged, i.e.
H(b) = M((I - TT;)'/?).

The spaces H(b) and H(b) are also called sub-Hardy Hilbert spaces (the terminology comes from the title
of Sarason’s book [9]).

The space H(b) was introduced by de Branges and Rovnyak [2]. Sarason and several others made es-
sential contributions to the theory [9]. A recent two-volume monograph [4], [5] presents most of the main
developments in this area.

There are two special cases for H(b) spaces. If ||b]|oo < 1, then H(b) is just a re-normed version of H?. If
b is an inner function, then

H(b) = H? © bH?

is a closed subspace of H?, the so-called model space (see [6] for a brief survey).

Let T be a bounded linear operator on a Hilbert space H. A closed subspace M of H is called a reducing
subspace of T if TM C M and T*M C M, which is equivalent to the fact that M and M™* are both
invariant by T. If T has a proper reducing subspace, T is called reducible. The reducing subspaces of shift
operators or multiplication operators have been studied in various function spaces: for weighted unilateral
shift operators of finite multiplicity, see [10]; for multiplication operators induced by finite Blaschke products
on the Bergman space, see [14], [8] and the references therein.

Our motivation is the study of reducing subspaces of truncated Toeplitz operators on the model space.
For an inner function § and ¢ € L?, the truncated Toeplitz operator Ag with symbol ¢ is defined by

AL = Py(ef),

for f on the dense subset H(6) N H> of H(0). Here Py is the orthogonal projection from H? to H(9). It is
known that AY is always irreducible (see e.g. [7]). A function f € L? is called even if f(2) = f(—z2), for every
z €D, and f is called odd if f(z) = —f(—=z), for every z € D. The operator A? is called the compressed
shift operator. The reducibility of Azg is characterized by Douglas and Foias [3] using model theory for
contractions [12] as the following.

Theorem 1.1. The operator Agz is reducible if and only if either 0 is even or there exists up € D such that

where p is even.

Recently, Li, Yang and Lu found a different proof of Theorem 1.1 and extended it to the case where the
symbol of a truncated Toeplitz operator is a Blaschke product of order 2 or 3 [13].

The theory of H(b) spaces is pervaded by a fundamental dichotomy, when b is an extreme point of H{®
and when it is not. The nonextreme case includes ||b||oc < 1 and the extreme case includes b is an inner
function. Roughly speaking, when b is nonextreme, H(b) behaves similar to H?, while in the extreme case,
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H(b) is more closely related to the model space. For example, the polynomials belong to #(b) if and only
if b is non-extreme (see [9, Chapter IV, V]).

Notice that (Agg)* = S*2|H(9). Thus, in view of Theorem 1.1, it is natural to consider reducing subspaces
of S*2|H(b) when b is extreme. The main purpose of this paper is to characterize the reducibility of S*2|H(b)
on H(b) in the extreme case and describe the reducing subspaces (Theorem 4.1). We also show that X is
irreducible for every b.

2. Background on de Branges-Rovnyak spaces

In this section, we present some basic theory of de Branges-Rovnyak spaces and the results we shall use
later.

The relation between H(b) and H(b) can be found in [9, II-4]. Here we use ( , ), to denote the inner
product of H(b).

Theorem 2.1. A function f belongs to H(b) if and only if Tyf belongs to H(b). If f1, fo € H(b), then
(f1, f2)b = (f1, fa)2 + (T f1, Ty f2)p-
Let b € H®. Let p=1—|b> on T and let H?(p) be the closure of polynomials in L?(p) = L*(T, p2) (we

will keep using these notations in the remaining of this paper). The Cauchy transform K, is the mapping
from L?(p) to H? defined by

Kpf = P(Pf)-

In the theory of H(b) spaces, H(b) is often more amenable than #(b) because of a representation theorem
for H(b) [9, T11-2].

Theorem 2.2. The operator K, is an isometry from H?(p) to H(b).

The operator on H?(p) of multiplication by the independent variable will be denoted by Z »- We have the
intertwining relation [9, III-3]

K,Z; = 5K, (2.1)
The space H(b) is invariant under S* = T [9, II-7], and the restriction of S* is a contraction. We use X
to denote S*|3s). This operator can serve as a model for a large class of Hilbert space contractions [2], [1].
The following identity shows the difference between X, and S* [9, II-9].
Theorem 2.3. Let b € H{®. For every f € H(b),
Xof=8f—(f,S"b)b.
If  and y are in a Hilbert space H, we shall use x ® y to be the following rank one operator on H

(xy)(f)=(fy)n-z, feH

It is obvious that

(r@y) =you,
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and if A, B are bounded linear operators on H, then
Az @ y)B = (Az) ® (B*y).

It could be misleading to write the identity in Theorem 2.3 as X; = .S — b ® S*b because b may not be
in #H(b). But it is known that S*b € H(b) [9, II-8], and we have

I— XXy = (S"D) @ (S™b). (2.2)
The space H(b) is a reproducing kernel Hilbert space with kernel function:

kz,(z) _ 1-— b(w)b(z)

1—wz
When b is extreme, we have the following identity (see e.g. [5, Theorem 25.11]).
Lemma 2.1. Let b be an extreme point in Hi°. Then

I—X;Xpy=kb o kb,

For an inner function 6, S*6 is a cyclic vector of (A%)*. A similar result holds for extreme functions (see
e.g. [5, Section 26.6]).

Theorem 2.4. If b is extreme, then

H(b) = Span{S™b:n > 1}.
Here Span denotes the closed linear span.
3. An equivalent condition for the reducibility

In this section we first prove that X, is irreducible for every b. The idea in the proof will be used to study
X2,

Theorem 3.1. Let b € H®. Then Xy, is not reducible.
Proof. Suppose X} is reducible. Then
H(b) = My &y Ma,

where My, M5 are nontrivial reducing subspaces of Xj.
Note that for every f € My,g € Mo,

(I =Xy X)) f L (I-XpX})g
in H(b). By equation (2.2),
dim(( — X, X;)H (b)) < 1.

Then one of the two range spaces



864 C. Chu / J. Math. Anal. Appl. 477 (2019) 860-874

(I = Xp Xy ) My, (I — Xy X)) Mo
must be 0. WLOG, we may assume
(I = Xp Xy )My =0,
i.e. for every f € M,
0= (I—X,X;)f = (f,Sb)sS"b.
Thus f is orthogonal to S*b in H(b) and then S*b € Ms. Since Ms is invariant under S*, we have
Span{S*™b:n > 1} C M.

If b is extreme, it follows from Theorem 2.4 that My = H(b), which is a contradiction.

If b is nonextreme, then polynomials are dense in H(b). For every f € My, since f is orthogonal to S*b, we
see from Theorem 2.3 that Sf = X, f. Thus M; is invariant under both S and S*. Pick a nonzero function
h € My, then

h(z) = Z hjzd,
j=k

for some k > 0 with hy # 0. Thus

1
— (I — SFTLS*F ) h = 2% € My,
k

which implies that M; contain all the polynomials. So M7 = H(b), which is a contradiction. O

Lemma 3.1. Let b be an extreme point in H°. Then S*b,S*?b are linearly dependent if and only if b is a
single Blaschke product.

Proof. By Theorem 2.4, S*b, S*2b are linearly dependent if and only if H(b) is a one-dimensional space,
which is equivalent to b being a single Blaschke product. O

For the extreme case, we have the following equivalent condition for the reducibility of X7.

Theorem 3.2. Let b be an extreme point in H°. Suppose b is not a single Blaschke product. Then X} is
reducible if and only if there exist complex numbers «, 8, af # 1, such that for every n,m > 0,

S*2m(S*bh + aS*2b) L S**"(BS*b + S*2b) (3.1)
in H(b). In this case the reducing subspaces of X¢ are given by
H(b) = M; @p Mo,
where
M, = Span{S**"(S*b + aS*?b) : n > 0} (3.2)

and
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My = Span{S**"(BS*b + S*?*b) : n. > 0}. (3.3)

Proof. Suppose (3.1) holds, then take M, My as in (3.2), (3.3). It is clear that My, My are invariant under
X2 (or S*2) and are orthogonal in H(b). By Theorem 2.4, we have

H(b) = Span{ M7, Ms}.
Thus
H(b) = My @y Mo,

and Xf is reducible.

Next we assume X7 is reducible. Then
H(b) = My &y Mo,
where My, M> are nontrivial reducing subspaces of X?. Note that for every f € My, g € Mo,
(I — XEX;A)f € My, (I — XEX;?)g € My.
Then
(I = XpX;2)f L (I - XiX;%)g
in H(b). Using (2.2), we have

I—X2XP2 =1 X, X7 + Xo(I — X X)X} (3.4)
=S5*b® S*b+ X, (S*b® S*b) X
= S*b® S*b + S**b ® S*?b.

By Lemma 3.1, $*b and S*2b are linearly independent. Thus
dim(I — X2X;?)H(b) = 2.
Suppose one of the two range spaces
(I = X X3*) My, (I = XpX5?) My
is zero, say
(I — XEXP?)M, = 0.

By (3.4), we see that every function in M; is orthogonal to S*b and S*2b in H(b), which implies S*b, S*2b
are in Ms. Since M is invariant for X2, using Theorem 2.4 we see that

H(b) = Span{S*™b:n > 1} C Ms.
This is a contradiction. Therefore, we must have

dim(I — X7 X;*)M; = dim(I — X7 X;*) My = 1.
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This means, WLOG, there exist complex numbers «, 3 such that

(I — X2X3?)M, = Span{S*b + aS*?b} C M;,
(I — XZX}?)M, = Span{BS*b+ S**b} C M,.

Since My, M5 are invariant under X f, we have

Span{S**"(S*b + aS*?b) : n. > 0} C M,
Span{S**"(3S*b + S*?b) : n > 0} C Mo.

Using Theorem 2.4, we obtain
H(b) = My U Ms,

and thus (3.2), (3.3) hold. The relation (3.1) follows from M; L, M. Note that af # 1; otherwise 35*b +
S*2b € My N My = {0}, which contradicts Lemma 3.1. 0O

4. Main results

In this section, we analyze the condition (3.1) and characterize the reducibility of X? when b is extreme
but not inner.

Lemma 4.1. Let b be an extreme point in H{®. Then for every n > 1,

n—1

I-X;"X) = (X)) @ (X, kp).

J=0

Proof. This proof is by induction on n. For n = 1, the equality is exactly the one in Lemma 2.1. Assume
that the equality holds for some n > 2. Then, using once again Lemma 2.1 and the induction hypothesis,

we have

XXy = Xp(X XX

n—2
=Xp (I =Y (X7 k) © (X7 k)X
j=0
n—2 ) )
=Xp Xy = Y X7 (XK @ (XK X
j=0
n—2 ] ]
=1 - kj @k — Y (VTR @ (X0 TVk)
j=0
=1 - Z (X7 k) @ (XK. O

Lemma 4.2. Let b be an extreme point in H® and let f,g € H(b). Suppose b is not a single Blaschke product.
Then

(XF™ f, Xi"g)p = 0, (4.1)
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for every m,n = 0 if and only if the following hold
(1) for every k >0,
(T3 f, T5Xi"9)5 = (Ty9, X" ) = (4.2)
(2) for every m,n >0,
(§¥2m f, §¥2ng), —

i.e. there exist functions F,G € H? and complex numbers ag, by, a1, b, such that

f(2) = F(2*)(ap + a12), g(z) = G(2*)(by + b12) (4.3)
and
aobo + aiby = 0.
Proof. Let
f(z) = i S and  g(2) = igkzk-
par =0

Suppose (4.1) holds. Then for m < n, we have
0= (XJ™f, X" ghp = (X2 X" f, X" 72" g)s. (4.4)
By Lemma 4.1, we have

(I - X2 XE™) f = f— X2 XPmf

2m—1

= Z (f Xy kG)s - (X5 k)

<.
I
=)

2m—1

= > AX]F ROy - (X7 kG)

3

o
<.

Il
=)

I
MS

-1

(5% 1)(0) - (X, kg)

7=0
2m—1
- Z fi- X7k,
7=0
Then
2m—1 ]
XPXI = f S g X
7=0

This together with (4.4) implies
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2m—1

0=(f= > fi X7k, X" ")
=0

2m—1
= (LX) = (> fi - Xk X0 g
7=0
2m—1
= (LXM=L fi (XGRS, X )
j=0

2m—1
= <f7 X§n72mg>b - Z fj . <k8qu2n_2m+Jg>b
3=0

2m—1

= (LX) — > fi (X g kb,
j=0

2m—1

= <fa X(;Qn72mg>b - Z f] : §2n—2m+j' (45)
j=0

Replacing n,m in (4.5) by n + 1, m + 1 respectively, we have

2m—+1
0=(f, Xb2n_2m9>b - Z fi Gon—2mtj- (4.6)
3=0
Subtracting (4.6) by (4.5) implies
f2m§2n + f2m+1§2n+1 =0, (4'7)

for m < n. A similar argument shows that (4.7) also holds for n < m. Thus we have for every n,m > 0, the
two vectors

(fam, fam+1); (92n, g2n+1)
are orthogonal in C2. It is easy to check f,g must have the form (4.3). In particular, we have
(f, X2*g)o = (9, X2* f)2 = 0, for every k > 0. (4.8)
It follows from (4.5) and (4.7) that
(f, X2Eg)p = (g, X2 f), =0, for every k > 0.

This together with (4.8) and Theorem 2.1 give (4.2).
The sufficiency follows easily from the calculation in (4.5). O

Remark 4.1. When b is an inner function, H(b) is trivial and then (4.2) is automatically satisfied. One may
expect the reducibility of X7 is more restrictive if b is not inner. We shall see it is true in the remaining of

this section.

When b is extreme, the following Lemma will be used to calculate the inner products in (4.2).
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Lemma 4.3. Let b be an extreme point in H®. Let p=1—|b|? on T. Then for every m,n > 1,

— (2" b 9,m < m,
(T5S8*™b, TyS* ")y = ¢ — (|b]?, 2™ ™)g,m > n,

1—/b||3, m=n.
Proof. Suppose m < n. Using the intertwining relation (2.1), we can easily get
K, 7" = S K,
Thus
K,Z;"1 =S*"K,1 = S*"P(p) = S*"P(1 — [b]*)
=— S*"P(|b|]?) = —=S*"T;b = —T;S*"b.
By Theorem 2.2, we have
(TpS™™b, TpS™"b)y = (K, Z,™ 1, K, Z)" )y = (21, 23" 1) 12 ()
If b is extreme, then H?(p) = L?(p) [11], which implies Z, is a unitary operator. Then

<TES*mb, TgS*"’b)B :<Z;m1, Z;n1>L2(p) = <Z;"_m1, 1>L2(p) = <zn—m’ 1>L2(p)
=(z"7" )2 = (2" )2

{ - <Zn7m’ |b|2>2am <mn,

1—|olf3, m=n.
We also need the following three elementary results.

Lemma 4.4. Let b € H{°. Then

nlLIr;o(z", 1b]*)2 = 0.
Proof. This is just Riemann Lebesgue lemma on Fourier coefficients. O
Lemma 4.5. Let b € H*®. Then |b|? is even if and only if b is even or odd.
Proof. Let b(z) = bg(2) + 2b1(2), where by, by are even functions. Then |b|? is even if and only if
bo(2) + 21 ()2 = [ho(2) — b1 (=),

which is equivalent to bgzb; = 0. Then the conclusion follows easily. O

Lemma 4.6. Let o, 8 € C with af # 0 and aff # 1. Let {an}2, be a sequence of complex numbers but not
the zero sequence. Suppose

lim a, =0
n—oo

and for every n > 1, the following conditions hold.
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agns1 + (a0 + Bazn + afagn—1 =0, (4.9)
Gani1 + (5 + %)a% + ;—Ba%,l 0. (4.10)
Then we have either
B=—-a, and asp—1 =0, foreveryn>1
or
laf = (8] = 1.
Proof. Subtracting (4.10) from (4.9), we have
(a+ 53— i - l)a% + (aff — ;)GQn—l =0. (4.11)
a f af

Since {an }52, is nonzero, we have the following four cases.
Case I: a—i—B—é—%zaE—%ﬁ = 0. Then we have |a8| = 1 and

0=a+5-2-5==(aP 1)+ 5087 -1
1 1,1 la? — 1 1
—5(|04|2—1)+E(W—1)— > ( _a_ﬂ)'

Thus |a| = |8] = 1.
Case I: a4 3 = 14 % and as,—1 = 0, for every n > 1. Then (4.9) implies § = —a.
Case I1I: aff = &%3 and ag, = 0, for every n > 1. Then |af| = 1 and by (4.9), we have
laznt1] = |aB] - |azn—1] = |azn—1]-

Since a, tends to 0, we have as,—1 = 0 and thus {a,}>2, is the zero sequence, which contradicts the

assumption.
Case IV: a+ 3 — £ — § # 0 and o — 25 # 0. Then by (4.11),

a3 — P 1 Jaf|?
A2n = = Aon—1 = — —a2n—1-
P BlaP +alBP — B —a
Put this in (4.9), we have
agny1 = —(a + B)a2n — afazn—1
o 1-logp .
=—((a+p — = +aﬁ)a2n—1
(0 + P gapae —5=a
_algP Bl 0§
Bla* +alp) = —a ™"

Thus |a2n+1]| = |a2n—1] and, similar to Case II1, as,—1 = 0, for every n > 1. From (4.9), (4.10), we see that

either as, =0, for every n > 1 or a + 8 = é + % = 0. They are both excluded by the assumptions. O

Now we are ready to prove the main Theorem.
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Theorem 4.1. Let b be an extreme point in H{®. If b is not an inner function, then X7 is reducible if and
only if b is even or odd. If b is even, the reducing subspaces of X? are

M = Span{(S**"b)(z + a) : n > 1}
with
M+ = Span{(S**"b)(—az +1) :n > 1},

for some a € C.
If b is odd, the reducing subspaces of X} are

M = Span{S**"~'b:n > 1}
with
M+ = Span{S**"b:n > 1}.

Proof. Necessity. We assume X7 is reducible and b is not inner. Let

b(z) = i bp2".
k=0
By Theorem 3.2, there exists a, 8 € C such that a8 # 1 and (3.1) holds. Let
f =S8+ aS*h, g=pS*b+ S*b.
Then f,g are in H(b), and using Lemma 4.2, we have
(T3 f. Ty X0 g), = (Thg, Ty X5 f)y = 0,
for every n > 0. If n > 1, using Lemma 4.3, we have

0 =(T3f, T,X;"9)
=(T;S*b + T3 5*2%b, BTy(S*)?" b + T (5*) 2" 2b);
=B(T;S*b, Ty (S*) 2" 10); + (T3S™b, Ty (5*)2"+2b);

+ aB(T;S*2b, Ty (S*)" )y + a(T;57%b, Ty (S*)*"2b)

b
== B2 022 — (22 FL B%)2 — aB(2" T b2)s — a2, [b*)s,

which can be simplified to
(22 )2 + (o + B) (=", [b%)2 + aB(z*" 71, [b*)2 = 0. (4.12)
Similarly,
(Tyg, T,Xi" f) =0

implies
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ap (2"t [p7)e + (@ + B)(2*", b2 + (271, [b*)2 = 0. (4.13)
If « = 8 =0, then (4.13) implies for every n > 1,
0= <Z2n—17 |b|2>2 — <|b|2,22n—1>2.

This means b is even or odd by Lemma 4.5.
If « =0 and 8 # 0, using (4.12), (4.13), we have

<22n+17 |b|2>2 + B<Z2n7 |b|2>2 = 07

and
B 6?2 + (2", [b])2 = 0.
Thus
n /B n— n—
(227 [B])a| = |B<Z2 L1BP)a] = (221 (b))

By Lemma 4.4, we see that for every n > 1, (22"~1 |b|?)5 = 0. Thus (4.12) shows that (2", |b|?)2 = 0, which
implies b is inner. A similar argument works for the case when § =0 and « # 0.
Next, suppose af # 0. Rewrite (4.13) as

—_

1 1 _
LB+ (= + ) b2 + = (2L e =0, (114)

isS)

Consider the sequence {(z",[b|*)2}22 ;. If it is the zero sequence, then b is an inner function. Otherwise by
Lemma 4.4 and (4.12), (4.14), it satisfies the assumptions in Lemma 4.6. Then we have the following two
cases:

Case I: B = —a, (2271 |b]?)2 = 0, for every n > 1.

Case IL: |a] = |8 = 1.

By condition (2) in Lemma 4.2, we have for every n > 0,

<S*2nf, S*Qng>2 =0.
Then

0 :<S*2nf, S*an>2 _ <S*2n+1b + a5*2”+2b, 6S*Zn+1b + S*2n+2b>2
:B||S*2n+1b||g +a||s*2n+2b”§ + <S*2n+1b, S*2n+2b>2 + QB<S*2n+2b7 S*2n+1b>2.

For simplicity, let
Cp = <S*2n+1b S*2n+2b>2
, .
Since
157274253 = [15°2 4183 = foansa

we obtain
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(B + a)||S*" 0|3 — albant1]® + ¢ + aBc, = 0. (4.15)
In Case I, |b|? is even, and Lemma 4.5 implies that b is even or odd. Thus ¢, = 0 and (4.15) becomes
albapt1|? = 0, which implies by, 41 = 0 and b is even.
In Case II, taking conjugate on (4.15), we get
(B4 @)||S* 1|5 — albani1]® + aBe, + ¢, = 0. (4.16)
Multiplying (4.15) by & and using |a| = |f| = 1, we have
(@ + B)||S*" 103 — Blbans1]? + @Ben + ¢ = 0. (4.17)
By (4.16), (4.17), we have
(& = B)|ban+1]* = 0.
Note that & # 8 because aff # 1. We see that ba,1 = 0, which means b is even. Using (4.12), we see that
if b is not inner, then 5 = —a.
Sufficiency. Let
M, = Span{S*Q”(S*b—i— aS*?b) :n > 0}
and
My = Span{S*?"(—aS*b + S*?b) : n > 0}.
We show that M;, My are reducing subspaces of sz for appropriate choices of . By Theorem 3.2 and

Lemma 4.2, we need to verify (4.2) and (4.3) when g = —a.
Note that

(271 |b]2)y =0, for every n > 1,

whenever b is even or odd.
For (4.2),if n > 1, (4.2) follows from (4.12), (4.13) and the above relation. When n = 0, using Lemma 4.3,

we have

(T5(S*b 4 aS*?b), Ty(—aS*b+ S*2b));
= — al|T;S*b||2 + o||T;S*2b|2 + (T;,5*b, T;,5*2b);, — o*(T35°%b, T;,S*b);
= —a(l = []bl[3) + a(l = [[B][3) = (2 [b]*)2 + a*(z,[b*)2 = 0.

If b is odd and a = 0, it is obvious that (4.3) holds.
If b is even, then S*2b is also even and

S*b = 25%2b.
We can write

S*b+ aS*2b = (S*2b)(z + a),
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and
—aS*b+ 5*%b = (5**b)(—az + 1).
Thus (4.3) is satisfied. O
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