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1. Introduction

The Beurling-Ahlfors operator T is defined on LP(C), 1 < p < oo, by

1
Tf(2) = —;PV// (Zf_(ii))zdm(z), (11)
C

where pv means the Cauchy principal value and m is the Lebesgue measure in the plane C. The Beurling-Ahlfors operator
arises naturally in the study of the solutions of Beltrami equations [3,5]. This operator and its multidimensional analogues
are fundamental tools in several areas including quasiconformal mappings, partial differential equations, calculus of varia-
tions and differential geometry (see [3-6,8,18,25,30] and the references therein for more details).

For a function f =u+iv:C — C, we denote its formal partial derivatives by

_ 1 1
of =fz= E(fx‘i‘ify) = E(Ux —Vy +i(uy +Vx)),

(ux+ vy +i(vx — uy)),

N =

1
3f:fz:§(fx—ify)=

and write
Df = [”" UY].
Vx Vy
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Let WI-P(C,C), 1 < p < oo, be the homogenous Sobolev space of complex-valued locally integrable functions in the plane
whose distributional first derivatives are in LP(C). A function f : C — C is called radial if f(re®) = g(r), while, f is said to
be a stretch mapping if it is of the form f(re!?) = g(r)e!”, where z=re!’, and g is a nonnegative locally Lipschitz function
on (0, o0) with g(0) =0 and lim,_., g(r) = 0. Let S denote the set of all stretch mappings.

The Beurling-Ahlfors operator T is an isometric operator in L2(C) that sends df to df for f € W-P(C,C) (pp. 52-53
in [3], or pp. 94-96 in [5]). The Calder6n-Zygmund lemma says that T has a finite LP-norm bound C, with C, — 1 as
p — 2 in LP(C) (pp. 62-66 in [3]). In [26], Lehto showed that ||T||;p(c) > p* — 1, p* = max{p, p%]}, by using a family of
stretch mappings. Iwaniec [24] conjectured that ||T||;»c) = p* — 1. This conjecture is equivalent to the inequality

/ Iafl"dm<(p*—l)p//|5f|”dm (1.2)
C

C

for complex-valued functions f € W-P(C, C). )
The Bafiuelos-Wang conjecture is stated as follows [11]: For every function f € W1-P(C, C), it is true that

é/BMDf)dm}O, (13)

where the Burkholder functional B, is given by

- - —1
Bp(Df)Z((P*—1)|3f|—|3f|)(|3f|+|3f|)p . (14)
The Sverdk conjecture is as follows [31]: If f € W1-2(C, C), then

/ / S(Df)dm >0,
C

where the Sverik functional S is defined by

l0f> =19 f1%, if[df1+18f1 <1,

S(Df) = 7
®D {2|3f|—1, otherwise.

The validity of the Sverdk conjecture implies that of the Bafiuelos-Wang conjecture (see Section 1 in [7] for a proof). By
the Burkholder inequality (pp. 16-17 in [13])

l p—] _ _ _ -
p<1 - F) ((p* = 1)I3F1 =12 F)(IBF1+10£1)"~" < (p* = 1)P1BfIP —[a fIP, (15)
the Bafiuelos-Wang conjecture in turn implies the Iwaniec conjecture.

In 1952, Morrey [28] conjectured that the rank-one convexity of a functional F: M(m,n) — R does not imply its quasi-
convexity when both m and n are at least 2, where M(m, n) denotes the set of all m x n matrices with real entries. Due to
the rank-one convexity of the Burkholder functional and the Sverdk functional, the above three conjectures are also closely
connected with the Morrey conjecture. One can see Section 5 in [7] or [6,32] for a precise statement of these relations.

Bafiuelos and Wang [11] used martingale inequalities [13] to show that ||T||;p(c) < 4(p* — 1). Utilizing an analytic
approach with Bellman functions, Nazarov and Volberg [29] improved it and got 2(p* — 1). So far, the best result is
ITlrcy < 1.575(p* — 1), obtained by Bafiuelos and Janakiraman [9] by probabilistic techniques of Burkholder [13,14]. One
can refer to [12,21] for its asymptotical estimates and see [19,20] for the LP-norm estimates of the powers T".

On one hand, there have been efforts to decrease the constant C in the inequality

ITfllecy < C(p* = 1)l flle () (1.6)

for all functions f € LP(C), while, on the other hand, there were results establishing this inequality with C =1 but just for
particular subclasses of LP(C).

Baernstein and Montgomery-Smith [7] showed that the Bafiuelos-Wang conjecture holds for every stretch mapping
feSNW!P(C,C) and consequently the Iwaniec conjecture is valid for this class of mappings. Recently, Volberg [32]
extended the above result to complex radial functions.

Theorem A. If a complex-valued function f has an expression

f@=f(lzl). feC5(©),

then it follows

ITf ) < (p* = D) flle ). (1.7)
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Let H be a separable Hilbert space over R with norm |- | and scalar product (-,-), and F : C — H belong to L?(C).
Bafiuelos and Osekowski [10] used martingale inequalities to show that the inequality (1.7) holds for all radial functions F
and the constant p* — 1 is the best possible for 1 < p < 2.

Let §2 be a simply-connected domain of C. Recall that a harmonic mapping f defined on 2 is a solution of the conjugate
Beltrami equation

fz=af, (1.8)

in W;O'Cz(.Q), where a is analytic and |a] <1 on §2. We refer to [17,22,23] for the study of harmonic mappings. In [7],

Baernstein and Montgomery-Smith proved the following
Theorem B.If f ¢ W-P(C,C), 1 < p < oo, is harmonic on C U oo\{|z| = 1}, then the inequality (1.3) holds.

In this paper, we aim to give several new classes of complex-valued functions that validate the Bafiuelos-Wang conjec-
ture and the Iwaniec conjecture.

Firstly, we study the class of logharmonic mappings f : 2 — C which are solutions of the quasilinear conjugate Beltrami
equation

E=a£fz (1.9)

f
in WIL’CZ(.Q), where a is an analytic function on £ with |a| < 1. For two analytic functions h and g with |g’h/gh’| <1
on £2, f =hg satisfies (1.9) with a = g’h/gh’ almost everywhere. There are solutions of (1.9) which are not of the form
f = hg. For instance, f(z) = z|z|*¥, W{a} > —1/2, f(1) =1, is a solution of (1.9) on C with a = @/(1 + o). Denote by
§(a, £2) all nonconstant solutions in Wfo’cz(.Q) satisfying (1.9) almost everywhere in §2. Abdulhadi and Bshouty [2] obtained
the representation theorem and boundary behaviors of functions in §(a, £2). In [15], it is shown that a sense-preserving
logharmonic mapping f in C2(£2) is p-harmonic with p = L that is, it satisfies

If?
fzz+(logp) o ff2fz=0 (110)
almost everywhere in £2, where ¢ = f(z). See [1,16] and the references therein for more properties about logharmonic
mappings.

Let D be the unit disk of C, and D¢ the exterior of D. Set

z, zeD,
1/z, zeDf.

Using the technique of subharmonic functions, we obtain

=]

Theorem 1.1. Suppose g is a locally univalent logharmonic mapping of the unit disk D in W,]O'C2 (D). Let f =goq.If f e WIP(C,C),
then the Bafiuelos-Wang conjecture and the Iwaniec conjecture are true for f.

Secondly, we will use principal solutions to construct some classes of mappings validating the Bafiuelos-Wang conjecture
and the Iwaniec conjecture. Let ; be a measurable function satisfying ||it]lco <1 on C. A principal solution is a global

WIL’CZ(C)-solution of the Beltrami equation

fe=nf: (111)

with the asymptotic normalization

f@=z4+biz ' +byz2+..., forl|z] - occ.

The function w is called the Beltrami coefficient of (1.11). A series

w4 puT + puTuT + pTuTuTw + - -

is called the Neumann series. When p satisfies ||it]lco <k <1 and has a compact support, the Neumann series converges in
LP(C) norm, where k is a constant (see p. 163 in [5]). If i is degenerative, i.e., ||(t]lco = 1, the convergence of the Neumann
series is not easy to be determined. For some particular classes of degenerative Beltrami coefficients w, the convergence of
their Neumann series can be determined if there exist explicit representations of Ci and Ty (see Lemma 3.1).

If the conjugate of a Beltrami coefficient w© is analytic, then we call it a co-analytic Beltrami coefficient. Let I be the
identical mapping in this text. We show that if f + I is a principal solution with a co-analytic Beltrami coefficient, then the
Bafiuelos-Wang conjecture and the Iwaniec conjecture are true for f (see Theorem 3.1).
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Moreover, using the Parseval formula we give two classes of principal solutions f + I with degenerative Beltrami coeffi-
cients that enable the corresponding mappings f validating the Bafiuelos-Wang conjecture and the Iwaniec conjecture for
p=2 and p =4 (see Example 3.2 and Theorem 3.2). We note that these mappings are not stretch or complex radial.

This rest of this paper is organized as follows. In Section 2, using the fact that the integral means of a subharmonic
function are non-decreasing, we obtain the proof of Theorem 1.1. In Section 3, we use principle solutions to construct
several classes of non-stretch mappings that validate the Bafiuelos-Wang conjecture and the Iwaniec conjecture.

2. Proof of Theorem 1.1

Proof of Theorem 1.1. By the assumption that g € Wloc (D) and |a| < 1, we have that, as a solution of (1.9), g is a locally
quasiregular mapping of ID. Consequently, it is open and sense preserving. Denote by Z(g) the zero set of g. For any point
zo € D\Z(g), there exists an r > 0 such that logg is harmonic on D(zg,r) = {z | |z — z9| < r} and thus g € C*°(D(zp, 1)).
Hence, by (1.10) we have g is ﬁ—harmonic on D(zg, 1), that is, g satisfies

882 = 8283, 2€D(z0,1). (2.1)
Differentiating both sides of (2.1) in z, we obtain
82287

8227 = . z2€D(zg,1).
g

The assumption of the locally univalence of g implies that logg is locally univalent on D(zg, r). By the Lewy theorem [27],
the harmonicity of logg on D(zp, r) implies that the Jacobian Ji,gg > 0 on D(zp, ) and consequently |g;| > 0 on D(zg,1).
Multiplying g, to both sides of the above equality, we have

828225 = 822822, Z € D(20,7).
Direct computation shows that

Aloglg;|=0 (2.2)

holds for all z € D\Z(g). This implies that log|g,| is subharmonic on . The relation (1.9) and the subharmonicity of
log|g;| and log|a| show that log|g;| is also subharmonic on D. Hence, the logarithms of both |g;|(|gz| + |gz/)P~! and
|gz1(/gz| + 1gz)P~! are subharmonic on I. Thus, the functions themselves are subharmonic on D.

Llet f=gog and ¢ = l. For any z € DY, it follows that

fz=(go<0)z=< (%)) =8 ()& + 8 () = —1°g; (0), (2.3)
and

fz=(g0§0)z=< G)) 8 ()0 + g (O)F = L2, (0). (24)
For z e D, we have

f=(800):=8:, f:=(80¢):=28: (2.5)

By the definition of B, (Df) and the assumption that f e W1P(C, C), we get from (2.3), (2.4) and (2.5) that

//Bp(Df)dm://Bp(Df)dm—i—f/Bp(Df)dm
C D De

://[(p* —1)lgz | — lge](1ge | + Igz )P dm(o)
D
" //[("* —1)lgel — Igz 1] (18| + Igz 1) g 2P~ dm(z)
D
B f/ [(p* = 1) = 1e P72 iz (Iec | + |g5|)p7]rdrd9

-1
f/ DIcPP™? —1]lge (1ge ] + lgg )" rdrdo =1+11,

where ¢ =rei. It is clear that [ =1 =0 when p =2. If 2 < p < 00, then I > 0. Now we can also show that II > 0.
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Write
27 2
I(r) = sz (gl +1g: )" do, o) = = / 1g:1(1gc 1 + gz )P do. (2.6)
b 2
0 0
Then II can be written as
1
Il=2m /[(p —Dr*P73 —r|L () dr.
0

Integration by parts gives

1

12 2p-2
II:Z]T/(E_ 3 )dh(r). (2.7)
0

When 2 < p < oo, the inequality ; - ,21;72 > 0 holds for 0 <r < 1. The subharmonic property of the integrand of I;(r)

implies that I;(r) is non-decreasing for 0 <r < 1, that is, dI1(r) > 0 a.e. Hence, Il > 0.
When 1 < p <2, Il > 0 is obvious and the inequality I > 0 can be deduced from the non-decreasing property of I>(r) on
(0, 1) and the technique that we use in the case 2 < p < oco. Thus, for 1 < p < 0o, we have

[/ B, (Df)dm > 0.
C

So, the Bafiuelos-Wang conjecture is true for a mapping f = go @ € WP(C, C), when g satisfies the partial differential
equation (1.9). As a consequence, the Iwaniec conjecture is also true for this class of mappings. O

3. Non-stretch explicit examples constructed by principal solutions

The Cauchy operator is defined by

1 1
Cf@=—— /f( - XC\D)f(;)dm@), (3.1)
C

{—z ¢

for a function f € LP(C), p > 2. For f € LP(C), p > 2, Cf is Holder continuous with exponent 1 —2/p (see Theorem 4.3.13
of [5] or [3]), while, for f € L%(C), Cf belongs to the space VMO(C) (see Theorem 4.3.9 of [5]). When f is also compactly
supported, the integral is going to be analytic near co with the Laurent series

1 1 1, 5 b
)=+ // XE8 £y dm(c) + (— // f(c)dm(é“)>— +3
Y4 ¢ T g
C C B

where by, n > 2, are constants. One can see Chapter 4 of [5] for more properties of the Cauchy operator. Before constructing
explicit examples which are non-stretch, we need some lemmas. From the Green formula and a limit process, we have

LemmaA.If f € LP(C), p > 2, then the relations

ICf=Tf, oCf=, (3.2)

hold in the distributional sense.

See pp. 52-53 in [3] and p. 112 in [5] for a proof of Lemma A.
Let 2 be a bounded domain and g the characteristic function of £2. Let u be a measurable function on C with
litlloo < 1. Then px belongs to LP(C) for any p > 2 and thus C(u ) and T(ixs) are well defined. Define

Qf =pxeTf
for f € LP(C). Write

Q'f=Qo--0Q(f), neN'.
———

n
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By induction, Q"(ixg) is well defined for all n € N*. If the series Y oo Q"(ixe) converges and its sum h belongs to

LP(C), p > 2, then

f=z2+Cuxe +h

is a principal solution of the Beltrami equation

fz=pxefz
Moreover, f, — 1€ LP(C), p > 2, and

fe=1+T(uxe +h), fz=uxe +h

Lemma 3.1. Let ;t = Z"z™, where n and m are integers. Then the following relations hold. If n > m, then

Z)n+1
Cux@ =250
and
ez 1Z7t1 m=+£0, zeD,
T(uxp)(2) =1 0, m=0, zeD,
—W'jl’)’;i,i}n”, zeD".
Ifn=m—1, then
2n+42
Cuxp)(2) = —#m
and
T(xp)(2) = 2"2" yp.
Ifn<m—2, then
Zm—n+1)
Cm)(@) = =——=— (1= 21""%)xo
and
T(uxp) (@) = ( T Do g "“)m

Proof. Let ¢ =re'?. By the definition of the Cauchy operator, we have

1

1 N em
C(ILXD)(Z)=—;// %dm(§)=—2/r2”“1z(r)dr,
C

0

where

[(r) = % Fn—m+l(r _ ({ —2) dg.

When n > m, we obtain

1
I(r) = = Ziomi1 XD

Thus, it follows from (3.12) that

1

1
C(MXD)(Z) =-2 / rZ"H Iz(r) dr = W, zeD"
0

(3.3)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(312)
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and
2| 1
2n+1 2n+1 1 i —
Cluxp)@ ==2 | r"I;(ndr+ | r Iz(r)dr=m2 2", zeD.

0 |z

By the first equality of (3.2) of Lemma A, one can get (3.5).
The proofs of the cases n=m — 1 and n < m — 2 can be obtained by the method used in the case n > m, we omit for
simplicity. O

Example 3.1. Let ;4 = z. Then a principal solution of the Beltrami equation

fz=uxnf;
is given by
f(z)=ze??D —1. (3.13)

Proof. Choose m =1, n=0 in Lemma 3.1. Then by the relation (3.7), we have

QL x) = 2ZXD.
The relation (3.5) gives

1

Q*(uxn) = 5222)(@.

Hence, it follows from induction that

1
Qn(MXD)ZmZZHX]D), neNt.

Set Q°(uxp) = M xp- By the convergence of the series > Q" (i xp) and the fact that its sum belongs to LP(C), p > 2,
we have that f =z+ C(3>_ 72, Q" (i xp)) is a principal solution of the Beltrami equation f; = zxp f,. Moreover, for z € D,

f@=z+ C(Z Q"(um))

n=0

1 1 1
=z—(1—|z)? 722+ —P . —— T
( ||)+ (2 +3-2! + +(n+l)-n! *
—zef — 1.

Similarly, for z € D, we have f(z) = ze: —1. O

Next, we will use principal solutions to construct several classes of mappings validating the Bafiuelos-Wang conjecture
and the Iwaniec conjecture.

Theorem 3.1. Let [ be the identical mapping and w is co-analytic on C. If f + I is a principal solution with the Beltrami coefficient
XD, then

// B, (Df)dm >0, (314)
C

and the equality holds when p = 2.

Proof. The assumption on g implies that p can be represented by a power series Y oo ;@,z". Owing to (3.5), we have that
uxpT(Z" xp) =0 for all n e N*. Now the linearity of the Beurling-Ahlfors operator implies

Quxn(2) =0.
So,

Q'(uxp)=0, neN'.
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By the linearity of the Cauchy operator, we get

f+1:z+c<ZQ”(MXD)> =z+ Y C(anZ" x).

n=0 n=0
According to (3.4), we have

o0

gO(Z)I’hLl
n+1

f@= ZC " xp) =
n=0

n=0

Now we prove that f validates the Bafiuelos-Wang conjecture.

//Bp(Df)dm://Bp(Df)dm+f/Bp(Df)dm:I+II.
C D De

By (3.15), we have

1=/ (P-1
D n=0

p
> ant!
oo
- [[[5s
D¢ n=0

p
dxdy = / /
Let z =re'?. Then,

[[Booram= [ [ ur -1 —r202)rarao >0,
C D

dxdy,

and

-4
pr;) |Z| dm(z).

and the equality holds when p=2. O

(3.15)

Generally, it is difficult to explicitly represent a principal solution for a given Beltrami coefficient. For some special classes
of Beltrami coefficients, we can obtain their explicit principal solutions and use them to construct non-stretch examples

validating the Bafiuelos-Wang conjecture and the Iwaniec conjecture.

Example 3.2. Let g(z) = f(z) —z+ 1, where f(z) is given by Example 3.1. Then

// B,(Dg)dm =0, /f B4(Dg)dm > 0.
C C

Proof. By Eq. (3.13), we get

o e’ -1, |zl <1, g__{zef, 2l <1,
et —ter—1, 1z>1, ““lo, 1z21>1.

It follows from the Parseval formula that
2 2 > n—1
V4 Z —
[ et == 1Py amea = Y- 7
D n=2
and
|e? — zeZ — 1|2 > n—1
—————dm@)=nm —_—
[ @=72 Gy
D n=2

By the above two equations we have

Z_ 5pZ _ 112
//Bz(Dg)dm://-Ozezf— |ez—1|2— %) dm(z) =
C D

(3.16)

(317)

(3.18)
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From the power series > oo ﬁ—': of 7, it follows that

o0 o0

Ze =3 2 (-1)°=3" 22 (3.19)
n-2)!"" n! ’ ’
n=2 n=2
e —zeF —1\> S 2M(n—2)+27"
= ) = g_. (3.20)
z n+2 n!

n=2

Next we prove the second assertion of Example 3.2. By direct calculations, we have

ff B4(Dg) dm = //(3|g2|4 — |g2I* + 61g21%1gz1* + 8lg:llgz?) dm
C C
> //(3|g2|4 gl dm() =1 — 1V,
C

where
Z _ 5pZ 1 22
11l = // [3]22e%” — |(e? = 1)*[]dm(2), IV= / e 7';'4 " im@).
Using the Parseval formula, we obtain from (3.19) and (3.20) that
o 2n n 2 2 n 2
3.2 2M—2 2 2"n—2)+2
111—1v22 T @' =22 +2?%+[2"(n—2) +2]
— [(n—2)!]2(n+1) 16 [((n—Dnmn+2)]2

4n
{ +Z144[<n— )'12<n+1>} o

The proof of Example 3.2 is now complete. O
Moreover, we can get a more general result as follows

Theorem 3.2. Let I be the identical mapping and . = z"z on C, where n > 1. If f + I is a principal solution of the Beltrami equation
with the Beltrami coefficient  xp, then

/f B4(Df)dm > 0.
C

Proof. By induction, we get from the equality (3.5) at Lemma 3.1 that

13, ! kzk(n-ﬂ), lz] <1

I (n+1)

o= (3.21)
_ kn4k+1 1 |Z| =1

kl(n+1 )k Zkn+k+2

where k > 1. Hence, by the equality (3.4) of Lemma 3.1 we have

1 1 skn+1
" i EARE N
cQuxm)=1 , .
DT (p1)fFT ZKH TR » lz| > 1.
Then the representation (3.3) gives
(z)“+1
f(@)=ze T —z.
Moreover, it follows
Zh+1
entl —1, lz] < 1,

fz:

1 1
+ 1 T
e (n+1)z2" — Fe(r&l)z“* _ ‘17 |Z| > ‘l’
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and

Fh+1
- —=z7"% n+1 XD-

Using change of variable, we have

[/34(Df)dm f/ 3114 = 1214 + 612 P fol? + 8111 1) dim

// 31f21% — o) dm =V — VI,

where

V= [[ B P~ (@5 1) ama),

D

and

A+l
e T — e n+1 — 122
V1=// ¢ i dm(z).

|24

. . n .
From the power series expansion e? =) >° % it follows
o0
1

M+ et 2ok _ 9 1 A1\ K
T e — 1) = k=2 12— 1) — = )
(e — 2" emT 1) 2;(k—2)!< R T G A

k=

Utilizing the Parseval formula, we obtain, from (3.19) and the above relation, that

V—VI_Zn'i 1 {<3*22(l<—2)(n+1)4_@i>
T = k=2l n+ )2 2k —1)2

- (2’<—2(n +1)?% - 2¢-2 ((n+ 1) — 1)>271 }
k4 1)+2 k—1 k)) 2kmn+1)—2]

The assumptions that n > 1 and k > 2 imply that

K2 , 2k-2 1 2k 2k 3
2 (n+1)—k n+1-— - - 1 n+1)>0

1 k 2 k
and
8 (2]{ _ 2)2 22k 3
R T T 4 1" 7

Thus, we have

1 3 2% 2(k-2) 4_knt+1)—3
= v1>2nz((k 2)'(n+l)k)2{421<(n~|—1)+2+2 (n—i—l)W}

Therefore, Theorem 3.2 follows. O
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