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1. Introduction

The special class of C*-algebras, now called Kirchberg algebras, that are purely infinite, simple, separable,
and nuclear, are of particular interest because of the classification of them (by K- or KK-theory) obtained
by Kirchberg and Phillips in the mid 1990’s; see [13,19]. Many of the naturally occurring examples of
Kirchberg algebras arise from dynamical systems. The Cuntz algebra O,,, for example, is stably isomorphic
to the crossed product of a stabilized UHF-algebra by an action of the group of integers that scales the
trace; see [10]. Crossed products have also been a rich source of examples which are problematic for the
classification of C*-algebras. One of the most famous examples is Rgrdam’s simple, separable, nuclear crossed
product in the UCT class which contains both an infinite and a non-zero finite projection, [20].

Prompted by Choi’s embedding of C}(Zs*Z3) into Os 9], Archbold and Kumjian (independently) proved
that there is an action of Zs * Z3 on the Cantor set such that the corresponding crossed product C*-algebra
is isomorphic to Oy (see Introduction of [24]). A number of other constructions of Kirchberg algebras arising
as crossed products of abelian C*-algebras by hyperbolic groups have appeared in the literature; see [24,25,
15,2]. (Cf. also [11], in which the group is not hyperbolic.)
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For many cases of interest it is well understood when a crossed product is a Kirchberg algebra. For
example, for a countable group G acting on the Cantor set X the crossed product C(X) x,.G is a Kirchberg
algebra precisely when the action is topologically free, amenable, and minimal, and the non-zero projections
in C(X) are infinite as elements of C(X) x, G; see Proposition 2.1 below.

Recently, it was shown in [22] that a countable group G admits an action on a compact space such that
the crossed product is a Kirchberg algebra if, and only if, G is exact and non-amenable. The referee for [22]
kindly suggested that it might be interesting to see which Kirchberg algebras can be obtained from a given
group G. In this paper we give at least a partial answer to this question.

Let us briefly recall the idea of the construction of [22], with the emphasis on the parts that make the
K-theory computation difficult. Let G be a countable group and let G denote the Stone—Cech compactifi-
cation of G. The strategy is to select a proper sub-C*-algebra A x,. G of the Roe algebra C(3G) x, G and
then divide out by an ideal to make the algebra simple. The selection involves three main steps:

(i) Recall that an action of G on a totally disconnected compact Hausdorff space X is free if, and only if,
for each e # t € G there exists a finite partition {p;+},cr of 1, such that p;+ L t.p;; (easy exercise).
By [22, Corollary 6.2] such projections {p;;} exist if X = 8G.

(ii) Recall that the action of G on a compact Hausdorff space X is said to be amenable if, and only if,
for each i € N there exists a family of positive elements {m;;};eq in C(X) such that >, ,m;; = 1
and liny; (sup, ¢ x 3 e [mist () — s.mig(2)]) = 0 (see Remark 2.6 following [3, Definition 2.1]). By [1,
Theorem 4.5] and [17, Theorem 3] such elements {m; .} exist if X = G and G is exact.

(iii) Let p be a projection in C(8G) not contained in a proper closed two-sided ideal of C(SG) %, G. If G is
non-amenable then p is properly infinite; see [22, Corollary 5.6]. By a density argument there exists a
sequence {h; p}ien in C(BG) such that p is properly infinite in C*({h; ,}) X, G; see [22, Lemma 6.6].

By carefully selecting, according to this procedure, a countable subset of C(8G) (and dividing the resulting
algebra by a maximal proper G-invariant closed two-sided ideal), a free, amenable, minimal action of G on
a Cantor set X was obtained in [22] such that every non-zero projection in C(X) is properly infinite in the
crossed product. As mentioned in the Introduction (see 2.1 below) the C*-algebra C(X) x, G is a Kirchberg
algebra.

In Section 3 we consider the specific case where G is the free group on two generators. We present two
specific choices of maps in C(8G) such that the algebras they generate divided out by a G-invariant ideal
give rise to two different crossed products. Perhaps surprisingly the ideal we use is the smallest G-invariant
closed two-sided ideal in [*°(G) (2 C(8G)) containing the finitely supported projections, and the projections
we use are only the projections corresponding to cylinder sets and—for the second construction—also
the projections corresponding to certain countable unions of cylinder sets. It is important to point out
that the first example we consider has already been treated elsewhere, although by different methods, see
Remark 3.11. Our main result is:

Theorem 1.1. Let G denote the free group on two generators. There exist two G-invariant sub-C*-algebras
of C(BG\ G) such that the corresponding crossed products are different Kirchberg algebras with computable
K -groups.

Since different choices of projections in C(SG) lead to different crossed products one might ask if the
constructions of [22] can be carried out so as to result in a particular (i.e., identifiable) Ko-group (or
particular Kj-group). In Section 6 we give an affirmative answer to this question, at least for the free
groups; see Corollary 6.6.
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2. Notation and a preliminary result

All groups throughout this paper are equipped with the discrete topology. Let A, denote the positive
cone of a C*-algebra A and e the neutral element of a group. Given a C*-dynamical system (A, G) with
G a discrete group, let A %, G and A x G denote the reduced and the full crossed product C*-algebras,
respectively. Consider the common subalgebra C.(G, A) of both crossed products consisting of the finite
sums ), asug, where a; € A (only finitely many non-zero), and ¢ +— wu; for t € G, is the canonical unitary
representation of G that implements the action of G on A. (If A is unital, then each u; belongs to the
crossed product, and in general u; belongs to the multiplier algebra of the crossed product.) We suppress
the canonical inclusion map A — A x,. G and view A as being a sub-C*-algebra of A x,. G.

Recall that the action of G on A (the spectrum of A) is said to be minimal if A does not contain
any non-trivial G-invariant closed two-sided ideals, topologically free if for any t1,...,t, € G\ {e}, the set
N 1{x cA:itia# x} is dense in A, and amenable if there exists a net (m;);er of continuous maps  — m;
from A to the space Prob(G) such that lim;]|s. m? —m3*||; = 0 uniformly on compact subsets of A; of. [3.4].
For an action of a discrete group G on an abelian C*-algebra A the crossed product is simple and nuclear
if, and only if, the action is minimal, topologically free, and amenable; cf. the proof of Proposition 2.1.

Let a, b be positive elements of a C*-algebra A. Write a = b if there exists a sequence (r,,) in A such that
ribr, — a. More generally, for a € M,,(A)+ and b € M,,(A); write a 3 b if there exists a sequence (r,,) in
My, (A) with 7 br, — a. For a € M,,(A) and b € M,,(A) let a®b denote the element diag(a,b) € Mp4m(A).

A positive element a in a C*-algebra A is said to be infinite if there exists a non-zero positive element
b in A such that a &b X a. If a is non-zero and if a ® a 3 a, then a is said to be properly infinite. This
extends the usual concepts of infinite and properly infinite projections; cf. [14, p. 642-643].

A C*-algebra A is purely infinite if there are no characters on A and if for every pair of positive elements
a,b in A such that b belongs to the closed two-sided ideal in A generated by a, one has that b = a.
Equivalently, a C*-algebra A is purely infinite if every non-zero positive element a in A is properly infinite;
cf. [14, Theorem 4.16].

A C*-algebra A has real rank zero if the set of self-adjoint elements with finite spectrum is dense in the set
of all self-adjoint elements ([7]). Real rank zero is a non-commutative analogue of being totally disconnected
(because an abelian C*-algebra Cy(X), where X is a locally compact Hausdorff space, is of real rank zero
if and only if X is totally disconnected).

Proposition 2.1. Let G be a countable group acting on the Cantor set X. The crossed product C(X) x,. G is
a Kirchberg algebra precisely when the action is topologically free, amenable, and minimal, and the non-zero
projections in C(X) are infinite as elements of C(X) %, G.

Proof. The crossed product is simple and nuclear if, and only if, the action is topologically free, amenable,
and minimal ([1, Theorem 4.5, Proposition 4.8] and [4, p. 124]). If the crossed product is purely infinite the
non-zero projections in A are infinite. The converse follows from the proof of [22, Theorem 4.1, (i) = (iii)]
and [23, Remark 4.3.7] under the assumption of simplicity and nuclearity. O

3. Kirchberg algebras contained in C(8G \ G) %, G

Throughout this section we let G denote the free group on two generators a,b. We will now present two
actions of G on the Cantor set such that the corresponding crossed products are different Kirchberg algebras.
Each element in G can be written as a (reduced) word, i.e., a finite sequence 2z ...z, of letters in
{a,b,a=t,b=1} such that z;z;41 #e for i = 1,...,n — 1. For each t € G let B(t) denote the subset of
G consisting of all words starting with ¢ and |¢| the length (i.e. the number of letters) of the word ¢. For
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each t € G\{e} let ¢, denote the nth letter of ¢, hence t = 1ty ...ty —1l. In particular if t = ;.. .t;,s =
..81s] € G\{e} and t sy # e then ts =ty... .ty s1...5-

3.1. Example 1

Denote by A the (separable) G-invariant sub-C*-algebra of I°°(G) generated by N' = {1g¢: t € G,t # e}
and consider the G-invariant closed two-sided ideal I in A generated by the projections with finite support.
This makes sense since a.15,-1) = 1) + 150-1) + 10—1) + 1{e} (in other words, these projections belong
to Al).

Theorem 3.1. The crossed product A/I X, G is a Kirchberg algebra in the UCT class with the following
K-groups:

Ko(A/IT %, G) =272, Ki(A/Ix,G)=7Z?
Before we give a proof of Theorem 3.1 let us establish some preliminary results.

Lemma 3.2. The C*-algebras A and A/I are unital, separable, abelian AF-algebras of real mnk zero. The
spaces A and A/I are totally dzsconnected compact metric spaces. If the action of G on A/I s minimal
and topologically free then the space A/I is a Cantor set.

Proof. Any unital abelian C*-algebra C(X) generated by a sequence of projections is an AF-algebra; cf. [6,
Proposition 1.6.10].

Suppose that G acts minimally and topologically freely on X. If there were an isolated point in X, the
orbit of this would have to be all of X by minimality but by compactness it would have to be finite—which
would contradict topological freeness. 0O

Lemma 3.3. Fvery projection in A/I lifts to a finite sum of projections in N.

Proof. Let p be any non-zero projection in A/I. Set N' = N'U{lyy:t € G}. Since A = C*(N”) has real
rank zero, p lifts to a projection g € A such that p = ¢ + I; see [7, Theorem 3.14]. Since N is a countable
set of projections we may denote them by (p;)$2,. By a density argument and by reindexing the elements
P; We can ensure

m
lg — Zcipi” <1/2,
i=1

for some m € N and ¢; € C\ {0}. Since ¢ = ¢* we may assume ¢; € R\ {0}.

Let us now consider all the non-zero projections we obtain by multiplying p; or (1 —p;) by p2 or (1 —ps),
etc. except for the projection (1 — py)---(1 — p,,). We denote these projections by (r;)%_;. Notice the
projections r; are pairwise orthogonal (taking two different sequences starting with p; or (1 — p;) followed
by ps2 or (1—ps), ete. and multiplying them together gives zero). The union of the supports of the projections
r; is equal to the union of the supports of the projections p; (every r; corresponds to some product with
at least one p;, giving supp(r;) C supp(p;); conversely any x € supp(p;) will also be supported by some
product of elements p; or 1 —p;, not all of then being 1 —p;, and hence some element r;, giving = € supp(r;)).
We conclude

m k
E Cipi = g diry,
i=1 i=1
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for some d; € R, where each d; is selected in the canonical way. For clarity we show how to find the
elements d;. Fix j € {1,...,k}. We have

:(sz')( H (1—pi))

i€l;  ie{l,...mN\I;
for some non-empty set I; C {1,...,m}. Fix « € supp(r;). We have
k
= (Nn) ) = (S
i=1
= Z CiDi (JI) + Z clpz Z Ci.
i€l ie{1,...mp\I; i€l;

‘We have now shown

k
llg — ZdiriH <1/2, with ryr; =0, foreach i # j.

Fixj € {1,...,k}. We have |¢(z) —Zle d;r;(z)| < 1/2 for any x € G. Using this inequality for x € supp(r;)
we conclude that either |0 —d;| < 1/2 or [1 —d;| < 1/2. We can therefore define e; to be the choice of either
0 or 1 such that |e; — d;| < 1/2. From

IIQ—Zem|<IIq—Zdn|+IIZ ei)rill <1,

we conclude g = Zle e;ry; cf. [21, p. 23]. Upon reindexing and changing k& we may assume g = Zle r; for
some k € N.

Forj e {1,...,k} wehaver; = (I[;c;, pi)(ILicq1,....my\s, (1—Pi)) for some non-empty set I; C {1,...,m}.
Using N'U{0} is closed under multiplication and 1—p; is a sum of projections in N (since 1 = Djti=n 1B(1)+
Z‘t|<n 14y for each n € N) we see that r; is a finite sum of projections in N’. We conclude ¢ is finite sum
of projections in N’. By removing the finitely supported projections from this sum we obtain g with the
desired properties. O

Lemma 3.4. Every non-zero projection p in A/I is infinite in A/I %, G.

Proof. Using Lemma 3.3 write p as
n
p= Zpﬂ—l, for some p; € N.
i=1

The sum of two orthogonal infinite projections is again an infinite projection (if p = v*v, vvo* < p and
q = w*w, ww* < ¢ for two orthogonal projections p, g then p+ ¢ = u*u, vu* < p+q for v := v+ w). Hence
we may assume p = 1) + I for some t # e. Choose s € G such that s.p S p (using that B(trt) € B(t),
even modulo finite sets, for any r € G\{e} fulfilling ¢|;71 # e and 7}t # e). Since

p = (usp)*(usp), (usp)(usp)” =spSp, and uspec A/l %, G,

we have p is infinite as an element of A/I %, G. O
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Lemma 3.5. The action of G on Z/\I is topologically free. Moreover, for every q € N and t € G\{e}, we
havet.q+ 1 # q+ 1.

Proof. By Lemma 3.2, X = 11-/\.[ is a totally disconnected compact Hausdorff space.

Tt is easy to show that the action of G on X is topologically free if for any non-zero projection p € C(X)
and t # e there exists a projection ¢ < p such that t.g # ¢. (Since X is a Hausdorff space it is enough
to show that for ¢t # e the set {x € X : t.x # x} is dense in X. Let U be a neighbourhood of y € X.
Using X is totally disconnected find a projection p such that supp(p) C U. By assumption there exists a
clopen set V' C supp(p) such that ¢.V # V. In particular, there is € V such that t.z # z. We conclude
Un{reX:tx#a}#0.)

Fix a non-zero projection p € A/I and t # e. By Lemma 3.3 there exists a projection 1z, € N such
that 1g(,) + I < p for some s = s;...5|5| # e. Define q := 15(,). We prove t.q + 1 # q+ I.

Assume t.q + I = ¢ + I. By symmetry we can assume s/, = a. Since

t-(51-~-5|s|—1-18(a)) +I=tgq+I=q+1= 51...S|5|_113(a) + 1,

we have r.1g) + I = 1) + I for r := (s1. ..5‘s|_1)*1t(51 ...8sj—1)- If 7 = e then t = e and we get a
contradiction, hence t.q+1 # ¢+ 1. If r|,| # a~! then r 1) +1=1p@) +1 = ra=a=r=eand we get
a contradiction again. Finally if r|,| = a” ! thenr=ry... rw_lafl and using a’l.lg(a) +1ge-ny+I1=1
we have T-IB(a) +I=(r1.. ~7’|r|71)-(1 — IB(a—l)) +1=1- 1B(T) + I. But then T-IB(a) + I+ lB(a) + I and
we get a contradiction once again (hence t.q+ I # g+ I).

We conclude the action of G on Z/\I is topologically free. O

Lemma 3.6. The action of G on Z/\I is minimal.

Proof. Recall that by Lemma 3.2, X = Z/\I is a totally disconnected compact Hausdorff space.

It is easy to show that the action of G on X is minimal if for any non-zero projection p € C(X) there
exist s,t € G such that s.p+t.p > 1. (Suppose the action fails to be minimal. Then one can find z € X and
a non-empty clopen set U in the complement of the orbit O, := G.z. By assumption there exist s,t € G
such that s.U Ut.U = X. Then O, must intersect s.U or t.U or both. By G-invariance the orbit O, must
intersect U, contrary to the choice of U.)

Fix a non-zero projection p € A/I. By Lemma 3.3 there exists a projection 1.,y € N such that 15,y +1 <

o ritandt =ab la"'s

p for some r # e. By symmetry we may assume that r ends with a. With s = Tlpjmt s

we obtain

sp+tp> S.lg(r) + t.lg(r) + 1
=1p(@) + abilafl.lg(a) +1I

> lB(a) + abilafl.lg(aba_l) +I=1
We conclude that the action of G on Z/\I is minimal. O
Lemma 3.7. The action of G on X/\I is amenable.

Proof. Following [8, Section 4.3] define the || - || norm on the convolution algebra C.(G,A/I) by

I1Sl2 = I1(S, S)1*/2,

Please cite this article in press as: G.A. Elliott, A. Sierakowski, K-theory of certain purely infinite crossed products, J. Math.
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where (S,T) = > s asbs for S =5 _nasus and T' = ), byuy in C(G, A/I). By [8, Definition 4.3.1,

Lemma 4.3.7], the action is amenable if, and only if, there exists a sequence T; € C.(G, A/I) such that
0 <T;(t), (I;,T;) =1 and ||us - T; — T;||]2 — 0. For each i € N define

1
l;i(\/g Bty T D

We trivially have T; € C.(G, A/I) and 0 < T;(t). Using the equality Z\t|=n 1g@) +1 =1for n € N we get
(T3, Ti) = e Ti(t)? = 1. Since (ug - Ty, us - T;) = 1 and 0 < (T; - T7)(s) = (T}, us - T;) we obtain

us - Ty = T35 = 112 = (Ty,us - Ti) — (us - T3, T5) |
= 2|1 — (T - T7") (s)]]-

Using (n 4+ 1)(Tns1 - Thyq)(s) —=n (T, - Trr)(s) = 1 for any n € N and s € G with |s| < n (this is easy to
verify) we get (for |s| < i)
1L = (Ti - T) ()l = 11 = = (G = [sDL + |s] (Tjs) - T )

~ B @ el

1
Since ||(T;, us - Ti)|| < | Till2llus - Till2 < 1 ([8, Section 4.3]), we have
0 < (T)s - Tj5P(s) < 1.
We conclude |lus - T; — T;||3 < @ (for |s| < ). It follows that the action of G on Z/\I is amenable. O

Lemma 3.8. The Ko-group of A/I x, G is Z2.

Proof. Pimsner and Voiculescu were able to calculate a six-term exact sequence for the reduced crossed
product for any action of G on any C*-algebra. Considering the action of G on A/I, we have the exact
sequence

g

Ko(A/T)? Ko(A/T) —— Ko(A/I %, G)

| &

Ki(A/I %, G) <— Ky (A/I) Ki(A/I)%.

Here, the map o denotes »_.(1 —t;) with t; = a,ts = b and ¢ is the map induced by the inclusion of A/T
in the crossed product A/I x, G. Recall that separable AF-algebras (in particular A/T) have trivial Kj;
cf. [21, p. 147]. Using exactness and the first isomorphism theorem we have

Ko(A/I %, G) = ker(0) = im(¢) 2 Ko(A/I) / ker(r) = Ko(A/I) / im(o)

= {[plo — [¢lo: p,q € M,(A/I) projections,n € N} / im(o)

Fix a projection p = [p;;] € M,,(A/I). The projection p is equivalent to a direct sum p;&®- - -®py, of projections
p; in A/I. The reason is that the AF approximation can be made using a finite-dimensional subalgebra of
A/I together with the standard matrix units. (Alternatively, define ¥ = {[po: p is a projection in A/I}. Let
e;j denote the standard matrix units of M, (A/I). Since M,,(A/I) has real rank zero (andp < 1,, = > €;;)
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(16, Corollary 3.3.17] provides projections p; € M,,(A/I) such that [p;]o < [ei]o and >, p; = p. By [5,
p. 32, ¥ = {z € Ko(A/I)1+: z <[1]o}. Consequently each [p;]o € ¥ allowing us to assume ., [pilo = [plo
for projections p; € A/I. Using Lemma 3.3 each [p;]op (hence also [p]p) is a finite sum of elements in
{F + 10 fENY)

To simplify notation let us suppress I. We have that Ko(A/I) is generated by the elements {[p]o: p € N'}.
Using this characterization we have im(o) is generated by {[plo — [a-plo, [Plo — [b-plo: p € N}. For p e N
the translates a='.p and b~!.p are orthogonal sums of elements in A. Hence the set {[p]o — [a™*.plo, [plo —
[b=t.plo: p € N'} is also contained in im(o). We obtain

im(o) = ([plo — [t-plo: p € N,t € G) CKo(A/I),

where (-) is the usual notation for “the smallest group containing”. Using this G-invariance we get that for
any projections p,q € M, (A/I),

[Plo — [glo = n[1B)lo + m[1aw)lo + k[1B@-1)lo + [1ap-1)lo +im(c),
for some n,m, k,l € Z. Since

a(0, —[15p-1)lo) = 1B(a)lo + [18a-1)los
o(—[1pa-1)0,0) = [1aw)lo + 1010,

we can simplify the description of [p]o—[g]o to contain only 154y and 15(;). These two projections are linearly
independent in Ko(A/I), which is isomorphic to C(Z/\I,Z) by the isomorphism dim([p]o)(z) = Tr(p(z)).
Moreover, n[lz(q)lo + m[1zw)lo does not belong to im(o) for any n,m € Z, (n,m) # (0,0): To see this
one essentially needs to repeat the argument of Lemma 3.9, replacing the assumption p + ¢ = a.p + b.q by
p+q=ap+b.q+n'(1ga) +1I)+m'(1zw) +I), not suppressing I, proving n’ = m’ = 0. We omit the details.
We conclude that

Ko(A/I Xy G) = {n[lB(a)]o + m[lB(b)]O: n,m e Z} / 111’1(0‘) ~ 72, O

Lemma 3.9. Let p and q be finite sums of projections in A/I with coefficients in Z. Then p+q = a.p+b.q
in A/I if, and only if, p=nl and ¢ = k1 for some n, k € Z.

Proof. Using Lemma 3.3 write p and ¢ as

p=Y capi+l, q=> dig+1,
i=1

i=1

with ¢;,d; € Z and p;, g; € N fulfilling that p; # p; and ¢; # g; for i # j.

It is enough to show that p is a sum (with coefficients in Z) of elements from {13, + 1pw) + 15p-1),
1B(a-1y} + I and that ¢ is a sum of elements from {1z + 1) + 18(a-1), 13p-1)} + I. Having this we
obtain the desired conclusion by counting the number of occurrences of 15(q) + I, 15) + I, 15(a-1) + I and
1(4p-1) + I in the equation p+ g = a.p + b.q in A/l

Let us show that p and ¢ are sums as described above. First, write p and ¢ using projections p; = 15(4,)
and ¢; = 1p(y,), where all the words w;, y; have the same length k. Use that (modulo +1)

18(a) = 1B(aa) + 18@ab) + 1B(ab—1)

Lgw-1) = 1w-1a) + 1Bp-1a-1) + 1B0-10-1)
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to ensure that all words z;, y; have the same length. Now we must take into account how the condition
P+ q = a.p+ b.q groups words together, in order to obtain the decompositions asserted above.
Suppose that k = 1. The projections a.p;, b.q; can only have the form

a.pi € {18(aa) 18(ab)s 1B(ab-1): LB(a-1) + 180 + 1a0p-1) } + 1,
b.qj € {18(ba)s 18(6b)> 1B(ba-1)> 18(a) + 1B(a-1) + 1op-1) ) + 1.

Since p = a1lp(q) + a2lpp) + aszlpu-1) + aslpp-1) + I for some a; € Z, we must be able to group 15(4q),
13(ab) and 1g(gp-1y together in order to get p 4+ ¢ = a.p 4 b.q in A/I; this implies that a; = az = ay.
Similarly the projections 13(44), 15wy and 1gp-14) must be grouped together, i.e., must occur with the
same coefficient. We conclude that p and ¢ are sums of the form predicted above.

Suppose that k > 2. We will now argue that one can reduce the case k to the case kK — 1 by grouping the
projections in an appropriate way.

Let C' and D denote the sets {xz;: i =1,...,n} and {y;: j = 1,...,m}. The subsets a.C and b.D of G
consist of reduced words of length £k — 1 or k+ 1. Let z = z1 ... z; be a word of length k.

(1) Assume that z € C and 21 # a~*. Then az; 23 . .. z; € a.C. One can argue that a.C' must contain any
word azy ...zp_1y of length k + 1. To see this notice that azizs ...z, € a.C has length k£ + 1 and cannot
be found among words in C U D of length k. Therefore we are forced to group azizs ...z together with 2
other words az12s ... z5_1y of length k£ + 1 in a.C (no words of length k + 1 in b.D start with a). Together,
these three words of length &+ 1 in a.C correspond to one word az; ...zx—1 in C'UD of length k. (We will
not use that az;...zx—1 € C U D. The point is that any az;zs...z5_1y belongs to a.C.) Hence C' must
contain any word zj ...zx_1y of length k. Replace these words z; (not starting with a=!) by words z} of
length k& — 1 and replace the corresponding projections p; by projections pj.

(2) Assume that z € D and z; # b~!. By symmetry, D must contain any word z; ... z,_1y of length k.
Replace these words y; (not starting with b~—1) by words y;» of length £ — 1 and replace the corresponding
projections g; by projections q;».

(3) Assume that z € C and z; = a~!. One can argue that C must contain any word 2 ...2x_ 1y of
length k. To see this notice that the only words in a.C' U b.D starting with a~! have length k& — 1. Hence
2122 . .. 2, cannot be found among words in a.C' Ub.D. Therefore we are forced to group z12s ...z, together
with two other words 2125 ...2,_1y of length k in C' (no words of length k in D start with a~!; if such a
word existed it was eliminated in part (2)). Together, these three words of length k in C' correspond to one
word 2122 ...25—1 in a.C Ub.D of length k — 1. (We will not use that z;...z5_1 € a.C Ub.D. The point is
that any z7 ... z,_1y belongs to C.) Hence C must contain any word 27 ... zx_1y of length k. Replace these
words x; (starting with a~!) by words z/ of length k — 1 and replace the corresponding projections p; by
projections pj.

(4) Assume that z € D and 2z; = b~!. By symmetry, D must contain any word 2; ...z,_1y of length k.
Replace these words y; (starting with b6=') by words y; of length k — 1 and replace the corresponding
projections g; by projections gj.

(1)—(4) We conclude that we can write p and ¢ as

m

n
p=2 cr, 4= did,
i=1

=1

with ¢, d; € Z and p},q; € N fulfilling that p; # p}; and g; # ¢} for i # j. Furthermore, p; = 1p(.1),q; =
1 B(y)) with zf, yg words of length £ — 1. This shows that one can reduce the case k to the case k — 1 for

k>2. 0O

Lemma 3.10. The Ky-group of A/I %, G is Z>.
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Proof. Consider the Pimsner—Voiculescu six-term exact sequence for the action of G on A/I:

o

Ko(A/I)? Ko(A/I) — Ko(A/I %, G)

i !

Ky (A/T %, G) <—— Ky (A/I) K1(A/1)2.

Here the map o denotes »_,(1 —t;) with ¢; = a,t, = b and § is the index map. Recall that separable
AF-algebras (in particular A/I) have trivial K;. Using exactness we obtain that ¢ is injective (im(0) =
ker(4)) and hence that

Ki(A/I »x, G) =2 im(J) = ker(o)

{(h,h') € Ko(A/T)?: o(h, ') = 0}.

Fix (h,h') € Ko(A/I)?. Find projections e, f, €', f' in M,,(A/I) for some m € N such that h = [e]o — [f]o
and b’ = [€']o — [f]o. Suppose that o(h,h’) =0, i.e., ([e]o — [flo) — a-([e]o — [flo) + ([¢]o — [f']o) — b-([¢']o —

—

[f']o) = 0. Now note that Ko(A/I) = C(A/I,Z) by the isomorphism dim([e]o)(z) = Tr(e(z)), where Tr is
the non-normalized trace map. We obtain

p+q=a.p+byg,

with p = Tr(e) — Tr(f) and ¢ = Tr(e’) — Tr(f’). By Lemma 3.9, p = nl and ¢ = k1 with n, k € Z. It follows
that (h,h') = (n[1]o, k[1]o). Hence

Ki(A/I %, G) = {(h,h') € Ko(A/I)*: o(h,h') = 0}

= {(n[t)o,k[1]o): n,k € Z} = Z%. O
Remark 3.11. The above example is precisely the standard boundary action of G on the space of infinite
reduced words X(G); cf. [24]. Tt is straightforward to verify that A/T is isomorphic to C(X(G)) in an action
preserving way. Even though this example is well known the previous computations are important as they

present an alternative approach to the study of the standard boundary action and, more importantly, form
a basis for the second construction which produces a Kirchberg algebra with different K-theory.

3.2. Example 2

Let us now turn our attention to the second construction. Let y, be any word (including e) that does not
end with a~!. For the sake of clarity the symbol y is reserved for elements of G, hence never is a function.
In particular y, is not evaluation but an element of G. Denote by B(y,a"b) and B(y,a"b"a) the unions

UB(yaa-..ab) and U B(ysa...ab...ba).
keN k k,lEN 4 !

Continuing this way define B(y,a"bVa" ... a"b) and B(y,a"vVa" ...0"a) for any strictly positive length of
the alternating powers a¥ and b". Set

Na = {1B(yaaNbNaNmaNb), 1B(yaaNbNaNmbNa)},
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allowing any strictly positive length of the alternating powers a"¥ and b (odd length if the last power is a™

and even if it is b") and any word y, that does not end with a~!. In a similar way define Ny, A,-1 and
Ny-1 (using also a™™ and b7V).

Recall N = {1g;): t € G,t # e}. Denote by B the (separable) G-invariant C*-algebra in [*°(G) generated
by N and M = U|t\=1/\[t and consider the G-invariant closed two-sided ideal I of B generated by the
projections with finite support. We have the following result:

Theorem 3.12. The crossed product B/I x,. G is a Kirchberg algebra in the UCT class with the following
K-groups:

Ko(B/I %, G) =0, K{(B/Ix,G)=7Z"
Before we give a proof of Theorem 3.12 let us establish some preliminary results.

Lemma 3.13. Every non-zero projection in B/I lifts to a finite sum of projections of the form

(p—p1)-(p—pn), fulfilling 0 <p; = p,
withn €N, pe NUM and p; € MU{0}.

Proof. Let p be any non-zero projection in B/I. Set N = N'U{ly;:t € G} and M" = N' U M. Since
B = C*(M’) has real rank zero, p lifts to a projection ¢ € B such that p = q + I; see [7, Theorem 3.14].
Since M’ is a countable set of projections we may denote them by (p;)$2;. As in the proof of Lemma 3.3
there exist numbers m, k € N and non-empty subsets I, ..., C {1,...,m} such that

QZJZE% TJ‘:(HI%‘)( 11 (1—1%‘))-

iel; ie{l,..mN\I;

Without lost of generality we can assume that each r; ¢ I (any r; € I can be removed from the sum without
changing p). Fix any j € {1,...,k}. Using that M’ U {0} is closed under multiplication (this is easy to
verify), and r; ¢ I, the projection f := Hielj p; belongs to AU M.

Fix any ¢ € I7. We can assume fp; ¢ I (if fp; € I, p; can be removed without changing p). We show that
either fp; € M or we can preform a reduction effectively removing ¢ from I5: If p; € N’ one can rewrite
1—p; as a sum of elements from N’ and f — fp; as a sum of elements in M. In effect r; is a sum of elements
of the form f’(H].U;\{i}(l —pj)), with f/ € M'. We can assume f’ € N'UM (discarding elements of I).
We have “removed” i from If. Hence we may assume p; € M. If f € M then fp; € M (since M U {0} is
closed under multiplication and fp; # 0). Hence we may assume f € N. If fp; € A one can rewrite f — fp;
as a sum of elements from N’ whereby (as before) i is in effect removed from If. Otherwise, fp; € M as
needed. We conclude that we can write r; as a sum of projections of the form

(f = f'pr) - (f = o),

withn’ € N, f/ €e NUM and f'p; € M U{0} (it is possible each f'p; = 0, e.g., when we try to lift f' + I
for ffe NUM). O

Lemma 3.14. Every non-zero projection in B/I is infinite in B/I %, G. Moreover, for every projection
ri=(p—p1)(p—pn), fulfilling 0 < p; S p, withn €N, p € N UM and p; € M U{0}, there existt € G
and g € N such that t.q <r.
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Proof. The sum of two orthogonal infinite projections is again an infinite projection. By Lemma 3.13 we
only need to show that a projection of the form

ro= (p_pl)(p—pn)’ fulﬁlhng 0 sz épa

withn € N, p e N UM and p; € MU{0}, is infinite in B/I x, G. We do this in two steps.
Suppose that p € N'. We find ¢t € G such that t.p + I S r + I. This implies that  + I (suppressing I in
the line below) is infinite by

= (ur)" (uer), (wr)(ur) =tr<tpsSr, wreB/Ix G.
Since p = 1p(s) for some s # e we may assume that s ends with a, i.e., p = 1p(zq) for © = s1...84-1.

Changing ¢ we may assume that p = 1g(,). (If 2 # e use that 2~ '.p; € MU{0} to find ¢ € G such that
t'.(x7lp)+ 1< (z7tr) + I and define ¢ := zt’z~'.) The key argument in finding ¢ is to notice that each

pi S 1p(a) (for i =1,...,n) has support contained in one of the following sets (identifying a* with g...q
k
and b=* with p='...b7! for k € N):
k

B(a"b)

B(a**b™Na™1), for k; € N

B(ak1b=*2aNp), for k; e N

B(aF b 2qFspNg 1), for k; e N

B(ak b= 2qksp=ka oNp), for k; € N

B(akrb=*2aksp=kagksp=Ng =1y, for k; e N

where we have used the following convention: For any word y_; (including e) that does not end with b we
denote by B(y_sb~"a) the union (J, oy B(y—pb " a).

Let F be the collections of the sets listed above. It is clear that these sets are pairwise disjoint. We now
prove each p; # 0 has support contained in one these sets: Fix i € {1,...,n}. Let S denote the support
of p;. Since p; € M =N, U---UN;-1,

S e{B(y,a“tNa" ... a"b), B(y,a"oVa™ .. 0Na), . . .,
Byy-16Na N0V 07Na), By, b Na V07N L a7V,
where y, (for z € {a,b,a™!,b7'}) denotes all words, including e, that do not end with x~!. Using
B(y,aoNaN ... aNb) C B(y,a''b), etc., we may assume, by possibly enlarging S, that
S €{B(yaa"b), B(yaa"b), ...,
Byy-1b~"a™"), Bly,-10~a ")}
- {B(yaaNb)v B(ybbNa)7 B(ycrlaiNbil)}v B(ylflbiNail)}'

Suppose y € B(a). If y = e then
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B(ya"b) = B(a"b) € F and  B(yb“a),B(ya "b7),BypNa™t) € B(a)

If S is one of these four sets we are done (noticing S C B(a)). Otherwise, if y # e then y =
akrp=kzgksp=ke kN for some N € N, ky,...,ky € Z\{0}, and ¢ € {a,b"'}. We now prove we can
assume k; € N: Since y € B(a) we have k1 € N. If ks ¢ N then for suitable y according to what S is
(prohibiting letter cancellation)

B(ya"v), B(ybt"a), B(ya "b71), B(ybNa™t) C B(y) C B(a*b) C B(a"b) € F.
If k2 € N and k3 ¢ N then for suitable y
B(ya"b),...,Byb™Na™t) C B(y) € B(a*b™*2a™1) C B(a" b Na™t) € F.
If ko, ks € N and k4 ¢ N then for suitable y
B(ya"b),...,BybNa™t) C B(y) C B(aF'b~"2a"b) C B(a™ b *2a"b) € F.

If ko, ks, ..., kn—1 € Nand kx ¢ N then B(ya'b),...,B(yb~Na=1) C B(y) as before (for suitable y), but we
have two cases

c=a= B(y) C Bla* a“Fv-2pmhn-ig=hy € B(ak L aTRN2p N € F
c=0b"1= B(y) C Bla™ ...b-Fv-2gkn-1p) C B(ak .. b7 Fv-20Np) € F.
We can therefore assume each k; € N. Now if ¢ = a then (for suitable y)
B(ya“b) = B(a* .. .b7Fv=10FNgNp) C B(a® .. 07N -16NY) € F
B(yb"a) C B(yb) = B(a* ...b7F~=10"vp) C B(akr .. b7 Fv-1aNp) € F

B(ya~"b™') can be disregarded as y,-1 does not end with a (and ¢ = a),

( —N —1) B( b—kN 1ako N —1) cF.

For ¢ = b~! we can use a similar argument. We conclude that each p; has support contained in one of the
sets from F. Hence for NV € N large enough one can find a projection

q= 18(0,"1b*k2ak3‘_~b*kNaNb)7 k; = 1,
that is pairwise orthogonal to each p;, i = 1,...,n. Defining t = a*1b=%2 ... b=*~ab, we obtain

tp= 1B(ak1 b—k2ak3..b=FN aba)
Sq < p—p

foreachi=1,...,n.Since lgrip-r2qra. b—knaba) T = 1(ak1b-H2aks. b qipy+1 we conclude t.p+1 S r+1.

Suppose that p € M. Let us find ¢ € G such that t.p +I S r + I. This implies that r + I is infinite in
the crossed product. By symmetry we may assume that p € A, meaning that p has a support of the form
B(y,a“bNa . .. ab) or B(y,aNbNa ... bNa), with y,a being a reduced word. To prevent redundancy we only
consider p = 1, avpian.. o). Changing ¢ we may assume that y, = e. To simplify the notation, write p as
1B(a"ab), Where T = Wal ... bNaN (allowing = = e). For later use let y denote the word b'a'...b'a' where
the powers N in z are replaced by 1. The key argument in finding ¢ is to notice that each p; S 1g(qvap), for
i =1,...,n, has support contained in one (or two) of the following sets:
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B(a“zbVa)
B(a*zb), for k € N.

Let qo, gk, k € N denote the corresponding projections in B. For NV € N large enough we have that for every
i=1,...,n there exists a k; € {0,..., N} such that p; < gj,. This implies that

P—q) - —anv) < (P—qr) < (p—p;i), foreach i=1,...,n.

N+1

Defining t := a™¥*lyba~'b we obtain

(tp>p = lB(aN+1yba*lbasz)ﬁB(asz) =t.p,
(tp)qo = 1B(aN+1yba*lbasz)ﬂB(aszNa) =0,

(tp)Qk; = 1B(aN+1yba*lbaNhrb)ﬁB(akhrb) =0, for k € {]-7 ) N}

Hence t.p < (p—qo)---(p—aqn) < (p—p1) - (p—pn) =7r. (f all p; = 0, i.e., r = p, one can define t := a.)
We conclude that t.p+1 S r+1.

We now prove the second statement of the lemma. Let r be the projection defined in the first paragraph
above. If p € N we already know there exist ¢ € G such that t.p S r. Consequently we can simply choose
q := p (hence t.qg < r). If p € M we also know there exist ¢ € G such that t.p S r. The problem is that
the support of p does not have the descried form. However, by definition, p is an infinite sum of projections
from A (by the fact its support is the union of the supports of projections from N). Selecting g to be one
of these projections we get ¢ € N and q < p (hence t.q < r) completing the proof. O

Lemma 3.15. The action of G on B/\/I 1s topologically free, minimal and amenable.

Proof. 1) Topologically free: Follow the proof of Lemma 3.5, but use Lemma 3.13 and Lemma 3.14 instead
of Lemma 3.3 to find the appropriate 15(,) € N.

2) Minimal: Follow the proof of Lemma 3.6, but use Lemma 3.13 and Lemma 3.14 instead of Lemma 3.3
to find the appropriate 15(,y € V.

3) Amenable: Since A C B the maps T; from the proof of Lemma 3.7 ensure that the action of G on E\/I
is amenable. O

Lemma 3.16. Every projection in B/I has trivial Ko-class in Ko(B/I %, G).

Proof. For two orthogonal projections p, ¢ in B/I having trivial Ko-class we have [p+¢]o = 0. By Lemma 3.13
we only need to show that [r]o = 0 (suppressing I in this proof), where

ro= (p_pl)(p—pn)’ fulﬁlhng 0 sz épa

withn € N, p € N UM and p; € MU{0}. By induction we only need to consider the case n = 1. To see
this notice that for n = 2 we have p — r = p; + (p2 — p1p2) so

[plo = [p — rlo + [r]o = [p1]o + [p2 — P1p2]o + [7]o-

Since M U {0} is closed under multiplication (cf. proof of Lemma 3.13), the case n = 1 gives that [p]o, [p1]o,
[p2 — p1p2]o have trivial Ko-classes. Hence, also [r]g = 0. For n > 3 we have p —r = (p — T, — pz)) +
(p —(p—p1)(p— pz)) [17_5(p — pi)) so we can use a similar argument on the equality

Please cite this article in press as: G.A. Elliott, A. Sierakowski, K-theory of certain purely infinite crossed products, J. Math.
Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.05.001




Doctopic: Functional Analysis YJMAA:20419

G.A. Elliott, A. Sierakowski / J. Math. Anal. Appl. e e e (e e ee) o6 0e—00e 15
plo = [p = rlo +[rlo
n n
p—][—p)lo+[(p—p+p1+p2—pip2) [[(0 =)o + [0
=3 =3

n

= [((Pl — p1p2) + (P2 — p1p2) +p1p2> H(p —pi)lo+[rlo
i=3

=[[[r—pplo+  JI  (p2—pep)lo + (][ (102 — prpapi)lo + 7o,

i=2 ie{l,...,n},i#2 i=3

here we eliminated [p — []}_5(p — pi)]o using induction on [p|o and [T\ 5(p — pi)]o-
Let us now focus on the case n = 1. We may assume that p; = 0, i.e., r = p. If p; # 0 simply use

[plo = [p1lo = 0 on [plo = [p — p1lo + [p1o-

Suppose that p € N. Hence p = 1 B(t) for some t # e. By symmetry we may assume that ¢ ends with
a, i.e., p = 1p(gq) for x =t ...);_;. Since [7L.plo = [plo (cf. proof of Lemma 3.4), we may assume that
P = 1p(a). With e := 1@y, it follows that b='.e = e + p. Using the equality [b~'.e]o = [e]o we obtain
[p]o = 0.

Suppose that p € M. By symmetry we may assume that p € N,, meaning that p has a support of the
form B(y,abNa" ... a"b) or B(y,a N ... bNa), with y,a being a reduced word. Since [y, !.plo = [p]o we
may assume that y, = e. To simplify the notation, write p as 15415, so x = NaN .. aNbor . = NaV .. bVa.
With e := 1gu,n,) we have b~'.e = e + p. Hence [plo =0. O

Lemma 3.17. The Ky-group for B/I x, G is 0.

Proof. Following the proof of Lemma 3.8 we have Ko(B/I %, G) = im(¢), where ¢ is the map induced by
the inclusion of B/I in the crossed product B/I x, G. Using Lemma 3.16 together with the fact that any
projection in M, (B/I) is equivalent to a direct sum of projections in B/I, we have

Ko(B/I %, G) = {¢([plo — [d]o): p,q € M, (B/I) projections, n € N}
={[plo — [d]o: p,q € M,(B/I) projections,n € N}

=0. O

Lemma 3.18. Let p and q be finite sums of projections in B/I with coefficients in Z. Denote by r and r' the
projections

1) UB(ab)UB(a—1)\B(a—"b-1)  ANd  1B(a)UBBNa)UB(L-1)\B(b—Na—1)-
Then p+q=a.p+b.q in B/I if, and only if, p=nl 4+ mr+I and g = k1 + lr'+1 for some n,m, k,l € Z.
Proof. Using Lemma 3.13 write p and q as
p=Y cpit+l, q¢=)Y dig+1I,
i=1 i=1

with ¢;,d; € Z and p;, q; € N UM such that p; # p; and ¢; # g; for i # j. We use here that N'U M U {0}
is closed under multiplication (when multiplying out the product in the statement of Lemma 3.13).
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It is enough to show that p is a sum (with coefficients in Z) of elements from {1g(q) + 15w) + 1ap-1),
18(a-1)s 1B8(avs) T 1B0)s 1B(a—b-1)s 1B(avsha) T 1B(0Na)s 1B(a—Nb-Na-1)s - - - }+ 171 and that ¢ is a sum of elements
from {lg(b) +15@) + 150-1); 1a-1)s 1s@va) + 18(a), 1806101y La@as) T 1B(avs)s 1B(0-1a—15-1)s - - P41
We do this in a similar way to the proof of Lemma 3.9. First we write p and ¢ using projections p; = 15(,,)
and g¢; = 1p(,,), where all the words ;, y; have the same length k. To do this we formally allow z;, y; to
have letters {a", b, a™N, b~} when calculating the length of z; and y; and use that for n € N and ¢ € {a, b}

1) = 1B(c...cee) T 1Bc...ca) T+ 1B(ca);

n n

13(671\!1) = 1B( -1 —1 +1 -1 —1 +"'+1B(C—1x).

C ~...C " cNg) B(c ~...c " «x)
———r ———r

n n

Secondly we use the equality p + ¢ = a.p + b.q to group some words together and exclude other words
until we obtain only the elements listed above. Finally we conclude that p and ¢ have the desired form by
counting the number of occurrences of 15(,) + I, 15w) + 1, 15a-1) + 1, 1g0w-1) + I, 1g@w) + 1, 1g@ra) + 1,
18(a-vp-1y + I, 1gp-1ng-1y + I, ... in the equation p + ¢ = a.p + b.q. Let us consider this computation in
more detail: We have that
p=di(1p) + 18w) + 1sp-1)) +d2lge-1)+
a1(1p(are) + 18w)) + a2(1g@pra) + 180ra)) + -+
by 1B(a—Nb—1) + b21B(a—Nb—Na—1) +---+ 1,
a.p=dilg) + d2(1a-1) + 15p) + 1gp-1))+
allg(aNb) + ang(aNbNa) + -+
bi(1g@@—r-1) + 1gp-1)) + b2(1p@-1p-va-1) + 1gp-1a-1)) + - + I,
q=dy (1) + 18(a) + 18(a-1)) + da1lp@p-1)+
ay(1geray + 18(a)) + a5(1@wrar) + 1p(atn)) + -+
bll].B(b—Na—l) + bélB(b—Na—Nb—l) + 41,
b.q = dy 1wy + dy(1pp-1) + 1) + 18a-1))+
ay1gray + aglpriaip) + -+

Vi(1gp-ra-1) + 1B@a—1)) + b5 (1gp-ra-vp-1) + 1g@-m-1)) + -+ 1,

and we obtain the following coefficients for the individual projections:

p+q a.p+b.g

1B(a)+I d1+d’1+a’1 d1+d/2
1B(b)+I d1+(11+d/1 d2+d/1
1g(a-1y+1  |do+dy do + db + b}
gy +1  |di+dy dy + by + d
1B(aNb) + I al + a/2 al

1B(bNa) + I an + a’l a'l
1B(a—Nb—l) + I|by by + bIQ
1B(b—Na—l) +1 bll bll + bg
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We conclude that a,, al,, b, and b}, are all zero for n > 2. With n = dy, m = a1, k = dj, l = a} we get
dy=n+m, by =—m,d,=k+1and b| = —I, giving the desired form of p and ¢q. O

Lemma 3.19. The K1-group for B/I %, G is Z*.

Proof. Consider the Pimsner—Voiculescu six-term exact sequence for the action of G on B/I:

[ea

Ko(B/I)" Ko(B/I) — Ko(B/I %, G)

K l
Ky (B/I x, G) =~ K, (B/I) ~—— K,(B/I)".
Here o denotes the map > (1 —t;) with t; = a,to = b and § is the index map. Recall that separable

AF-algebras (in particular B/I) have trivial K;. Using exactness we obtain that ¢ is injective (im(0) =
ker(d)) and hence that

Ki(B/I x, G) = im(§) = ker(o)
{(h,1) € Ko(B/I)?*: o(h,h) = 0}.

Fix (h,h') € Ko(B/I)%. Find projections e, f, ', f' in M,,(B/I) for some m € N such that h = [e]o—[f]o and
h" = [e'lo=[f"]o- Suppose that o (h, h') = 0, i.e., ([elo—[f]o) —a-([elo—[flo)+([¢'To—[f"]0) —b-([¢'lo—[f"]0) = 0.
Let us now use that Ko(B/I) & C(B/I,Z) by the isomorphism dim([e])(xz) = Tr(e(x)), where Tr is the
non-normalized trace map, to obtain

p+q=a.p+hbyg,

with p = Tr(e) — Tr(f) and ¢ = Tr(e’) — Tr(f’). Let r,7’ € B denote the two non-trivial projections from
Lemma 3.18 fulfilling that a.r = r, b.r' = r’. Using Lemma 3.18 we have p = nl+mr+I and ¢ = k14 1r'+1
for some n,m, k,l € Z. Suppressing I, we conclude that (h,h") = (n[1]o +m[r]o, k[1]o +[r"]o). We now have

Ki(B/I %, G) = {(h,1') € Ko(B/I)?: o(h,h’) = 0}
= {(n[1]o + m[r]o, k[1]o + I[r]0): n,m,k,l € Z} 2 Z*. O

Proofs of Theorem 1.1, Theorem 3.1, and Theorem 3.12: By Proposition 2.1 the results stated in Theo-
rem 1.1, Theorem 3.1 and Theorem 3.12 are an immediate consequence of Lemmas 3.2-3.10 and, Lem-
mas 3.13-3.19 (cf. [22]). Both crossed products are the C*-algebras of amenable groupoids, and such algebras
have been proved to belong to the UCT class by Tu in [26, Proposition 10.7]. O

4. Actions of free groups of higher rank

Our first example is easily generalised to the case n > 2. Let F, denote the free group on 1 < n < oo
generators ai, ..., a,. Define N, to be the set of projections {1g): t € F,,t # e}, where the support of
any projection in N, consist of all words in F}, that start with a fixed word. Let A,, denote the (separable)
G-invariant sub-C*-algebra of [*°(G) generated by N,,, and I,, the (separable) G-invariant closed two-sided
ideal in A,, generated by projections with finite support. We have

Theorem 4.1. The crossed product A, /I, X, F,, is a Kirchberg algebra in the UCT class with Ko(An/I, X,
Fy) 277, and K1 (A /I, %, F,) = 7"
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Our second example also generalizes to higher rank producing Kirchberg algebras in UCT with trivial
Kg-groups. Define B,, to be the (separable) G-invariant sub-C*-algebra of [°°(G) generated by N,, and the
sets Ny, , Nal—l so o3 Nay, N1, where Ny, consists of projections with support of the form

B(yalalfalfa§] c.alay), where 1#i, i#7, ..., 1 #k,

i.e. consists of all words in G that start with a fixed word not ending with al_l, followed by any finite
sequence of aq, then any finite sequence of a; (i # 1), then any finite sequence of a;, (j # ), and so on until
one last single letter ay (different from the previous one), followed by any finite word (not starting with
a;l). We have the following result:

Theorem 4.2. The crossed product B, /I, X, F,, is a Kirchberg algebra in the UCT class with Ko(B, /I, X,
F,) =0, and Ki(B, /I, %, F,) 2 Z*", with 2 for n > 2.

Proof. This is a straightforward generalisation of our second example. The group Z2" arises inside
Ki1(B,/I, x, F,) as follows: Denote by r; (i = 1,...,n) the projection

Z Lg(apyuB(aliar) T 1B — Z Laaraity:
ke{l,...,n},k#1i ke{l,...,n},k#1

Since a;.r;+I = r;4+1 we have (suppressing +1)
Ki(B,/Iy %y Fp) 2 {(h1,...,hy) € Ko(Bn/IL,)": o(h,...,h,) =0}
B {(ml[l}o + ll[Tl](), C ,mn[l]o + ln[T'n]O)Z mp,l € Z} = Z2n,

where o denotes the map > (1 — a;). To verify that Ki(B,/I, %, F,) # Z*" for n > 2 consider any
projection p in B,, with support

Ba;“a;". . .a;Nayt),  where i#j, ..., U'#k
Select any two distinct indices I,m € {1,...,n} different from . Denote by h;, and h,,, the ele-

ments [1B(a;Na;Na;N___a;Nagl)]O, and —[1B(a;1\'a;Na;N“_al—lNalzl)]O, and let the other elements h; for i €

{1,...,n}\{l, m} be zero. It follows that o(hy,...,h,) = 0, but (hy,...,h,) is independent of the pre-
vious 2n elements. O

Remark 4.3. The use of the Pimsner—Voiculescu six-term exact sequence puts a constraint on what type of
examples allow for a detailed computation of the K-groups. We can only do that for crossed products by
the free group. However, as the above examples suggest, even for the crossed products by the free groups
one can obtain a variety of different K-groups.

5. The K-theory of the Roe algebra

Let G be a countable group and let [°(G) %, G (£ C(BG) %, G) denote the corresponding Roe algebra
crossed product; cf. [12, p. 152]. This algebra encodes many crucial properties of the group. It is well
known that the Roe algebra [°°(G) x, G is nuclear precisely when G is exact [1,17]. The crossed product
is properly infinite if, and only if, G is non-amenable; cf. [23, Theorem 2.5.1]. Moreover, if a subset E of G
is G-paradoxical, then 1 € [°°(G) is properly infinite in {*°(G) %, G. Remarkably, in [22, Proposition 5.5],
the converse was shown to be true. This observation leads to an entirely new way to tackle open problems
regarding the Roe algebra. In particular we show that it is possible to determine part of the structure of
Ko(I*°(G) %, G) when G is non-amenable. Our result is:
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Theorem 5.1. Let G be a non-amenable discrete group. Then every projection in 1°°(G) belongs to the trivial
Ky-class of Ko(I%°(G) %, G).
In particular, if G is the free group on 1 < n < oo generators then Ky(I°(G) %, G) = 0.

Question 5.2. Is Ky (I*°(G) %, G) = 0 for every non-amenable group G?
Before we give a proof of Theorem 5.1 let us establish some preliminary results.

Lemma 5.3. Let G be a discrete group. Every projection in I1°°(G) is a sum of three projections having a
complement that is full (i.e., not contained in a proper G-invariant closed two-sided ideal in I°(G) %, G).

Proof. Find a partition e, f,h € [°°(G) of the unit 1 and ¢t € G such that each of these projections is
orthogonal to its translate by ¢; see [22, Corollary 6.2]. Using the inequality t.e < f + h =1 — e we obtain
that the closed two-sided ideal in [*°(G) x,. G generated by 1 — e contains t.e (and e). Hence 1 — e is a full
projection in [*°(G) %, G.

Now fix a projection p € [°°(G). Partition p into subprojections p., ps, py below e, f, h. Since 1 — e is full
in I*°(G) X, G and 1 —e <1 — p, we also have that 1 — p. is full. In particular, p = p. + py + py, is a sum
of three projections with full complements, 1 —pe, 1 —p¢, 1 —pp. O

Lemma 5.4. Let G be a non-amenable discrete group. Then every projection in 1°°(G) that is full in
1°(G) %, G belongs to the trivial Ko-class.

Proof. Assume first that G is countable. Fix any projection p € {*°(G) that is full in [*°(G) %, G. By [22,
Corollary 5.6] the projection p is properly infinite in {*°(G) %, G. By (independent) Lemma 6.2, below,
there exist projections e, f € [°°(G) that are equivalent to p in the crossed product and add up to p. Hence
[p]o =0.

Now let G be arbitrary (non-amenable). It suffices to extend [22, Corollary 5.6]—or, rather, [22, Propo-
sition 5.5]—to this case. In order to do this, it turns out to be sufficient to replace the statement in [22] of
Dini’s theorem for increasing sequences by the statement of it for arbitrary increasing nets (for which the
proof is the same). 0O

Lemma 5.5. Let G be a non-amenable discrete group. Then every projection in [°(G) belongs to the trivial
Ky-class of Ko(I%°(G) %, G).

Proof. Let p be a projection in [*°(G). Using Lemma 5.3 find projections pe, ps, pr that add up to p and
have a full complement. Using Lemma 5.4 we have

[Jo=0, 1=peo=0, [1—prlo=0, [I—pnlo=0.
We conclude that [p]o =0. O

Proof of Theorem 5.1: Let G denote the free group on n generators. Consider the Pimsner—Voiculescu
six-term exact sequence for the action of G on [*°(G):

Ko(1°°(G))" Ko (1°(G)) —— Ko(I%(G) %, G)

| |

Ky (I%(G) >, G) =—— Ky (I17°(G)) K (1=(@)"
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Using that K;(M) = 0 for any von Neumann algebra together with Lemma 5.5 we have two zero maps,

as indicated above. Here we also use that any projection in M, (I°°(G)) is equivalent to a direct sum of
projections in [°°(G). Using exactness we obtain

0 =1im(0) = ker(0) = Ko(I*°(G) %, G). O
6. Refining the construction of [22]

It was shown in [22, Theorem 6.11] that every discrete countable non-amenable exact group admits a
(free, amenable, minimal) action on the Cantor set such that the corresponding crossed product C*-algebra
is a Kirchberg algebra in the UCT class. We have the following strengthened version of [22, Theorem 6.11].

Theorem 6.1. Let G be a countable discrete group. Then G admits a free, amenable, minimal action on the
Cantor set X such that C(X) X, G is a Kirchberg algebra in the UCT class if, and only if, G is exact and
non-amenable.

The action may be chosen in such a way that [plo = 0 in Ko(C(X) %, G) for every projection p in C(X).
In particular, if Ko(C(X)) — Ko(C(X) %, G) is surjective then Ko(C(X) %, G) = 0.

Before we give a proof of Theorem 6.1 let us establish some preliminary results. The core idea is contained
in the following lemma:

Lemma 6.2. Let G be a discrete group and let P denote the set of all projections in 1°°(G). Then a projection
p € P is properly infinite in 1°°(G) %, G if, and only if, there exist v,w € C.(G,P) such that

p=wv" =ww* =vv+ww, vvwwel®qQ).

Proof. Suppose that p = 1g € P is properly infinite in [*°(G) %, G. By [22, Proposition 5.5] the set E C G

is G-paradoxical, i.e there exist non-empty sets Vi, Va,..., V1, of G and elements t1,ta,...,th4m in G
such that (J_, Vi = U/Z", Vi = E and such that (t.Vi)]. " are pairwise disjoint subsets of E; cf. [27,

Definition 1.1]. Using the Banach—Schroder-Bernstein Theorem (cf. [27, Theorem 3.5]) one may moreover
assume that (Vk)Z:1 are pairwise disjoint, that (Vn+k)::1 are pairwise disjoint, and that JI*" t,.V; = E.
Following the proof of [22, Proposition 4.3], construct the desired partial isometries v,w € C.(G,P) such
that p = vv* = ww* = v*v + w*w and v*v,w*w € [*°(G). O

Using Lemma 6.2 we obtain a strengthened version of [22; Proposition 6.8] as follows:

Proposition 6.3. Let G be a countable discrete group, and let N be a countable subset of 1°°(G). Then there
exists a separable G-invariant sub-C*-algebra A of 1°°(G) which is generated by projections and contains N,
with the following property: For every projection p in A, if p is properly infinite in 1°°(G) %, G, then p is
properly infinite in A %, G.

One can refine the construction is such a way that each properly infinite projection p is a sum of two
projections in A equivalent to p in A %, G.

Proof. Let Pir denote the set of properly infinite projections in {*°(G) %, G. Use [22, Lemma 6.7] to find
a countable G-invariant set of projections Py C [°°(G) such that N C C*(F). Let Qo denote the set
of projections in C*(Py). The set Qg is countable because C*(P,) is separable and abelian; cf. proof of
Lemma 3.3. For each p € Qo N Piys use Lemma 6.2 to find a countable subset M (p) of [°°(G) such that p is
properly infinite in A x,. G, and is in fact a sum of two projections in A equivalent to p in A x,. G, whenever
A is a G-invariant sub-C*-algebra of [°°(G) that contains {p} U M (p). Put
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Use Lemma [22, Lemma 6.7] to find a countable G-invariant set of projections P; C [°°(G) such that
N, C C*(P1>

Continue in this way to find countable subsets Ny = N, N1, Na, ... of {°°(G) and countable G-invariant
subsets Py, P1, Pa, ... consisting of projections in {*°(G) such that if @); is the (countable) set of projections
in C*(P;), then Q; C Nj1; C C*(Pj4+1) and every p € Q; N Piye is properly infinite in C*(Pj41) X, G, and
is in fact a sum of two projections in C*(P;41) equivalent to p in C*(Pj41) X, G.

Put P =J,~, P, and put A = C*(P). Notice that

Then P is a countable G-invariant subset of [°°(G) consisting of projections, N C C*(P). Moreover, if
p is a projection in A which is properly infinite in [°°(G) %, G, then p is equivalent (and hence equal to)
a projection in C*(P,) for some n, whence p belongs to @, N Piu¢, which by construction implies that p is
properly infinite in C*(P,11) X, G and hence also in A x,. G.

Moreover, the projection p is a sum of two projections C*(P,41) equivalent to p in C*(P,41) X, G. Hence,
p is a sum of two projections in A equivalent to p in A x,. G. O

Proof of Theorem 6.1: Following the proof of [22, Theorem 6.11] use Proposition 6.3 instead of [22, Propo-
sition 6.8] (together with the fact that homomorphisms preserve equivalence). This ensures that every
projection p in C(X) is a sum of two projections in C(X) equivalent to p in C(X) x, G. In particular,
[Plo = 0 in Ko(C(X) 5, G).

Suppose that ¢: Ko(C(X)) — Ko(C(X) %, G) is surjective. Following the proof of Lemma 3.17 we
conclude that Ko(C(X) x,.G) =0. O

Remark 6.4. There is another way to strengthen [22, Theorem 6.11]. One can carry out the construction in
such a way that Ko(C(X) x, G) = 0 provided that G has the following two properties: First, Ko(I*°(G) %,
G) = 0 and, second, whenever G acts on an abelian C*-algebra A of real rank zero then the map Ko(A X,
G) — Ko(A/I %, G) is surjective for every G-invariant closed two-sided ideal I in A.

Recall that the crossed product C(X) x,.G in [22, Theorem 6.11] is constructed as the limit of a sequence
of separable properly infinite algebras A; x, G, divided by an ideal I x, G. The algebra A = li_rrgAi is a
unital abelian separable C*-algebra of real rank zero. Hence each Ko(A4; X, G) arises from a countable set
of projections in Z; C A; %, G; cf. [21]. We conclude that Ko(A x, G) arises from the set of projections
Ui2, Zi; cf. [21]. We therefore need to ensure that each p € Z; has trivial Ko-class:

Let p be a projection in [°(G) %, G such that [plo = 0 in Ko(I*°(G) %, G). Because C.(G,I®(G)) is
dense in [*°(G) %, G there exists a countable subset N (p) of °°(G) such that whenever A is a G-invariant
sub-C*-algebra of [°°(G) which contains N(p), then [p]o = 0 in Ko(A %, G); cf. [22, Lemma 6.6]. Again
by a Blackadar-type argument, one can add these sets N(p) to the inductive construction of the A;’s in
such a way that we obtain a new version of [22, Proposition 6.8] with the following additional statement: If
Ko(I*°(G)x,G) = 0 then Ko(Ax,G) = 0. Since Ko (I*°(G) x,-G) = 0 by assumption, we have Ko(Ax,G) = 0,
and hence again by hypothesis, Ko(A/I %, G) =0, i.e., Ko(C(X) %, G) = 0, as desired.

Question 6.5. Can we ensure A x, G is Kp-liftable; cf. [18]?

Corollary 6.6. Let G denote the free group on n generators. Then G admits a free, amenable, minimal action
on the Cantor set X such that C(X) %, G is a Kirchberg algebra in the UCT class and Ko(C(X) %, G) = 0.
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