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1. Introduction

The study of nonlocal diffusion (also called anomalous diffusion) has recently emerged as an impor-
tant area of scientific research, with applications in such disparate areas as groundwater hydrology (see
Meerschaert and Sikorskii [11]), optimal search theory (Raposo et al. [12]), and financial market modeling
(Mantegna [10]). Roughly speaking, nonlocal diffusion occurs when a “particle” moves in a way similar
to a simple random walk but has different asymptotic properties because it occasionally takes very large
jumps. It is well known that, under appropriate hypotheses, simple random walks can be approximated by
continuum models governed by the heat equation (see Burdzy and Chen [3], Lin and Segel [9]). The aim of
this paper is to prove some related results for models of nonlocal diffusion.

As a starting point, consider the system of equations

i ($,t) — Z C(p(yvt) *p(l'vt)) R=R/AL (1)

_ n+o ’
di yeimgay W7

where C > 0 and « € (0,2). The solution to this system gives the probability p(z,t) that a randomly moving
particle is at the point z at time ¢, given an appropriate initial condition and given that the position X; of
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the particle at time t is a continuous time Markov chain with transition probabilities given by

sC

P(XtJrS = y|Xt = :L‘) = W +

o(s).

For a given € > 0, if we rescale space and time so that the movement of the particle is described by X (€,
where Xt(e) = €X,.—ay, then one can easily verify that the probability p¢(x,¢) of finding the particle at x at
time t satisfies

Z C(pe(y,t) _pe(m7t))€n

ly — x|t

d
€ _ 'rL- 2
_dtp (x,t) = , T €€l (2)

yeeZ™\{x}

The results of Husseini and Kassmann [7] show that as ¢ — 0, X9 converges to a stochastic process
governed by a fractional diffusion equation.
A natural generalization of (2) for subsets E of €Z™ is the system

i _ C(p(yut) —p(l‘,t))En
yeE\{a}

This model has appeared in certain applied contexts (as a special case of the model of human mobility in
Brockmann [2] and as a model of anomalous diffusion in Condat, Rangel and Lamberti [4]). In what follows
we will study this model, as well as an altered version involving an absorbing boundary condition. We will
give hypotheses under which they converge, in a sense to be made precise in the next section, as € — 0.
This is a continuation of previous work with Seidman in [15].

2. Formal construction of the models and statement of the main results

To motivate all the definitions below, let us briefly summarize the elements of the argument to follow.
Given a lattice eZ™ and a bounded open set U C R", we consider a family of n-dimensional cubes Sy, ..., Sy,
which cover U. We choose the cubes so that each one is centered at a lattice point in €Z™, has non-empty
intersection with U, and has volume €". Letting z; denote the lattice point at the center of S;, §,, denote the
Dirac measure centered at z;, and 1g, denote the characteristic function for S;, we see that each probability

measure p = y " ¢;0., on {z1,...,2n} can be associated with a probability density v = & Y1 ¢;ilg,
on |Ji~, Si, which satisfies u({z:}) = [ v(z)dz for all i. Using this correspondence, we can identify the
transition semigroup of a given Markov chain on {z1, ..., 2, } with a semigroup acting on a space of piecewise

constant functions g : |J!-, S; — R. For sufficiently small €, the latter semigroup will approximate some
limiting semigroup acting on L?(U), and this is the continuum-limit model.

We can now proceed with the detailed construction of the models. In everything that follows, a € (0, 2),
C is a positive constant and (ex)ken is a sequence of positive real numbers such that ¢ | 0. We will assume
U is a bounded open subset of R" satisfying the segment property: for each x contained in the boundary
0U of U, there is a neighborhood N, of x in R™ and a vector y,, distinct from the zero vector 0, such
that z + ty, € U for every 2 € U NN, and t € (0,1). (All bounded Lipschitz open sets satisfy the segment
property, see Grisvard [6, Theorem 1.2.2.2].) We assume in addition that

lim A({z € B": d(2,0U) < €}) =0

where )\ denotes the Lebesgue measure on R™. For each k, fix a bijection N — €,Z™ : i — zp;. Define the
cube
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S = {(rl,...ﬂ“") e R™: ’rl| < % fori= 1,...,n}
and for each i,k € N let
Ski = 2ki + €S
(so Sk; is a cube centered at z;) and
Sk =SkNU.
To construct the conservative model, we now define

Ik:{iGNI SkiﬂUig},
E, = {Zki E e i € Ik},

Vi = {Z aiﬂski: a; € RVi Ez-k}.

i€Ty,

One can see that 7y, is an index of cubes intersecting U, E}, consists of the lattice points at the centers of these
cubes, and V), denotes the set of functions on Uy := Uiezk Ski which are constant when restricted to a cube
Syi- We make Vy a Hilbert space by giving it the L?(Uy) inner product. Define the maps 7, : L2(U) — Vy
and Fy, : V — L*(U) by

1
ﬂ-k":fHZai]]‘Ski? a7m/fdA,
ki
S

1€y )
Fy - Z ails,, — Z ails;. .
1€LL 1€LL

For every g =), 7 ails,, € Vy, let

1
Ti(t)g = pr Z Pr(2kiy t)1s,,
k

1€LL
where p;, is the unique solution to
d Cpr(2rj,t) — pr(zri, t))ep
& =D . i €E 4
altpk(zlCZ ) |2k — 2hi | e @

2k €EER\{zki }

such that pi(zri,0) = asey for all i € T, Given v € L2(U), we may interpret ||v — FpTy(t)g|l 2y as the
distance between v and py (., t). It is easy to see that (T (t))>0 is a Co-semigroup on V. By a continuum-limit
for pi, we mean a Cp-semigroup (T'(t));>0 on L?(U) such that FyTy(t)mrf — T(t)f (in L*(U)) for every
feL*U)andt>0.

The other discrete model we shall consider is one with an absorbing boundary condition. To construct
it, let M be a positive real number and define

I = {i € Ty d(215, R"\U) > Mey },
Ek = {Z]m‘ SRR NS ik}
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In the above, fk is an index of lattice points inside of U, and Ek\E’k can be thought of as the boundary
of Ej. Notice that if we choose M > /n/2, then we have Sy; C U for all i € Zj. (For some results below
we will need the stronger condition M > /n.) Also define

O = { 1 if z,; € Ek,
‘ 0 otherwise,

9k = {Zai]].ski EVi: 0k =0 = q; 20},

i€T),
1
T f ails,,, @i:=0ki—or / fdA.
2 ey

Notice that l/)\k is simply the space of functions in Vj, which vanish on the boundary cubes Si;, i € Ik\fk.
If we take the particle described by (4) and “kill” it (and immediately remove it from FEj) upon its fist
entrance to the set Fy\E}, then the probability of finding the particle at zx; at time ¢ is px(zxi, t), where
i solves

C(pr(2rj,t) — Dr(2hist))ep N
ity =y Sl o Planb)d - p (5)
|2kj — 2k
zi; €ER\{zri }

Pr(zriyt) =0, 2ki € Ek\Ek. (6)

d_
dtpk

We define a Cy-semigroup (fk (t))e=0 on 9k by setting, for every g = ZieIk a;lg,, € \A)k,

. 1 R
Ti(t)g = = > Prlzkin )1,
k 1€Ly

where py, is the unique solution to (5)—(6) such that py(zk;,0) = a;e} for every zi; € Ej. Thus we seek a
Co-semigroup (f(t))go on L2(U) such that FyT,(t)7xf — T(t)f for f € L2(U) and ¢ > 0.

Let us now construct the limiting semigroup models. For a Hilbert space H, a dense linear subspace D[.F]
and a symmetric bilinear form F defined on D[F], we say that (F,D[F]) is a closed symmetric bilinear
form on H if D[F] is a Hilbert space with respect to the inner product (.,.)pr) := (.,.)% +F(.,.). (From this
point forward, for any bilinear form (F,D[F]), we will always give D[F] the topology defined by (.,.)p(7].)
It is known that (see Fukushima, Oshima, and Masayoshi [5, Theorem 1.3.1]) for any such closed symmetric
bilinear form (F, D[F]), there is a unique Cp-semigroup (S(¢))¢>0 of symmetric contraction operators on #H
such that

and
D[F] = D(V-A)

where (A, D(A)) is the generator of (S(¢)):>0 and (vV—A,D(vV/—A)) denotes the square root of —A. We call
(S(t))i>0 the semigroup associated with (F, D[F]). Let (€, D[€]) be the bilinear form

E(f.g) = %c / / (£ () = F@)) (o) — g(x)) drdy.

[y = afre
UxU
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Dle] = {feL2 // yﬂmd”y <oo}.

This is a closed symmetric bilinear form, and in fact the space D[] is equivalent to the fractional-order
Sobolev space H*/2(U) (see Wloka [16]). Define (£, D[éA']) so that D[é'A] is the closure of C§°(U) in D[E] and
& is the restriction of £ to D[E]. Let (T'(t))e=0 and (f(t))t>0 denote the semigroups associated with (€, D[£])
and (€, D[g']), respectively. The generator of (T'(t)):>o is known as the Neumann fractional Laplacian (see

Siudeja [13]). The underlying stochastic models for these semigroups, and the relationships between them,
were studied by Bogdan, Burdzy and Chen [1].
Here is the main theorem of this paper, which we will prove in the next section:

Theorem 2.1. Let f € L?(U) and 7 > 0.

1. We have

lim max ||Fp T (t)me f — T(t)f||L2(U) =0.

k—o00 0KtLT
2. If M > /n, then

i OTFQ‘T”Fka( 7kt = T 2y = 0-

Corollary 2.2. Let f € L?(U) be a probability density and let T f = > ieT, Wkils,,. For every k, let py be
the solution to (5)—(6) such that px(2zk:,0) = arie} for alli € Iy, If CS°(U) is dense in DIE], then for every
t>0,

Jim_ > Prlzkint) = 1. (7)
1€y

Remark 2.3. Under the assumptions we have made so far, if U has a Lipschitz boundary, then C§°(U) is
dense in D[€] if and only if o € (0,1] (see [1]). Thus the corollary above is not vacuous. It also should
be emphasized that when C§°(U) is not dense in DI[E], the model (f(t))t>0 is not conservative (see [1,
Corollary 2.6]).

The corollary states that the model (5)—(6) becomes conservative in the continuum limit, provided that
Cs°(U) is dense in D[E]. This somewhat odd result is closely related to Theorem 1.1 of [1], where the
authors investigated (among other things) the boundary behavior for the stochastic models associated with
the semigroups (T'(£))i>0 and (T'(t))1>0. However, Corollary 2.2 above is of interest in its own right because
it connects the results of [1] with the behavior of discrete models.

3. Convergence of the operator semigroups

In this section we prove Theorem 2.1. We will do this by proving convergence for certain sequences of
bilinear forms, in the following sense:

Definition 3.1. Suppose (Hy)ren is a sequence of Hilbert spaces, H is a Hilbert space, @y : Hr — H is a
bounded linear operator for every k, Il : H — Hj is a bounded linear operator such that IT,®; is the
identity on Hy, for every k, and limg_ oo [k fll1, = ||fll3 for every f € H. Let (F,D[F]) be a closed
symmetric bilinear form on H, and for every k, let (Fj, D[F]) be a closed symmetric bilinear form on Hy.
We say that (Fy, D[F]) converges to (F,D[F]) if the following two conditions hold.
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1. For every sequence (hy)ren in H and h € H such that @y IThy converges weakly to h in H, we have

hmmf]-'k(ﬂkhk,ﬂkhk) }—(h,h),

k—o0

where for any bilinear form (G, D[G]) we define G(f, f) = oo for all f ¢ D[G].
2. For every h € D[F], there is a sequence (hg)ren such that hy € D[Fy] for every k, hy — h in H, and

lim sup Fy (hi, hi) < F(h, h).

k—o0

The extension of the Trotter-Kato theorem given below is from Kim [8].

Theorem 3.2. With the notation and hypotheses of the previous definition, if (Sk(t))i>o is the Co-semigroup
associated with (Fy, D[Fi]) and (S(t))i>o is the Co-semigroup associated with (F,D[F]), then the following
are equivalent:

1. The sequence (Fy, D[Fg]) converges to (F,D[F]).
2. For every h € H and T > 0,

lim max ||@Sk(t) 1T — S(t)hHH =

k—o0 0Kt

In order to prove the first part of Theorem 2.1, define the bilinear form (&, D[E]) by D[Ek] = Vi and

N\ 2n
Sk( Z ails,,, Z bi]lsk,) = _C Z n-lfa)% )

z — Z
i€Tk i€Th, i,j €Tk | ki T ki
1#]

It is easy to see that (Tk(t))¢>0 is the semigroup associated with (£, D[E]). Thus the following lemma,
which states that (&, D[Ex]) converges to (€, D[E]), establishes the first part of Theorem 2.1. In the proof
we will use Lemmas 4.4 and 4.5 from [15]. Although it is assumed in [15] that the domain has a Lipschitz
boundary, in the proofs of Lemmas 4.4 and 4.5 this assumption was only used in order to guarantee the
existence of a dense subset of D[£] consisting of Lipschitz functions. Thus by [16, Theorem 3.6, Lemmas 4.4
and 4.5 of [15] are still valid in the present context because we have assumed that U satisfies the segment

property.
Lemma 3.3. The bilinear forms (&, D[Ex]) converge to (£, DIE]). If f € C§°(U), then
lim & (mif, mf) = E(f, f)-
k—o0
Proof. Suppose Fj7. fi converges weakly to f in L?(U), and let Fjmy fi = Zz’ezk a;1s; . Then since

aki)*M(SE)A(SE))

|n+a ?

1 akj
Er (T fr, T fr) = 50 §
1, €L
1£j

|ij — Zki

we have

likrgiol‘}fgk(ﬂkfkaﬁkfk) = E(f, f)

by [15, Lemma 4.4].
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Now let f be the restriction to U of a function in C§°(R™). The set of such functions, which we shall
denote by C§°(R™)|y, is dense in (£, D[€]) because U satisfies the segment property (see [16, Theorem 3.6]).
Let mp f = Ziel'k arilsy,. By [15, Lemma 4.5],

1, (5~ @A)
lim = i i) _ .
Jm o€ > e e =)

Because f is Lipschitz, for any v such that 0 < n + a — vy < n, we may choose a positive constant Cy
independent of 7, j and k such that

(aki — ar;)® < Chlzij — 21
Additionally, for any « € Sy; and y € Sj; such that ¢ # j, we have

1 Cs
|2kj — 2wl FomY T |y — zfrtemy

where C5 is independent of x, vy, i, j, k. Consequently,

dx
W

3 (ar; — ari)®e" n
= kj — <ki
1,J €L,
i#7, é;jéskj B(0,R)

for some positive constants C' and R independent of k. Since the right-hand side goes to 0 as k — oo, and

<4 Y (arj — ari)®ex”

|2kj — zgi|n e’

= aki)2A(SE)A (ST
gk(ﬁkf,ﬂkf)—%c Z (arj — ari) A(SE)A(S])

i — 2L n+ao
ijETs 12 = 2nil ijETs
i#] i#], S;j?éskj

it follows that
lim & (mpf,muf) =E(f, f).
k—o0
Using the density of C§°(R™)|y in D[E] and the fact that 7, f — f, we are finished. O

Let us now look at the bilinear forms associated with the model (7}, (t))i>0. Define (Ek, D[Ek]) to be the
restriction of & to the space D[] := V.

Lemma 3.4. Assume M > /n, g € L*(U), and (gx)ren is a sequence such that gi, € Vi for every k. Suppose
that there is a subsequence (gi(s))ien such that Fyygr) converges weakly to g in L2(U) and

sup Eniiy (Gr(iys Tr(iy) < 00

~

Then g € D[E].

Proof. It will be clear from the proof that, given our other assumptions, we can assume without loss of
generality that (k(7));en is really just the sequence (k)ren. Thus we will assume the hypotheses of the lemma
hold with (k(%));en replaced by (k)ren-
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Letting 1 be the vector in R™ with each component equal to 1, we see that each set %ekl + Sk is an
n-cube such that all vertices are elements of the set €;Z"™. This n-cube can be subdivided into n! simplices
such that the vertices of each simplex are vertices of %ekl + Sgi. We choose some such subdivision for each
ex1+ Sy, and denote the resulting simplices by Aj,, ..., A, For each simplex Af, the maximum distance
between any two points in Aii is bounded by €g+/n. Since M > /n, if z; € Ek, then it must be the case
that AL, N (R™\U) =@ forall £ =1,...,nl

Any point z € U is contained in some simplex Afﬂ with vertices zki,, .. ., 2ki, . As a convex combination
of those vertices, x has a unique representation

n
Tr = Z i Zkij .
j=0
We define
n
e (x) =D vjam,
j=0

where

1
Afi; = )\(Tﬂj) / gk(y) dy.

kij
(Notice that since gi € ]7k, agi; = 0if 21, ¢ Ek) Since any two simplices (as constructed in the previous
paragraph) can only intersect on their boundaries, gkA is well defined and continuous as a function U — R.
Also notice that if AL, N (R™\U) # @, then all the vertices of A%, are outside of Ej, and consequently the
restriction of gkA to Aii is identically zero; hence gkA haAs compact support in U. In addition, it is easy to
see that each g2 is a Lipschitz function. Thus, g5 € D[] by [16, Theorem 3.3].

We will now show that

sgpé’(gﬁ?g?) < oo. (8)

Clearly, it suffices to show that

oup / / (g?(y)—glg(f);nhfi%y) dedy )
UxU
and
o // (g;?(y)g?(lfﬂy))_z(;'HZk(w,y))dwdy s (10)
UxU

where hy is defined by

hk(x7y) = Z Z ﬂSkiXSk:j (x,y)

€Tk JETR \ A

and
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Api = {mEka %ﬂ%#@}
We will start by proving (9). We have

J[ et

UxU

_ // (L9t (¥) = g(@)] + l9x(x) — gic (@)] + 95 () — 96 (®)])* P (@, y) dw dy. (1)

ly — x|nte

UxU

If we expand ([gr(y) — gk ()] + [gx(z) — g2 (2)] + [¢2 () — gk (y)])? by multiplying without separating terms
in brackets, we get nine integrals

// 04(y) = 04(2) *hi (. y) durdy a2)

Iy —x[rte
9 (y (2))(gr () — g (2)) hi(z, ) dffdy
// ly — w\"*‘“ (13)
UxU
gk (y () (gr(y) — g8 (W) (2, ) dafdy
// ly — wl"*“ 1)
UxU

and so on. We will show that each of these nine integrals stays bounded as k — oo, which will prove (9).
For every = € Si; we have

(91«(95) _gkA< = <akz - Z %%;) < Z (ari — akj)2
JEAR; JEAR:
by Jensen’s inequality. Also, for some positive constants C; which are independent of k&,
(ar; — ari)*"
Z Z (arj — ari)*M(Ski) < C4 Z Z 2y — 20 €k
1€LY JEAL; 1€Tk jEAR: \ {1}
Co&x (grs gr )€l

<
< Csel

because supy, gk (gk, gr) < co. Putting all this together, it follows that, for some positive C;, R independent
of k,

(g (x (2)*he(w,y) dody _ e, (arj — ari)®hy(, y) de dy
Iy—w|”+“ <2 ly — x|t
UxU €Tk xS
dx
DI
€Tk JEARi B(0,R)\B(0,C1ex)
dx
< Coey e

B(0,R)\B(0,C1ex)
< Caege”

= (5.
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Thus

sup
k

// (g1 () _g{“z(_)jffix ydedy (15)
UxU

Now, let

or(z,y) = Z %

i,JELy |Zk‘7 ~ Pki
For some real C' > 0 independent of k, x,y, we have
hk ('T’a y)
W < Cog(w,y),

from which it follows that

// gk )) hk(m y) dxdy Cgk(gkagk)a

\y—wl’”"

SO

s // 9k (y (x))*hi(z, ydedy (16)

Iy — x|t

Egs. (15) and (16) together imply that

gr(y (2))(gr(x) = g (x)) e (x, y)dwdy
supi/U |y—x|"+0‘

The convergence of the other six integrals can be proved by using these facts, along with arguments similar
to those given above. Thus (9) holds.

We will now prove (10). If Aii is a simplex as constructed above with vertices zy;,, ..., 2k, , and x,y €
Af;i, then for some convex combinations ) 5 M5 %ki, and ) ; Vi%ki

98 () — gp (@) | 2250 Miaki, — 250 Vi, |

|y_x‘ ‘Z —0 Nj?ki; *Z?:o ijkzﬂ
o miani; — akie) = 2200 Vi (ki; — ki)
| D im0 i (Zhi; = 2kig) = 2i—0 Vi (Zhi; — 2Zkio )]

_ 122505 =) (i, — akio)|

|ZJ 0(77] )(Zsz Zkio)

|Z] oM = vi)(ari; — ki, )|
s |2 =0y — vi)exes]

o PAXj=1,..n ki, — Qi |

N

€k

where C is independent of x,y,4 and k, and {es,...,e,} is the standard basis for R". Now let x € S}, and
y € S}; be such that hi(z,y) = 0. Consequently, for some C independent of z,y, 4, j and k,
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1
A A

- <=Cly— m _

’9k (y) 9k (x)’ X o |y 33‘ me ;336 ‘akl akm'

It follows that for some positive numbers C; independent of k,

Ay) — g2 (2)%(1 — hy(z,y)) dzed da
// (95 (v) — 9& (|y))_(x|n+ak( y))drdy ZZ A(Ski) / a2

UxU kieTy j#i B(0,2v/7ie)
<C € / dz
sy lwmald T
€ (o7, S7 1ok — \”*a . |z[nta=2
0,2/neg
€ dx
<o Sy [ e
& & | Zhj = Zki \”*a || te—2
O,Qﬁek)
E
k 2—«
codyy o,
k i€y j#i J

< ngk(gmgk)

which stays bounded as k — oo. This proves (10), and thus establishes (8).
Now by the Banach—Saks theorem, there is a subsequence (gx, ) of (gx) such that g,, — g in L?(U), where

1 m
gm = E;gkl'

Also define
1 m
A A
gm T E ;gk}l'

‘We have

S|~
NE

1Gm = Gmll72@y < =

/ gkl gkl dX
U

Z kg — ;) (Skj)

1 jGIkl qE Ay

Il
_

/AN
3
NE

Cegl gkl (gkl y Gk )

Il
-

/A
NE

%

Thus g4 — g in L?(U). In addition, by Jensen’s inequality and (8),

N 1 &K~
up & (o, Gom) < sup — > (g aiy) < oo
m

m =1

Thus we have a sequence g5 which is bounded in D[EA], and is such that g5 — g in L2(U). Applying the
Banach—Saks theorem a second time, we obtain a Cauchy sequence in D[£] with limit equal to g. O
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Lemma 3.5. Suppose M > \/n. Then (€, DIEL]) converges to (€, DIE)).

Proof. First let f € C§°(U). Then for all sufficiently large k, 7y f = 7 f, and consequently & (T f, 7 f) =
E(my f,mf) for sufficiently large k. Thus by Lemma 3.3, E(Tr f, Tk f) — E(f, f) as k — oo. Since C§°(U)

~

is dense in D[£], this proves the second condition in Definition 3.1.
If (fx)ren is a sequence such that Fy7y fi converges weakly to f in L%(U), then setting gi := Fi7k fx,
we see that Fympgr converges weakly to f in L?(U) because mg, = T fi for every k. Consequently,

lim inf Ex (TS T fr) = lim inf Ex(Trgr, i) = E(f, f)
by Lemma 3.3. Thus
lim inf & (Fufi, 7rfi) > E(f, f) if f € DIE].
It remains to show that if f € L2(U)\D[E], then
lim inf ExFrfr, T fr) = o0o. (17)

Suppose there is some f € LQ(U)\D[g] such that Fy7y fr converges weakly to f but (17) is not satisfied.
Then there is a subsequence (fx,)ien satisfying the hypotheses of Lemma 3.4, from which we may conclude

~

that f € D[€], which is a contradiction. O

Lemmas 3.3 and 3.5, combined with Theorem 3.2, prove Theorem 2.1. We now finish the paper by proving
the corollary.

Proof of Corollary 2.2. If C§°(U) is dense in D[], then (£, D[E]) = (€, DIE]) and thus (T(t))t=0 = (f(t))t>o.
Since f is a probability density, we have (e.g., by an argument using part 1 of Theorem 2.1)

/T(t)f(m) do =1,

U

Since M > /n, if S}, # Sk, then zi; ¢ Ek and py(zxi, t) = 0. It follows that

/ FT()7 f (x) do = ) / Te(t)nf (x) de = ) Pilemist).

U €T g, i€Ty

This proves the corollary because by part 2 of Theorem 2.1,
/ Tt f(2) dz — / T(t) f(z) da
U U

ask —oo0. O
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