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RIESZ POTENTIALS, BESSEL POTENTIALS AND
FRACTIONAL DERIVATIVES ON TRIEBEL-LIZORKIN
SPACES FOR THE GAUSSIAN MEASURE.

A. EDUARDO GATTO, EBNER PINEDA, AND WILFREDO O. URBINA

ABSTRACT. In [7] the boundedness properties of Riesz Potentials, Bessel
potentials and Fractional Derivatives were studied in detail on Gaussian
Besov-Lipschitz spaces By (va4). In this paper we will continue our
study proving the boundedness of those operators on Gaussian Triebel-
Lizorkin spaces Fj',(va). Also these results can be extended to the
case of Laguerre or Jacobi expansions and even further to the general
framework of diffusions semigroups.

1. INTRODUCTION AND PRELIMINARIES

On R? let us consider the Gaussian measure

e~ llall?
(1.1) va(dz) = —dzx, z € R?
rd/2
and the Ornstein-Uhlenbeck differential operator
1
Let v = (v1,...,v4) be a multi—index such that v; > 0,4 = 1,--- ,d, let

=TI wl, v =S v, 8 = 8 ,for each 1 < i < dand 8" = 9;"...0,,
consider the normalized Hermite polynomlals of order v in d variables,

ul x? v (,—x?
(1.3) hy (@) = W PIRE H ety ).
It is well known, that the Hermlte polynomials are eigenfunctions of the
operator L,

(1.4) Lh,(z) = —|v|hy,(2).

Given a function f € L'(~,) its v-Fourier-Hermite coefficient is defined by

F(0) =< fhy >oy= / £ (@)ho (@) valdz).

Let C,, be the closed subspace of L%(y,4) generated by the linear combinations
of {h, :|v|=n}. By the orthogonality of the Hermite polynomials with
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2 A. EDUARDO GATTO, EBNER PINEDA, AND WILFREDO O. URBINA

respect to 4 it is easy to see that {C,} is an orthogonal decomposition of
L*(7a),

L2(7d) = @ Ch,
n=0

this decomposition is called the Wiener chaos.
Let .J,, be the orthogonal projection of L?(4) onto Cy,, then if f € L?(v4)

Tuf =Y fW)hy.
lv|=n

Let us define the Ornstein-Uhlenbeck semigroup {73}, as

T 1 _e*2t<\x|2+|y\2>2—tze*t<m> J
— - l—e™

0@ = o e Flw)aldy)

1.5 — ! 2

(1) = g ¢ S

The family {T;},>, is a strongly continuous Markov semigroup on LP(ya),
1 < p < 0o, with infinitesimal generator L.

Now, by Bochner subordination formula, see Stein [12], we define the
Poisson-Hermite semigroup {F;},~ as

(1.6) Pif(x) = % /000 %Tt2/4uf(x)du

By the change of variables s = t2/4u we have,

L0 Afle)= % /ooo e—\/‘:‘:ﬂ?/z;uf(x)d“ = /OOO T f ()2 (ds),

where the measure
—t2/4s
(1/2) gy = L€
(1.8) py ' (ds) = mwd&
is called the one-side stable measure on (0, 00) of order 1/2.
The family {P;},- is a strongly continuous semigroup on LP(v4), 1 <p <

0o, with infinitesimal generator —(—L)/2, furthermore {P;} is an analytic
semigroup in ¢. In what follows, often we are going to use the notation

u(z,t) = Pof(z) and u® (2, t) = g—;Ptf(m)

Observe that by (1.4) we have that
(1.9) Tihy(z) = e h, (2),
and

(1.10) Py (z) = eV, (),
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i.e. the Hermite polynomials are eigenfunctions of T; and P, for any ¢ > 0.

The operators that we are going to consider in this paper are the following;:
e Lor 5 > 0, the Fractional Integral or Riesz potential of order 3, Ig,
with respect to the Gaussian measure is defined formally as

(1.11) Iy = (~1)~*1m,

where, Ilpf = f — / f(y)valdy), for f € L?(y4). That means that
d

R
for the Hermite polynomials {h,}, for |v| > 0,

(1.12) Ishy(x) = M%/th),

and for v = 0 = (0, ...,0), Ig(ho) = 0. Then by linearity, I} can be
defined to any polynomial.

In this paper the following representation of Ig is crucial to get
the results. If f is a polynomial,

(1.13) 1370 = 15 [ 7 P = Pt )

where P f(x) = [ga f(y)7a(dy). The formula is immediate for con-
stant polynomials, it is easy to check for Hermite polynomials and
then it follows for any polynomial.

Observation 1.1. P. A. Meyer’s multiplier theorem shows that Ig
has a continuous extension to LP(vy), 1 < p < oo, and then (1.13)
can be extended for f € LP(vyq), by the density of the polynomials,
see [1].

o The Bessel Potential of order 5 > 0, J3, associated to the Gaussian
measure is defined formally as

(1.14) Js =T +V-L)™",

meaning that for the Hermite polynomials we have,

1
hy(z) = ——=—h,(z).
T =

Again by linearity J3 can be extended to any polynomial. By similar
argument as above (1.13), the Bessel potentials can be represented
as

“+oo
(1.15) Tof(x) = %ﬁ) /0 BB (x)

Observation 1.2. P. A. Meyer’s theorem shows that Jg is a continuous
operator on LP(vq), 1 < p < oo, and again (1.15) can be extended
for f € LP(~y), by the density of the polynomials there.

77



(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)
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The Riesz fractional derivative of order 8 > 0 with respect to the
Gaussian measure D is defined formally as Df = (—L)B/ 2 meaning
that for the Hermite polynomials, we have

DPhy(z) = [v|°" hy (),

thus by linearity can be extended to any polynomial, see [8] and [9].
Now, if f is a polynomial, by the linearity of the operators Iz and
DP (1.12) and (1.16), we get

of = Is(D”f) = DP(If).

In the case of 0 < 8 < 1 we have the following integral represen-
tation, for f a polynomial,
1 o0
Df()= = [P P flagas
€8 Jo
where ¢ = [ u B (1 — e ) du.
Now, if 8 > 1, let k be the smallest integer greater than [ i.e.
k—1 < 8 < k, then the fractional derivative D? can be represented
as

1 oo
DAf = _k/ t=FHI — P)*fat,
CB 0

where cg = [;Cu P (1 — e )  du and f a polynomial, see [11].
We also define a Bessel fractional derivative D?, defined formally as

Db = (I++ —L)/B , which means that for the Hermite polynomials,
we have

DPhy(z) = (14 /Iv])h(2),

In the case of 0 < 8 < 1 we have the following integral representa-
tion,
1 (o]
Dif=_— t 7Y I —e7tP) fdt,
¢ Jo
where, as before, cg = fooo u P71 — e ")du and f a polynomial.
Moreover, if 5 > 1 let k be the smallest integer greater than f i.e.
k —1 < B < k, we have the following representation of D f
1 o0
Dif = 7/ NI — e tP)F ft,

k
050

where cg = [° u 711 — e7)*du and f a polynomial, see [11].

The Gaussian Triebel-Lizorkin F', (va) spaces were introduced in [10], see
also [9], as follows
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Definition 1.1. Let a > 0, k be the smallest integer greater than o, and
1 < p,qg < oo. The Gaussian Triebel-Lizorkin space F;,qu(Wd) is the set of
functions f € LP(vq) for which

> O"P.f | dt\
k—a tJ yg&
(1.23) (/0 (t ik )t) < 0.
Pvd
The norm of f € Fﬁq(’yd) is defined as
00 8ka dt 1/q

._ k—a L2 add

28 Wy, =W, + | ([T o)
PYd

The definition of F}',(74) does not depend on which & > « is chosen and
the resulting norms are equivalent, for the proof of this result and other
properties of these spaces see [10].

Observe that, by Minkowski’s inequality, the Besov-Lipschitz space By’ q(yd)
defined in [7] is contained in F} (74). Thus the results obtained in this pa-
per are more general that those in [7].

For Gaussian Triebel-Lizorkin spaces we have the following inclusion re-
sult,

Proposition 1.1. The inclusion F', (va) C Fy'2, (va) holds for ax > az >0
and q1 > q2.

For the proof of this see [10], Proposition 2.2

In what follows we will need Hardy’s inequalities, so for completeness we
will write them here, see [12] page 272,

(1.25) /0 ” ( /0 ’ fy)dy)Pa™" " da < ];9 /0 +Oo(yf (y)Py =" dy,

and

+o0 ) +o00
(1.26) /O (/ fy)dy)Pa™ e < p/o (yf(y)Py""dy,

-
where f >0, p>1and r > 0.

Finally, in [6] Gaussian Lipchitz spaces Lip,(4) were considered and the
boundedness of Riesz Potentials, Bessel potentials and Fractional Deriva-
tives on them and in [7] the boundedness of those operators were studied
on Gaussian Besov-Lipschitz spaces By (74). In the next section we are
going to study the boundedness properties of those operators for Gaussian
Triebel-Lizorkin spaces F}',(74) which as we have already said contain those
previous results. As usual in what follows C represents a constant that is
not necessarily the same in each occurrence.
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The authors wish to thank the referee for his careful reading of the manus-
cript and for his useful remarks and corrections that improved the presen-
tation of the paper.

2. MAIN RESULTS AND PROOFS

Theorem 2.1. Let o > 0,5 > 0,1 <p <o0,1 <q < oo then Ig is bounded
from Fpa)q(q/d) mto F;f;rﬁ('yd),

Proof.

Let k > o+ B+ 1 an integer fixed and f € Fj (ya). Using the integral
representation of Riesz Potentials (1.13), the semigroup property of {P;}
and the fact that P f(x) is a constant, we get

1 oo
RUHGE) = w7 [ 8 PP = Pofla)ds
1 Fo0
(2.1) = W /0 PPy of (2) = Poo f(2))ds.
Then using again that Py f(x) is a constant and the chain rule,
8k 1 +o00 \ ak
SEPUNGE = Fom [ S Pl (@) = Pof(@)ds
1 +o00
(2.2) = m/ 77 (2t 4 s)ds.
0

i) Case 8 > 1: Using (2.2), the change of variables r =t + s, dr = ds
and Hardy’s inequality (1.26), we have

(/O+OO (tk—(a+ﬁ)|akpt(lﬁf)(17) Dqﬂ)l/q

otk ¢
1 /+oo B too dt. L
- palk—(a+5)) / PP (2t + 5)|ds) S ) 7
<55/ () u® (.t + 5)|ds) ")
N 1 (/+ootq(k(a+ﬁ))(/+oo(r—t)51u(k)(x T)|dr)qﬁ)%
L'(B) " Jo ¢ ’ t

L [T atetaron ([T a1 ® 0ty
< ( galk=letB))( PP B (2, 7) | dr) ! —) @
(8) > Jo ¢ t

1 1 +oo bt (K) qﬁ %
F(ﬁ)(k—(a+5))1/q(/0 (e ,r))) ) 7,

and therefore

‘oo OFP,(I3f) \qdt\1
([ e P D ey,
0

—

<

“+oo Y akpr dr. 1
< Cuasll([ 61Dl <

r
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since f € F',. By Observation 1.1 and the previous estimate,

[ fll pose < CllfllEg,-

ii) Case 0 < § < 1: Again using (2.2),

Foo OFP,(I5f)(x) \qdt,\ 1
([ (e D oty

< L(/mtq(k—(aw»(/mSﬁ|u(k)(m t 4 ),_) s
— T8 o 0 7 t
C +o0 t 1
T3 (/ tq(k_(‘“rﬁ))_l(/ sP Hu®) (z, t 4 5)|ds)dt) «
0

+oo 1
G )< / k()1 ( / BB (2,1 + 5)|ds) de)
0 ¢
= (1) + (11).
ﬁ 1 L+ﬂ 1 1 1 . . I
Writing s =59 4 Tty = 1, and using Hélder’s inequal-
ity in the internal integral,

“+o00 t
CB - ( / patk—e)—=p-1 / s u®) (2, ¢ 4 s)|7ds dt) .
6 q 0 0

By Fubini- Tonelli’s theorem and using that ¢(k — ) — 3 —1 > 0,
as k> a+ [+ 1, we get

<

H

(1) <

+oo +oo
(I) < (j:ﬂ ( / 7 / 100011 (2. ¢ 4 s)|9dt ds) !
g a JO s
“+o00 +o00o
< CB ( / s91 / (t + 5) 0= =8-1y®) (3 ¢ 4+ 5)|9d¢ ds) .
BT 0 s
Then, by the change of variables » = ¢t + s and Hardy’s inequality
(1.26),
“+o00 +oo
(I) < fﬂ ( / 71 / pat=e) =511y (®) (3. )[9dr ds)
BT 0 2s
+o0 +oo
< C;ﬂ (/ Sﬂ_l/ k=) =811, ®) (3, ) |9dr ds) Ya
B a 0 s
+o00
< %(/ (=2, r)]) 70y .
B> Jo r

On the other hand, since 3 < 1 then ¢ < s implies that s?~1 < ¢3-1
and by the change of variables r = ¢t 4+ s and Hardy’s inequality
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(1.26), as k > o+ 8+ 1> a+ 1, we obtain

“+o00 “+o00
(I1) < CB(/ tq(’“‘“‘”‘l(/ |u<’“>(x,t+s)|ds)th)5
0

t

+o0o +oo 1
< CB(/ tq(k_o‘_l)_l(/ |u(k)(x,7“)|dr)th)q
0 2t
< gl (R
Therefore,
R OFP(Igf)(x) \qdt, 1
th—(a+B) t\-4 gt
(] et T ey,
+oo OFP.f \qdr 1
k—a T q
< C’k,a,ﬂ”(/o (r IWD 7)q Iy < 00

as f € F)',. By Observation 1.1 and the previous estimate, we get
I fll pose < CllfllEg,:

O

Next, we want to study the boundedness properties of the Bessel poten-
tials on Triebel-Lizorkin spaces. In [10], Theorem 4, the following result was
proved, for completeness the proof will be given here too.

Theorem 2.2. Let o > 0,8 > 0 then for 1 <p < o0, 1 < g < oo Jp is
bounded from Fg (va) into Fpof;_ﬁ('yd),

Proof.
Let k > a+ B+ 1 a fixed integer and f € F' (74). Observe that

O~ P, 1 [t ds

2 < B o=51,F)

GEEN@ < g [ w9l

1 / T Ly ® )
< sPTH U\ (e, t + s)|ds,
L'(B) Jo

which is like (2.2) of Theorem 2.1. Thus the conclusion follows from the
proof of that theorem. O

We will study next the boundedness of the Riesz fractional derivative D?
on Triebel-Lizorkin spaces.

Theorem 2.3. Let 1 < p,q < oo, for 0 < B < a < 1, D is bounded from
Eg(va) into F;ffq_ﬁ(fyd).

Proof.
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Let f € (fyd) using the Fundamental Theorem of Calculus, and
Hardy’s 1nequahty (1.25) with p =1,
5 1 +o0 51
(D f(z)| < ol ® |Psf (x) — f(x)|ds
1 +o0
< L ”1/\—anmw
2. < -89 dr
(2.9 < Cﬁﬁt/‘ P ()]
Thus
oo 0 dr
< C =8 = p.f|l—
< Gl [ ISR
(2.4) < Csllfllrg, < oo,

because I}, (v4) C F 1(7a) (@ > Band g > 1). Now, by analogous argument
using Hardy’s mequahty (1.25) with p =1,

0 1 [tee 0

mPt(Dﬂf)( o) < — s 1| s Prsf(2) — 2o Pif(2)lds
g
1 +
< — 5P 1/ 1u® (2, t + r)|drds
< B @
< 055/ [u' (x, t + 7)|dr

This implies that

dt dt
[ noapen s < [ [l
cﬁ/ (- 5>/ B1u® (a,t + 1) dr)? L
0

+C’g/ (t (o= 5)/ rP1u® (x,t + )|dr)q%
= (I)+ ().

(2.5)

IN

=B, =B
Writing % = 774 e , % + L =1, and using Holder’s inequality in the

q
internal integral, we have

00 t
(I) < Cs(1—B)'1 / t(2-e)a=2+5 / r Pl (z,t + r)|4dr dt,
0 0
then by Fubini-Tonelli’s theorem, we get

(I) < Cs(1 — 6)1_q/ r_ﬁ/ 127 0a+B-21,2) (1 ¢ 4 )|t dr.
0 r
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It is easy to prove that (2 — a)g+ 8 —2 > —1. We need to study two cases:

Case #1: If (2 —a)g+ 3 —2 < 0: as r < t and by the change of variable
w =t 4+ r, we have

(1) < Cﬂ(l—ﬁ)l_q/ T(Q_a)q_2/ 1u® (x,t + r)|9dt dr
0 r
oo o0
Cﬁ(l—ﬁ)kq/ r[(Qfa)qfl}fl/ 1u® (2, w)|9dw dr
0 2r
C@(l—ﬁ)l_q/ r[(Q_O‘)q_l]_l/ 1u® (z, w)|9dw dr.
0

r

IN

IN

Then by Hardy’s inequality (1.26) as (2—a)g—1>0
0 < Gu-p i [ @ )
(2—a)g—1Jo w
Case #2: If (2 — «a)g + 8 — 2 > 0: By the change of variable w = ¢ + r, we
get

(I) < Cs(1—p)t / rh / (t + )2 B=21 D) (3 ¢ 4 1) |9dt drr
0 r
= Cﬂ(lfﬁ)l_q/ 7"_5/ w021 2) (2 w)|dw dr
0 2r
< Cg(l—ﬂ)kq/ 7“7’3/ w0212 (4 w)|Tdw dr,
0 T

and by Hardy’s inequality (1.26),
Cj o, dw
< ay,,(2) ==
0 < G2 [ )

Therefore, in both cases we have

0 < o " (@ (a, w)

To estimate (1) observe that 7% < t=# for 7 > t and 8 > 0, then we use
the same argument used before to estimate (I) case #1, doing the change
of variables w = t + r, and using Hardy’s inequality (1.26) so that

Cs * 9 (2) g dw
l—a/o (w*™*u? (2, w))) -

odw
1.

(I <

Finally,

([ @SR )"

gc|</0 (£ m/ PP () |dr) )
20 <Cl([ @ )

ﬁ)l/qH
t p7’y

1
)Yy < o0,
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as f € I, (74). By the previous estimate and (2.4)

17 fll pa-s < Cll fllrg,-

O

In the following theorem we will study the boundedness of the Bessel
fractional derivative on Triebel-Lizorkin spaces, for the case 0 < f < a. < 1.

Theorem 2.4. Let 0 < B < a < 1,1 <p,q < co then DP is bounded from
E2.(va) into Fﬁf;ﬁ(q/d).

Proof.
Let f € LP(vq), using the Fundamental Theorem of Calculus we can write,
D f(x)] < o ) s e Pof(x) — f(x)|ds
1 [t
sgg s | P (@) - <m+—/ $P e — 1| () lds
+
< — 5P 1/ |—Pf |drds+ |f |/ s7H- 1/ “"drds.
el

Now, using Hardy’s inequality (1.25), with p = 1, in both integrals, we
have

8 L0 dr 1y
D) < g PSP + 5T - Al )

Thus,

8 L W e L
DY@I< e [ O @l 4 T - @)

Therefore, if f € F3 (v4), we get

IN

dr 1
Bl ()| — (11—
sl [ O L+ 50 = A,
(2.7) < Gallfllgs, = Csll fliFg,

since I, (7a) C F 1(7a), as > 3, and ¢ > 1.
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On the other hand, using a similar argument as above (the Fundamental
Theorem of Calculus and Hardy’s inequality (1.25) with p = 1), we have,

0 1 [ 0 7]
= p(D" < = —6-1 — P — =P
RO < = [T " £(o) ~ 2 Pt
L™ por o
< — ot 5 Pt+sf( ) = 5 Pef (@)lds
CB 0 t
b [T e 1 P
¢s Jo
1 o
< — siﬁ*l/ |u® (,t +r)|drds
¢ Jo 0
1 oo S
+—|u(1)(x,t)|/ s_ﬁ_l/ e "drds,
s 0 0
L B I'(l-5)
< — r 8P (2, t + r)|dr + uM (z,1)].
< 5o L@ s S )
Therefore,
B 1o T(1 - B)
2 p(DB < B1,(2) Sl P E )
5P @) < g [T+ S e

and then, we have

1] @S n@ )

Sl [P s nlan) )
Cra- S I PRI AN Y
SB[ PO ) ) s

Now the first term can be estimated as in the proof of Theorem 3, estimates
(2.5) and (2.6) so that,

_ N dt
I e [t i @y, < [T Y,

ORI

which is finite as f € F} (74), and for the second term, we have
> 1—(a—B)1,,(1) qdt\1/4
I . (t W@ 01 ) oy < Clfllpezs < Cllllgg,
as Fy,(va) © Fg " (), thus,
> (. 0 dt\1
I @SR O D) P < Ol

Therefore, DPf € Fy'y d (v4) and moreover, by previous estimate and (2.7)
1D s < Cllflrg,
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O

To study the general case for fractional derivatives (removing the con-

dition that the indexes must be less than 1), we need to consider forward

differences. For a given function f, the k-th order forward difference of f
starting at ¢ with increment s is defined as,

k

k _ k 1\ — s
Ak =3 (V) vise st o).

j=0
We will need the following technical results

Lemma 2.1. For any positive integer k

i) AL(f, 1) = ALY S(ALH(S ) 1)

t+s 1)1+s Vi — 2+s vk 1+s
11 Ak fa / / / / (k) ’Uk d’l)kd’l)k 1-- d’UQdUl
v1

iii) For any positive integer k,

(25) SHAE(,0) = K AR (Pt 4+ 5),
and for any integer j > 0,
o .
(2.9 S (AR, 0) = Ak(F0), 1),

The proof of this known lemma can also be found in an appendix in [6].

Lemma 2.2. (Hardy’s type innequality) Let f > 0,r > 0,p > 1 and k € N

then
+o0 1
/ / / flry, ., re) dry.. drk))prrfldx) P

/ / / kf xvl,...,mvk))”xf’“fldm)l/pdvl...dvk

Proof. Taking r| = vy, ..., = xv), We get

+oo 1/p
/ / /frl,..., )dry.. drk))px_r_ldx)

“+o00
(/ (/ / f(:):vl,...,ka)xkdvl...dvk))pw_r_ldx)1/p
0 0 0
+o0 1
(/ (/ f(xvl,...,J:vk)ackdvl...dvk))px_r_ldx) p
0 (0,1)k
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Now, consider the spaces LP((0, +00),z~"~1) and LP((0, 1)¥); then by Minkowski’s
inequality,

400
(A (\/(() " f(th ceey mvk)mkdvl...dvk))px_r_ldm)l/p

+oo
/ (/ (f(:cvl, ey ka)xk)pa:_r_ldm)l/pdvl...dvk
(0,1 " Jo

1 1 oo .
/ / (/ (wkf(:wl, ...,mvk))prrfldm) /pdvl...dvk.
0 o Jo

Lemma 2.3. For any positive integer k,

i t+s v1+s Vi—1+58 k
AZ(f,t) = / / / f( )(vk)dvk...dvgdvl
t v1 Vk—1

S S
= / / FE(E + 01 + ...+ v )dog,...dovy
0 0

For the proof of this result see [6] Lemma 3.1, ii).

IA

Lemma 2.4. Lett > 0,8 > 0 and let k be the smallest integer greater than
B and let f differentiable up to order k, then

+o0 t+oo
/ S AR(S Dlds < Oy / IO (¢ 4 )| du
0

0

where Cg j, = / / (v1 + ... + vk)ﬂ_kdvl...dvk
0 0

Proof. From Lemmas 2.2 with p =1 and 2.3 we have,

+o0 +00
/ s AL D)lds / s 1/ /If(’“ t 01 4 o+ o) |dor..duyds
0
/ / / k\f(k)(t—i-s(vl—i- —1—vk)|)s_ﬁ_1d§)dvl...alv;€
= / / / (" P B (¢ + s(v1 + .. + o) |)ds) doy ... duy

taking r = s(v1 + ... + vg) then dr = (v + ... + vi)ds,

+00 +oo d
/ BB (4 501+ o+ vp)lds = / ) B e
0 0

IA

IN

+o0
= / rR=B=1 F R (¢ 4 )| dr (g + ... + o) PR
0

Therefore,

+oo
/ B AR (S, )ds
0
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< / / / B F B () |dre (v + e+ o)) dws o
= (/ pk=8= 1|f (t+7‘|d7’/ / U1+ oo+ )P vy oy
0

oo k 1 k

= cﬁ,k(/ PR =B F ) (¢t 4 1) |dr,
0

where Cﬁ,kz/ / (vl—i—...—i—vk)ﬁ_kdvl...dvk<oo. O

0 0

Observation 2.1. Using the Binomial Theorem and the semigroup property
of {Ps}, we have

(P~ D f(a) = f(k)P’f i(k) 1iPE f ()

i=o M =0
_ 2%() 1) Py f(2) i(’;) (. (k— §)s)
(2.10) = Al(u(,-),0),

where as usual, u(x,s) = Psf(x)and furthermore,
(2.11) PPy — Df f(a) = A (ulw, ), ).
The following result extends Theorem 2.3 to the general case 0 < 5 < a,

Theorem 2.5. Let 0 < < a, 1 < p,q < oo then DP is bounded from
Egy(va) into Fyig " (7).

Proof. Let f € F}! (74), using Observation 2.1 and Lemma 2.4

1 +00 L
|Dgf(x)] < ol P (P = D) f(x)|ds
1 [tee
= C_ SiﬂillAlg(u(‘ra'))O”d‘s
B JO

IA

400
C@k/ rk_ﬁ_1|u(k) (x,r)|dr,
0

then
R ST RNl
1Dsfllpny < Cﬁ,k”/o P lu ('77">|7||p,7 < oo,

since F', (7 )CF 1(7a); (> B and 1 < g < o0).
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On the other hand, let n € N,n > «; by Observation 2.1, Lemma 2.1
(2.9) and Lemma 2.4, we get,

an 1 +o00o
|5 P(Dsf)(@)] < — s AR W™ (2, ), 1) ds
6tn Cﬁ 0
1 +oo
< —C@k/ rk_ﬁ_l\u("+k)(x,t+r)|dr.
€s 0
Therefore,
&0 o dt
n—(a=8)1Z_p(pD az
[ e e r o @)
% n(a—p) [T k—po1 (k) qdt
< Cpy (t r lu (z,t+r)|dr) -
0 0

which is inequality (2.5) for n = k = 1. The rest of the proof follows the
argument used in Theorem 2.3, so that

0o +oo
(212) (/ (tni(aiﬂ)/ rF AR (1 4 r)|dr)q%)1/q
0 0

S

< C(/ (Sn+k—a|u(n+k)(l,78)|)Q@)1/q'
0

Taking LP(y)-norm both side of the inequality we get the result. O

Finally, the following result extends Theorem 2.4 to the general case 0 <
f<a,

Theorem 2.6. Let 0 < f < o, 1 < p < 00 and 1 < q < oo, then D is
bounded from F',(va) into ES P (a).

Proof. Let f € I} (ya), k be an integer such that k —1 < 8 < k and
v(z,r) = e "u(z,r), using Lemma 2.4 and Leibnitz’s differentiation rule for
the product

+00 +oo
Diw) < L[ s PN P - D f@)ds= = [ s AK(u(, ), 0)[ds
Cﬂ 0 Cﬁ 0
400 k +oo .
< Cap / Tk5|U(k)(x,r)|ﬁ§05,k(z<k~:> / =B =) (2, )| L)
0 r - J 0 r
7=0

k—1
B\ e » d +o0 d
= Cau( <]>/O Tk_ﬁe_’"\u(’“_])(x,r)ljr) "‘C,B,k/o T’“_ﬁe_TIU(af,r)\Tr
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then
k—1
k Yoo i dr T s . dr
1D flpy < Co ()| | L) + ol [ e ) L
=0 J 0 r 0 r
bl k +oo k k—i dT +oo k dT
< cmZ( )| | P D T ) + s [ e ) s
=0 J 0 r 0 r
AV R I PY
< Gl ([ AT DD ) + Gl Tl )
7=0
<

CllfllEg,

becailse Fg.(va) C Fﬁ;j(vd), asa>p>p—45>0 for j=0,..,k—1and
qz1

On the other hand, let n € N,n > «a and w(z,t) = e *u™(z,t), by
Lemma 2.4 we get
et +o0

\WPt(DBf)( z)| < o Jo s~ AL (w(x, ), 1)|ds

+oo
< etCB’k/ sFAw®) (2,8 + 5)|ds.
0

k
Now, by Leibnitz rule, w®) (z,r) = Z ( > (=1 e "u*+7=9) (1 1) and then

k
k —r n—j
<30 ()t
=\
for all r > 0. Thus
k k +00 )
|%Pt(Dﬂf) < Cpp Z <]) / sF Ao =8 |y Hn=d) (1t + 5)|ds.
j=0 0

Therefore,

> n—(a— o" th 1/q
([P n@ e S

< C N AV Il P P S adt\1/q
< 5»’“2 ; ( i (t i s e *lu (z,t+ s)|ds) ?)
=0

For 0 <j<k—1,wehave —j > —(k—1) >0 and taking into account
that each term of the above sum is bounded by the left side of the inequality
(2.12), with & replaced by k — j and S replaced by 8 — j, we get that

> n— —S n— 1
I e [ e e 1)) < O,
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for0<j<k-—1.
Unfortunately the remaining case j = k requires a special argument, that
uses the following known estimate for the Poisson-Hermite semigroup
7
(2.13) |6—Ptf(x)| < CT* f(x)t™,
atn
where 7™ f is the maximal function of the Ornstein-Uhlenbeck semigroup.

The proof of this estimate can be found in [10], Lemma 1 (for more details,
see [9]), then

o] +o0
(/ (tnf(afﬁ)/ skfﬁflefs|u(n)(.7t+8)|d8)q%)1/q
0 0

[e8) t
< C(/ (tn,(a,g)/ skfﬁ*le*ﬂu(n)(m,t+s)|ds)q%)1/q
0 0
o] +o00
+C(/ (tn,(a,g)/ skiﬁ*lefﬂu(n)(x,t—l—S)|ds)q%)1/q
0 t

= (D) + (D).

We consider first the case k& < a. The term (I) is estimated as term (I) in
the proof of Theorem 2.3.

- v

o d
() < c(/ (0" @Ry ) (3, ) [) 152 4,
0
Since > k — 1, making the change of variable v =t + s we get

[e'e] “+o0
an < of / flnetk—a1)g-1( / ™ (2, + 5)|ds) “dt)
t

N 0
o} +oo 1
_ C(/ t(nJrk‘*Ozfl)qfl(/ \u(”)(x,r)|d7")th) /a
0 2t
0o +oo 1
C(/ t(n+kfoz71)q71 (/ ‘u(n) (x, 7")|d7’)th) /q.
0 t
Therefore, by Hardy’s inequality (1.26),
¢ >~ n—(a— n dr 1/
Ty A Gl PRICR R

<
T (n+k-a-1
Next consider the case k > «. In this case, using inequality (2.13) and
Hardy’s inequality (1.25), we have

IN

(I1)

00 t
(I) < Cn|T*f(-T)|(/ t*(afﬁ)qfl(/ skfﬁflefsds)th)l/q
0 0
< Cn|T*f(l’)|¥(/ S(k—a)q—le—squ)l/q
0

(a—B)l/a
1

= an*f(x)'W

(L((k = a)q) /.
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On the other hand,

1 +o00
(II) < (/ t(n+k7a71)qfl(/ 678|U(n)($,t-‘rS)ldS)th)l/q

0 t

00 400 1
+(/ t(nJrkfocfl)qfl(/ 678|u(n)($,t—|— 8)‘d8)th) /a
1 t
= (II)+ (IV).
By the usual argument using the change of variable v = ¢ + s and Hardy’s

inequality (1.26), we get

1 +o00
(I1T) < (/ t(n—l)q—l(/ |u(")(x,t+s)|ds)th)1/q
0

t

> (n—1)g—1 e (n) q 1/q
< (/O t (/t [u'™ (x,t + s)|ds)dt)
00 +o0 1/
~ / (a1 / ™ (&, ) dr) ) V9
0 2t
00 o +o00 1/
< (/ t(n=1a 1(/ |u(n)(w,r)|d7‘)th) !

0 t

! (/000 (r"|u(”)(x,r)|)q@)l/q.

<
n—1 r

Finally using again inequality (2.13), we get

0 400 1
(IV) < (/ t(nJrkfafl)qfl(/ 6750n|T*f(x)|tind8)th) /a
1 t

_ Cn|T*f(£L‘)|(/ t(kfa41)qfleftth) 1/q
1

IN

Cn|T*f(x)|(/1 t(k—a—l)q—ldt)l/q = Co|T" f(x)] (m)l/q'

Hence, in both cases, we get that
(-8, 9" p B
t" TP — P(D
(] =Pz R@ )
as f € F,(y4). Therefore, D f € F52P (74) and moreover,
1D fle-s < Cliflrg,.

ot

1
t)/qu,’Y <

O

Observation Let us observe that if instead of considering the Ornstein-
Uhlenbeck operator (1.2) and the Poisson-Hermite semigroup (1.6) we con-
sider the Laguerre differential operator in R‘i,

1o 9
(2.14) LY = Z [%W + (o +1—x)—

ox; |’
i=1 g
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and the corresponding Poisson-Laguerre semigroup, or if we consider the
Jacobi differential operator in (—1,1)4,

d
21 £ ==Y [amad) 2+ (5 i (e 4 D)

Pt Ox? ox; |’

and the corresponding Poisson-Jacobi semigroup (for details we refer to
[16]), the arguments are analogous. That is to say, we can define in analo-
gous manner Laguerre-Triebel-Lizorkin spaces, and Jacobi- Triebel-Lizorkin
spaces then prove that the corresponding notions of Fractional Integrals and
Fractional Derivatives behave similarly. In order to see this it is more con-

venient to use the representation (1.6) of P, in terms of the one-sided stable

measure ,ugl/z) (ds), see [10].
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