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1. Introduction

|A| will be the cardinality of a set A. If (X, || - ||) is a Banach space, let B(X) and S(X) be the closed unit ball and unit sphere
of X, respectively, and X* its topological dual. The weak* topology of X* is denoted by w* and the weak topology of X by
w. If A is a subset of X, then [A] and [A] denote the linear hull and the closed linear hull of A, respectively. co(A) denotes
the convex hull of A, co(A) is the || - ||-closure of co(A) and, if A C X*, we put @ (A) for the w*-closure of co(A). If k is a
cardinal and A C X** a subset of the bidual X**, A, will denote the following subset of X**:

A= JO" :DcA DI <«).

Clearly, X, is a norm-closed subspace of X**. For every cardinal « > 1let y, and 7, be the following topologies of X*: (i) y,
will be the topology on X* of the uniform convergence on bounded subsets D C X with |D| < «; (ii) 7 = o (X*, X,), that
is, 7, will be the topology on X* of the pointwise convergence on X,. Let us denote the topology yx, by y. Cascales, Mufioz,
Namioka, Orihuela, etc., used this topology y very profitably to demonstrate numerous and profound results (see [3,4,2,1,7]).

In this paper we are concerned with the topologies y, and 7, and mainly with the topologies y = yx, and Ty,. Actually,
the topology 7, is the weak topology corresponding to the space (X*, y,.) and so (X*, y,.)* = (X*, T,)* = X,. Thus the
topologies y, and 7, have the same closed convex subsets. The main goal of this paper is to show that, when K C X* is a
w*-compact subset, then co(K) = c0” (K) = o’ (K) for every k > R,. From this equality we obtain, for instance, that
if K1, K C X* are two w*-compact subsets such that inf{|ja — b|| : a € co(K;),b € co(K;)} = d > 0, the subspace Xy,
completely separates the convex subsets co(K;) and co(K;), that is, there exists ¥ € S(Xy,) such that

inf(y, co(Ky)) = sup(y, co(Kz)) + d.

Haydon proved in [6] that a Banach space X does not contain ¢, if and only if for every w*-compact subset K C X* we
have that c@”” (K) = co(K). Hence, since always co(K) C ¢’ (K) = co’* (K) C €0" (K), Vk > R (because t is stronger
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than w*), our results are new only for non-separable Banach spaces containing ¢;. If £; C X, in general " (K) # co(K)
and, moreover, if z € Xy,, then z is a w*-cluster point (but in general not a limit point) of a sequence in X, and these facts
are the reasons for the difficulties in proving the equality co(K) = co”* (K) = c0™ (K) for every x > Rq.

The organization of the paper is the following. In Section 2 we see some auxiliary facts. We prove in Section 3 that co(K) =
c0” (K) for every w*-compact subset K C X* and every cardinal x > R,. Finally, in Section 4 we give some separation
theorems as an application of the main result.

Let us introduce some notation. If X is a Banach space, A and B are two subsets of X and x € X, we define the following
distances:

dist(x, A) .= inf{||x —a|| : a € A} and dist(A, B) := inf{|la — b|| : a € A, b € B}.

If (Y, 7) is a topological space, A a subset of Y and x € A, we define the “tightness” of x with respect to A (for short,
t:(x, A)) as follows:

t;(x,A) = min{|D| : D C A, x € D}.

2. Preliminaries and basic facts

If X is a Banach space, the following facts are elementary:

(1)IfA C X**, then (Ac), = Acv, for every pair of cardinals «, p. Clearly, X = X, if 1 <k < Ry, and X, = X*™* whenever
k > Dens(X). Moreover, if « < p, then X, C X,,.

(2) If X is reflexive, then X** = X,, Vk > 1.1f X is separable, then X** = Xy,, but this equality also holds for some non-
reflexive non-separable Banach spaces, for instance, for the Banach spaces X such that X* has the property (C) of Corson (by
Pol [9, p. 147]).

(3) Obviously, if k > Rg, then X, = U{Ew : E C X is a subspace such that Dens(E) < «}. Thus B(X,.) = (B(X)), and X,
= U{Kw : A C X is abounded subset such that |A| < «}forallx > 1.

(4) Clearly, w* < 7, < wand 7, < y. < 7}, (= the norm topology). Moreover it is easy to see that if k > Ry,
By := X, N B(X**) = B(X,) is a (James) boundary of B(X**), which means that every x € X attains on By its maximum on
B(X*). So by Pfitzner [8] a subset D C X* is w-compact if and only if D is Ti,-compact. Actually all the linear spaces (X*, 7°)
where either 7 = w or 7 = 7, Rg < « have the same compact subsets and obey the Krein-Smulian theorem, that is, if
K C X* is a T-compact subset, then co’ (K) is also a 7 -compact subset.

(5) It is easy to see that for every cardinal «, the following statements are equivalent:

(5-1) X** = X,, thatis, 7, = w.

(5-2) X, separates points and norm-closed convex subsets of X*.

(5-3)co(D) = co’* (D) for every subset D C X*.

Proposition 2.1. Let X be a Banach space. For every cardinal « > 1we have (X*, y,.)* = (X*, T,)* = X.. So, the spaces (X*, v,.)
and (X*, T,) have the same convex closed subsets.

Proof. Obviously (X*, 7,)* = X, because 7, := o (X*, X,). Since the identity id : (X*, y,) — (X*, 7, ) is continuous, clearly
X C (X*, yo)*. Let us see that (X*, y,.)* C X,.Letu e (X*, y,)*. First, u € X** because y, < 7. Since u is continuous for

the y, topology, there exists a bounded subset A C X with |A| < « such that for some € > 0 we have
{x" € X* :sup |(x*,A)| <€} C X e X" : |[{u,x")| < 1}. (2.1)

——w*

Claim. u € [A]

Indeed, if u ¢ [A]" , there exists x: € X* such that x§ L [A]" , but (u, x}) # 0. The fact that x; 1 [A]" implies from
(2.1) that |[(u, Ax3)| < 1, VA € R, and this contradicts the fact that (u, xj) # 0 and proves the claim.

Finally, from the claim it follows that u € X, because Ww CcX.,. O

Lemma 2.2. Let X be a Banach space, A C X an infinite subset, C C X a convex subset and u € X** \ X a vector such that
ueA” NC" .Then
Cu* (u, C) < Ly (u7 A) =< |A|

Proof. Without loss of generality we assume that |A| = t,«(u, A). Let cog(A) be the family of convex combinations of ele-
ments of A with rational coefficients. Clearly, |cog(A)| = |A| because A is infinite. For each a € cog(A) choose a vector ¢, € C
such that ||c, — al| < 2dist(a, C). Clearly |{c, : a € cog(A)}| < |A|. Thus taking into account that t,,«(u, C) = t,» (u, C), itis
enough to prove the following claim.
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Claim. u € {c; - a € cog M) .
Indeed, ife > Oandxj, ..., x;f € S(X*), consider the following convex w*-neighborhood of u:
WAy, ... €) ={zeX™: [z-ux) <e:i=1,...,p}.
LetAg =ANW(u;x7, ..., x;; €/2). Obviously co(Ag) C W(u; X7, ..., x;; €/2).
Subclaim. inf{|jc —a|| : ¢ € C, a € T0(Ag)} = inf{|jc —a|| : ¢ € C, a € TWg(Ag)} = 0.
Indeed, clearly co(Ag) = Cog(Ao) and so
inf{[lc —a| : c € C,a € Co(Ag)} = inf{|lc —a|| : ¢ € C, a € COu(Ar)}.
Suppose that inf{||c —a|| :c € C,a € C0g(Ao)} > 0. By the Hahn-Banach separation theorem there exists x* € X* such that

inf(x*, C) > sup{x*, cog(Ao)). (2.2)

As (u, x*) > inf(x*, C), because u € ", and also sup(x*, cog(Ap)) > (u, x*), sinceu € ,‘Tow C Eg(Ao), by (2.2) we get
(u, x*) > (u, x*), a contradiction which proves the subclaim.

Therefore there exists a € cog(Ap) such that ||c, — al| < €/2.Hence fori =1, ..., p we have
* * * 1 1
[{Ca — u, X)) < [{ca — @, X)) + [{a —u, x)| < 7€ + JE=¢€
Thusc, € W(u; X7, . . ., x;; €) and this proves the claim and the lemma. O

Corollary 2.3. Let X be a Banach space and k a cardinal.
(1)If Y C X is a subspace, then Y, = Y** N X,..
(2) If X** = X,., then Y** =Y, for every Banach space Y that is either a subspace of X or a quotient of X.

Proof. (1)Clearly Y, C Y™ NX,.letz e Y™ NX,.Ifz € X,thenz € Y™ NX =Y C Y,.Letz ¢ X. By Lemma 2.2 we have
ty(z,Y) < ty+(z,X) < k.Thusz € Y,.

(2) If Y is a subspace of X, the statement follows from (1). Assume that the Banach space Y is a quotient of X and let
Q : X — Y be the quotient mapping. Then Q** : X** — Y** is also a quotient mapping that is w*-w*-continuous. Let
u € Y* and v € X** be such that Q**v = u. As X** = X,, there exists a subset A C X such that |A] <k andv € A" . Since

w*

Q** is w*~w™*-continuous, we getu € Q(A) .ThusY* =Y,. O

Let us study the following elementary results.

Proposition 2.4. Let k > Ry be a cardinal, X a Banach space, A a subset of the dual X* and z € X*. The following are equivalent:
()zeA™
(2) For every subspace Y C X we have i*(z) € %ﬂ, i:Y — X being the canonical inclusion mapping.
(3) For every subspace Y C X with Dens(Y) < k we have i*(z) € l*(iA)T" = i*(iA)w, i : Y — X being the canonical inclusion
mapping.

Proof. (1) = (2) because the adjoint operator i* is 7, -7, -continuous. (2) = (3) is obvious. Let us see (3) = (1). Suppose
that z ¢K”.Then thereexiste > O0andu; € X,,i=1,...,r,suchthat W(z; uq, ..., u;; €) NA = J, where

Wz up, ... ,u ) =X eX": {u,z—x"| <e,i=1,...,1}

is a “standard” open neighborhood of z in (X*, 7,.). Let Y C X be a subspace with Dens(Y) < « such thatu; € Y™ =Y, ,i=
1,2,...,r,andi:Y — X be the canonical inclusion mapping. Then

W@z ug, .. s e) =y e Y (g, iz —y") <ei=1,...,1}
is an open neighborhood of i*z in (Y*, 7;), that satisfies
)T W@z, .. ups€) = W(Zs ug, .., Uy €).

Thus W (i*z; uq, ..., u;; €) Ni*(A) = @ because W(z; uy, ..., u,; €) N A = (. This contradicts (3) and proves the state-
ment. O

Iflisasetand] C I asubset, P : £o(I) = £ (J) will be the restriction mapping to J, thatis, Pj(x) = x [ J, Vx € £ (I).
Note that, if i : £1(J) — £1(I) is the inclusion mapping, then P} = ij*. Ify € £1(I),letsupp(y) .= {i € I : y; # 0}.
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Proposition 2.5. Let I be an infinite set, X = £1(I), k > R a cardinal, A a convex subset of X* = £o,(I) and z € £, (I). The
following are equlvalent

(Nze Ac
(2) For every subsetj C I'with |J| < «, we have P;(z) € Pj(A).

Proof. (1) = (2). Leti : 1(]) — £1(I) be the canonical inclusion mapping. Then i* = P; and i*z € PJ(A) by Proposi-
tion 2.4. Finally, note that P (A) = P;(A) because Dens(¢1(J)) < « and P;(A) is convex.

(2) = (1).LetY C ¢1(I) be a subspace with Dens(Y) < «.Choose a subset ] C I with |J| < « such that supp(Y)
= U{supp(y) : y € Y} C J.So actually Y is a subspace of £1(J). Leti, : £:(J) = £1(I),i1 : Y — £1(J)andi: Y — £;(I) be
the canonical inclusion mappings. Clearly, i = i, o i; and P; = i3. By hypothesis, P;(z) € P, P;(A). Hence

i*(z) =i 0 i5(2) = ij(P;(2)) € i{(P;(A)) C i} o Pj(A) = i*(A).

Now (1) follows from Proposition 2.4. O

3. The main result: co(K) = co’ (K) fork > 8
If X is a Banach space, k > Rg a cardinal and K C X* a w*-compact subset, clearly

T(K) C 0’ (K) C @™ (K) C @ (K). (3.1)

Here we show that actually co(K) = c0’* (K), Yk > Ro. In order to prove this equality it is enough to consider the case
Kk = R by (3.1). In the first step of our approach the problem is reduced to looking into the dual spaces £{(I)* = €. (I), as
we see in the following result.

Proposition 3.1. The following statements are equivalent: _
(1) There exist a dual Banach space X* and a w*-compact subset K C X* such that co” (K) # co(K).
(2) There exist an uncountable set I and a w*-compact subset H C £, (I) such that c6™* (H) # Co(H).

Proof. (2) = (1) is obvious. Let us prove (1) = (2). Clearly Dens(X) > R;. Let I be a set with cardinality |I| = Dens(X). It
is well known that there exists a 1-quotient operator Q : £;(I) — X.Thus, if H := Q*(K), then H is a w*-compact subset of
Loo (D) such that c0™0 (H) #£ o(H). O

Therefore, in the light of the previous proposition, Proposition 3.1, the natural place to investigate is the space £, (I) with
I uncountable.

11" and € > 0 such that for every finite subset F C I there

Lemma 3.2. Let I be aset, K C [0, 1]' a compact subset, z € [0, 1]
[0, 1] being the i-projection mapping. Then there exists ko € K

exists kp € K fulfilling |mj(ke — 2)| < €,Yi € F, m; : [0, 1] —
such that ||kg — z]|eo < €.

Proof. By compactness, it is enough to note that the net {kr : F C I finite} contains a subnet that converges to some k; € K.
Clearly, |lko — zlloo < €. O

Proposition 3.3. Let I be a non-empty set. Then every w*-compact subset K C £oo(I) satisfies the equality co(K) = c0”% (K).

Proof. If |I| < R, the statement is trivial because in this case (£1(I))x, = £oo()* and so Ty, = w in £ (I). Suppose that

Il > Ro.Fixz € 0" (K) and prove that z € co(K). By Proposition 2.5 we have P;(z) € co(P;(K)) for every countable
subset] C I.

Claim. Fixe > 0. Thereexist p € Nand A; € Q*,i=1,2,...,p,with Y % A; = 1such that, if H. ==Y ", A; - K, then there
exists k. € H, such that ||z — k.|| < €.

Indeed, consider I endowed with the discrete topology, which is a metric topology with the complete metric, Vi,j €
1,83, j) = 1,ifi # j,and 8(i, j) = 0if i = j. Consider I" with the product topology 75, Which is also a metric topology with
the complete metric,

8 n» n
Yo = (nn. B = (Bon €1V, d(@. f) =Y Slem, Bn)

n
n>1 2

The “standard” base B for the topology t, is the following. Put [N := U,>¢ I" and lets, t € "N and o € I".
(i) If s € I", we say that n is the length of s, for short, |s| = n.
(ii)Ifn e Ntheno [n=(c(1),...,0(n)) € ["and,ifn < [t|,t [ n:= (t(1),...,t(n)) eI
(iii)s < t says that |s| < [t]ands = (t(1),...,t(n)) =t [ n
(iv)s < o saysthats = (o(1),...,0(n)) =0 | n.
With this notation the base B is B := {N; : s € "N}, Nybeing N; := {0 € IN : s < 0}, Vs € IV,
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Remark. We consider each element ] e IV: (i) first, as a sequence of elements of I, namely, ] = (J(1),J(2), ...); (ii) second,
as a subset (finite or infinite) of I, namely, ] := {J(n) : n € N}.

Let # be the family of finite subsets D C Q7 such that > 4epd = 1.Clearly |F| = Ro. By Proposition 2.5 we have
Pj(z) € co(P;(K)) for each] € IN. So we can choose a subset D) € F; wesay D = {q’, R qﬁ,},and kﬁ eK,n=1,...,5,
such that |P;(z) — 27:1 q{1 . kln”goc(]) < €. We choose these elements in order to have D't = D2 if J; = J, as subsets of I.

ForeachD € F,let W(D) = {J € I" : D) = D}. Clearly I = Upcy+ W(D). Since IV is of second category by the theorem
of Baire, there exists {A1,...,Ap} = Dy € ¥ such that int(W(Dg)) # #. This means that there exists s € I=N such that
Ns C W(Dg).LetH, := ZdeDO dK.LetF C I be an arbitrary finite subset and t € =N such thats < t and F C t (t considered

as a subset of I). As N, is an open set with N, C Ny, then N, N W (Dy) # . Thus there exists ] € IV such thatt < J and
D) = D,. Hence there existk;, . . ., k, € K such that, if k; := Zf;l Ai - ki € He, then ||P;(z) — Py(kp) ll¢oo ¢y < €. In particular,
for eachi € F C J we have |m;(z — kj)| < €. By Lemma 3.2 there exists k. € He such that ||z — k.|| < e.

Finally, note that € > 0 is arbitrary and that H, C co(K), Ve > 0.Thusz € co(K). O

Theorem 3.4. Let X be a Banach space. Then co(K) = ©0™ (K) for every w*-compact subset K of X* and every cardinal k > R.

Proof. This follows from (3.1), and Propositions 3.1 and 3.3.

4. The distances dist, and the capacity for separating convex sets of X,

If C,D C X* are convex subsets and z € X*, by the Hahn-Banach separation theorem, the distances dist(z, C) and
dist(D, C) defined in the Introduction satisfy (see [5, Lemma 2.1])

dist(z, C) = sup{inf{|{p,z — C)|} : ¢ € S(X*)} = sup{0 V inf{p,z — C) : ¢ € S(X*)},

dist(D, C) = sup{0 Vv (inf(yr, C) — sup{y, D)) : ¥ € S(X™)}
= sup{0 V (inf(y, C — D)) : ¢ € S(X*™*)} = dist (0, C — D).

Moreover, if z & C, then
dist(z, C) = sup{inf(¢,z — C) : ¢ € S(X*™)}.

In the light of the above facts, for every cardinal « we define the distances dist, (z, C) and dist, (D, C) in the following way:
dist, (z, C) := sup{inf{|({r,z — C)|} : ¥ € SX,)}

and
dist, (D, C) := sup{0 Vv (inf(ys, C — D)) : ¥ € S(X,)}.

In this section we are concerned with the distances dist, and the capacity of the subspaces X, for separating convex
subsets of X*.

Remarks. Let k > 1 be a cardinal, X a Banach space, and C and D two convex subsets of X* and z € X*. Then:
(1) Obviously, dist (z, C) > dist, (z, C) > 0, dist, (z, C) = dist,(z, C *) and dist, (z, C) = Oifand only ifz € C *. Thus, if

z € T\ C, then dist, (z, C) = 0 but dist(z, C) > O.

2)Ifz ¢ C'* then dist, (z, C) = sup{inf{(y,z — C)} : ¥ € SX,)}.

(3) Obviously dist(D, C) > dist, (D, C) > dist,(D,C) > disty,(D, C) for cardinal numbers such that 8y < p < «.
Moreover dist, (D, C) = dist,(D *, C *).

(4) dist, = dist if and only if X** = X,. Indeed, clearly, if X** = X,, then dist, = dist. Suppose that X** # X,. Then
there exist || - ||-closed convex subset D C X* and a vector u € X* such thatu ¢ Dbutu € BTK. Thus dist(u, D) > 0 but
dist, (u, D) = 0.

(5)If k > Vg and dist, (D, C) = dy > 0, there exists ¥y € S(X,) such that inf(yrg, D — C) = d,. Indeed, by definition
of dist,, for each n € N there exists ¥,, € S(X,) such that inf(y,,, D — C) > dy — % Now it is enough to take as i/ any
w*-accumulation point of {y,, : n > 1}.

Although the distances dist # dist, when X** # X, there are important pairs of convex subsets D, C C X* such that
dist(D, C) = dist,. (D, C) > 0. Next we see some of these pairs. Let us start with the following result.

Lemma 4.1. Let X be a Banach space, K C X* a w*-compact subset and z € X*. Then dist(z, co(K)) = dist, (z, co(K)) for every
cardinal k > Rg.
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Proof. Since every cardinal k > 8, satisfies
dist(z, €o(K)) > dist,(z, co(K)) > disty,(z, co(K)),

it is enough to consider the cardinal x = Ry. Without loss of generality we suppose that z = 0. First, assume that dist (0,
co(K)) = 0, thatis, 0 € co(K).Then 0 € 0™ (K) by Theorem 3.4 and so disty, (0, co(K)) = 0. Now assume that 0 ¢ co(K)
and let dy = dist (0, co(K)) > 0. Next we prove that disty, (0, co(K)) = do. Fix € > 0 such that dy > € > 0. By Theorem 3.4

clearly 0 ¢ co™ (K) and co(K + €B(X*)) = co”% (K + eB(X*)) whence
0 & co(K) + €B(X*) = co(K + eB(X*)) = @™ (K + €B(X*)).
Thus disty, (0, co(K + €B(X*))) > 0, whence
0 < disty, (0, co(K + €B(X™))) = disty, (0, co(K + €B(X™)))

sup{inf(yr, K + €B(X*)) : ¥ € S(Xy,))
= sup{inf(y, K) : ¥ € S(Xy,)} — € = dist, (0, CO(K)) — €.

So disty, (0, co(K)) > €. As € < dj is arbitrary, we get

disty, (0, co(K)) = do = dist(0, co(K)). O

Theorem 4.2. Let X be a Banach space and Ky, K, C X* be two w*-compact subsets such that dist(co(K;), co(K3)) = dy > 0.
If k > R is a cardinal, there exists {r € S(X,) such that

inf(yr, co(Kz)) = sup(y, co(Ky)) + do. (4.1)
In particular, dist(co(Ky), co(K3)) = dist, (co(K7), co(K>)).
Proof. First note that

co(K; — Kq) = co(I) — co(Kq7) C co(Ky) — co(Ky) C co(Ky — Ky).
So by Lemma 4.1

dist, (0, co(Ky — K7)) = dist(0, co(K; — Ky))
= dist (0, co(K;) — co(Ky)) = dist(co(Ky), co(Kq)) = do > 0.

By (5) of the above remarks there exists ¥ € S(X,) such that
do = inf(y, c0(K; — K7)) = inf(y, co(Kz) — co(K1)) = inf(yr, co(K3)) — sup(yr, co(Ky)). O

Proposition 4.3. Let k > R be a cardinal, X a Banach space, K C X* a w*-compact subset and D C X* a convex subset such
that Dens(D, T,) < k and dist(co(K), D) = do > 0. Then there exists Y € S(X,) such that

inf(y, co(K)) = sup(y, D) + do,
and so dist, (co(K), D) = d,.
Proof. Let Dy C D be a 7, -dense subset of D with |Dg| < x and F C Dq be a finite subset. As F is w*-compact and
dist(co(K), co(F)) > dist(co(K), D) = dy > 0,
by Theorem 4.2 there exists {r € S(X,) such that
(Y, h) > (Yr, c) +do, Vh e oK), Vc e co(F).
The net {y/r : F C Do} C S(X,) C B(X**) has a subnet that converges to some ¢ € B(X**). Clearly
inf(p, co(K)) = sup(g, co(Do)) + do = sup(g, D) + dy.
Actually inf{¢p, co(K)) = sup{(p, D) + dp and ||¢|| = 1 because dist (co(K), D) = dy > 0.As |Dg| < k > R, then |{F C Dy :
F finite}| < k, whence ¢ € S(X,,). O
Proposition 4.4. Let k > ¥ be a cardinal, X a Banach space, C,D C X* two convex subsets such that Dens(C, 7)) < k >
Dens(D, T,) and dist(C, D) = do > 0. Then there exists {r € S(X, ) such that
inf(yr, C) = sup(yr, D) + dy,
and so dist, (C, D) = d,.
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Proof. Let Gy C C be a subset 7, -dense in C such that |Go| < «.Let E C Co be a finite subset. By Proposition 4.3 there exists
Ye € S(X,) such that

inf(yg, co(E)) = (Yg, D) + do.

The net B8 .= {yYg : E C (s finite} C S(X,) C B(X**) has a subnet that converges to some ¥ € B(X**). Since |G| <
k > Ny, clearly |8B| < x and so ¥ € X,.. Thus

inf(yr, co(Co)) = inf(yr, C) = sup(y, D) + dy.
Actually inf(y, C) = sup(yr, D) 4+ dp and ||¥/|| = 1 because dist(C, D) = dy > 0. And this completes the proof. O
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