J. Math. Anal. Appl. 402 (2013) 334-347

Contents lists available at SciVerse ScienceDirect

Journal of Mathematical Analysis and
Applications

journal homepage: www.elsevier.com/locate/jmaa == ==

Hilbert spaces of vector-valued functions generated by @Cmssmrk
quadratic forms

K.S. Kazarian®*, V.N. Temlyakov"

2 Department of Mathematics, Universidad Auténoma de Madrid, 28049, Madrid, Spain
b Department of Mathematics, 1523 Greene Street, University of South Carolina, Columbia, SC 29208, USA

ARTICLE INFO ABSTRACT

Article history: We study Hilbert spaces £2(E, G), where E C RY is a measurable set, |[E| > 0 and for
Received 6 November 2012 almost every t € E the matrix G(t) (see (3)) is a Hermitian positive-definite matrix. We
Available online 30 January 2013 find necessary and sufficient conditions for which the projection operators T (f)(-) =

Submitted by D. Waterman fr()ex, 1 < k < n are bounded. The obtained results allow us to translate various ques-

tions in the spaces £2(E, G) to weighted norm inequalities with weights which are the di-
agonal elements of the matrix G(t). In Section 3 we study the properties of the system
{om(t)e;, 1 < j < n;m € N} in the space £%(E, G), where @ = {@m}or_; is a complete

Keywords:
Vector-valued function
Hermitian form

Bounded projection orthonormal system defined on a measurable set E C R. We concentrate our study on
Basis two classical systems: the Haar and the trigonometric systems. Simultaneous approxima-
Unconditional basis tions of n elements Fy, . .., F, of some Banach spaces X, ..., X, with respect to a system
Weighted-norm space ¥ which is a basis in any of those spaces are studied.

Greedy basis © 2013 Elsevier Inc. All rights reserved.

Simultaneous approximation

1. Introduction

The theory of weighted spaces is well developed in the case of scalar functions. A standard weighted space in this regard
is the [P (w) defined as follows. Let w be a nonnegative integrable on [0, 1] function. Define for 1 < p < oo

1
IF12,, = / FOPw (Ot
0

The main interest of this paper is in consideration of weighted spaces of vector-valued functions, say, functions of the form

f = (fi,..., fo), where f; are scalar functions. A straightforward way to generalize a scalar setting to the vector-valued
setting would be as follows. Introduce d weights W := (wy, ..., wg) and define
d 1/2
. 2
W lpw = { D605, ) - (1)
j=1
This definition corresponds to a diagonal matrix with diagonal elements (w1, ..., wg). We opt for a definition based on a

given Hermitian positive-definite form rather than on a diagonal matrix. We consider here only the case p = 2 and define
the norm corresponding to a given Hermitian positive-definite form with a matrix G as follows

1/2
Il 2,0 = (/Ef*(f)G(t)f(t)dt) . (2)
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Clearly, definition (2) is more general than definition (1). It turns out that this generality brings about some unexpected
phenomena. For instance, it is obvious that in the case of (1) the projection operator that maps f into (0, ...,0,f,0...,0)
is a bounded operator. We prove in Section 2 that it is not always the case in the space £?(E, G).

We study Hilbert spaces of vector-valued functions £2(E, G), where E C R? is a measurable set, |E| > 0 and for almost
every t € E the matrix

G(t) = (gjk(t))15j,k§n g

is a Hermitian positive-definite (HPD) matrix. Similar spaces appeared in the literature earlier (e.g. see [1]). Our approach is
based on a Hermitian positive-definite matrix G. In Section 2 we find necessary and sufficient conditions (see Theorem 2.1)
for the above described projection operators to be bounded. Those conditions are fundamental for the proof of results
obtained in Sections 3 and 4. Proposition 2.2 which is based on Theorem 2.1 allows us to translate various questions in
the spaces £%(E, G) to weighted norm inequalities with weights which are the diagonal elements of the matrix G(t). In
Section 3 we study the properties of the system {¢,(t)e;, 1 <j < n; m € N}in the space £2(E, G), where @ = {¢,}%°_isa

m=1
complete orthonormal system defined on a measurable set E C R. We concentrate our study on two classical systems: the

Haar and the trigonometric systems. M. Nielsen [9] has studied a similar question for the trigonometric system. Conditions
obtained in the cited article are different because the questions that have been considered are different. In [9] the author in
fact has studied the question of being a summation basis of the considered system.

The obtained results are applied in the next section to study simultaneous approximation of n elements Fy, ..., F, of
some Banach spaces Xj, ..., X, with respect to a system ¥ which is a basis in each of those spaces. We discuss there the
properties greedy and democratic of a basis which are important in nonlinear sparse approximation.

2. General £%(E, G) spaces
2.1. Hermitian forms
Let V be a vector space over a field K(K = CorR) and let dimV = n. A transformation @ : V x V — Kis called a
Hermitian form if
@ (au+ pv,w) = ad(u,w) + SO (v, w);
@ (W, au + Bv) = ad(w, u) + P (W, v);
d(u,v) = d(v,u)
forallu,v,w e Vande, B € K.If {e;}_; is a basis of V then for

n n
X = ijej; y= Zyjej
j=1 j=1

we will have that
n n
DXY) =) D xyiP(e. e) = Y Dixiji.
=1 k=1 ik
The Hermitian matrix
? = (¢j’<)]§i,l<5n ’ <pjk = (pkj

is called the matrix of the given Hermitian form with respect to the basis {ej}]’?:1 of the space V. If {ej/.}]’f’:1 is another basis of
the vector space V and

n

/ .

€ = E agex, 1=<j=<n.
k=1

Then the matrix @’ of the Hermitian form @ (-, -) with respect to the basis {ej(}]f':1 is defined by the following formula
' =A*- DA,
where A = (akf)lgk,jgn

complex conjugate.
The quadratic form & (X, X) is called Hermitian positive-definite if

D(X,X) = Zd>jkxj5<k >0 forallx;eK,1<j<n
ik

and A* is the conjugate transpose of A, obtained from A by taking transpose and then taking the

such that x = (xq, X2, ..., X,) is nonzero. In this case the matrix @ is called Hermitian positive-definite (HPD) matrix. Recall
some properties of HPD matrices (see for example [2]):
Every HPD matrix is invertible and its inverse is also HPD matrix.
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If @ is a HPD matrix then the diagonal entries @;; are real and positive. As a consequence the trace, tr(¢) > 0.Furthermore

|Pjk| < /PjiPr, 1=<j,k=<n. (4)

2.2. General £(E, G) spaces

Let E C RY be a measurable set, |[E| > 0. A V-valued function  : E — V will be called measurable if it is defined by the
equation n(t) = 22:1 ar(t)er, where o : E — K, 1 < k < n are Lebesgue measurable functions. Let B : E — K"*" be a
matrix-valued function defined on E such that for any t € E the matrix

B(t) = (By(D); <

is a nonsingular matrix and the functions B; are measurable on E. We define V-valued measurable functions

&)=Y By)e, 1<j<n (5)

k=1

and observe that forany t € E{ej(t)}le is a basis of the vector space V. Such a basis we will call the measurable basis of V.
Foranyt € E let

370 = (85" 0)

1<k,j<n

be the inverse of the matrix 2B(t). The functions ﬁ,i-_l) are measurable on E. It follows from Kramer’s rule.
Let forany t € EG; : V x V — K be a Hermitian form such that the functions

gik(t) = Ge(ej(t), ex(t)) 1=<j,k=<n
are measurable and the matrix

G(t) = (D)) 1, o (6)
is a HPD matrix a.e. on E. Observe that by properties formulated above

gk(t) >0 ae.onE,1<k<n. (7)

The HPD matrices are invertible, hence, for a.e. t € E the matrix G(t) is invertible. Let

¢ = (g " ©)

1<j,k<n

be the inverse matrix for any t € E for which G(t) is HPD. As it was shown above the functions gj(k*]) are measurable on E.

If w > 0 is a measurable function on E then we say that ¢ € [>(E, w) if ¢ : E — K is measurable on E and the norm is
defined by

2
112 e = ( / |¢>(r)|2w(t)dt) < +oo.
E
Let £ be the vector space of all V-valued functions f : E — V such that
n
F6) =) fll®e(t), (8)
k=1

where the functions f; (1 < j < n) are measurable and f; € [*(E, g;), 1 <j < n. We will writef = hfor f, h € £ if and only
ifff=h;jae.onEforalll <j<n.

By (4) we have that
gk ()] < V&g (t) a.e.onE, 1 <j,k<n. (9)
Furthermore if we write f (t) = (fi(t), f2(t), ..., fu(t)) it will be understood that the Eq. (8) holds. For f, h € £ let
{Flh)e = / B (OGO (t)dt = / 3 BiOgi(Of()de. (10)
E E .k

By (9) it follows that (f|h)¢ exists for any f, h € £. We define a norm on £ based upon the inner product

||f||)32(5,c) =V {flf)c
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Afterwards we consider the closure of £ in the norm defined above and denote by £%(E, G) the obtained Hilbert space. As
usual, we identify £2(E, G) with the quotient £2(E, G)/Ly, where

Lo={f:E— V:f(t)y=0a.e.onE}.

Observe that the values of a given Hermitian form don’t depend on the choice of the basis. Hence the inner product and
consequently the norm in £2(E, G) doesn’t depend on the choice of the measurable basis of V.
Let fork € [1, n]

() = (g1 (0, gy (O, gy ©) =) g (De(D). (11)
j=1

The system {#,(t)}}_, is biorthogonal to {e.(t)};_;. Using the property gj, = gj; it is easy to check that (ey|ns)¢c = &i. The
following statement holds.

Proposition 2.1. Let ¢, Y : E — K be measurable functions. Inclusion
p(t)e(t) € £*(E, G)
holds for some k (1 < k < n) ifand only if ¢ € L*>(E, g). Then

leex(lle2e,c) = o2, gy

Inclusion
Y (Om(t) € £ (E, G)
holds for some k (1 < k < n) ifand only if ¥ € L*(E, g,ﬁk_l)). Then

Wl = 1Vl 00,

Proof. We only give the proof of the second assertion. The first one follows from the definition of (-|-)c. We have

ROCOn® = -3 g Og0g " ©)

I=1 j=1
n
-1 -1
=Y g MO =gy " ©),
I=1
where §y is the Kronecker delta, equal to zero whenever | # k and equal to 1if I = k. Hence,

(Wmlvmee = f Iy (©)Pgy U (dt. O
E

Lemma 2.1. Foranyk,1 <k <n

1<gu(t)g, ") ae onkE.

Proof. Forany ¢ € [*(E, gw), ¥ € [*(E, g,ik_ D) we have that

(@O (Om())e = / (DY (t)dt
E

and by the Cauchy-Schwartz inequality

< lloekll g2, 11kl g2, )

/ o (t)dt
E
= ”‘p”Lz(E,gkk)HIIIHLZ(Engik_])).

The above inequality with ¢ = 1/ (gi) ™" yields

1
1 2
( /E |w<r>|2Mdt) < ¥l g
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Recall that gy (t) > 0, glg,{_w (t) > 0 a.e. on E. We now apply a well known result on a multiplication operator Ty, : [*(E) —
[*(E) defined by the equation Ty (g) = Mg is bounded if and only if M € L (E) and ||Ty|| = ||M |10 (k). Hence,

— .= <1 ae.onE. O

gkk(t)gkk (3]

Lemma 2.2. If for some k (1 < k < n) there exists ¢y € L*(E, 1/gkk 1)) such that gy & L*(E, gi) then the transformation
Ti(F) () = fr(t)ex(t)

is not a bounded projection on £*(E, G).

Proof. Let ho(t) = — 01()” It is easy to check that hy € L*(E, gkk )) By Proposition 2.1 we have that
8k

honi € £2(E, G).
Then
Te(hom) = ho(Dgi. " (Dex(t) = po()ex ().
By Proposition 2.1 it follows that ¢o(-)e,(-) & £2(E, G). Hence Ty is not a bounded projection on £2(E, G). O

Theorem 2.1. The transformation Ty is a bounded projection in £2(E, G) if and only if
ugy | € L°(E). (12)

Proof. We begin with proving that (12) is a necessary condition. The proof goes by contradiction. Suppose that gkkgkk <7Z

L®(E). Then there exists a function y; € L?(E) such that the function wlgkkgkk & [*(E). Hence, ¥, := 1, /gkkgk,{ ¢
L*(E, gi). We write

/ [ (0] - 1) f Y1 (0 P8 ()g ¥ (D).

Ekk
If the last integral is finite then by Lemma 2.2 with ¢g = 1, we obtain that the transformation Tj is not a bounded projection

in £2(E, G). If the last integral is infinite then setting ¢, = wh/g,ﬁ,j‘) we get on the one hand that ¢y & L*(E, gi). On the
other hand we have that

/|900(f)| TP /lwl(t)| dt < +o00
kk

and by Lemma 2.2 it follows that the transformation Ty is not a bounded projection in £?(E, G). Thus if Ty is a bounded
projection in £2(E, G) then (12) holds.

Let us prove the sufficiency of condition (12). Suppose gkkg,gljl) < C? almost everywhere. Let f = (f1, ..., f,) € £%(E, G).
Take any function ¢ € [2(E, gi). Then vgy € L*(E, glg,jl)) and

”‘(/,gkk”Lz(E,g’E,:])) = C”I/f ”LZ(E.gkk)'

Using Proposition 2.1 we obtain

/fk(t)llf(f)gkk(f)df = 1V 8ani)c < If 2z | V8l e2e.c)
E

= ”f”gz(f,c)||1/fgkk||L2(E‘g,£k—l)) < Clf ez, 1Y 12 g -
This implies

||fk||L2(E k) — C||f||):2(15 G)
and completes the proof. O

The following example shows that there exist HPD matrices for which the condition (12) does not hold.

Example 2.1. Lleto > Oand t € (0, 1), then the following 2 x 2 matrices

t™ t—2« — 1
Ga(t) = ( t—Za -1 tfot )

are HPD matrices for any t € (0, 1) and the condition (12) does not hold.
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Proof. It is easy to check that for any a € (0, 1) the matrix

)

is HPD. We have that det G, (t) = 1for t € (0, 1). Hence,

_ t -Vt —1
Ga1(t)=<_ TR o ) 0

By Theorem 2.1 and Proposition 2.1 we obtain

Proposition 2.2. [fthe condition (12) holds for allk (1 < k < n) then there exists Cy > 1suchthatforanyf = (f1,fa, ..., fa) €
£2(E, G)

n
||f||22(5,c) =< Z ||fk||L2(E,gkk) = CO||f||g2(E,c)~
k=1

Proof. We write f(t) = Zzzl fr(t)er(t) and afterwards apply the triangle inequality and Proposition 2.1 to prove the left
hand inequality. The right hand inequality follows directly from Theorem 2.1. O

Consider the following measurable basis of V

1
——=e1(t), n2(0), n3(t), ..., n (t)}. (13)
{vgn(t) ! ’ ’ !
For any t € E the matrix of our Hermitian form with respect to the basis (13) has the following form
G'(t) = A™(1) - G(b) - A(D), (14)
where
( 1) -1
© - - - g"o
n® " o
0 gzz (t) : : : g2n (t)
AD=1 0o g"® - - - g O]
0 ..
0 .o
0 g’ - - - g’
1
0 0 0 O 0
Vg1 (t)
;"0 g0 - - - g o
A = = —
O=1570 &0 - - - g0
gi;l)(t) anl)(t) : . . gnnl)(t)

Matrix multiplication operations yield
Xxe(6) 0 0 0 O 0

o g5"0 - - - g5
co=| 0o &0 - - - 570
o &0 - - - g0

By Proposition 2.1 we have that ﬁm(t) € £2(E,G). Forany t € E we consider the subspace Vi (t) of V generated by
linearly independent vectors {gj(t)}}’Lz. We have that

g (O = GO0, m(D) == hy_ye—r () 2 <j.k <n.
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Hence
H(®) = (hi(®))
is a HPD matrix. The Eq. (14) yields

gu(t)
detG(t)”

By induction we obtain the following

1<j,k<n—1

detH(t) =

(15)

Theorem 2.2. There exists a measurable basis {q(t)}j’?=1 of V such that &; € £2(E,G), 1 < j < nand the matrix &(t) of the
Hermitian form with respect to the basis {ej(t)}j’.;1 has the following form

Xe(t) 0 0 0 0 o0
0 x(6) O 0 0 O
co-| 0 0 O 00 0
0 0 0 0 0 xe(

3. Some classical systems in £2(E, G)

Let @ = {¢n}n_, be a complete orthonormal system defined on a measurable set E C R. We will study the matrices
(3) for which the system {pn,(t)e;, 1 < j < n; m € Z} is a basis in some sense in the spaces £2(E, G). It will be natural to
begin our study with the Haar and the trigonometric systems. In this section we prove some preliminary results which can
be used for both systems. A system of functions {¢,;}>°_, C L*°(E) is called total with respect to L(E) if

m=1
/g(t)¢m(t)dt =0 forsomeg € L(E)and forallm € N
E
ifand only if g(t) = O a.e.

Lemma 3.1. Let @ = {pn}o_; C L°(E) be an orthonormal system defined on a measurable set E C R total with respect to
L(E). Let G(t) be an HPD matrix for a.e. t € E suchthat g € L(E) forall 1 < j < n. Then the system {¢n(t)e;, 1 <j <n;m € Z}
is complete in £2(E, G).

Proof. Suppose that for some f € £?(E, G)
(pm(t)ejlf)c =0, 1<j<n; meN. (16)
For a fixed j (1 <j < n) we have that

FHOGO (D)€ = om(®D) Y gr®fi(D).

k=1

Hence, by (16) it follows

[on®©) RO =0, 1<j=nmen,
T

k=1

Then our assumption that @ is total with respect to L(E) implies

n
ka(t)gjk(t) =0 aeonE, 1<j<n.
k=1

Recall that det G(t) # 0 a.e.on E. Thus fy(t) = 0ae.onEforall1 <k <n. O

3.1. The Haar system in £2([0, 1], G)

Let # = {h}}2, be the Haar system enumerated in its natural order. Let A be a collection of all dyadic intervals of [0, 1]

A={cCl0,1]:I=[I-—1D2"",27"),n=0,1,...,1=1,...,2"}U{[0, 1]}
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and Ny = N[ J{0}. Let w be a nonnegative integrable function on [0, 1]. We say that w belongs to Muckenhoupt’s dyadic

class A},d), 1 < p < xif there exists a constant B(p) > 0 such that for any I € A we have

1 p—1
/w(t)dt [fw(t)_Hdt] < B(p)|I|P. 17)
1 I

A.S. Krantzberg [8] proved that the condition w € Al()d) is a necessary and sufficient condition for the Haar system ¢
to be a basis of L ([0, 1], w), 1 < p < oo. In [4] it was pointed out that the condition w € A,(,d) guarantees that # is an

unconditional basis of L ([0, 1], w), 1 < p < oc.In [5] we prove that the condition w € Aéd) implies that # is a greedy
basis of [P ([0, 1], w), 1 < p < o0.

In this subsection we consider V = R", K = R and the domain of the vector-valued functions will be [0, 1]. Furthermore,
{e;}i_, will denote the standard basis for the space R".

Foranyt € [0, 1] let G; : R" x R" — R be a symmetric bilinear form such that the functions

gik(t) = Ge(ej, er), 1=<j,k=n,
are measurable and the matrix
G(t) = (gjk(f))]sj,ksn

is a symmetric positive definite matrix a.e. on [0, 1]. Moreover, we suppose that g; € L'([0,1]) forall 1 < j < n.By
Lemma 3.1 it follows that the system

9 = {hn(t)e;, 1 <j <n;m € No}
is complete in £2([0, 1], G).

Proposition 3.1. The system ) is minimal in £2([0, 1], G) if and only if
g €L0.1), 1<k=n s

Proof. First, we prove sufficiency. Suppose that (18) holds. Then by Proposition 2.1

9% = {ha(On(), 1 <k < n;m € No} C £([0, 11, G). (19)

We have that forany 1 < k,j <n

niOGHe =Y gV (t)g(t) =8, ae.on[0,1].

n
=1
This implies that forall 1 < k,j <n

(hi(t)ejlhm(O)ni) e = Skibim, m, 1 € No. (20)

Hence, § is minimal in £%([0, 1], G).
Second, we prove necessity. Suppose that § is minimal in £2([0, 1], G). Then for any fixed j, (1 < jo < n) and
mo(mg € Np) there exists gjym, € £%(]0, 1], G) such that for any m € Ny

(hm (£)€;]5jomy (1)) = 0 foranyj # jo (1 <j < n); (21)
foranyj (1 <j<n)

(hm(t)e€j|Liome (1))c = 0 for any m # mg (m € Z); (22)

<hm0 (t)ej()'g]om[) (t)>G = 1' (23)

Let &jom, (1) = (T1(t), T2(F), ..., Ty(t)). Then by (21) we have that
n
Zgjk(t)rk(t) =0 a.e.on[0, 1] foranyj # jo (1 <j <n).
k=1

Hence, Zjym, (1) = @o(t)(gi" (©). gj;_zl)(t), ... g0 (1)) Which by (22) yields go(t) = cohm, (t). where ¢y € R. By (23) it
follows that ¢y = 1. Thus éy Proposition 2.1 with i = hy we obtain (18). O

By Lemma 3.1 we obtain

Proposition 3.2. The system § is complete in £2([0, 1], G).
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For any fixed j (1 < j < n) consider the partial sums

N
SN 9, 0) =€ Y (flhmm)c hn(0), N € No. (24)

m=0

We have that

(OGO =YY g P Og®fi(t) = fi(©).

=1 k=1
Thus we obtain that

N
Su(F 9,0 = Y an(fhn(t), N € No, (25)
m=0
where
an(¢) = / ¢(Ohn(t)de, m € No. (26)
[0.1]

We will say that the system $ has natural enumeration if for any j (1 < j < n) it maintains the order of enumeration
between the elements of the system {h€;}nen, -

Theorem 3.1. Let the system § be given in a natural enumeration and suppose that for all k (1 < k < n) (12), (18) hold. Then
the system $) is a Schauder basis in £2([0, 11, G) if and only if there exists C > 1 such that for any dyadic interval I C [0, 1].

1
/gkk(t)dt/ dt < C|I|> forallk (1 <k <n). (27)
I 1 ki (t)

Proof. Sufficiency. Let f = {fi, fo, ..., f.) € £2([0, 1], G). By (24), (25) any partial sum with respect to the system § of the
function f has the following form

n n
D oS = eSw(f ),
j=1 j=1

where SN (f;, t) is the N;th partial sum of the Fourier series of the function f;. It is well known (see [8,4]) that if (27) holds
then we will have that for some C3 > 1and foranyj (1 <j <n)

||5Nj(fja ‘)”LZ([OJ],gj[-) < C3||J§‘||L2([0,1],gjj)-

Hence, by Proposition 2.2 the proof of sufficiency is finished.
Necessity. By Proposition 2.2 § is a Schauder basis in £%([0, 1], G) if and only if the above inequalities hold for all
j (1 <j < n).Hence, as in [8,4] we finish the proof. O

Theorem 3.2. Suppose that for for allk (1 < k < n) (12), (18) hold. Then the system $ is an unconditional basis in £2([0, 1], G)
if and only if there exists C > 1 such that for any dyadic interval I C [0, 1] (27) holds.

Proof. Evidently we have to check only the sufficiency. Let §, be the system $) enumerated in any arbitrary order. Then for
anyf = {fi, fo, ..., fn) € £2([0, 1], G) by (24), (25) we will have that any partial sum with respect to the system $, of the
function f has the following form

n n
ZSNoo)f(f’ t) = Z €SN, g (f» ©)-
j=1 j=1

Afterwards we apply conditions for which the Haar system is an unconditional basis in a weighted norm space [’, 1 < p <
00 (see the beginning of this section) and finish the proof. O

3.2. The trigonometric system in £2(T, G)

Let T := R/2mZ and let w be a nonnegative function defined on T. We say that w € A,, 1 < p < oo if for some B(p) > 0
and for any interval I C T (17) holds. The proof that the trigonometric system is a basis in any [’(T)1 < p < oo is based on
the fact that the operator that maps a function into its trigonometrical conjugate function is a bounded operator from LP(T)
into itself (see e.g. [15]). Hence, after the result by Hunt, Muckenhoupt and Wheeden [3] that the trigonometrical conjugate
operator is a bounded operator from LP(T, w) into itself if and only if w € A, it was easy to observe that the trigonometric
system is a basis in [’(T, w)1 < p < oo if and only if w € A, (see e.g. [4]).



K.S. Kazarian, V.N. Temlyakov /J. Math. Anal. Appl. 402 (2013) 334-347 343

In this section we specify V = C",K = C and the domain of the vector-valued function will be T = R/27Z.
Furthermore, {e;}}_; will denote the standard basis for the space C".
Foranyt € Tlet G, : C" x C" — C be a Hermitian form such that the functions

gik(t) = Gi(ej,er), 1=<j,k=n,
are measurable and the matrix
G(®) = (gik(©) - 4en

is a HPD matrix a.e. on T. Moreover, we suppose that g; € L'(T) forall 1 <j < n.
We consider the following system

T={e""Me, 1<j<mime) (28)
in £2(T, G). As a corollary of Lemma 3.1 we obtain

Proposition 3.3. The system < is complete in £ (T, G).

As in the case of the Haar system we obtain
Proposition 3.4. The system < is minimal in £2(T, G) if and only if

g ' el'M 1<j=n (29)

For any fixed j (1 < j < n) consider the partial sums
Sy(f. ) =e Y (fle®™™n)ce®™™, N=1,2,.... (30)
|m|<N

We have that

B OCOFD =3 gl (Dr®Of(®) = f(©).

=1 k=1
Thus we obtain that

S(f. ) =€ Y cn(f)e”™, N=1,2,..., (31)
|m|<N
where
Cm(P) = [(i)(t)e_iz”m[dt. (32)
T

Theorem 3.3. Suppose that forallk (1 < k < n)

gy € L(T) (33)

and that the conditions (29) hold for allj (1 < j < n). Then the system ¥ is a Riesz basis in £2(T, G) if and only if there exists
Cy > 1such that

G <gu(t) <C; aeonTforallk (1<k<n). (34)

Proof. Sufficiency. Let f = (fi,fo,...,f:) € £%(T,G). Then by Theorem 2.1 and Proposition 2.1 we have that for all
k (1 <k < n)fi € L*(T, gu). Hence, by (34) it follows that f; € L>(T) for all k (1 < k < n). This together with (31),
(32) imply that the sequence of the coefficients of the expansion of f with respect to the system < belongs to [>. Now let us
show that for any j (1 < j < n) the series e; Y > _ b,e?™™ converges in £2(T, G) for any {b,,} € I*. By Proposition 2.1
it is equivalent to the convergence of the series Z;fﬁoo b€ ™ in the space L*(T, g;i)- By (34) we have that the norms in
L[*(T, g;) and L?(T) are equivalent, which finishes the proof.

Necessity. Suppose that for some ko (1 < kg < n)

8ioko & L(T) or & L™(T).

ko ko

Let us consider the first case. There exists ¢9 € L(T) such that /CrokoP0 & [2(T). Evidently {cn(¢0)} € I but the series
V8oko (€) 0% cin(o)e™™ diverges in L?(T). Which leads to a contradiction. O
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Let p : Ng — Z be a bijection defined by the following relations
k+1

ifk=21—1
pk) =
ifk=21;1=0,1,2,....

N =

We will say that the set Z has natural enumeration if it is enumerated by means of the inverse of p. The corresponding
enumeration of the trigonometric system {e?*™},.c is also called natural enumeration. We will say that the order of
enumeration of the system ¥ is natural if it maintains the order of natural enumeration between the elements of the system
{e2"M ¢} ez for any j (1 < j < n).

Theorem 3.4. Let the system T be given with a natural enumeration and suppose that for all k,j (1 < k,j < n) the conditions
(33), (29) hold. Then the system ¥ is a Schauder basis in £2(T, G) ifand only if there exists C, > 1 such that for any interval] C T

1
/gkk(t)dt/ dt < GI|* forallk (1 <k<n). (35)
i 1 8 (t)

Proof. Sufficiency. Let f = (fi,fo,...,fy) € £2(T, G). By (30), (31) any partial sum with respect to the system ¥ of the
function f has the following form

n n
ZSij(f5 t) = Z e]SN](Ea t)a
j=1 j=1

where Sy, (fj, t) is the Njth partial sum of the Fourier series of the function f;. We will have that for some C; > 1 for any
j=j=mn

lISn; (s ')”LZ(']I‘,gl-]-) = C3||ﬁ||L2(T,gjj)-

Hence, by Proposition 2.2 the proof of sufficiency is finished.

Necessity. By Proposition 2.2 ¥ is a Schauder basis in £2(T, G) if and only if the above inequalities hold forallj (1 < j < n).
The proof of the remaining part one can obtain repeating by small modifications of the proof in [3] or directly applying
the result obtained in [10] where necessary and sufficient conditions on the weight function w were found such that the
trigonometric system is a basis in LP(T, w) with respect to Abel-Poisson summation method. In this case also the weight
function w should belong to the class A,. O

4. Simultaneous greedy approximation

In this section we are going to discuss simultaneous approximation of n elements Fy, ..., F, of some Banach spaces
X1, ..., X, with respect to a system ¥ which is a basis in each of those spaces. We interpret this problem as a problem of
approximation of a single element (Fy, ..., F,) in a new Banach space with respect to a new dictionary. Let X be an infinite-
dimensional separable Banach space withanorm || - || := || - |x and let ¥ := {y5};2, be a basis for X. For a given f € X we
define the best m-term approximation with regard to ¥ as follows:

f— Z bk

keA

)

X

on(f) = om(f, ¥)x = bll’l/f‘
ks

where the infimum is taken over coefficients by, and sets A of indices with cardinality | A| = m. There is a natural algorithm
of constructing an m-term approximant. For a given element f € X we consider the expansion

f=Y al ¥
k=1

We call a permutation p, p(j) = kj,j = 1, 2, ..., of the positive integers decreasing and write p € D(f) if

|ci, (DY, llx = e, DY, llx = - - -

In the case of strict inequalities here D(f)) consists of only one permutation. We define the m-th greedy approximant of f
with regard to the basis ¥ corresponding to a permutation p € D(f) by formula

Gn(f) = Gn(f. ) = Gu(F. ¥, p) = D c (N

j=1

It is a simple algorithm which describes a theoretical scheme for m-term approximation of an element f. This algorithm is
known in the theory of nonlinear approximation under the name of Thresholding Greedy Algorithm (TGA). The best we can



K.S. Kazarian, V.N. Temlyakov /J. Math. Anal. Appl. 402 (2013) 334-347 345

achieve with the algorithm G, is

If = Ga(Dllx = on(f, ¥)x,

or a little weaker

If = Gn(H)lx < Com(f, ¥)x
for all f € X with a constant C > 0 independent of f and m. The following concept of a greedy basis was introduced in [6].

Definition 4.1. We call a basis ¥ a greedy basis if for every f € X there exists a permutation p € D(f) such that
If = Gu(f, ¥, p)llx < Com(f, ¥)x
with a constant C independent of f and m.

The reader can find a discussion of greedy bases in [7,11,12,14], and [13, Chapter 1]. The following characterization theorem
was proved in [6].

Theorem 4.1. A basis is greedy if and only if it is unconditional and democratic.

Definition 4.2. We say thatasystem ¥ = {yy}2 is a democratic system for X if there exists a constant D := D(X, ¥) such
that, for any two finite sets of indices P and Q with the same cardinality |P| = |Q |, we have

Z Wk < D Z wk ) (36)
= lvillx oo IVlix
Given some Banach spaces X1, .. ., X;;, we consider a new Banach space

X' ={F=F,....,F),FeX, j=1,...,n}.
Denote Fe; := (0,...,0,F;, 0, ...,0). Then X" has the properties

(i) IFejlixn = [|Fjllx forallj, 1 <j <n;
(ii) there exist 0 < ¢ < C < oo such that

1/2

n 1/2 n
c (Z ||F,-||§j> < IFllx» < C (Z ||Fj||§j> : (37)
j=1 j=1

Dictionary ¥ generates a dictionary ¥" in the space X" defined as follows:
o= {yej=(0,...,0,¢,,0,...,0), Y €W, j=1,...,n}

It is clear that if ¥ is an unconditional basis of all Xj, 1 < j < nif and only if ¥" is an unconditional basis of X".
For anyj, 1 <j < ndefine

>
= 1Yl
It is clear from this definition that

gim+1) < ¢ij(m) + ¢;(D. (38)
For any A C N with |A| = £ we have

@j(£) = sup
A|Al<t

Xj

_ Yy )
D'gi(0) < Y. ———| <, 1<j<n (39)
ol |
Let
p(f) = max ¢;(¢{) and n(£) := min @;(£). (40)
1<j=n 1<j<n

Definition 4.3. We say that a system ¥ is equidemocratic in the spaces Xj, 1 < j < nif ¥ is democratic in each space
Xj,1 <j<nandforsomec; >0

cip®) <n() < @) foralll € N.
The following result holds.

Theorem 4.2. Let ¥ be a system which belongs to all spaces X;, 1 < j < n. Then ¥" is a democratic system of X" if and only if
¥ is a equidemocratic system for the spaces X;, 1 < j < n.



346 K.S. Kazarian, V.N. Temlyakov / J. Math. Anal. Appl. 402 (2013) 334-347

Proof. Suppose that ¥ is a democratic system of X¢. We fix any j, v (1 < j, v < n) and for any two finite sets of indices P
and Q with the same cardinality |P| = |Q| we have

1»/fkej 1p[/kev

<D
wor 1Viejllxn tco Ve lixn

Xn Xn

Using the property (i) of the space X" we obtain that

Y Yk
D E
= 1¥ellx,

keP |W’<”Xj keQ

Xj Xy
Hence, the system ¥ is equidemocratic for the spaces X;, 1 <j < n.
Sufficiency. Let B = {(k, v) : k € N, 1 < v < n} be of cardinality |B| = £. Denote B; := {k : (k, j) € B}. Then on one hand

we have

o\ 12
Vi - Vi
S e |, = | 22 |25 Tl
n 1/2
=c (Z ‘/’j(|Bj|)2) < cn'?p(e). (41)
Jj=1

On the other hand at least for some v, 1 < v < n we have |B,| > s(¢, n), where s(¢,n) = £/n if £/n is an integer and
s(¢, n) = [ell/n] 4+ 1 otherwise. Therefore

2\ 1/2

i S > oD, gy (s(¢, m)),

xn j=1 | keB; ||WI<||X,

yre

(k,j)EB ” wkej ||Xn

where the last inequality follows by (39). Using the inequality (38) we obtain ¢, (s(¢, n)) > n~lg,(£). Thus, by (41) we
obtain that ¥" is democratic for X". 0O

Theorem 4.3. V" is a greedy basis of X" if and only if ¥ is a greedy basis of the spaces X;, 1 < j < n and ¥ is equidemocratic
forthe spaces X;, 1 <j <n.

Proof. By Theorem 4.1 a basis is greedy if and only if it is unconditional and democratic. As it was mentioned above ¥" is
an unconditional basis of X" if and only if ¥ is an unconditional basis of the spaces X;, 1 < j < n. Hence by Theorem 4.2 the
proof is complete. O

Propositions 2.1 and 2.2 show when one can apply Theorem 4.3 for the spaces £2(E, G).

By Theorems 4.3 and 3.2 we obtain
Theorem 4.4. Suppose that for all k (1 < k < n) (12), (18) hold. Then the system ) is a greedy basis in £2([0, 1], G) if and only
if there exists C > 1 such that for any dyadic interval I C [0, 1] (27) holds.
Proof. We have to check only that the Haar system is equidemocratic for the spaces L([0, 1], gix), 1 < k < n. For any
j, 1 <j < ndefine
hk

H
@ (N) := sup _—
J keA ”hk”Lz(gﬁ)

A:|A|<N

X2(g;)

In [5] it was shown that ¢f (N) < GN'/?if (27) holds. It is easy to observe that ¢f'(N) > N'/2. Thus the Haar system is
equidemocratic for the spaces I2([0, 1], gw), 1 <k <n. O
The following theorem is an immediate corollary of Theorems 4.3 and 3.3.

Theorem 4.5. Suppose that for all k (1 < k < n) (33) holds and that the conditions (29) hold for allj (1 < j < n). Then the
system < is a greedy basis in £2(T, G) if and only if (34) holds.
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