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Abstract

A new Hilbert-type integral inequality in the whole plane with the non-homogeneous
kernel and parameters is given. The constant factor related to the hypergeometric func-
tion and the beta function is proved to be the best possible. As applications, equivalent
forms, the reverses, some particular examples, two kinds of Hardy-type inequalities,
and operator expressions are considered.
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1 Introduction
If f(x), g(y) > 0, satisfy
0< / A (x)dx < oo
0

and .
0< / g (y)dy < oo,
0
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then we have the following Hilbert’s integral inequality (cf. [1]):

1

/0‘”/0‘” %g)(]y)dxdy <m (/Omf2(X)dx/0wg2(y)dy> j, (1.1)

where the constant factor 7 is the best possible. The inequality (1.1) is very important in
Mathematical Analysis and its applications (cf. [1], [2]). In recent years, by the use of
the method of weight functions, a number of extensions of (1.1) were given by Yang (cf.
[3]). Noticing that inequality (1.1) is a homogenous kernel of degree -1, in 2009, a survey
of the study of Hilbert-type inequalities with the homogeneous kernels of degree equal to
negative numbers and some parameters is given in [4]. Recently, some inequalities with
the homogenous kernels of degree 0 and non-homogenous kernels have been proved (cf.
[5]-[10]). Other kinds of Hilbert-type inequalities are shown in [11]-[16]. All of the above
integral inequalities are constructed in the quarter plane of the first quadrant.

In 2007, Yang [17] presented a new Hilbert-type integral inequality in the whole plane,

as follows:
= = flx)gy)
2 dxd
/_m/_w(wem)?» ¢
A A

BG P [ ePmant, (12

where the constant factor B(%7 %) (A > 0) is the best possible.
IfO<A<I1, p>1, % + é = 1, Yang [20] derived another new Hilbert-type integral in-
equality in the whole plane. Namely, he proved that

e 1
/m /,w Trop (x)8(v)dxdy

1 1
i A P o 2 q
<k [ / !x!”“z“f"wdx} [ / 1= gl (y)dy| (1.3)
where the constant factor
A A A

is still the best possible. Furthermore, Yang et al. [19]-[28] proved as well some new
Hilbert-type integral inequalities in the whole plane.

In this paper, using methods from Real Analysis and by estimating the weight functions,
a new Hilbert-type integral inequality in the whole plane with the non-homogeneous ker-
nel and multi-parameters is shown, which gives an extension of (1.3). The constant factor
related to the hypergeometric function and the beta function is proved to be the best possi-
ble. As applications, equivalent forms, the reverses, some particular examples, two kinds
of Hardy-type inequalities, and operator expressions are also considered.



2 Some Lemmas

Initially, we introduce the following formula of the hypergeometric function F (cf. [29]):
If Re(y) > Re(0) >0, |arg(l —z)| <=, (1 —zt)"%|.—0 = 1, then

P09 = it g) 00

where,
r(n) = / e dx(Re(n) > 0)
0
is the gamma function. In particular, forz=—1,y=06+1(6 > 0), a € R, we have

1 I
/ 1 (14+1)%dr = <F(0,6,1+6,~1) R, @.1)
0

Lemma 2.1. If B> —1,u,6 > —Bu+c=A<1—-B,6 € {—1,1}, we define two weight
functions ®(G,y) and ®(0,x) as follows:

/= (minf1,[By1)E [yl
ocy) : = [ i a0 € RA(O)) 2.2)

:/“ (min{1, |X°y[})P |x]>

oo [T HXByMBy|lO

®(0,x) dy(x € R\{0}). 2.3)

Then we have

o(c,y) = ®(c,x)=K(0): FA+B,B+0,1+B+0,—1)

~B+o
1
o FA+B,B+u, 1 +p+pu—1
Bin A+BB+u1+B+u,—1)
+B(1—A—B,B+06)+B(1—A—B,p+u) €R.. (2.4)
Proof. (i) For 8 = 1, by (2.2) it follows that

_ 2 (min{1, [y PP |yl°
co(c,y)—/im Ty |x|1*5dx'

(a) If y < 0, setting u = xy, we obtain

/’“’ (min{1, |u[})P (—3)° 1

—d
o  HutB Jupye

_ /°° (min{1, |u[})P (=y)°(=y)'° 1,

®(o,y)

o TruB T ue ()
- / (min{ 1, uf})Plu*!
) 1+ uMB '

(b)if y > 0, setting u = xy, it yields

o(5.3) = /w (min{1,Jul})P yodu /w (min{ 1, JulPlu>!
T B oy S [T uR '
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(ii) For = —1, setting X = x~!, we obtain
O (min{1,[x""y[})P |yl° = (min{1, [x"'y[})P |yl

(o, = 2 d +/ . d

() /—w I T T N
/*‘” (min{1, [Xy[})P —|y|°dX +/° (min{1, [Xy[})P —|y|°dX
0 |1+Xy\7‘+5 |X*1|1+0X2 |1+Xy‘7“+ﬁ |X71|1+°X2
/0 (min{1, |Xy[})P |y|°dX /°° (min{1, |Xy[})P |y|°dX
o X X[ o [T xypE [x[I

_ /°° (min{1, oy )P [yl°

—o [14xyMB x|l

Hence, for 6 € {—1, 1}, we obtain the following expression:

* (min{1, |u|})B|u|o!
o(c,y) = /( {1, [u] })Pul

du =K, (G) +K2(G),

oo |1+ uMB
_/ (min{1, Ju})Plu|o™ 1du,
(1 +u) B
(mm{l,\u\})ﬁlul‘H
K> (o =
2(0) R\(-11)  |L+uP

In view of (2.1), and the following formula of the beta function (cf. [29]):

=l
B(p,q) ::/0 A= (pa>0);

we obtain
0 ( [3+c 1 uB+o 1
Ki(o) = u+
: (1 +u T+upBY e
B 1 Bto-1 MB+G 1
- /o (A—)b +/ 1+uw

= B(1-\A— BB+0)+BTF(X+BB+01+B+0 ,—1). (2.5)

Setting v = %, it follows that

Ky(o) = /_wl (mm{lv(—“)})B(—u)"‘ldH/I“’ (min{1,up)Puct

|14 uf*+P |14 u[MP

=1 (min{1, (=) })P(—4)°"! 0 (min{1,})P(5)°""
= —/ I dv—/ 1 dv

0 |1+ 3 [A+By2 1 |1+ 3 [A+By2
_ /0 (min{1, (=v)}P(=v)*ot min{l,v})ﬁvk‘“‘l
o |14 v|AB |14 v|MB
_ ! (mind PPt
=/, (o =R

1



Setting u = x%y in (2.3), for x < 0 (x > 0), we also get
_ > (min{ L fu )Pl
mmﬁy_/; = K()
Hence we have (2.4). U

Remark 2.2. By Taylor’s formula, we obtain

1
BJT_FXK%_BaB%_Ga1%_6%_67_1)

B+o-14
_ u u —A— B JfHBro—1
B /o (1+u)B / Z '

(5P2) - (5 = - BEBE2O gy

there exists a large number kg € No = NU{0}, such that L+ 3+ 2ko > 0, and for any s € N,

A+B+2(ko+s)—1 A+B+2(ko+s)+1
<2(ko+s) ’ ) - (2(ko+s+10) ) u

- (X—I-B—I-Zko-i-zs)u] (x+[3+2(k0+s)—1)

Z (3:+B+k—1> ykBro—1 g,
) - () e

Since we have

2(ko+s)+1 2(ko+s)
B [1_(7»+B+2k0+2s)u]

2(ko+s)+1

X?\.—I-B—I-2ko+25—l A+ P+ 2k <7~+B+2k0 1)
2ko + 25 2kog+1 \%o

1_(7u+[3+2k0—|—2s)u
2(ko+s)+1

A+B+2kg+2s 1-A—-P = 0(ue (0,1]).

= 2ko+s) 1 2(ko+s)+1
It follows that for any s € N, we have

A+B+2(ko+s)— A+B+2(ko+s)+1 B AHB2ko—1
ser (( 2(ko+s) ' ) o ( 2(k0+s+01) ) u) = sgn ( 2ko o )

By Lebesgue’s term by term integration theorem (cf. [31]), we have

1
SF(+B.p+o 1+p+o,~1)

_ v %+B+2k 1 A+B+2K\ 1 2ktBro—1
- Z / ( 2k+1 )”]” du
k=0

- B[ By ()

k=0



Similarly, since

1 () = ABERBo (A Bk

(OB B OBkl e

k! k
we obtain
B+o— 14
B(l—k—B,BJro):/ u x:é / . ﬁ) oy,
0 0 k 0
/ Z x+ﬁ+k1 yBro=1,

0 =0

There exists a large number k; € N, such that A+ +k; > 0.
Hence, for any s € N, we have

()\‘+ﬁ+k1+x71) _ 7\.+B+k1 +S_1 7&+B+k1 (}\‘+|3+k1 1)
kits ki+s ki+1 \k

and then it follows that
sgn (kkTEJ:kl +s— 1) .9 (k}:[ﬂkl 1)
Still by Lebesgue’s term by term integration theorem, we obtain
B1-A-ppro)=Y () [lereta= y LU (),
k=0 0 isk+B+o

Hence, we deduce the following series expressions:

= 1 —
= 1 e
Kafo) = 2% s (37). @38)
B = 4k +2B+ A 2B
KO = 2% ok g () >

Lemma 2.3. Suppose that p > 1,%4—‘1] =1>—-lLuo>-Put+to=A<1-p,d¢€
{—1,1}, K(0) as indicated by (2.4) (or (2.9)).
If f(x) is a non-negative measurable function in R, then we have

- = (min{1, [x®y[})P P
- [ | /wm] 0

< Ko(o) [ 100 () (2.10)



Proof. By Hélder’s inequality (cf. [30]) and (2.2), we derive that

* (min{1, |xdy|})P g
[/ (min{1, [x%y}) f(x)dx]

e |1 —1—x5y|7‘+B

_ [ min{n [P xf08eyjoe
= e e )4

—o0

/°° (min{1, ]x%(})P |x| (5P~

P(x)d
T R NI

w (mind 1 v 1) [y[(1-0)@-1) 17"
Xl/ (min{1, [x°y|})P [y| dx] (2.11)

e |1+ x3y|MB [x|1-30

(o = (rin L WO

e e R IRl '
Then, by (2.4) and Fubini’s theorem (cf. [31]), it follows that

;< Kki(o) /Z [ /w (min{1, [x®y|})P x| (150X >fp(x)dx] N

oo |14 xBy[MP ly|l-°
— Kl’*l(o)/ @ (0, x)|x|[PU )71 £7(x)dx (2.12)
Hence, by (2.4), inequality (2.10) follows. O

3 Main Results and Applications

Theorem 3.1. Let p > 1,})+$ =1,p>-luo>-Puto=A<1-B,86c{-1,1},
K (o) as indicated by (2.4) (or (2.9)).
If f,g >0, satisfy

0</ x| P1-89)=1 £ (1) dx < oo

and .
0< /_ 1170 g4 (y)dy < oo,

then we have the following equivalent inequalities:

—/ / (min{1, |51} s S (0)g(y)dxdy

|1+ x3yA+P

1

< K@) | [ ra ]l[/Zry|ff“-<’>-‘gq<y>dy]", a1

o o (mind1. lxov[V)B P
= [ e [ /. %mm} dy
< k(o) /_ P 2 (1) 3.2)

7



where, the constant factors K(c) and K?(G) are the best possible.
In particular, for 8 = 1, we obtain the following equivalent inequalities:

/ / (min{1, [xy|})P ML PYUDT 00y g (y)dxdy

|1+ xy|MB

< K@) | [ ot ]L’[/_Zryw“g‘f(y)dy]", 63)

o oS in{1, B b
[ [ —(ﬁ“jw’ﬁ? e
< Kp(c)/_z [P0 =1 £P (x)dx (3.4)

Proof. If (2.11) takes the form of equality for some y € (—e0,0) U (0, o), then, there exist
constants A and B, such that they are not all zero, and

|y,(1—6)(q—1)
|x|1—56

|x|(1-89)(p—1)

A
ly[t—o

a.e.inR.

ff(x)=B
Let us suppose that A # 0 (otherwise B = A = 0). Then it follows that

_s) B :
PP ) = 1) T e in,

which contradicts the fact that

0< / |x|P1=30)=1 £7 () dx < oo,

Hence (2.11) takes the form of strict inequality. So does (2.12), and we obtain (3.2).
By Holder’s inequality (cf. [30]), we have

= (min{1,|x%y|})P 1
r= [ [ry\" g wa(x)dx] (1175

|1+ x8y|A+B
1 o0 q
< g [ / !y!"“““g‘f(y)dy] : (3.5)
Then by (3.2), we get (3.1). On the other hand, suppose that (3.1) is valid. We then set
p—1
o | (min1, Oy [P
g(y) =Dl [/_ T adypes (v #0), (3.6)

and then

JZ/_ |11 g4 (y)dy.

8



By (2.12), we have J < co. If J = 0, then (3.2) is trivially true; if 0 < J < oo, then by (3.1),
we obtain

0 < /_ 110 gl (y)dy =T =1

1

< ko) [ [Tt ] [ [ o i) <o )

= [ e gy < ko) [0 ]

Hence, we obtain (3.2), which is equivalent to (3.1).
We set E := {x € R;|x[3 > 1}, and Ej :=EsNR; ={xe R, :x%>1}. Fore >0, we
define two functions f(x),&(y) as follows

F) - =4 WP xeks
0, XGR\E5 ’

~ . 0, e ye (_oov_l]u[h(x’)
' [T ye(=1,1) '

oQ
—
<
~
I

Then we obtain

We find
U (max{1, X%y })P oz
I N = ? d
) /4 |14 xBy|A+B ™ dy
1 _ 3y \B
yr 1 (max{L Y E o
N /4 |1 — xSy AP [=Y[TT e dY = 1(—x),

and then /(x) is an even function. It follows that

- / (min{ LI 2

|1+ xBy|A+B
= [ PO wyax =2 [ X (x)dx
Ep Ef
3 .
”:_"ByZ 281 " (mln{l,\u|})5|u‘c+2§,ldu dx
R/ o [Trulp |

9



Setting v = x® in the above integral, by Fubini’s theorem (cf. [31]), we find

[ ey | (min{L [u[})P gy
1—2/; 1% [/vw|u| q du| dv

|1 —u[MP (1+u)B

oo 1 1 1 2¢e
- —2e—1 B+o+=£—1
- 2/1 ' {/0 = e d”}dv

it v 1 1 2
—2e-1 ot+2%—1
+2/1 ! {/1 s Y s d”‘}dv

1 1 1 Bro+2E—1
= = d
/0 T e =

€
+2/w(/wv*2£*1dv)[ ! + . }ucw%fldu
1 u (I/t— 1))“+B (1—‘—14)7"‘1'5
1 ! 1 1 Brot+ 21
—- - d
8{/0 G T

o 1 1 2e 1
b
+/1 [(u—mw + (1+u)k+ﬁ]“ \ “}

If the constant factor K (o) in (3.1) is not the best possible, then, there exists a positive
number k, with K(G) < k, such that (3.1) is valid when replacing K(c) by k. Then in
particular, we have €I < ekL, and

1 1 1 2e
Bro+y -1,

° 1 1 o—2%_1 , = -
+/1 [(u—1)7ﬂ'5+(1+u)7»+l3]u rdu=c¢el <ekL=k. 3.9

By (2.5), (2.6) and Fatou’s lemma (cf. [31]), we have

1 1 1
Klo) = /0[(I—Lt)7“+ﬁ+(l-i-u)M‘B

“ 1 1 c—1
d
+/1 [(u—l)k+ﬁ+(l+u)7‘+5]u !

]MB+671du

1 1 1 2¢
— li B+c+—71d
0 sg(l)l+[(1—u)7“+ﬁ+ (l—i—u)“ﬁ]u b
e 1 1 2¢e
li cfffld
T Al s T g

1 1 1
< I
= r?{/o =B T (A rup?

+/w[ L L el <k
u u
1 (u—1DMB (1 u)MtP -

10

2e
=—1
]uB+G+ 7 du




which contradicts the fact that k < K(o). Hence the constant factor K (o) in (3.1) is the best

possible.
If the constant factor in (3.2) is not the best possible, then by (3.5) we would reach the
contradiction that the constant factor in (3.1) is not the best possible. O]

Theorem 3.2. If in the assumptions of Theorem 3.1, we replace p > 1 by 0 < p < 1, we
obtain the equivalent reverses of (3.1) and (3.2) with the same best constant factors.

Proof. By Holder’s reverse inequality (cf. [30]), we derive the reverses of (2.11), (2.12),
(2.10) and (3.5). It is easy to obtain the reverse of (3.2). In view of the reverses of (3.2)
and (3.5), we obtain the reverse of (3.1). On the other hand, if we suppose that the reverse
of (3.1) is valid, then if we set g(y) as in (3.6), by the reverse of (2.12), we have J > 0. If
J = oo, then the reverse of (3.2) is obviously true; if J < oo, then by the reverse of (3.1),
we obtain the reverses of (3.7) and (3.8). Hence, we obtain the reverse of (3.2), which is
equivalent to the reverse of (3.1).

If the constant factor K(o) in the reverse of (3.1) is not the best possible, then, there
exists a positive constant k, with k > K (&), such that the reverse of (3.1) is still valid when
replacing K (o) by k. By the reverse of (3.9), we have

! 1 1 Bt+o+2=—1
d

it 1 1 c—22_1
du > k. 3.10
+/1 1B T g (3.10)

By Levi’s theorem (cf. [31]), we find

e 1 1 o—2_1
d
/1 [(u—1)7‘+3+(1+u)7‘+3]u b

4 1 1 o +
- /1[<u_1>k+ﬁ+<1+u)“ﬁ]” dule 07,

There exists a constant 8y > 0, such that 6 — 18y > —p, and then K(c — 82—0) € R;. For
2% 5
0<e< % (g < 0), since P71 < ypro-F-1 4 (0, 1], and

1 1 1 % S
0 Bro—3 gy < K(6— =
</o [(l—u)HﬁJr(lJru)“BW Prdusklo=7),

then by Lebesgue’s control convergence theorem (cf. [31]), we have

1 1 1 2e
B+0+——1d
/0 {(I—M)XH”—I_(I-I—M)}‘*B]M Lo

1 1 1
- /0 {(l—u)xﬂ?’—i_ (1+u)B

By (3.10) and the above results, for € — 0", we get K(G) > k, which contradicts the fact
that k > K (o). Hence, the constant factor K (o) in the reverse of (3.1) is the best possible.
If the constant factor in the reverse of (3.2) is not the best possible, then, by the reverse
of (3.5), we would reach the contradiction that the constant factor in the reverse of (3.1) is
not the best possible. O

[P du (e — 07).

11



Remark 3.3. (i) For § = —1 in (3.1) and (3.2), replacing |x|*f(x) by f(x), we obtain
0 < [=,|x[P=#=1£P(x)dx < oo, and the following equivalent inequalities with the homo-
geneous kernel and the best possible constant factors:

/ / (min{|x[, [y })P AL VUDT £ () g () doxddy

x4 y[MB

1

< o) [Tt ] [ o] e

* < (maxq |x B 1
[ e [ [ b f(x)dx] "

x4 y[MP

< KP©) [t pr ) (3.12)

In particular, for A=0=pu+c(u,6 > —f), 0 < P < 1, we find

1
B+o

+ﬁF(B,B+u,1+B+y,—1)

+B(1_Bal3+6)+B(l_Bvﬁ+.u)a (313)

K(o) = Ky(o):= FB,B+0o,14+P+0,—-1)

and the following equivalent inequalities:

/ / (mll‘liTyb"}) F()2(y)dxdy

< &fo)| [l a0 ] e

Jb= [/ (i) Bf(x)dx] P
< Kg(c)/_ e[ P01 P () dlx (3.15)

(ii)) For A=0=pu+0o(u,0 > —p),0< B < 1in(3.1) and (3.2), we have the following
equivalent inequalities:

/ / (ml‘ri{ijlcxy’ﬂ}) F00g(y)dxdy
< Ko(o) [/ x|P1-80)-1 7 () g }1 [/Z|Y|q(l_c)_lgq(y)dy C Gie)

12



B
o0 oo inf1 )
[ [ (%) Fwdx| ay
< Kg(c)/_ x|PU=89)=1 P () dx (3.17)

In particular, for = 1,we have the following equivalent inequalities (cf. [25], forc = u = 0):

/ / <ml\nl{41r)‘;|y‘}> f(x)g(y)dxdy

< o) | [t o a7 o ] s

1

- “ /minf1 p p
[ | (R o]
< K(o) / " P00 2 () dix. (3.19)

(i) For =0 <A < 1,6 = = % in (3.3), we obtain

A A
A uz uz

K(=) = 2 =k
(3) /o (1+u)* +/ (1—u)* o

and then (1.3) follows. Hence, (3.1)-(3.3) is an extension of (1.3).

4 Some Corollaries

In the following two sections, if the constant factors are related to K (), then we call them
Hardy-type inequalities (operators) of the first kind; if the constant factors are related to
K, (o), then we call them Hardy-type inequalities (operators) of the second kind.

Setting the kernel
H) 0, jxy| > 1
Xy) = 1 )
ool <1

it follows that

H(u) 0, lu| > 1
u) = i ul})® )
) <
= - U (min{1, |ul})P 5o
/_mH(u)\u\G ldu = /_IWMIG ldu =K (o).

In view of Theorems 3.1-3.2 (for § = 1), we obtain the following Hardy-type inequalities
of the first kind with the non-homogeneous kernel:

13



Corollary 4.1. Suppose that p > 1,11—7+é =1,>-1,u,0>—-B,u+to=A<1-0,K;(0)
is indicated by (2.5) (or 2.7). If f, g > 0, satisfy

0< / x|PU=9)=1 £P(x)dx < oo

and

0< /_ y[7179) "1 g(y)dy < oo,

then we have the following equivalent inequalities:

© n (min{1, |xy|})P
L] ] s

|1 xyMB

Yl

[petn] @

J

< &i(o)| [~ ra]

° 3 (min{1, |xy|})P s
‘/7°°‘y|17671 [/’1 ( {17‘ y‘}) f(x)dx] dy

R T

< Kl(o) / i x| P10~ 4 () . 4.2)

where, the constant factors K,(0) and K{ (G) are the best possible. Replacing p > 1 by
0 < p < 1, we have the equivalent reverses of (4.1) and (4.2) with the same best constant
factors.

If we set Ey := {x € R;|xy| > 1}, and

0, lxy] <1

H(xy) := in{1,[xy|})P ,
{ (L, ey > 1

then it follows that

W 0, lul < 1
H(u) = in{1,|ul})P )
e

” o-1, _ (min{1,[ul P o
KWH(M)|M| du = /EIWM du = K» (o).

In view of Theorems 3.1-3.2 (for § = 1), we have the following Hardy-type inequalities of
the second kind with the non-homogeneous kernel:

Corollary 4.2. Suppose that p > 1, 117 +é =1,>—-1,u,06>-B,u+toc=A<1-0,K:(0)
is indicated by (2.6) (or 2.8).
If f, g >0, satisfy

0< / %7091 £7 () dx < oo

—o0

14



and .
0< / V7= (y)dy < oo,
then we have the following equivalent inequalities:

* min{1, [xy|})P
/. [ /. %ﬂxw}c} s()dy

y

< &) [Tt tpa] | [T prt o en] @

“ min{1, |x 5
[ e [ /. %ﬂ 0 ] ay

< KY©) [ Rl (d (44

where, the constant factors K»(6) and K} () are the best possible. Replacing p > 1 by
0 < p < 1, we obtain the equivalent reverses of (4.3) and (4.4) with the same best constant
factors.

If we set E, := {xeR;[3| <1} and

0, 12 >1
Ky (x.y) :Z{ (m‘;ﬂ;‘,'x‘i"ﬁ} <t
then it follows
0, lu| > 1
" {—mﬁ;;ﬂgﬂ <1
KZKX(1,M)|M\G—1du — /Z%M“lduzm(c).

In view of Remark 3.3 (i), we have the following Hardy-type inequalities of the first kind
with the homogeneous kernel:

Corollary 4.3. Suppose that p > 1,%}4—5 =1,p>—-1,u,6>—-B,u+o=A<1-B,K;(0)
is indicated by (2.5) (or 2.7). If f, g > 0, satisfy
0</ P01 P (x)dx < oo

and -
0< [ 11791 gd(y)dy < oo,

then we have the following equivalent inequalities:

o min{ |x B
I [ [ (min{ x|, |y!}) f(x)dx] ¢O)dy

x4 y[MB

1

< x| [ uprr el [ wen] s

15



°° min{ |x B
[ e [ PRI

S

< qw#ﬁmww4ﬂ@w. 4.6)

where the constant factors K,(6) and K (o) are the best possible. Replacing p > 1 by
0 < p < 1, we derive the equivalent reverses of (4.5) and (4.6) with the same best constant
factors.

Setting the kernel
0, 2 <1
B(x,y) 1=\ (min{lsl. by 2 >1
‘x+y|?n+[3 9 Xl =

then it follows that

Ky (1) 0, lu| <1
a L u = min{1,[u|})P 5
m%, ul > 1
o _ min{1, [u|})P
[ Ky (L,u)|ul®'du = /E %MG Ldu = K> (o).

In view of Remark 3.3 (i), we have the following Hardy-type inequalities of the second kind
with the homogeneous kernel:

Corollary 4.4. Suppose that p > 1, % +é =1,p<lu,06>0,u+c=A<1-PB,Kr(0) is
indicated by (2.6) (or 2.8). If f, g > 0, satisfy
0< / Lx|PU=H=1£P (x)dx < oo

and .
0< /7 7170~ g(y)dy < oo,

then we have the following equivalent inequalities:

< VI (min{ |x B
I [ / | (min{Jx], lv]}) f(x)dx] 2O0)dy

by e yMB

1

< &) | [Tt pa] | [T @)

b x4 yMB

© min{ |x B !
[ e [ [ it b1 f(x)dx] oy

—o0

< @wvnmwwﬂﬂ@a. (4.8)
where the constant factors K»(6) and K5 (G) are the best possible. Replacing p > 1 by

0 < p <1, we get the equivalent reverses of (4.7) and (4.8) with the same best constant
factors.
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S Operator Expressions

Suppose that p > 1,1%+$ =1,>—-1,u,0 > —P, u+06 =A< 1—p. We set the follow-

ing functions: @(x) := |x[?(179)=1 wy(y) := |y|90 =91 ¢(x) := [x[P1~#)~1(x,y € R), where-
from, y!'=7(y) = |y|P°~!. Define the following real normed linear space:

Lyg(R) = {f 1fllpe —(/_Z(P(X)!f(X)\"dX)%<°°},

wherefrom,

Loy o(R) = { Hhupw—(/ v |de)‘_"<oo},
Lyo(R) = {g: lellno=( | °;¢<x>,g(x>‘pdx>; < w}.

(a) In view of Theorem 3.1 (8 = 1), for f € L, 4(R), setting
= (min{1, |xy[})P
HOw) = [T B s < ),
by (3.4), we have

1HO o= | [P0 EV 0P D] <K@ lpg <= G

Definition 5.1. Define the Hilbert-type integral operator with the non-homogeneous kernel
in the whole plane 7)) : L, o(R) — L,yi-»(R) as follows: For any f € L, o(R), there
exists a unique representation () f = H() Lp’q,lfp(R), satisfying

for any y € R.

In view of (5.1), it follows that ||TW f|| , \i-p = [[HD|] , yi-» < K(0)||f||p.e. Then, the
operator T} is bounded satisfying

7 _
H prq\Ul P <K(G),

17| = <
F#0)eLo®) | f1lpo

Since the constant factor K(G) in (5.1) is the best possible, we have ||[T(V|| = K (o).
If we define the formal inner product of 7)) £ and g as follows:

g = [ [ LI e )y

—eo |14 xy[MB

/ /. n\llnﬂy‘ﬂ? £(x)g(y)dxdy,

17



then we can rewrite (3.3) and (3.4) in the form:

(T f,8) <ITOW-NA1Ipollgllgys 1TV pyir <HTVN-Afllpo- (5:2)

(b) In view of Corollary 4.1, for f € L, o(R), setting

o (min{1, [xy|})P
i )= [ B e < v)

]

by (3.14), we obtain

1

P

<Ki©)fllpo<e=  (53)

1

[ e m)ray

_1
bl

1
E | pgr» =

Definition 5.2. Define the Hilbert-type integral operator of the first kind with the non-
homogeneous kernel in the whole plane Tl(l) : Ly o(R) = L, \1-»(R) as follows: For any

f € L,(R), there exists a unique representation Tl(l) f=H 1(1) €L, y-»(R), satistying

for any y € R.

< Ki(0)||f]|p,e, and then

In view of (5.3), it follows that [|T\") £||, i » = [[H"[[ 1 »

(1)

the operator 7|’ is bounded satisfying

(1)
T .
||T1(1)|\ = sup Chwed| VIS < K (o).

0L o®y) e T

Since the constant factor K (o) in (5.3) is the best possible, we have HTI(U || = Ki(o).
If we define the formal inner product of Tl(l) f and g as follows:

o o (min{1, Jxy|})P
(T W, g) = /m [/1 %J‘(W}c 8(v)dy,

DI

then we can rewrite (3.13) and (3.14) in the following way:

1 1 1 1
(1" 1,) <111 1A pollgl g T £l < TN lpo (5.4)
(c) In view of Corollary 4.2, for f € L, ¢(R), setting
: B
(1) ._/ (min{1, |xy|})
H. = - d cR
2 (y) E, |1 +xy|k+5 ‘f(X)’ X(y )7
by (3.16), we have

1

1 yr-r = [/ VO YD <K@flle<e G5

18



Definition 5.3. Define the Hilbert-type integral operator of the second kind with the non-
homogeneous kernel in the whole plane Tz(l) : Lpo(R) = L, y1-»(R) as follows: For any

f €L, o(R), there exists a unique representation Tz(l) f= Hz(l) eL R), satisfying

p,\lf"”(

1 1
LV f(y) = B (),
forany y € R.

In view of (5.5), it follows that || 5" £][ ,y1-» = [[H3" ||, y1-» < K2(0)||f]] g, and then
the operator Tz(l) is bounded satisfying

(1)
T -
7’| 2 f”P’WI ’ < K>(0).

17" = <
2 rpoeremy 1o

Since the constant factor K> (o) in (5.5) is the best possible, we have HTZ(I) || = K2(0).

If we define the formal inner product of T;l) f and g as follows:

o0 min i B
wre= [/ s T s

then we can rewrite (3.15) and (3.16) as shown below:

(1" £.8) <L 11 A pollella: 1T fllpapr <1711 1f g (56)
(d) In view of Remark 3.3 (i), for f € L, 4(R), setting
o 1 B
min (x|, |y
HO) = [ %wxw@ £R),
by (3.12), we have

) g1-r = [/Zwl—f’@) HOG)dy|" <KO)Iflpa< 6D

Definition 5.4. Define the Hilbert-type integral operator with the homogeneous kernel in
the whole plane 7®?) : L, (R) — L, yi-»(R) as follows: For any f € L, 4(R), there exists

a unique representation 7 f = H?) ¢ L,i-»(R), satisfying

forany y € R.
In view of (5.7), it follows that HT(Z)pr’WI—p = HH(Z)HP’WI—p < K(0)||f]|p.0, and then
the operator T (?) is bounded satisfying

72 _
[LGTIE

IT®| = <
F0)eLo®y)  |f1lpo
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Since the constant factor K(c) in (5.7) is the best possible, we have ||[T?)|| = K (o).
If we define the formal inner product of T f and g as follows:

i =[] i oy
(min{ |x[, [y[})P
/ / x4 y[ B g S (0g(y)dxdy,

then we can rewrite (3.11) and (3.12) as follows:

(1@ 7,8) <ITPN- 1 llpollgllaa TP llpyi-r < IT@N- 111l (5-8)

(e) In view of Corollary 4.3, for f € L, 4(R), setting

mind |x B
i) [ P sty <),

by (3.18), we have

1 e = [/gwl%y)(Hf” Oy <Ki©@)[lfllpo < (59)

Definition 5.5. Define the Hilbert-type integral operator of the fist kind with the homo-
geneous kernel in the whole plane T(z) “Np, ¢(R) — L, yi-»(R) as follows: For any f €

L, ¢(R), there exists a unique representation T f H, @) ¢ L, yi-»(R), satisfying

forany y € R.

In view of (5.9), it follows that [|T\*) £]| , y1» = || H\”

the operator Tl(z)

[|pyi-r < Ki(0)]|f]p.6, and then

is bounded satisfying

(2)
T .
||T1(2)|\—— sup Chwed VIS < Ki(0).

royeL®y) o T

Since the constant factor K (o) in (5.9) is the best possible, we have HTI(Z) || = Ki(o).

If we define the formal inner product of T](z) f and g as follows:

o0 min{ [x B
(T](l)f,g) — /_w [/g Mf(x)dx g(y)dy,

x4 y[MB

then we can rewrite (3.17) and (3.18) as follows:
2 2 2 2
(17 £,8) <IN 1A polI8l g 1T Fllpgt-» < TN 1F ] o (5.10)
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(f) In view of Corollary 4.4, for f € L, 4(R), setting

Y (min{ |x B
H2 ()= [ LD iy ),

Sl e yAP
by (4.1), we have

Iyl

[HY [ pyir = [ v P () (H <y>>f’dy] "< K (0)][fllpo < o= (5.11)

=Dyl
Definition 5.6. Define the Hilbert-type integral operator of the second kind with the ho-
mogeneous kernel in the whole plane T2(2) : Lpo(R) = L, \1-»(R) as follows: For any

f € L,6(R), there exists a unique representation T2(2) f= Hz(z) eL R), satisfying

pyi—P (

for any y € R.

In view of (5.11), it follows that || 75> £]| ,y1-» = [|H || yi-» < K2(G)[| /], and thus
the operator T2(2) is bounded satisfying

(2)
T -
I Allprr < K>(0).

2
12| = <
F(#0)ELpy(R+) 1f1p.0

Since the constant factor K> (o) in (5.11) is the best possible, we have HTQ(Z) || = K2(0).
If we define the formal inner product of Tz(z) fand g as

< [ bl (min{|x P
(1,7 f.g) == /_W [/_y Mf(}ﬂ)dx 8(v)dy,

byl ety P
then we can rewrite (3.19) and (4.1) as follows:

2)

2 2 2
(12 1,8) <IN £ pollgllaws 1T 1o < T2 111 Lo (5.12)
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