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1. Introduction

Over the last years a great deal of attention has been paid to the study of sets defined in terms of arithmetic properties
of numbers. This is a renewed interest in problems considered in the half of the 20th century. In the present paper we study
a special case of the so-called generalized Liiroth expansion (GLS). GLS is a representation of a real number x € (0,1) N Q¢
by an infinite series. In the same spirit as the usual continued fractions, by truncating the series it is possible to define
the so-called approximants. For instance, if the generalized expansion of the number x is given by

x=[a1(x),02(%), ...].

then the n-th approximant is defined by p,(x)/qn(X) := [a1(x) - - - a5 (x)]. In the continued fraction case this procedure yields
the best possible rational approximations to an irrational number. Ridley and Petruska [2] (in the context of the usual
continued fractions) defined the error-sum function as

- ®)
P(x) ::Z(x— Pn )
ot qn(x)
(actually, the definition was given in the circle, and the summand had the form xq,(x) — py(x)). Therefore, this function
measures the accumulative error in the approximation of an irrational by its approximants.

In the context of the continued fraction Ridley and Petruska [2] showed that the graph of the error-sum is of fractal
nature and they bounded above (by 3/2) the Hausdorff dimension of its graph. Recently, Shen and Wu [3] studied the same
problem in the context of the Liiroth expansion and proved that the Hausdorff dimension of the graph of the corresponding
error-sum function is equal to one. In all these cases the function is not continuous in a dense set. We consider a particular
case of generalized Liiroth expansion which has the tent map as a base map and study the properties of the correspond-
ing error-sum function. The main result is that, in this setting, the error-sum function is continuous, which is completely
different from the corresponding properties of other series mentioned.
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2. Tent map base series

To dynamically generate a generalized Liiroth series of x (see [1]), begin with a partition of [0, 1] given by a finite or
countable collection of intervals, with the sum of the lengths of the intervals equaling one. The digit set is corresponding
finite or countably infinite, and the associated map is linear and bijective onto [0, 1] on each subinterval. Thus GLS includes
n-ary and Liiroth series, but also includes maps such as the tent map.

Let Io = (0, %], I :( , 1] be two disjoint intervals with length Ly = L1 =

D={0,1}.
Furthermore, let I, := [0, 1]\(Io U I;) = {0}, and define the maps T, S : [0, 1] — [0, 1] by
2Xx ifxelp,
Tx):=1432x—1 ifxely,
0 ifxely,

1-2x ifxelg,
SX):=42-2x ifxely,
0 ifxely.

Define

s(x):=2, ifxelgUly,

and
0 ifxel
h(x)::{ thxelo,
1 ifxel,
S(T" (%) if T 1(x) ¢ I,
Sn:Sn(X)::{( ) 110 ¢ L
o0 ifT" ' (%) € I o,
and

n—1 B n—1
hy = hy () == {h(T x) TV (%) ¢ o,
1 if T 1(x) € Ino.

For x € (0, 1) such that T"~1(x) ¢ I, one has

T(x) =s(x)x —h(x) =s1x — h;.

Inductively we find

hq 1
x= 5+ T
$1
h h 1
=14 ( 24T (X)>
S$1 S1\S2 S
h h h
Rk TR T"(%).
S$1 $182 S1---Sn S1---Sn

Since S(x) =1—T(x) =1+ hy —s1x for x € Io U I, one finds

hi+1 S

s s

hi+1 1 /hh+1 S%(x)

- S1 _E( S2 B 52 )

:h1+1 h2+1+ 1)t lhn-i-l e 1)
S1 5152 S1-+5n

Now let & = (£(0), £(1)) = (0, 1).

S”(X)

*on

such that Lo + L1 = 1. The digit set is

(2.1)
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We define the map T, :[0,1] — [0, 1] by T¢(x) :=&(x)S(x) + (1 — &(x))T (x), x € [0, 1], where
e(0) ifxelp,
ex)y=14¢€e) ifxel,
0 ifxely.
Let &y 1= &(TH"1(x)),
Th-1 if T0-1(x) ¢ 1
Sn=Sp(Xx) 1= {S( € ) l ifl(X) ¢ >
00 ifT (%) € oo,
h(T1 if 701 Ioo,
B = ) { T A0 ¢l
1 ifT} 7 (%) € Io-
By (2.1) and (2.2) one finds that
hi+¢ —-1)5
_mte (=1

Tex
S1 $1
hi+e -1 (hy+¢ —1)¢2
_hta D <2+2+( ) T?x)
51 S1 Sy $3
tate Lenpizte | (e i3 e | e e | GO,
$1 5152 515253 S1---Sp S1---S; ¢
Let &g := 0, then for each x € [0, 1] one has
oo
hn+¢
x=> (=1t ten Intén (2.3)

S ...S
n—1 1 n

The expansion (2.3) is called the tent map base series of x (see [1]).
For each x € [0, 1] we define its sequence of digits a, = a,(x), n > 1, as follows

am(x)=k < T'l(x)el, forke{0,1,o00}.

Notice that for each x € [0, 1]\ I, one finds a unique expansion (2.3), and therefore a unique sequence of digits a,(x),
n > 1. Conversely, each sequence of digits an(x) € {0, 1,00} and a;(x) # oo defines a unique series expansion (2.3). We
denote (2.3) by

&1, &2, €3, Tty &n,
. 24
[al(x), G0, @300, . G, ]T (24)
Since &, = e(ap(x)), n > 1, we might as well replace (2.4) by
[a1(0), 02(%),a3(%), ..., an(X), ... ], (2.5)

No new information is obtained using (2.5) instead of (2.4).
Foreachn>1and 1<i<nonehass; >2>1,and [T} (x)| < 1. Thus,

! 1\"
x_pn(x) _ ITe®) <(1) 20 asno oo
qn(X)|  S1---Sn 2
where
pn(x) = (= .l)goh] + &1 + (—1)80+81 hy + & + (_1)50+51+52 hs + &3 4t (_1)80+81+--~+8”,1 hy + &n

qn (%) $1 5182 515253 S1-++Sn
and g (x) =s1---5p

We denote the n-th approximant s;‘((;‘)) by

Pn(x)
qn (%)
Then

=[a1(®), a2, ..., a6 (] ;.

pu(x)  (—Dforerttan
C qn(®) 1+ Sn

For any x € [0, 1], define P(x) := Zﬁil x— g’;—((x"))) and we call P(x) the error-sum function of tent map base series.

T} ().
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3. Some basic properties of P (x)

For any n > 1, let
Dy := {(01,(72,--~,Un) € {0, 1}n}’

Define D :=|J;2, Dn (Do :=¢).
For any o = (01,02, ...,0y) € Dy, and og := 0, write

Do :={(01,02,...,0n

Ag = Z( youttony Mo 0
k=1 So1 " Soy
1
By := Ao + (—1)%0Fton .
SG] e SU”

Finally, define E :={As,Bs |0 € Dy, n > 1}.
We use J, to denote the following subset of [0, 1]:

Jo :={x€(0,1]: a1(x) .Uy (x) = oy }.

We can get the following result:

=01, a(x) =07, ...

,...). Op €
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{0,1, 00}}.

(3.1)

(3.2)

Jo =(As, Bs] when o1 +---+ 0y is even, and J, = (By, Ay ] when o1 + --- 4+ oy, is odd.
Lemma 3.1.
(i) Foranyx € (0,1], |[P(x)| <1
(ii) Foranyn>1,P(x) =Y j_ (x — ZL‘((:)))—i—(—l)“l*'“*""%.
Proof. (i) For any x € (0, 1]
[e¢]
Pn(x)
P(x)| = (x— )
| | ; qn (%)
o p1(x) ‘ p2(x) ‘ Pn(%)
< |x— X — xX—
q1(x) q2(x) qn(x)
— | 2@ ‘(—1)"1“’2 LN ‘( oo _Te@ |
Soq 0150, o1 Soy
1 1 1
< — e — 4
S5 + ) +--+ on +
=1
(ii) Forany n > 1
PG = ( pk(X)) n (x pk(X)>
Pt wx ) o qx (X)
oo
X 1 o1+-+0y
Pi )+ Z ( ) Tk
WX /) o “Soy
+-top X n+j
_ AT 1)01 % 3 (o Te ")
qi (%) on s1(T(x)) - - - sj(TF(x))

j=1

=

(- 1)U1+ +on X

Z(T”(x) -
9=t

P(T{(x)

Soqpv-

+

pi(TQ(x))>

qr(x) qi(TF (%))

k=1

pr(x)
qr (%)

+( 1)01+ ~+on

Il
M=

X —

-2
(on)
”(X pk(x)>
)

1 Soy

=~
Il

Corollary 3.2. P(x) is bounded.
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Theorem 3.3. Let E/ = E\{1}. P(x) is continuous on E’'.

Proof. For any n > 1 and o € D, write x; = Ay, X2 = B, where As, B, are defined by (3.1), (3.2).
We can take oy, #0, so

x1=[a1(),....an-1(0), G (%)];
=[o1,...,00-1, 1]r.
We claim that x; =[01,...,0,_2,0,1]r =071, ...,0n_2,1,1]7T.

We first prove the claim.
We note that

[01,...,00_2, 0, 1y = Pn—Z(Xl) + (_1)g1+...+gn72 hO’n—l + 0n—1 + (_1)g1+4..+o’n71 han + on
Qn—2(x1) Sop*Sop_q S+ Soy,
_ Pn—2(x1) F (—=1)orton 0 F (1)1 o 401+ 1
qn—2(x1) -1 2n
_ Pn2(x1) 1

+ (_1)U1+~--+Jn,2 .
qn—2(X1) 2n-1

On the other hand

Pn 2(x1) o140, 1+1 01440241 141
On_o,1,1 _1)o1 n—2 1)1 n—2
n-2,1, 1]z n—2(l)+( ) 2n1+( ) o

:Pn—z(xl)+(_1)al+~-~+an_z 1 _
qn—2(x1) 2n-1

We distinguish two cases to prove P(x) is continuous on E’.

[o1,...,

Casel. 01 +---+ o0y_y is even, then let

=[o1,...,0n-2,0,1]1
ho, + 01 he, + 02 1
— _-l o1 2 ,
— +(=1) ) + - +2n i
1
X2 =[01,...,00-2,0, 11 + (= 1)1 T Fon-2+0+1 on
hs, + 01 o1 Moy + 02 1 1
=T+(—1) 12724_”'—’_2“——1_2_"’
and J, = (Bs, Ag]= (X2, X1].
Let
O<a=|[11,72,...IT
—_—— ——
=[0,...,0,‘[1\]1,0,...,O,TNZ,...]T
1 1
1 1 1
ToNi—1 T\ N1 T oNs—1 ) T
1
S o1 (3.3)
—_——
be small enough, where 0, ..., 0 denotes these elements are all 0.
We assume that Ni > n.
Let
X;j=x—«
—— ——
=[o1,...,0,—2,0,1,0,...,0,7n,,0,...,0,TN,,...IT

_ Pnx1) + (=11 ton- 2+1l+l + (=1)01Fton- 24—1-4—114_1 +
) 2M 2N
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_Pnx) 1 n T
qn(xq)  2Ni=1 7 2N2—1
_ bn(x1) _
B qn(x1)
The error-sum function P(x1) =Y 1o, (x1 — 31&?5) =>0 00— s:&l;) and

o0

/ / pz(X)
P(X1):Z<Xl QI(X]l)>

i=1

n Ni—-1 Ni—1 ¥
i , n P(Tg
=Z<Xﬁ _bp (xl)>+ ) <X1 b (X1)> ( Xy
P qix) /) 2= An(X1) ) Soy -+ Soy, 4
(. pitxy) pax)\  P(TY ')
_§<X1 B Qi(x1)> e ”( qn(xn) 2N
pri!
—P(Xl)-l-z —Xl (Nl—n—Ua—%

Let « — 0T, then N7 — 4-00. From 3.3 and Corollary 3.2, we have

lim P(x}) = P(x1).

X1—>X1
Let
X{=x1+a
—— ——
—[0’1,.. ,On— 2,] 10 O‘L'N],O,. O‘L'NZ,...]T
_ Pn(x1) F (=1)0rt o 2+1+11+1 4 (=)ot tona 114 1+1
 gn(x1) 2N 2N
_paG) 1 1
qn(xq) ~ 2Ni—1 2N
X
_ pn(X1) ‘o
qn(X1)
The error-sum function

n o= ( Pi(X’{)>
P(x7) = X|— ——<
() z( T
n Ni—1 Ni=1,7
7 pi(X])> ( 7 pn(xl)> P(T )
z()ﬁ qi(x1) 2 (x an(x1) ) " So-

‘_n+] SUN] -1

N1—-1
P(T 1— //)
_P(X])+ZX1_X] (N]—n—l)(x—l—le—l

Let @ — 0T, then N1 — +oo. From 3.3 and Corollary 3.2, we have

lim P( 1) =P(x1).

X{—

Thus
lim P(x) = P(x1).
X—X1

hg‘l +01

For x; = + (=17 "2 2p

2” on—1
Casell. 01 + - -+ + oy—2 is odd. Followmg the same way as Case I, we have

lim P(x) =P(x;) and lim P(x) = P(xy).
X—X1 X—>X2

Therefore P(x) is continuous on E’. O

zl—n following the same line as above, we have limy_,y, P(x) =

P(x2).
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Proposition 3.4. For anyn > 1, and o € Dy, write

a1 =min{Ag, By}, oy =max{Aq, Bs}.

Then for any x € ], we have

P(o1) < P(%) < P(a2).

—_—— ——
Proof. For any x€ J5, let of =x—a1=[0,...,0,7y,,0,...,0, Tp,, ...]7 > 0. Note that M1 >n and
o0
pi(x)
P(x) = (x— )
; qi (%)
n—1 o)
i(x i(x
:Z<x_ Pf( )) +Z<x_ Pf( ))
i qi(x) i—n qi(x)
n—1 M
i(o P(T:'x
:Z(m—pl( “)+(n—1)<x—a1>+(1vh—n—l)a;+%
= gi(1) 2V

> P(aq).

Following the same way as above we have P(x) < P(xp). O

From Proposition 3.4, we have for any o € Dy,

sup |P(x) — P(y)| < P(az) — P(ay).
X, Y€Jo

Proposition 3.5. P (x) is continuous on (0, 1]\E’.
Proof. For any x € (0, 1]\E’ and x # 1, let

x=[a1(x),a2(%), ....an (), ...];

be its tent map base expansion. For any n > 1, write 0™ = (a;(x), ..., a,(x)). By Proposition 3.4, for any y € Jsm, we have
IP(X) = P(y)| < P(Ag) — P(Bo)| < 5t >0 asn—oc0. O

Corollary 3.6. P (x) is continuous on (0, 1].
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