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1. Introduction

Separating maps, also called disjointness preserving maps, between spaces of scalar-valued continuous functions defined
on compact or locally compact spaces have drawn the attention of researchers in last years (see for instance [10,15,17,21]).
Roughly speaking, a (bijective) linear operator T between two spaces of functions is said to be separating if (Tf) - (Tg) =0
whenever f - g =0 (see Definition 2.1).

Recently, separating maps and related operators have been studied in the context of Lipschitz function spaces. For in-
stance, Jiménez-Vargas obtained the representation of separating maps defined between little Lipschitz algebras on compact
metric spaces (see [18]). Unfortunately proofs rely heavily on the properties of these algebras and on the compactness of
spaces, so that they cannot carry over to the general case. More general results concerning spaces of vector-valued little
Lipschitz functions on compact and locally compact metric spaces have been given later in [19] and [20]. On the other hand,
in the recent paper [12], Garrido and Jaramillo studied a related problem: find those metric spaces X for which the algebra
of bounded Lipschitz functions on X determines the Lipschitz structure of X. But even if separating maps are related with
algebra isomorphisms, their techniques cannot be used here either. As for the spaces of scalar-valued bounded Lipschitz
functions, biseparating maps (i.e., separating bijections whose inverse is also separating) have been studied in [26] in the
case when the underlying spaces are compact, where a first description of them is included (as pointed out to us by the
referee).

The aim of this paper is to study biseparating maps when they are defined between spaces of bounded Lipschitz func-
tions and obtain their general representation in a much more general context. In this way, we do not restrict ourselves to the
scalar setting and we deal with the vector-valued case as well. As usual, when spaces of functions taking values in arbitrary
normed spaces are involved, the condition for an operator of being separating is not enough to ensure a good representa-
tion, and we must require the inverse map to be separating too (see for instance [1-4,7,13,14,16]; see also [5, Theorem 5.4]
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and [9] for special cases where this may not be true). We also drop any requirement of compactness on the metric spaces
where functions are defined, and completeness is assumed instead.

Other papers where related operators have been recently studied in similar contexts are [8,11] and [22] (see also [23]
and [24]).

The paper is organized as follows. In Section 2 we give some definitions and notation that we use throughout the paper.
In Section 3 we state the main results. In Section 4 we give some properties of spaces of Lipschitz functions that we
use later. Section 5 is devoted to prove the main results concerning biseparating maps between spaces of vector-valued
Lipschitz functions. In particular, apart from obtaining their general form, we show that the underlying spaces are bi-
Lipschitz homeomorphic and, when E and F are complete, we obtain the automatic continuity of some related maps. Finally,
in Section 6 we prove that every bijective separating map between spaces of scalar-valued Lipschitz functions defined on
compact metric spaces is indeed biseparating.

2. Preliminaries and notation

Let (X,dq) and (Y,d») be metric spaces. Recall that a map f: X — Y is said to be Lipschitz if there exists a constant
k > 0 such that

d2(fx), f(y)) <kdi(x,y)

for each x, y € X. The least such k is called the Lipschitz number of f and will be denoted by L(f). Equivalently, L(f) can be
defined as

d2(f (%), fF(0)
7‘11(&}/) DX, VyEX, x;éy}.

L(f):= sup{
When f is bijective and both f and f~! are Lipschitz, we will say that f is bi-Lipschitz.
If E is a K-normed space, where K stands for the field of real or complex numbers, then Lip(X, E) will denote the space
of all bounded E-valued Lipschitz functions defined on X. If E =K, then we put Lip(X) := Lip(X, E).
It is well known that Lip(X, E) is a normed space endowed with the norm

I Flle=max{ll fllco. L)}

for each f €Lip(X, E) (where | - ||« denotes the usual supremum norm), which is complete when E is a Banach space.

From now on, unless otherwise stated, we will suppose that X and Y are bounded complete metric spaces (see Re-
mark 3.6). In general, we will use d to denote the metric in both spaces.

For xo € X and r > 0, B(xg,r) will denote the open ball {x € X: d(x,xg) < r}. Finally, if A is a subset of a topological
space Z, clz A stands for the closure of A in Z.

We will suppose that E and F are K-normed spaces. Given a function f defined on X and taking values on E, we define
the cozero set of f as coz(f) :={x € X: f(x) # 0}. Also, for each e € E, €: X — E will be the constant function taking the
value e. On the other hand, if (f,) is a sequence of functions, then Y 2, f, denotes its (pointwise) sum.

Finally, we will denote by L'(E, F) the set of linear and bijective maps from E to F, and by L(E, F) the subset of all
continuous operators of L'(E, F).

We now give the definition of separating and biseparating maps in the context of Lipschitz function spaces.

Definition 2.1. A linear map T : Lip(X, E) — Lip(Y, F) is said to be separating if coz(Tf) N coz(Tg) = # whenever f,g €
Lip(X, E) satisfy coz(f) N coz(g) = ¥. Moreover, T is said to be biseparating if it is bijective and both T and T~! are

separating.

Equivalently, a map T : Lip(X, E) — Lip(Y, F) is separating if it is linear and ||Tf(y)||ITg(y)|| =0 for all y € Y, whenever
f,gelip(X, E) satisfy || f(x)]|llg(x)]| =0 for all xe X.

3. Main results
Our first result gives a general description of biseparating maps.

Theorem 3.1. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. Then there exist a bi-Lipschitz homeomorphism h : Y — X and a
map J :Y — L'(E, F) such that

Tf(y)=Un(f(h)))
forall f elip(X,E)andy €Y.
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Due to the representation given above, we see that when T is continuous, then Jy belongs to L(E, F) for every y € Y. In
particular we also have that, for y,y’ €Y and e € E, the map ||[Te(y) — Te(y)| < |IT|lleld(y,y"). Consequently, the map
yeY JyelL(E,F) is continuous when L(E, F) is endowed with the usual norm.

Of course Theorem 3.1 does not give an answer to whether or not a biseparating map is necessarily continuous. In fact,
automatic continuity cannot be derived in general. Nevertheless, in some cases an associated continuous operator can be
defined. This is done in Theorem 3.4. We first give a result concerning continuity of maps Jy.

Given a biseparating map T : Lip(X, E) — Lip(Y, F), we denote

Yq:={y €Y: Jy is discontinuous}.

Proposition 3.2. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. Then the set {|| Jy|l: y € Y \ Y4} is bounded. Moreover, Y is
finite and each point of Y4 is isolated in Y.

An immediate consequence is the following.
Corollary 3.3. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. If X is infinite, then E and F are isomorphic.

Another immediate consequence of Proposition 3.2 and Theorem 3.1 is that Y \ Y4 is complete, and that the restriction
of h to this set is a homeomorphism onto X \ h(Yy). This allows us to introduce in a natural way a new biseparating map
defined in a related domain.

Theorem 3.4. Suppose that E and F are complete. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map, and let | and h be as in
Theorem 3.1. Then T4 : Lip(X \ h(Yy), E) — Lip(Y \ Yy, F), defined as

Taf(y) :== UV)(F(h()))
forall f eLip(X\ h(Yq),E)and y € Y \ Yg, is biseparating and continuous.

In the case when Y is compact and we deal with spaces of scalar-valued functions, the assumption on T of being just
separating and bijective is enough to obtain both its automatic continuity and the fact that it is biseparating.

Theorem 3.5. Let T : Lip(X) — Lip(Y) be a bijective and separating map. If Y is compact, then T is biseparating and continuous.

Remark 3.6. Recall that we are assuming that the metrics in X and Y are bounded. Nevertheless results can be translated
to the case of unbounded metric spaces. Let di be an unbounded metric in X such that (X,d) is complete. Then d :=
min{2,dy} is a bounded complete metric in X and the topology induced by both metrics is the same. Following the same
ideas as in [25, Proposition 1.7.1], we can also see that the identity map of the space Lip(X, E) (with respect to d;) onto itself
(with respect to d)) is an isometric isomorphism. It is easy to see now that if dy is a (bounded or unbounded) complete
metric in Y, then a map f: (Y,d2) — (X,d}) is Lipschitz if and only if f : (Y,d2) — (X,dy) is what is called Lipschitz in the
small, that is, there exist r, k > 0 such that d;(f(y), f(y")) <kdz(y,y’) whenever dy(y,y') <.

4. Lipschitz function spaces

Notice that since every complete metric space X is completely regular, it admits a Stone-Cech compactification, which
will be denoted by SX. Recall that this implies that every continuous map f : X — K can be extended to a continuous map
fBX from BX into KU {oc} (which takes all values in K if f is bounded). In particular, given a continuous map f : X — E,
we will denote by | f||#X the extension of ||.|| o f: X — KU {oo} to BX.

Now, we suppose that A(X) is a subring of the space of continuous functions C(X) which separates each point of X
from each point of 8X. We introduce in 8X the equivalence relation

x~y & fPXx= 7y

for all f € A(X). In this way, we obtain the quotient space y X := 8X/ ~, which is a new compactification of X. Besides,
each f € A(X) is continuously extendable to a map f¥* from y X into KU {oo}. In this context, A(X) is said to be strongly
regular if given xp € y X and a nonempty closed subset K of y X that does not contain xp, there exists f € A(X) such that
fYX =1 on a neighborhood of xq and f¥*(K)=0.

Finally, assume that A(X, E) Cc C(X, E) is an A(X)-module. We will say that A(X, E) is compatible with A(X) if, for every
x € X, there exists f € A(X,E) with f(x) %0, and if, given any points x, y € X such that x ~ y, we have | f[|fX(x) =
I f1IBX(y) for every f € A(X, E). In this case, it is easy to see that |.|| o f : X — KU {oo} can be continuously extended to
[ fII”X from y X into KU {oc0}.
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It is straightforward to check that, if f € Lip(X) and g € Lip(X, E), then f - g € Lip(X, E), that is,
Lemma 4.1. Lip(X, E) is a Lip(X)-module.

Remark 4.2. We introduce two families of Lipschitz functions that will be used later. Given xy € X and r > 0, the function
VYxo,r - X = K defined as

Yxo,r (%) 1= max{O, 1—

for all x € X, belongs to Lip(X) and satisfies vx, r(x0) =1, coz(Y¥xy,r) = B(X0, 1), [[¥xe,rlloc =1, and L(x,,r) = 1/r. On the
other hand, another Lipschitz function we will use is

d(x, B(xo, 1)) }
r

d(x, xo)
=

Pxg,r(X) 1= max{O, 1-—
for all x € X, which satisfies @y, (B(xo, 1)) =1, c0z(@x,,r) = B(X0, 21), |@xy.rlleo =1, and L(gx, r) =1/r.

Clearly, given f € Lip(X, E), ||.|| o f € Lip(X). Then, by the definition of the equivalence relation ~ in X given above and
the function vy, r € Lip(X) for each xo € X (see Remark 4.2), we obtain the next lemma.

Lemma 4.3. Lip(X, E) is compatible with Lip(X).
Lemma 4.4. Lip(X) is strongly regular.

Proof. Let K and L be two disjoint closed subsets of y X. Since y X is compact, there exists fop € C(yX), 0< fo <1,
satisfying fo(K) =0 and fo(L) = 1. Obviously Ko :={x € yX: fo(x) <1/3} and Lo :={x € yX: fo(x) > 2/3} are disjoint
compact neighborhoods of K and L, respectively. Consider now K; := KgN X and Lq := Ly N X. We claim that d(Ky, L{) > 0.

Suppose this is not true, so for each n € N there exist x, € K1 and z, € L1 such that d(x,, z;) < 1/n. Since Ky is compact,
{xp: n € N} has a limit point xg in Kg. Consequently, there exists a net (xy)qeg in {X;: n € N} which converges to xo.
Clearly, by using the Axiom of Choice if necessary, we can define a map sending each « € £2 to n, € N with the property
that x4 = xp, . Next, we consider the net (zy)qeq in {zy: n € N} defined, for each o € 2, as z, := z,. By the compactness
of Lo, we know that there exists a subnet (z))ica 0f (zo)aes converging to a point zg in L.

We are going to prove that xp = zg, which is absurd because Ko N Lo = @. Obviously if xo or zo belongs to X, then we
would have xp = zp, so we assume that this is not the case. Let U and V be open neighborhoods of xg and zp, respectively,
and let ng € N. We are going to see that there exists n >ng, n € N, such that x, € U and z, € V. Without loss of generality
we assume that xq1,...,xp, ¢ U and z1,...,2, ¢ V. Since (x3)5eca and (z))iea converge to xo and zg, respectively, there
exist 1}° € A and 27° € A such that x, € U for all A >27° and z; € V for all » >27°. Taking A € A such that » > 2", 27, it
is clear that x; € U and z; € V. Now, there exists n, € N such that x, =x,, and z, = z,,, as we wanted to show.

Thus, if we take any g € Lip(X) with associated constant k, and n as above, we have that

|87 % (xn) — 7% (zn)| < kd(xn, zn).

Clearly this implies that g”X(xg) = g¥*(z¢). By the definition of y X, we have xg =z, and we are done.
Therefore we conclude that d(K1, L1) > 0. This lets us consider the function
dx,L1)
d(Ky, L) }
for all x € X, defined in a similar way as in Remark 4.2, which belongs to Lip(X) and satisfies 0 < f <1, f(K;) =0, and
f(L1) =1. This proves the lemma. O

fx) = max{o, 1-—

The next lemma is a Lipschitz version (with a similar proof) of the result given in [6, Lemma 3.4] in the context of
uniformly continuous functions.

Lemma 4.5. Let X be a complete metric space and let x € y X. Then, x is a Gs-set in y X ifand only if x € X.
We close this section with a result concerning sums of Lipschitz functions that will be used in next sections.

Lemma 4.6. Let ( f;;) be a sequence of functions in Lip(X, E) with pairwise disjoint cozero sets and suppose that there exists a constant
M > 0 such that L(f,) <M foralln e N.If f := Y "o, fn belongs to C(X, E), then f is a Lipschitz function.

Proof. Let x, y € X. Suppose first that f(x) = fu,(x) and f(y) = fuy(y) for some ng € N. Then || f(x) — f(W)| = Il fay (¥) —
FroWI < Md(x, y). Next assume that f(x) = fa(x) #0 and f(y) = fm(y) # 0 with n#m. Then || f(x) — f(WII = I fn(®) —

SIS NN+ DI = 1 fn ) — faODI + 1| fn (V) = fm () || < 2Md(x, y). Consequently L(f) < 2M and f is a Lipschitz
function. O
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5. Biseparating maps. Proofs

In this section we give the proofs of Theorems 3.1 and 3.4 and that of Proposition 3.2, and some corollaries as well. We
start with the notions of support point and support map.

Definition 5.1. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. A point x € ¥ X is said to be a support point of y € Y if,
for every neighborhood U of x in y X, there exists f € Lip(X, E) with coz(f) C U such that Tf(y) #0.

Remark 5.2. For each y € Y, the support point x € y X of y € Y exists and is unique (see [4, Lemma 4.3]). This fact lets us
define a map hr : Y — y X sending each y € Y to its support point hr(y) € y X. This map is usually called the support map
of T. If there is no chance of confusion, we will denote it just by h (instead of hr).

Proposition 5.3. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. Then h(Y) C X and h : Y — X is a homeomorphism.

Proof. In view of [4, Lemma 4.7], we can define the extension h: yY — y X of h. Besides, taking into account Lemmas 4.1,
4.3, and 4.4, we deduce that h is a homeomorphism by applying [4, Theorem 3.1]. On the other hand, we have characteri-
zated the points in X as being the only Gs-points in ¥ X (see Lemma 4.5). Then, for each y € Y, h(y) clearly belongs to X
and h:Y — X is a homeomorphism. O

Lemma 54. If T : Lip(X, E) — Lip(Y, F) is a biseparating map and f € Lip(X, E) satisfies f = 0 on a neighborhood of h(y), then
Tf = 0 on a neighborhood of y.

Proof. See [4, Lemma 4.4]. O

Lemma 5.5. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. Let f € Lip(X, E) and yo € Y be such that f(h(yg)) = 0. Then
Tf(yo)=0.

Proof. Let () be a sequence in R™ which converges to 0 and satisfies 2r,1 <, for every n € N. We set By, := B(h(yo), n),
B% :=B(h(yo0), 2rn), and @y := @p(y,).r, for each n € N, where @y(y,) r, is given as in Remark 4.2.

Claim 1. Letn,m € N, n # m. Then

(B3: \ Ban1) N (B3 \ Bams1) =0 = (B3,_1 \ B2n) N (B3, \ Bam).

2

The proof of Claim 1 follows directly from the fact that, for all k € N, 2r1 <7k, and consequently Bj

1 C Bg.
Claim 2. L(fgn) < 3L(f) foralln e N.

It is clear that f¢, € Lip(X, E) for all n € N. Now, by definition of ¢,, coz(f¢,) C Bﬁ, and if x € B%, then || f(x)| =
I1f ) = f(h(yo) Il < L(f)d(x, h(yo)) < 2raL(f). Consequently, if x, y € B7,
[(fen) @ = FoDN | < [ F®]||en0) = en] + [enW ]| f 0 = FD|
<2mLl(HA/r)d(x, y) + L(fHd(x, y)
=3L(NHHd(x, y).
Besides, if x € B2 and y ¢ B2,

[(fem @ = (Fen) W || < 2rL(H)(A/r)d(x, y) = 2L(fHd(x, ).

Thus Claim 2 is proved.

Next we consider the function g := f¢;, and define g; := Z,‘;‘;l f(@an — @an41) and g := Zf;l f(@an—1 — @on). It is
obvious that g = g1 + g2, and since f(h(yo)) =0, we see that g1(h(yo)) =0 and g2(h(yo)) = 0. This implies that both g
and g are continuous. Taking into account of Claim 2, L(f(¢n — ¢n+1)) < L(fon) + L(fent+1) < 6L(S) for all n € N. Besides,
since coz(@an — ¢an+1) C B%n \ B2n+1, we deduce from Claim 1 that

coz(¢an — Yan+1) N COZ(Pom — Pam+1) =0

whenever n # m. Applying Lemma 4.6, we conclude that g; (and similarly g») belongs to Lip(X, E). Besides, g = f on Bq,
and by Lemma 5.4, Tg(yo) = Tf(yo). Therefore, to see that Tf(yg) =0, it is enough to prove that Tgi(yo) =0 and
Tg2(yo0) =0.
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Claim 3. Givenng € N,

no—1

Clx(COZ(g1)) C Clx(B%no) V] U Clx(B%n \ BZn+1)~

n=1

To see this, notice that

o0 o0
COZ( Z Qon — <ﬂ2n+1) C U €oz(@an — Pant1) C B%no,

n=ngp n=ng

and that coz(@2n — @2n+1) C B3, \ Bany1 for n <ng.
If we consider, for each n € N, a point y, € h~1(Ba,—1) \ cly h‘1(B%n), then the sequence (y,) converges to yo because
Mneq Bn ={h(y0)} and h is a homeomorphism.

Claim 4. h(y;) ¢ clx(coz(gy)) foralln e N.

Let us prove the claim. Fix ng € N. It is clear by construction that h(yy,) ¢ ClX(B%no) and that, if n <ng, then h(yn,) €
Bong—1 € Bany1, that is, h(yn,) ¢ clx(Bﬁn \ B2n+1). Therefore Claim 4 follows from Claim 3.

Finally, since h(yn) ¢ clx(coz(gi)) for all n € N, then gy =0 on a neighborhood of h(y,). Applying Lemma 5.4,
Tg1(yn) =0 for all n € N, and by continuity, we conclude that Tgi(yg) = 0. In the same way it can be proved that
Tg2(yo)=0. O

Proposition 5.6. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. For each y € Y, there exists a linear and bijectivemap Jy : E —
F such that

Tf(y)=UN(f(h)))
forall f elip(X,E)andy €Y.

Proof. For y € Y and f € Lip(X, E) fixed, consider the function g:= f — f@) € Lip(X, E). Clearly g(h(y)) =0, and by
Lemma 5.5, Tg(y) = 0. Consequently Tf(y) = Tfm)(y) for all f € Lip(X,E) and y € Y. Next, we define Jy:E — F as
(Jy)(e) :=T€(y) for all e € E, which is linear and bijective (see [3, Theorem 3.5]). We easily see that T has the desired
representation. 0O

Remark 5.7. Notice that, if T : Lip(X, E) — Lip(Y, F) is a biseparating map, T~ : Lip(Y, F) — Lip(X, E) is also biseparating,
so there exist a homeomorphism hy-1: X — Y and a map Kx: F — E for all x € X such that

T~ g(x) = (Kx)(g(hy-1 (%))

for all g e Lip(Y, F) and x € X. Besides, it is not difficult to check that hy-1 = hf (see Claim 1 in the proof of Theorem 3.1
in [4]).

Lemma 5.8. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. Then inf{||(Jy)(e)||: y € Y} > O for each non-zero e € E.

Proof. Suppose this is not true. Then there exist (y,) in Y and e € E with |le|| =1 such that ||(Jy,)(e)|| < 1/n® for each
neN.

If we assume first that there exists a limit point yo € Y of {y,;: n € N}, then we can consider a subsequence (y,,) of
(yn) converging to yo, so that ||(Jyo)(e)|| =0, which is absurd since Jyq is injective.

Therefore, there exists r > 0 such that d(y,, ym) > r whenever n # m. Also, on the one hand, [T~'(T®@)](h(yy)) =
€(h(y,)) =e for all n €N, and on the other hand, by Remark 5.7, [T~1(T@)](h(yn)) = (Kh(yn))(T€(yn)). Consequently
I(Kh(yn))(T€(yn))|l = |lell =1 for each n € N. If we take f, € F defined as f, := T€(y,)/||IT€(yn)| for each n €N, it is clear
that ||f;|| =1 and

[ (Khym) @ = (1/ | Te ) [ (Khyw) (TEGm) | > .

Next, we define, in a similar way as in Remark 4.2,

3d(y, yn) }

Yynr/3(Y) i= max{o,l — ’
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for all y € Y and n € N (denoted for short y;) which belongs to Lip(Y), and finally, we consider the function

Ynfn
Z .

It is immediate to see that |[ymf,/n%[lco < 1/n% and L(yuf,/n?) = (Ifall/n*)L(ym) = 3/(rn?) for all n € N, which lets us
conclude by Lemma 4.6 that g belongs to Lip(Y, F).

It is apparent that g(yn) = f,/n?, and applying Lemma 5.5 for the biseparating map T~!, we deduce that T~ 'g(h(y,)) =
(1/n2)T I, (h(yn)). Consequently, [T~ g(h(yn)ll = (1/n2)|(Kh(yn)) ()| > n for all n e N which contradicts the fact that
T~1g is bounded. O

Proof of Proposition 3.2. Suppose on the contrary that there exist sequences (y,) in Y and (e,) in E with |ey] =1 and
T & (yn)| > n? for every n € N. Take f € F with ||f| = 1. By Lemma 5.8 there exists M > 0 such that ||T~ 1f(h(yn))|| > M for
every n. Consider a sequence (ry) in (0, 1) such that B(yy, ) N B(Ym, m) =¥ whenever n = m (this can be done by taking
a subsequence of (y,) if necessary). Without loss of generality we may also assume that (r,) is decreasing and converging
to 0.

We define, for each n e N,

En(y) = max{()’ r —d(y, J/n)}

for all y € Y, which belongs to Lip(Y) and satisfies &,(yn) =y, c0z(&n) = B(Vn, n), ll&nllco =1, and L(&;) = 1. Finally, we
consider the function

&= ZSnf-
n=1

The fact that g belongs to Lip(Y, F) follows from Lemma 4.6. Now let f :=T~!g. It is clear from the description of T~!
given in Remark 5.7 that f =) 52, T~1(&,f). Consequently, if for each n € N, we define f,,(x) := [T~ 1 (&EDH®)| (x € X),
then fo:=||fll =Y neq fn belongs to Lip(X) and fo(h(yn)) > Mr, for every n € N. Therefore f§ = Y2, foen belongs to
Lip(X, E). Finally |Tfj(yn)ll > Mr;n?, and it is easily seen that L(Tf,e,) > Mn?2, for every n € N. We conclude that Tf does
not belong to Lip(Y, F), which is absurd.

Now, the fact that each y € Yy is isolated follows easily. O

Remark 5.9. We will use later the fact that, since Y, is a finite set of isolated points and h is a homeomorphism, then
d(X \ h(Ya), h(Yq)) > 0.

The restriction to X \ h(Yy) (respectively, Y \ Yg4) of a function f € Lip(X, E) (respectively, f € Lip(Y, F)), is obviously
a bounded Lipschitz function, which will be denoted by f;. The converse is also true, that is, we can obtain a Lipschitz
function as an extension of an element of Lip(X \ h(Yy), E), as it is done in the next lemma.

Lemma 5.10. Let f € Lip(X \ h(Yy), E). Then the function

di . ) fO ifxe X\ h(Yy),
f(")'_{o ifx e h(Yq)

belongs to Lip(X, E).

Proof. Since h(Yy) is a finite set of isolated points, f¢ is clearly a continuous function. Besides, if we consider x; € X \ h(Yy)
and x; € h(Yy),

1900 = flell IS0l 1f oo
dx) AR, h(Ye) ~ dX VA, AV

Therefore

Il flloo } -
d(X\ h(Yq), h(Yq))

L(f) < maX{L(f) :
which implies that fd eLlip(X,E). O

Proof of Theorem 3.4. By definition of Ty and Lemma 5.10 (see also the comment before it), we clearly see that

Tq(f) = (TfY),
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for all f e Lip(X \ h(Yq), E), so Ty is well defined and it is biseparating. To prove that T4 is continuous, we will see that
given a sequence (f;) in Lip(X \ h(Yyg), E) converging to O and such that (T4 f;) converges to g € Lip(Y \ Yy, F), we have
g=0.

If we consider, for each n € N, the extension f,f of f; given in Lemma 5.10, we can show that

e
d(X \ h(Yq), h(Yq))

which allows us to deduce that (f,f) converges to 0. By continuity, if we fix y € Y \ Yg4, the sequence ((]y)(fr‘f(h(y))))
converges to 0. Besides, since Tfr‘f(y) = Tq fn(y), we conclude that (T4 f;(y)) converges to 0.

On the other hand, |[T4fn(y) — g < ITqfn — gllL for each n € N, and as (Tq4f;) converges to g, we deduce that
(T4 fn(y)) converges to g(y). Combined with the above, g(y) =0forall yeY\Yy. O

150, < max{nfnnoo, max{L(fn), }} < | fallemax{1, 1/d(X \ h(Ya), h(Ya))},

The proof of the two following results is now immediate.

Corollary 5.11. Suppose that E and F are complete and let T : Lip(X, E) — Lip(Y, F) be a biseparating map. If Y has no isolated
points, then T is continuous.

Corollary 5.12. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. If E has finite dimension, then F has the same dimension as E
and T is continuous.

Proposition 5.13. Let T : Lip(X, E) — Lip(Y, F) be a biseparating map. Then h : Y — X is a bi-Lipschitz map.

Proof. Associated to T, we define a linear map S : Lip(X) — Lip(Y). For f € Lip(X), define
Sf(y) = f(h(¥))

for every y € Y. It is obvious that Sf is a continuous bounded function on Y. Next we are going to see that it is also
Lipschitz. It is clear that it is enough to prove it in the case when f > 0.

Fix any e # 0 in E. By Lemma 5.8, we know that there exists M > 0 such that ||[T€(y)| > M for every y € Y, so the map
y+ 1/||IT€(y)| belongs to Lip(Y). On the other hand, taking into account that f > 0, we have that for y,y’ €Y,

ISF|Tew) | = SFON|Tew) || =[] U (f(hm)e)| — |y (f (r))e)]|
< Uy (f(ry))e) — Uy (f(h(h)e) |
=[T(ferm - T(fe)(y"|
<L(T(fe)d(y, y).

We deduce that Sf is Lipschitz. A similar process can be done with the map T~!, and we conclude that S : Lip(X) — Lip(Y)
is bijective and biseparating.

Next we prove that h is Lipschitz. Let Kp := max{1, diam(X)}. We take y,y’ € Y and define f;(x) :=d(h(y),x) for
all x € X. Clearly f; belongs to Lip(X). Notice also that S is a biseparating map between scalar-valued spaces of Lipschitz
functions, so by Corollary 5.12 it is continuous. Thus it is not difficult to see that

1Sf1(y) = SfHLHII
dy,y)
On the other hand, Sf1(y) =0 and Sf1(y") =d(h(y), h(y")). Then, replacing in the above inequality,

d(h(y),h(y")) < KolISlld(y, y"),

and we are done.
Moreover, h~! is also Lipschitz because h—! = hr-1 (see Remark 5.7). O

<USAllL < ISl < KollS1-

Proof of Theorem 3.1. It follows immediately from Propositions 5.3, 5.6 and 5.13. O

Taking into account Theorem 3.1, Lemma 5.8, and Corollary 5.12, we can give the general form of biseparating maps in
the scalar-valued case (see also Theorem 3.5 and Corollary 6.1). Of course it also applies to algebra isomorphisms.

Corollary 5.14. Let T : Lip(X) — Lip(Y) be a biseparating map. Then T is continuous and there exist a bi-Lipschitz homeomorphism
h:Y — X and a nonvanishing function t € Lip(Y) such that

Tf(y) =t f(h))
forevery f elip(X)andy e Y.
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Corollary 5.15. Let I : Lip(X) — Lip(Y) be an algebra isomorphism. Then I is continuous and there exists a bi-Lipschitz homeomor-
phismh: Y — X such that

If (y) = f(h(y))
forevery felip(X)andy €Y.

6. Separating maps. Proof of Theorem 3.5

In this section we give the proof of Theorem 3.5 and the representation of bijective separating maps in the scalar setting
when Y is compact.

Proof of Theorem 3.5. Let f, g € Lip(X) be such that coz(f) N coz(g) # ¥, that is, there exists xo € X satisfying f(xp) #0
and g(xp) # 0. Since T is onto, Tk =1 for some k € Lip(X), and we can take o, 8 € K such that («f + k)(xo) =0 and
(Bg +k)(x0) =0. We denote | :=oa f + k.

Let (1), Bn, B%, and ¢, be as in the proof of Lemma 5.5 (where h(yg) is replaced by xp); indeed, we closely follow that
proof. Now, we take y;, € coz(T (¢n — ¢n+1)) for each n € N. By the compactness of Y, {y,: n € N} has a limit point yg in Y.
Then, we can consider a subsequence (yy,) of (y;) converging to yo whose indexes satisfy |[n; —n;| > 3 whenever i # j.

We claim that TI(yg) = 0. To prove it, we define

o0
l] = Zl((pnzk—l - (pn2k+2)
k=1

and I :=1—1y, and we will see that Tli(yo) =0 and Tl;(yo) =0 (in the rest of the proof we will set & := @n,,—1 — @ny+2
for every k € N).

First, we will check that I; and [ are both Lipschitz functions. As in Claim 2 in the proof of Lemma 5.5, we know that
L(lpn) < 3L() for all n e N. Consequently L(I&) < L(@n,,—1) + LI@n,4+2) < 6L() for all k e N. Since coz(&) Ncoz(&j) =9 if
k # j, by Lemma 4.6 we conclude that [; € Lip(X), and then [, also belongs to Lip(X).

Now, we will see that Tlj(yny_,) =0 for all k € N. Fix ko € N and consider yn,, . It is not difficult to see that

coz(tpnz,(o,1 - <pn2k0,,+1) C B%Zko_] \ Bn2k071+1 and that, for every k € N, coz(&) C B%zr] \ Bny 42, SO

COZ(Pnyyy 1 — Prgyg—y+1) N COZ(§k) =0,

which allows us to deduce that

o0
COZ( Py, 1 = Prgy_1+1) ) coz(Zlgk) =0.

k=1

Next, since T is a separating map,

o0
coz(T(qonZkOq — ¢n2k071+‘1)) N coz(T ( Zl$k>> =0,
k=1

and we conclude that Tl1(yn2,(071) = 0 because Yngg—1 € COZ(T(QDnZkO,l - ¢n2k071+‘1)). By continuity, it is clear that

Th(yo) =0.

On the other hand, if x € coz(¢ny, — @ny+1) = B%Zk \ Bny+1 C Bny—1 \Bt%2k+2' then &, (x) = 1. This fact allows us to deduce
that coz(@n,, — @ny+1) Ncoz(lz) =¥, and consequently coz(T (@n,, — Pny+1)) N €oz(Tly) = P. For this reason Tl (yn, ) =0
for all k € N, and as above we conclude that Tl (yo) =0.

Therefore 0 = Tl(yo) = T(ax f +k)(yo) = aTf(yo) + 1, which implies that Tf(yg) # 0. The same reasoning can be applied
to the function 8g + k and we obtain that Tg(yg) # 0. Then, we deduce that coz(Tf) Ncoz(Tg) # @, and T~ is separating.

The fact that T is continuous follows from Corollary 5.12. O

Corollary 6.1. Let T : Lip(X) — Lip(Y) be a bijective and separating map. If Y is compact, then there exist a bi-Lipschitz homeomor-
phism h : Y — X and a nonvanishing function t € Lip(Y) such that

Tf(y) =t f(h))
forevery f eLip(X)and y €Y.

Proof. Immediate by Theorem 3.5 and Corollary 5.14. O
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