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1. Introduction and main results

In this paper, by meromorphic functions we will always mean meromorphic functions in the complex plane. We adopt
the standard notations in the Nevanlinna theory of meromorphic functions as explained in [7,10] and [14]. It will be conve-
nient to let E denote any set of positive real numbers of finite linear measure, not necessarily the same at each occurrence.
For a nonconstant meromorphic function h, we denote by T(r,h) the Nevanlinna characteristic of h and by S(r,h) any
quantity satisfying S(r,h) =o(T(r,h)) (r > oo, 1 ¢ E).

Let f and g be two nonconstant meromorphic functions and let a be a complex number. We say that f and g share a
CM, provided that f —a and g — a have the same zeros with the same multiplicities. Similarly, we say that f and g share
the value a IM, provided that f —a and g — a have the same zeros ignoring multiplicities. In addition, we say that f and g
share oo CM, if 1/f and 1/g share 0 CM, and we say that f and g share co IM, if 1/f and 1/g share 0 IM (see [15]).
Let b # oo be a nonconstant meromorphic function such that T(r,b) = S(r, f) and T(r,b) =S(r,g). If f—b and g —b
share 0 CM, we say that f and g share b CM, and we say that f and g share b IM, if f —b and g — b share 0 IM. In this
paper, we also need the following definition.

Definition 1.1. For a nonconstant entire function f, the order o (f), lower order w(f), hyper-order o,(f) and lower hyper-
order wy(f) are defined by

. logT(r, f) . loglog M(r, f)
o(f)=limsup —=——== =limsup ————==,
r—00 logr =00 logr
log T (r, .. .loglogM(r,
w(f) = liminf 28T ) _ o ploglogM(r. f)
r—>00 ogr r—00 logr

* Project supported by the NSFC (No. 10871047), the NSFC (No. 10771121), the RFDP (No. 20060422049) and the NSFC (No. A0324617).
* Corresponding author.
E-mail addresses: majwang@fudan.edu.cn (J. Wang), xmli01267@gmail.com (X.-M. Li).

0022-247X/$ - see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2008.12.067


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:majwang@fudan.edu.cn
mailto:xmli01267@gmail.com
http://dx.doi.org/10.1016/j.jmaa.2008.12.067

J. Wang, X.-M. Li / J. Math. Anal. Appl. 354 (2009) 478-489 479
. loglog T (r, f) . logloglog M(r, f)
oy (f) =limsup ————= =limsup —————~~
r—00 logr r—00 logr
and

loglog T (r, f) — liminf logloglog M(r, f)

Mm2(f) =liminf
r—00 logr r—00 logr

respectively, where and in what follows, M(r, f) = maxz=r | f (2)].

In 1977, L.A. Rubel and C.C. Yang [12] proved that if an entire function f shares two distinct complex numbers CM with
its derivative f’, then f = f’. How is the relation between f and f’, if an entire function f shares one complex number a
CM with its derivative f’? In 1996, R. Briick [1] made a conjecture that if f is a nonconstant entire function satisfying
0>(f) < oo, where o, (f) is not a positive integer, and if f and f’ share one complex number a CM, then f —a=c(f’ —a)
for some constant ¢ # 0. For the case that a =0, the above conjecture had been proved by R. Briick [1]. In the same
paper, R. Briick proved the above conjecture is true, provided that a #0 and N(r,1/f") = S(r, f). In 1998, G.G. Gundersen
and L.Z. Yang proved that the conjecture is true for a # 0, provided that f satisfies the additional assumption o (f) < oo
(see [6]). In 1999, L.Z. Yang proved that if a nonconstant entire function f and one of its derivatives f® (k > 1) share one
complex number a (# 0) CM, where f satisfies o(f) < oo and k (> 1) is a positive integer, then f —a= c(f® —qa) for
some complex number ¢ # 0 (see [16]). In 2004, ]J.P. Wang proved the following theorem.

Theorem A. (See [13, Theorem 1].) Let f be a nonconstant entire function of finite order, let P be a polynomial with degree p > 1, and
let k be a positive integer. If f — P and f% — P share 0 CM, then f® — P = c(f — P) for some complex number ¢ # 0.

Regarding Theorem A, it is natural to ask the following question.

Question 1.1. What can be said if a nonconstant entire function f and one of its derivatives f® (k > 1) share a small entire
function a related to f?

For dealing with Question 1.1, we will prove the following result which improves Theorem A in this paper.

Theorem 1.1. If f is a nonconstant solution of the differential equation

fO —a1=(f —az)-e?, (11)

where ay and ay are two entire functions such that o (a;) <1 (j =1,2), k (= 1) is a positive integer, and Q is a polynomial, then
u2(f) =o02(f) =deg(Q), where and in what follows, deg(Q ) denotes the degree of Q .

From Theorem 1.1 we get the following corollary that improves Theorem 1 in [6].

Corollary 1.1. If f is a nonconstant solution of the differential equation (1.1), where a1 and ay are two entire functions such that
o(aj) <1(j=1,2),k (=1)is a positive integer, and Q is a nonconstant polynomial, then p>(f) = o02(f) =deg(Q) > 1, and f is
an entire function of infinite order.

From Theorem 1.1 we also get the following two corollaries which improve Theorem A and deal with Question 1.1.

Corollary 1.2. Let f be a nonconstant solution of the differential equation

fO —a=(f-ay-e?, (12)

where k (> 1) is a positive integer, a (£ 0, co) is an entire function such that o (a) < 1, and Q is a polynomial. If w(f) < oo and
w2 (f) is not a positive integer, then f —a = c(f® — a) for some complex number ¢ = 0.

Corollary 1.3. Let f be a nonconstant solution of the differential equation (1.2), where k (> 1) is a positive integer, a (% 0, 00) is an
entire function such that o (a) < 1, and Q is a polynomial. If 1 (f) < oo, then f —a = c(f® — a) for some complex number c # 0.

Proof. First, from (1.2) and Lemma 2.1 in Section 2 of this paper, we get

T(r,eQ)<T(r, f)+2T(r,a)+ O (log T(r, f) +logr) (r¢E). (1.3)

From (1.3), Lemma 2.2 and the condition w(f) < oo, we get

o(e?) =pu(e?) < u(f) <oo. (1.4)
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From (1.4) we see that Q is a polynomial. From (1.2), (1.4) and Theorem 1.1 we get

u2(f) =oa2(f) = deg(Q) =0. (1.5)

From (1.5) we see that Q, and so e? is a constant. From this and (1.2) we get the conclusion of Corollary 1.3. O

Example 1.1. Let f(z) be a solution of the differential equation

fl@—z2=(f(2 —z)-¢.

Then o (z) =0, and from Lemma 2.11 in Section 2 of this paper we see that f is a nonconstant entire function. Moreover,
it immediately follows from Theorem 1.1 that wy(f) = 02(f) = o (e?) = 1. This example shows that the conclusions of
Theorem 1.1 and Corollary 1.1 occur. This example also shows that the condition “u,(f) < oo and uy(f) is not a positive
integer” in Corollary 1.2 is the best possible.

From Corollary 1.2 we get the following corollary.

Corollary 1.4. Let f be a nonconstant solution of the differential equation (1.2), where k (> 1) is a positive integer, a (0, o0) is an
entire function such that o (a) < 1, and Q is a polynomial. If ;7 (f) < oo and u;(f) is not a positive integer, and if f and f® share b
IM, where b (& a, 00) is a small function related to f, then f = f®.

Proof. First, from Corollary 1.2 we get

f—a=c(f® —a), (16)

where ¢ (# 0) is a complex number. If ¢ =1, from (1.6) we get the conclusion of Corollary 1.4. Next we suppose that ¢ # 1.
Then it follows from (1.6) that f 2 f®_If N(r,1/(f — b)) # S(r, f), from a b we see that there exists one point zg such
that f(z9) = f® (z0) = b(20) # a(zp). From this and (1.6) we get the conclusion of Corollary 1.4. Next we suppose that

N(r, ﬁ) =S, f). (1.7)

From (1.7) and Nevanlinna’s three small functions theorem (see [15, Theorem 1.36]) we get
1
T(r, f) = T(r, f(k)) +0()= N])(f, m) + S(r, f), (1.8)

where and in what follows, N1y(r, 1/(f —a)) denotes the counting function of simple zeros of f —a. Let

—b k) _p
F:f G=f

a—b’ a—b -’ (19)
Then from (1.7)-(1.9) we get
N, F)+N(r, %) —sa.f), N, c)+N(r, %) =50 f) (110)
and
lim sup No(r, 1) ! , (1.11)

roeo” T(r, F)+ T(r,G) 2
r¢E

where and in what follows, No(r, 1) denotes the reduced counting function of the common 1-points of F and G. Thus
from (1.10), (1.11) and Lemma 2.9 in Section 2 of this paper we have F =G or FG =1. If F =G, from (1.9) we get f = f®,
which is impossible. If FG =1, from (1.9) we get

(f =b)(f® —b)=(@-b)%. (112)
From (1.6), (1.12) and ¢ # 1 we have

fz—l—(ca—cb—a—b)f-i-(ab—azc—i—abc):O. (1.13)

From (1.13) we get T(r, f) = S(r, f), which is impossible.
Corollary 1.4 is thus completely proved. O

In 1995, H.X. Yi and C.C. Yang posed the following question.
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Question 1.2. (See [15, p. 398].) Let f be a nonconstant meromorphic function, and let a be a finite nonzero complex
constant. If f, f™ and f™ share the value a CM, where n and m (n < m) are distinct positive integers not all even or odd,
then can we get the result f = f™?

Regarding Question 1.2, G.G. Gundersen and L.Z. Yang proved the following result in 1998.

Theorem B. (See [6, Theorem 2].) Let f be a nonconstant entire function of finite order, let a (# 0) be a complex number, and let n be
a positive integer. If the value a is shared by f, f™ and f®™+V IM, and shared by f™ and f®™+V CM, then f = f’.

In this paper, we will prove the following two theorems that improve Theorem B.
Theorem 1.2. Let f be a nonconstant solution of the differential equation

" @ - P@) = (f"@ - P@) 22, (114)

where n (> 1) is a positive integer, P (s 0) is a nonconstant polynomial, and Q is a polynomial. If f — P and f™ — P share 0 IM,
and if 3 (f) < oo and py(f) is not a positive integer, then e is a constant, and f is given as one of the following three expressions:

I+n . . .

() f=P+ % (z=z1)1(z=22)72 - - (2= i) )k, where | = deg(P) = deg(f™) is the degree of f™ and P, k (> 1) is a positive
integer, z1, 22, ..., Zk—1, Zx are k distinct elements in the set {z: —% -P+(c—1) le‘:l CPJ% =0}={z1.22,...,2k_1, %}, in
which ¢ # 0, 1is a complex number, j1, j2, ..., jk—1, jk are positive integers such that j1 + jo + -+ jk =1+n.

(ii) f =P+ w(z—2z1)1(z—22)%2 -+ (z — zx)’*, where yy (£ 0) is a certain complex number, z1, z3, . .., zx—1 and z; are k distinct
elementsintheset {z: P(z) =0} ={z1, 22, ..., 2k-1, 2k}, k (= 1) is a positive integer, and 1 < max{deg(P), j1+ j2+---+jk} <

n—1.
e . .
(iii) f = ye*, where y is a certain nonzero complex number.

Theorem 1.3. Let f be a nonconstant entire function such that w(f) < oo, and let a (£ 0, c0) be an entire function such that
o(a) < u(f), and let n (> 1) be a positive integer. If a is shared by f, f™ and f@+V IM, and shared by f™ and f®+1 CM, then
f = ye*, where y is a certain nonzero complex number.

Example 1.2. (See [4].) Let f(z) =e® + €7, and a(z) = €. Then

'@ —a@@) = (f(2) —a(2))-€*.

Moreover, we verify that o (a) < u(f) and u(f) = oco. This example shows that the condition “u(f) < c0” in Theorem 1.3
is the best possible.

From Theorem 1.2 we get the following corollary.

Corollary 1.5. Let f be a nonconstant solution of (1.14), where P (% 0) is a nonconstant polynomialandn=1.If f — P and f' — P

share 0 IM, and if u2(f) < oo and wy(f) is not a positive integer, then eQ is a constant and f = f’ or f is expressed as f =
P+ % (z—z1)01(z = 22)2 - - - (z = z) )k, where | = deg(P) = deg(f’) is the degree of f’ and P, k (> 1) is a positive integer,

21,22, .-, Zk—1, Zx are k distinct elements in the set {z: —% -P+(c—-1) le:] C’j% =0}={z1,22,.-.,2k—1, 2k}, in whichc #0, 1
is a complex number, j, ja, ..., jk—1, jk are positive integers such that j; + jo +---+ jy =1+ 1.

From Theorem 1.3 we get the following corollary.

Corollary 1.6. Let f be a nonconstant entire function such that u(f) < oo, and let a (s 0, 00) be an entire function such that
o(a) < u(f).Ifaisshared by f, f’ and f” IM, and shared by f" and f” CM, then f = f’.

2. Some lemmas

Let f(z) =Y n2,anz" be an entire function. Next we define by w(r) = max{|a,|r": n=0,1,2,...} the maximum term
of f, and define by v(r, f) = max{m: w(r) = |an|r™} the central index of f (see [10, p. 50]).

Lemma 2.1. (See [10, Corollary 2.3.4] or [15, Lemma 1.4].) Let f be a transcendental meromorphic function and k > 1 be an integer.
Then m(r, f®/f) = 0(log(rT(r, f)), outside of a possible exceptional set E of finite linear measure, and if f is of finite order of
growth, then m(r, f®/f) = 0(logr).
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Lemma 2.2. (See [10, Lemma 1.1.1].) Let g : (0, +00) — R, h : (0, +00) — R be monotone increasing functions such that g(r) < h(r)
outside of an exceptional set E of finite linear measure. Then, for any o > 1, there exists ro > 0 such that g(r) < h(ar) forallr > rg.

Lemma 2.3. (See [9, pp. 36-37] or [10, Theorem 3.1].) If f is an entire function of order o (f), then

1
r—00 logr

Lemma 2.4. (See [2, Lemma 2] or [3, Lemma 4].) If f is a transcendental entire function of hyper-order o2 (f), then oy(f) =
limsup,_, . (loglogv(r, f))/logr.

Lemma 2.5. Let f be an entire function of infinite order, with the lower hyper-order (15 (f). Then

loglogv(r, f)

U2(f) =liminf
r—00 logr

Proof. Set f(z) =Y o2 anz". Without loss of generality, we assume |ag| # 0. By Theorem 1.9 in [8], we see that the maxi-
mum term wu(r) of f satisfies

2r

t
log . (2r) = log |ag| +/ U(T’f)dt> log |ag| + v(r, f)log2. (2.1)

0
By Cauchy’s inequality, we have

nQ2r) <MQ@r, f). (2.2)
It follows from (2.1) and (2.2) that

v(r, f)log2 <logMQr, f)+C, (2.3)
where C (> 0) is a suitable constant. By definition of w2 (f), we have

logloglog M(r, ) loglog T(r, f)

wa(f) = llrlEloglf og llrnlgf logr (2.4)
From (2.3) and (2.4) we get
r—00 logr r—00 logr
On the other hand, by Theorem 1.10 in [8] we have
M@, f) < pM{v@r, f)+2} = layg. """ - {uer, f)+2}. (26)
Since {|ap|} is bounded, from (2.6) we get
loglogM(r, ) <logv(r, f) + loglogv(2r, f) + loglogr + Cq
logl 2r,
<logv(2r, f)- 1+w + loglogr + C», (2.7)
logv(r, f)
where Cj (> 0) (j=1,2) are suitable constants. By (2.4) and (2.7) we get
logloglog M logl 2 logl
o (f) = liminf 08108 log M(r. f) <lim inf oglogv@r. f) .. cloglogu(r. f) (2.8)
r—00 logr r—00 log 2r r—00 logr

By (2.5) and (2.8), Lemma 2.5 follows. O

Lemma 2.6. (See [10, Lemma 1.1.2].) Let g, h : (0, +00) — R be monotonically increasing functions such that g(r) < h(r) outside of
an exceptional set F of finite logarithmic measure. Then, for any o > 1, there exists ro > 0 such that g(r) < h(®) forallr > rg.

Lemma 2.7. (See [5] or [15, corollary of Theorem 1.20].) Suppose that f is meromorphic in the complex plane. Then T(r, f) <
O(T(2r, f")+1logr), asr — oo.

Lemma 2.8. (See [4, Lemma 8].) Let f be a nonconstant entire function, let a (s 0, oo) be a small function related to f, and let k
(> 1) be a positive integer. If f® —a = (f —a)-e* and f*tD —q = (f —a) - ef, where o and B are two entire functions such that
T(r,e%) +T(r,ef)=S(r, f), then f = f'.
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Lemma 2.9. (See [15, Theorem 3.30].) Let f and g be two nonconstant meromorphic functions such that N@, f)+N@,1/f)=S, f)
and N(r,g)+N(r,1/g) =S5, g). Ifllmsupr_moNo(r 1/(T(r, f)+T(r, g)) > 1/3, where No(r, 1) denotes the reduced counting

function of the common 1-points of f and g, then f=gorfg=1.

Lemma 2.10. (See [11, proof of Corollary 2].) Let f and a be two nonconstant polynomials. If there exists a complex number ¢ # 0, 1
such that f' —a=c(f — a), then f is expressed as f = (c — 1) Z @’ \here p =deg(f) =deg(a) is the degree of f and a.

j=0 ci+1>

Lemma 2.11. (See [10, Proposition 8.1].) Suppose that all the coefficients ag (# 0), ay,az,...,ap—1 and g (% 0) of the non-
homogeneous linear differential equation

fP@D+a-1@Df" V@) + -+ a1 f(2) + a0 f(2) = g2) (2.9)

are entire functions. Then all solutions of (2.9) are entire functions.
3. Proof of theorems

Proof of Theorem 1.1. Suppose that f(z) is a nonconstant polynomial. Then from (1.1) and o(aj) <1 (j =1,2), we see
that for sufficiently large positive number rq we have T(r,e?) < T(r,a;) + T(r,az) + 0(logr) (r > rg), from which we get
o (?) = ue?) < max{o(a;), o (az)} < 1. Combining the condition that Q (z) is a polynomial we get deg(Q) =0 (e?) =
u(e?) <1, which implies that Q is a constant. Thus uy(f) = 02(f) = deg(Q) = 0, this reveals the conclusion of Theo-
rem 1.1. Next we suppose that f is a transcendental entire function. We discuss the following two cases.

Case 1. Suppose that e? is a constant. Let e2 = ¢, where and in what follows, ¢ (£ 0) is a complex number. Then (1.1) can
be rewritten by

fO —ar=c(f —a). (3.1)
If 0(f) < o0, then wy(f) =02(f) =deg(Q) =0, this reveals the conclusion of Theorem 1.1. Next we suppose that

o (f) = oo. (3.2)
From the condition that f is a nonconstant entire function we have
M(r, f) — oo, (3.3)

as r — oo. Let

M(r, f)=

i6(r)

(3.4)

where z, =re 0(r) € [0,2m) is some nonnegative real number. From (3.4) and the Wiman-Valiron theory (see
[10, Theorem 3.2]) we see that there exists a subset F C (1, co) with finite logarithmic measure, i.e., fF % < 00, such that
for some point z =rel® (4(r) € [0, 27)) satisfying |z;| =r ¢ F and M(r, f) = |f(zr)|, we have

fO@) (v(r, )
f(z) -

as r — oo, r ¢ F. From (3.2), the condition o(a;) <1 (j=1,2) and Definition 1.1 we see that there exists an infinite
sequence of points z,, such that

k
) (1+0(D), (3.5)

Zr

I'n—>00 logry, Hoo logr
and
la;(zr,)| . laj(zp,) :
= _— 0 = 1, 2 . 3.7
LN T IR Ny VIS R Al G7
Since (3.1) can be rewritten by
Y
FF
c= 1o (3.8)
f

from (3.3)-(3.5), (3.7) and (3.8) we have
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k
c= (v(r"—f)) (1+o0(1)), (39)

n

as r; — oo. Proceeding as in the proof of Lemma 2.5 and applying (3.6), we get

I loglogM(rn, f) . logv(m, f)
im ——————— = lim —————~ =
I'n—>00 logry m—oo  logry,

)

which contradicts (3.9).

Case 2. Suppose that e? is a nonconstant entire function. Then

o(e?) =deg(Q)>1. (3.10)
From (1.1), Lemma 2.1 and the assumptions of Theorem 1.1 we get

T(r.e®) + 0 (rm*o @0 @I+8) <OT(r, f) + 0 (log T(r, f) +logr) (r ¢ E), (3.11)
where ¢ is an arbitrary positive number. From (3.10), (3.11), Lemma 2.2 and the condition max{o (a;), o (@)} <1, we get

1< deg(Q) =0(e?) = p(e?) < p(f). (312)
From (3.3), (3.4), (3.12), Definition 1.1 and the condition o (aj) <1 (j=1,2) we get

I CTICDl S L C0]
r=oo |f(zp)]  roo M(r, f)

On the other hand, from (1.1) we get

=0 (j=1,2). (313)

P2 a@

— Q@) | — f@& ~ F@
‘Q(Z)’ = |loge z ’_ logf‘% . (3.14)
Z

Substituting (3.3)-(3.5) and (3.13) into (3.14) we get

k
Q@) _ (”(rzv f)> (1+0(1), (3.15)

r

as |z =r— oo, r ¢ F. From (3.15) we get

|Q (z0)| =k|logv(r, f) —logr —i6(r)|(1+ o(1)), (3.16)

as |z =r— oo, r ¢ F. We discuss the following two subcases.

Subcase 2.1. Suppose that

o(f) <oo. (3.17)
From (3.17) and Lemma 2.3 we see that there exists a sufficiently large positive number rg, such that

logv(r, f) = 0(logr) (r>ro). (3.18)
Noting that 6(r) € [0, 27r), from (3.16) and (3.18) we get

|Q(z)| = 0(loglztl) (1z¢| =10, 1 ¢F). (3.19)

From (3.19) and the condition that Q is a polynomial we see that Q is a constant, thus deg(Q) = 0. From this and (3.17)
we get Uz (f) =02(f) =deg(Q) =0, this reveals the conclusion of Theorem 1.1.

Subcase 2.2. Suppose that
o(f)=o00. (3.20)
From (3.20) and Lemma 2.3 we see that

logv(r. f) _

(3.21)
logr

o (f)=Ilimsup
r—o0

Let
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Q =quZ" +qn12"""+ - + Q12+ qo, (3.22)
where gn (#0), qn—1,...,q1 and qo are complex numbers. From (3.22) we get lim|;- o [Q|/|gsz"| = 1. From this we see
that there exists some sufficiently large positive number rg, such that |Q|/|gnz"| > 1/e (|z] > ro). Combining (1.1) we get

f®—a

nlogr +log|qa| — 1 =log|loge?®| < |logloge?@| = loglogf— (12| > o). (3.23)
Since

®
k) _ 2 _a
f—a 7 T (3.24)
f—a 1-— Tz
by substituting (3.3)-(3.5) and (3.13) into (3.24) we get
k
fO@) —a@) (v(r, f))
= 1+0(1)), (3.25)
f(zr) —ax(zy) Zr ( )
as |zy| — oo, r ¢ F. From (3.23) and (3.25) we have
k
v(r,
nlog|z;| + log|gn| — 1 < loglog( (z f)) (1+oD)], (3.26)
r

as |zy|=r— oo, r ¢ F. Since

v, FH\ _ logr i0(r)
log((z—r) (1 +o(1))> _k<1 “logv( ) Togur, f)) logv(r, f)+0(1), (3.27)

asr— oo, r¢ F, from (3.21), (3.26), (3.27), Lemma 2.4 and the conditions 6(r) € [0, 27) and |z| =1, we get

lloglog((XL-L Yk (1 4 0(1)))| logl
n < limsup i < limsup loglogv(r. /)

r—00 logr r—o0 logr
log(1 — Bl — 0D ) log 2k 20
+ lim sup logv(r.)) __ Togv(r. /) + lim o8 + lim sup ki
r—o00 logr r—>oo logr rsoo lOgr
loglog v(r,
_ limsup 2818V ) _ o p (3.28)
r—00 | r
where ki is some nonnegative integer. Namely
n<oz(f). (3.29)
From (3.22) we have
o(e?) =deg(Q) =n. (3.30)
From (3.29) and (3.30) we get
n=0(e?) <oaf). (331)
On the other hand, from (3.15) we have
log log (LD f3> N +o)) loglog M(r. eQ
limsup 2t < limsup loglogM(r.e™) (3.32)
F—00 logr r—00 logr
Since
loglogv(r, loglog =~ (U(r f))
lim sup L(f) = limsup (3.33)
F—00 logr r—o00 logr
and
loglog [ loglog( 20" 1 +0(1))
limsup ——— 2 < limsup r , (3.34)
—00 logr r—00 logr

from (3.32)-(3.34), Lemma 2.4 and Definition 1.1 we get
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o2(f) <o (e?). (3.35)
From (3.30), (3.31) and (3.35) we get

02(f) =deg(Q) =n. (3.36)
On the other hand, from (3.23), (3.15) and the conditions z, = re™, 9(r) € [0, 27) and |z;| =, we get

nlog |z;| +log|gn| — 1 <log|Q (z1)] < [logloge®®| (|zr| > ro, |z| ¢ F) (337)
and

loge?®) =k(logv(r, f) —logr —i0(r) +o(1)) =k(log v(r, f) — logr)(1+o(1)), (3.38)

as r— oo, r ¢ F. From (3.37), (3.38), Lemmas 2.5 and 2.6 we get

log1

r—00 logr

= pa(f). (3:39)

Noting that w2 (f) < o2(f) and deg(Q) =n, from (3.36) and (3.39) we get the conclusion of Theorem 1.1.
Theorem 1.1 is thus completely proved. O

Proof of Theorem 1.2. First, we will prove

pa(f) = w2 (™). (3.40)

If f(z) is a nonconstant polynomial, then 2(f) = 2 (f™) =0, and so (3.40) holds. Next we suppose that f, and so f®
is a transcendental entire function, where k is an arbitrary positive integer. Next we will verify that (3.40) holds. In fact,
from Lemma 2.7 we have

T(r, f)<O(T@r, f')+logr), (3.41)

as r — oo. Noting that f and f’ are transcendental entire functions, from (3.41) and the definition of the lower hyper-order
of a nonconstant entire function we get

m2(f) < pa(f. (3.42)

On the other hand, since

T(r, f) <2T(r, f)+ O (logrT(r, f)) (r¢E), (3.43)
from (3.43) and Lemma 2.2 we get

pa(f') < pa(f). (3.44)
From (3.42) and (3.44) we get

pa(f) = 2 (f). (3.45)
Similarly

w2 (f(])) =12 (f(j+1)) a<gj<n—1. (3.46)

From (3.45) and (3.46) we get (3.40). From (3.40) and the condition 2 (f) < oo we have u(f™) < oo, where uy(f®™) is
not a positive integer. Combining (1.14) and Theorem 1.1 we have

f"P@) - P@ =c(f" @ - P@), (3:47)

where and in what follows, ¢ (# 0) is a complex number. We discuss the following three cases.

Case 1. Suppose that f is a nonconstant polynomial and ¢ # 1. Then from (3.47) and Lemma 2.10 we get

L opW)
fP=c-1) I (3.48)
j=0

ci+1’

where [ = deg(f™) = deg(P) is the degree of f™ and P. From (3.48) we see that f is a polynomial with its degree
deg(f) =1+ n. Combining (3.48) and the condition that f — P and f™ — P share 0 IM we get (i) of Theorem 1.2.
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Case 2. Suppose that f is a nonconstant polynomial and ¢ = 1. Then from (3.47) we have

f(n) — f(ﬂ+1) —=0.
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(3.49)

From (3.49) we see that f is a nonconstant polynomial with degree deg(f) <n — 1. Combining (3.49) and the condition

that f — P and f®™ — P share 0 IM we get the conclusion (ii) of Theorem 1.2.

Case 3. Suppose that f, and so f™ is a transcendental entire function. First, from the condition that P is a nonconstant

polynomial we have
P'— P #£0.
Since (3.47) can be rewritten by

f(n+1)(z) —_p P/ —p B
fm —p fm —p

from (3.50) and Lemma 2.1 we get

c,

1
m(r, m) =0(logT(r, f) +logr) (r¢E),

and so

N(r, f(n)l—_P> =T(r, f™)+0(logT(r, f) +logr) (r¢E).

From (3.47) and (3.50) we get

1 1
e (r’ o - P) ) ZN(“ (FOFD —Pry — (D P))

= 2N(r, L) = 0(logr),

P/ —P

(3.50)

(3.51)

(3.52)

(3.53)

where Nq(r, 1/(f™ — P)) denotes the counting function of those zeros of f™ — P with multiplicity > 2 (see [15]). From

(3.52) and (3.53) we get

1 1
N1)<r, m) = N(r, m) + 0(logT(r, f) + logr)
=T(r, f™)+0(logT(r, f) +logr) (r¢E).
Again from (3.47) we get

[T @) = PP@) = (f" V(@) - PP @) + P @),

(3.54)

(3.55)

where j is a positive integer satisfying 1< j <n, P~? denotes a polynomial such that (P*~?)) =P, Pj_; =0 or Pj_; is

a polynomial such that its degree deg(P;_1) < j — 1. From (3.55) we get

T(r, f)=T(r, f™) + 0(logr) = T(r, f™"") + 0(logr).

From the condition that f — P, f® — P and f®+1 — P share 0 IM we get

_ 1 — 1 1
- - - - (n+1)
N1)(r, = P) <N<r, Far = P) gN(r, Far = P) <T(r, f™P) + 0(logr)

and

N(;><N< L><N< ! )<T fr+od
o\ Fw—p ) SN =5 ) SN =5 S (r, f) + O(logr).
From (3.54) and (3.56)-(3.58) we get

N ! N ! N ! =0(logT 1 E
@ r’f——P + Ne T,m + N r,m —O(Og r, H+ ogr) (r¢ E)

and

m(r, 7 1 P) =0(logT(r, f)+logr) (r¢E).

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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By (3.47) we let

f(n) _p f(ﬂ) —_pm pM™m _ p
f-P  f-P * f—P

=h (3.61)

and
f(n+1) _p f(n+1) — p+D) p+l) _ p
f-pP f-P * f—P
From (3.59)(3.62) and the condition that f — P, f™ — P and f@™+") — P share 0 IM we get

=ch. (3.62)

T(r,h)=0(logT(r, f)+logr) (r¢E). (3.63)
Again from (3.47) and Lemma 2.11 we see that f®++1 and so f is a transcendental entire function such that o (f) < oo,

where | = deg(P) is the degree of P. From this and (3.63) we get T(r,h) = O(logr), which implies that h is a rational
function. From (3.55) we get

=P =c(f — P + Py_y). (3.64)
From (3.61) and (3.62) we get

(ch—h"f =hf"+ (ch—1)P — (Ph)'. (3.65)
By (3.64) and (3.65) and eliminating f’ we get

(ch—h")f =chf +h(cPy_1 —cPT™ 4+ P™) + (ch — 1)P — (Ph)'. (3.66)
From (3.66), the supposition that f is a transcendental entire function and the fact T(r,h) 4+ T(r, P) = O(logr) we get

ch —h' =ch, and so h’ =0, which implies that h is a constant. From this and (3.61) we see that h is a nonzero complex
number. Again from (3.61), (3.62) and Lemma 2.8 we get (iii) of Theorem 1.2.

Theorem 1.2 is thus completely proved. O

Proof of Theorem 1.3. First, from the assumptions of Theorem 1.3 we have

f(n+1) —a=(f(") _a) e, (3.67)

where Q is an entire function. From (3.67), Lemma 2.1 and the condition o (a) < u(f) we see that for a sufficiently large
positive number r¢ and a sufficiently small positive number &, we have

T(r,e?) <2T(r, f)+2r* D¢ L 0(log T(r, f) +logr) (r¢E, r>ro). (3.68)
From (3.68), Lemma 2.2 and the condition w(f) < oo, we get

o(e?) =pu(e?) < u(f) <o, (3.69)

which implies that Q is a polynomial. Combining (3.67), (3.69) and proceeding as in the proof of Theorem 1.1, we have
wa(f) =02(f) =deg(Q) =0. Thus e? is a nonzero complex number c, so (3.67) can be rewritten by

fOD g — c(f(”) _ a). (3.70)

From (3.70), Lemma 2.11 and the condition o (a) < w(f) we see that f is a transcendental entire function. Next from (3.70)
and by proceeding as in Case 3 in the proof of Theorem 1.2 we get the conclusion of Theorem 1.3. O
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