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Abstract:This paper is devoted to the following fully parabolic chemotaxis system with Lotka-
Volterra competitive kinetics

u, = Au—x1V-@Vw) + wiu(l —u — ayv), xeQ,t>0,
vi=Av— 2V - (WVWw) + iov(l — v — apu), xeQ, t>0,
wr=Aw —Aw+ biu + byv, xeQ, >0,

under homogeneous Neumann boundary conditions, where O ¢ R” is a bounded domain with smooth
boundary. We mainly consider the global existence and boundedness of classical solutions in the
three dimensional case, which extends and partially improves the results of Bai-Winkler(Indiana Univ.
Math. J., 2016), Xiang(J. Math. Anal. Appl.,2018), as well as Lin-Mu-Wang(Math. Meth. Appl. Sci.
2015),etc.
Keywords: chemotaxis; global existence; boundedness; Lotka-Volterra competitive kinetics
AMS (2000) Subject Classifications: 35K55; 35Q92; 35Q35; 92C17

1 Introduction and main results

In this paper, we study the following chemotaxis system with Lotka-Volterra competitive kinetics:

u; = Au—x1V-@Vw) + uiu(l —u — ayv), xeQ, >0,
vi=Av— 2V - (vVw) + iov(l — v — apu), xeQ, >0,
wr=Aw — Aw + biu + byv, xeQ,t>0. (1.1)
ou=9a,v=0a,w=0, x€oQ, t>0
u(x,0) = up(x), v(x,0) = vo(x), w(x, 0) = wp(x), x e,

where Q C R"(n > 1) is a bounded domain with smooth boundary dQ; dv denotes the differentiation
with respect to the outward normal on 0Q; x1, 2, 41, M2, a1, az, by, by and A are positive constants;
the initial data up(x), vo(x), and wy(x) are given nonnegative functions satisfying:

up(x) € C(Q), vo(x) € C(Q), wo(x) € WH(Q)(g > n), ug £ 0, vo 20, wo £ 0 in Q. (1.2)
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System (1.1) models the spatio-temporal evolution of two populations with densities u and v,
respectively, and in which, besides random diffusion, both species are able to move toward the gradient
of a chemical signal with concentration w, jointly produced by themselves. In fact, system (1.1) with
v = 0 becomes:

uy = Au—xV - (uVw) + pu(l — u), xeQ, t>0,
w; = Aw — Aw + bu, xeQ, t>0, (13)
oyu=090,w=0, xe€eoQ, t>0,
u(x,0) = up(x), w(x,0) = wo(x), x €Q.

The outstanding feature of (1.3) with ¢ = 0 is that solutions may blow up in finite time or infinite
time if n > 2 (see, e.g., [6, 7, 4, 5, 22]). However, the blowup phenomena may be prevented for
arbitrarily small ¢ > 0 in one or two dimensional space (see [14, 13, 15], etc.); and for sufficiently
large p in bounded convex domains in higher dimensional space [23], which was improved in [12],
[25], [21], etc. In particular, if n = 3, certain global weak solutions exist for any p > 0 (see [24]). We
remark that there are some recent works investing system (1.3) coupled with fluids(see for instance
[3, 10, 17, 18, 19] and references therein.

As for two-species chemotaxis model, the global existence and uniformly boundedness of solution
were established in [26] for a variant model of (1.1), which allowed the chemotactic sensitivities
depending on the chemical concentration w and decaying fast to zero as w goes to infinity. And,
for system (1.1) with by = b, = 1, the unique global bounded classical solution was established in
[11], for any n > 3 and for a range of parameters (e.g., 4 > %), by a comparison principle which
heavily relies on the assumption that the domain is convex. In [1], the unique global bounded solution
was established for n < 2, and the large time behavior for any n > 1 was obtained by means of the
construction of suitable energy functionals. As we know, in the two dimensional case, the Gagliardo-
Nirenberg inequality plays a great role for the derivation of the L? estimates on u and v in [1, Lemma
2.5]; however, in the higher dimensional case, it does not work well.

The goal of this work is to establish the global existence and boundedness of solutions to system
(1.1) in the physical relevant domain Q ¢ R3. To this end, we shall explore the restrictions on param-
eters as that in [25], and extend the corresponding statements on global existence in [1] and [25] to the
two-species systems in the three dimensional case.

Theorem 1.1 Ler Q C R? be a bounded domain with smooth boundary, and let x1, x2, 11, (2, ai, az,
by, by and A be some positive constants satisfying

m_ O +30(05 + V2)

(1.4)
g 2\xi+x;
and
2 93 +3D(V5 + \/5)' 1s)

SRR

Then for any initial data satisfying (1.2), the problem (1.1) possesses a unique global bounded classi-
cal solution fulfilling

u e C'Q x [0, 00)) N C>(Q % (0, )),
v e CUQ x [0,00)) N C>(Q % (0, 0)),
w e CYUQ X [0,00)) N CH(Q % (0,0)) N L ([0, o0); WH(Q)),

loc

which is bounded in Q x (0, 00).



Remark 1.1 We remark that our results extend the statement on global existence in [1] to the three-
dimensional case; moreover, the convexity of domain, the assumptions of A > %, aswellasb; = by = 1
required in [11] are all deleted.

Remark 1.2 We emphasize that Theorem 1.1 also holds for the chemo-repulsion case, i.e., x1, x» <0
is allowed in (1.4) and (1.5), respectively. Furthermore, it is easy to find that, if x1 = x2, then both
the lower bounds o Z—: and % are equal to 3( V10 + 2)|xl, which is about the same as the one-species
case considered in [25].

2 Preliminaries

The local existence and extensibility criterion of classical solutions is established in [1, Lemma
2.1], which can be proved by applying the standard methods in the local existence theory for chemo-
taxis problems, see [20, Lemma 2.1] or [2, Lemma 3.1], etc.

Lemma 2.1 Let Q € R*(n > 1) be a bounded domain with smooth boundary, and x1, x2, Ui, U2,
ai, ap, by, by and A be positive constants. Then for any initial data uy(x), vo(x) and wo(x) satisfy-
ing (1.2), the initial-boundary value problem (1.1) has a unique local-in-time nonnegative classical
solution (u,v,w), in the sense that

ueClQx[0,T%) NC>(Qx(0,TY)),

ve ClUQx[0,T)NC> Q% (0,TY)),

we CoUQx[0,T%) N C*(Q x (0,T%) N Ly.([0, T*); WH(Q)).

Here, T* denotes the maximal existence time. Moreover, if T* < oo, then

lim sup{|lu(:, Hllz=@) + IV, Dllzo@)} = 0. (2.1

t—T*

Next we recall some elementary estimates, see [1, Lemma 2.2], [11, Lemma 2.2].

Lemma 2.2 Let the assumptions of Lemma 2.1 hold, then the solution component u of (1.1) satisfies

e, Dl 1y < My = maX{HMo(x)HLI(Q), |Q|}, for all t €[0,T%) (2.2)
and
VG, Dl gy < ma = max {luo(D)lip ), 1}, for all t € 0,T%) 23)
as well as
f+0 5 m
f f u dxds < Ky :=my + — for all €0, T" — o), 2.4
t Q H1
and
I+0 my
f f vidxds < K := mp + — for all 1€ (0, T" - o), (2.5)
t Q H2

where o := min{1, %T*}.

Based on the spatio-temporal estimate (2.4) and (2.5), one can test the third equation of (1.1)
against —Aw to obtain the uniform bound of fQ |Vw|?dx, which is crucial for the L? estimates of u and
V.

Lemma 2.3 Let the assumptions of Lemma 2.1 hold. Then the solution component w of (1.1) satisfies

b%Kl + b%Kz

f IVw|?dx < max { f [Vwo(x)ldx + 262Ky + 2b3K>, +4bT Ky + 4b§K2} = K3. (2.6)
Q Q
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3 Some a priori estimates

As we know, in view of the extensibility criterion (2.1), the crucial ingredient to obtain the
global existence and boundedness of classical solutions is the uniform boundedness of [|u(-, #)llzr ()
and |v(-, 1)llrrq) for some p > % Especially, if n = 3, then the uniform bounds of |ul|;2, and
V(- D2y are sufficient to ensure the global existence and boundedness of classical solutions. To
this end, we shall establish a series of estimates on [[,(bju + byv)*dx, and [, (bju + byv)|[Vw*dx, as
well as fQ |Vw|4dx, in Lemma 3.1, Lemma 3.2, and Lemma 3.3, respectively; and then we combine
these estimates to construct a differential inequality (3.18) with several parameters undetermined; af-
ter a series of delicate analysis on this differential inequality (3.18), we can establish a Gronwall type
inequality, from which the uniform boundedness of |lu(-, 1)||;2(q) and also [[v(:, D)|;2(q) Will be gotten.

The ideas used in this section mainly come from [25] and [23].

Lemma 3.1 Let the assumptions of Lemma 2.1 hold. Then we have

d
— f(blu + byv)’dx +2(1 — E])f IV(biu + byv)Pdx + 2,ulb%f wdx + 2u2b% f Vdx
dt Jo Q Q Q (3.1)

Wldx + 2,uzb§ f Vidx + c1

1
<— f (b3 + x 33\ Vwldx + 2u b3 f
€1 Jo Q

Q

with ¢; = ’”hlé’zmz + “Zhlé’zm',for all t € (0, T*) and for any € € (0, 1).
Proof. In view of the first two equations in (1.1), we have
(bru+byv), = Ab1u+byv) =V -((x1b1u+x202v)VW) + w1 b1u(l —u—ayv) + urbov(l —v—asu). (3.2)

Upon testing against byu + byv and applying the Young inequality, we obtain
1d
—— f (biu + byv)*dx + f IV(byu + byv)[*dx
= f()(lblu + x2b02v)V(b1u + byv) - Vwdx
Q
+ f[,ulblu(l —u—apv)+ ubyv(l —v—au)|(biu + byv)dx
Q
1
<eq f IV(biu + byv)Pdx + — f (111 + x2bov) | VwlPdx (3.3)
Q 4e1 Jo
+ f[ylblu(l —u) + tobyv(1 —v)|(bu + byv)dx
Q
1
<€ f \V(byu + byv)dx + — f (I + x3b3) | Vwidx
Q 261 Jo

+ f[,ulblu(l —u) + tobyv(1 = v)|(bru + byv)dx
Q

for all t € (0, T*). Applying Young’s inequality to the last term, we have
f[ylblu(l —u) + tbyv(l = v)|(byu + byv)dx
Q

= f(/,t]b% 2 ,ulb%ug’ + u1b1bruv — ylb]bzuzv + ,uzb%vz + wobrbiuv — ,uzbzbluvz - y2b§v3)dx
Q

3 M1bibyv  wabibou
+ +
4 4

Upon combining (3.3), rearranging, and using (2.2) as well as (2.3), then we have (3.1). O

< f(ulb%uz —,ulb%u3 +u2b§v2 —ugbgv )dx
Q

4



Lemma 3.2 Let the assumptions of Lemma 2.1 hold. Then we have
d 2 2
— | (biu+ byv)|[Vw|“dx + 21 | (byu + bov)|Vw|"dx

212 212
b b
T uby — @)f WIVwidx + (uaby — @)f VIVwldx
263 Q 263 Q (34)
1
< f IV(biu + byv)Pdx + (& + &) f IVIVw*dx + f (1b1u + pobov)|VwlPdx
2 JQ Q Q
3
+ 2 f B33 + b3 )dx + f (byu + by)d,|Vw2dS
8 Ja 80
forallt € (0,T*), and for any e > 0 and e3 > 0.

Proof. By simple computation, we have

d
7 f (bru + byv)|Vw|?dx = f (bru + bav),|VwlPdx + f (bru + bav)(|Vw]?)dx. (3.5)
Q Q Q
Using (3.2), the first term on the right hand side of (3.5) can be estimated as
f (bru + byv),|[Vw|?dx = f [A(b1u + bav) = V - (x1b1u + x2b2v) VW)V dx
Q Q
+ f[,ulblu(l —u—av) + wobav(l — v — au)]|[Vw|*dx
@ (3.6)
= —f V(biu + byv) - VIVw]>dx + f(,\/lblu + x202v)Vw - V|Vw|?dx
Q Q

+ f[ulblu(l —u—ap)+ byl —v-— azu)]Ilezdx.
Q

Applying Young’s inequality with € to the first two terms on the right hand side of (3.6), we then have

1
f (bru + bav)|[VwPdx < — f IV(biu + bov)Pdx + (2 + &) f IVIVw|*[>dx
o) 26 Jo 2 Q

N 1
4de3

+ f[ulblu(l —u—apv)+ byl —v-— azu)]IVw|2dx
Q

f (v1b1u+ x2bav)*[Vwlidx
Q

1 . (3.7
z f V(b1 + bov)Pdx + (2 + ) f IV|Vw|*[dx
2e Jo 2 Q
1
+— f (bt u? + x3b3H) | Vwldx
263 Ja
+ f[,ulblu(l —u) + tobyv(l — v)]|Vw|2dx.
Q
For the last term on the right hand side of (3.5), we first note that
d 2
—|Vw|* = 2Vw - V(Aw — Aw + biu + byv)
dt (3.8)

= AIVw]?> = 2ID*w|?> = 2AVw|* + 2Vw - V(byu + byv),



where we have used the point-wise identity 2Vw - V(Aw) = A|[Vw|* — 2|D?w|?. Thus, we have
f (byu + bav)(IVw),dx
Q

= f (bru + baV)[AIVw)* = 21D*wP? = 2A1Vw|* + 2Vw - V(byu + byv))dx
Q
(3.9)
=- f V(biu + byv) - V|Vw|*dx + f (byu + by)d,|Vwl*dS
Q 0Q

-2 f (bru + byv)(ID*w]* + AVw|*)dx — f (bru + byv)*Awdsx.
Q Q

Applying Young’s inequality with e to the first and the last terms, and using the fact that |[Av]> <
n|D*w|?, we have

1
- f V(biu + byv) - VIVwlPdx < — f IV(byu + byv)Pdx + 2 f [VIVw]?2dx, (3.10)
Q 260 Jo 2 Jo
where e is the same as in (3.7), and

2
f (bru + byv)*Awdx < = f (b1t + byv)[AwPdx + = f (biu + byv)’dx
Q nJo 8 e
7 (3.11)
<2 f (bru + by Dwldx + = f B3 + b3 )dx.
Q Q

Upon combining (3.9), then yields
1
f (bru + bov)((Vw?)dx < — f IV(byu + byv)Pdx + 2 f IVIVw*dx
o 26 Jo 2 Ja
3
+ 22 f (b3 + b3v )dx + f (bru + byv)d,|Vw?dS (3.12)
8 Ja a0
-22 f (b1u + byv)|Vw|?dx.
Q
Substituting (3.12) and (3.7) into (3.5), then we have
d 1
= f (bru + byv)|VwPdx < — f IV(biu + byv)Pdx + (& + &) f IVIVw|*|>dx
dt Jo e Ja Q

1
+ — f (b3 + )33 Vwfdx - 22 f (bru + byv)|Vwl*dx
263 Ja Q
(3.13)
+ f[/llblu(l —u) + rbyv(l — v)]|Vw|2dx
Q

3
+ 2 f B3 + b3 )dx + f (byu + by)d,|VwdS,
8 Ja 00

which immediately implies (3.4). O
Similar to [25, Lemma 3.2], see also [9, Lemma 4.2], we establish the following estimate to control
o, IVIVwPPdx in (3.4).

Lemma 3.3 Let the assumptions of Lemma 2.1 hold. Then we have

d
— f IVw*dx +2(1 — &) f IVIVw*>dx + 424 f [Vw|*dx
dt Jo Q Q

p (3.14)
<(—+2n) f (b1u* + b3 VwlPdx + 2 f IVw[?d,|Vw|*dS
€4 Q Q

forallt € (0,T%) and any € € (0, 1).



Proof. Using (3.8), simple computation shows that

1d
57 fg IVwl*dx = fg IVw2(IVw]?),

(3.15)
= f VW [AIVW? = 2|1D*w|> = 2A/Vw]? + 2Vw - V(biu + bav)],
Q
for all € (0, T*). By an integration by parts, we further obtain that
f IVwlPAIVw|?dx = — f IVIVw?Pdx + f IVw[?8,|Vw|>dS (3.16)
Q Q Q

and
2 f IVw|>Vw - V(biu + byv)dx = =2 f (bru + byv)V|Vw|* - Vwdx — 2 f IVwl>Aw(byu + byv)dx
Q Q Q
1
<g f IVIVwPdx + — f (bru + bav)?[Vw|?dx
Q €& Jo
2
+= f VWl Aw[dx + = f (biu + byv)*|Vw|>dx
nJo 2 Ja
2
<g f IVIVW?Pdx + (= + n) f (b3? + bav?)|VwlPdx
Q €4 Q

+2 f Vw2 D*w|>dx
Q
(3.17)

where € is an arbitrary positive constant. Combining (3.16) and (3.17) with (3.15), and rearranging
the terms then yields (3.14). O

A linear combination 91 X (3.1) + 92 X (3.4) + 63 X (3.14) with some positive constants 61, 92, 03,
then yields the following inequality.

Corollary 3.1 Let the assumptions of Lemma 2.1 be satisfied, then there holds:

d
= {51 f (bru + byv)?dx + 63 f (bru + byv)|Vwldx + 83 f |Vw|4a’x} + 4165 f IVwl*dx
dt Q Q o Q

+ 216, f (bru+ bov)|VwPdx + A, f IV(biu + bav)Pdx + A, f wdx

Q Q Q
+ Az f Vidx + Ag f IVIVw|*[>dx + As f W |Vwldx + Ag f V2 VwlPdx (3.18)
Q Q Q Q
< 2u1b3s, f u*dx + 2ub36) f Vidx + 6> f (1b1u + obav)|[Vwikdx + 61¢1
Q Q Q

+6 | (biu+ bav)d,|VwdS + 263 f [Vw|?d,|Vw|>dS
0Q 0Q



forallt e (0,T"), where

A3 = 2/.12b%61 -

As = u1b162

Ag = b6y

P 3nb3s
Av=260—e) = 2y Ay = bl - 2
€ 8
3I’lb352
82 3 Ay i=2(1 — &)d3 — (€2 + €3)02;
272 272
xibio1  xibio2 4 By
- = (— +2n)bd3;
o 26 (64 n)by63
272 2
Xzbz(sl 2b262 4 2
- =L Lt T (— +2n)b55s.
€1 263 (64 mb203

To obtain the boundedeness of ||(byu + bav)||;2(q), We need to select parameters appropriately such
that 2(1) := 6y [, (biu+bav)*dx+6; [, (bu+byv)|Vwldx+53 [, [Vw|*dx satisfies a delicate Gronwall’s
inequality. To this end, we need to control the terms on the right of inequality (3.18) by the dissipative
terms on the left. We first note that, using the Young inequality and the uniform boundedness of

“VW“LZ(Q)’

the headmost three terms can be handled. For the remaining two boundary integrals, if Q

2
is convex, then 8I(V;_Lvl < 0 ([16)), i.e, the two boundary integrals are nonpositive. In this case, we only

need to choose parameters such that A;

=0,A,>0,A3>0,A4 =0, A5 > 0, Ag > 0, that is to say:

19}
261(1 - ) — — =0,
€
3nb365,
2/Jlb1 1— >0,
8
I’lb3(52
bl — —2 ,
#2201 (3.19)
21 -&)dz — (e +&)o, =0
272 2.2
bso b56 4
pubyoy = SO X2 (R k2es > 0,
€] 263 €4
xX3b3o1  x3blo 4
psbas, - 220200 X227 (= +2mb353 > 0.
€l 2&3 €
which is equivalent to
o__ b
5 2(0-e)e’
i 3noy
by = 166,
H2 310y
by 166
5 ete (3.20)
6 21-&)
2
M1 _ X161 X1
— > — — +2n)—
bl €] 52 263 (64 )
2
M2 X2 51 Xz 03
2,22 = 2=,
bz €] (52 263 (6 n)(SZ
Whereupon, we have
2 2
2 +
o R W W e Tl (3.21)
b1 261(1 - 61)62 263 €4 — €&



and 5 5
H X2 X3

2 e + €
—_— > —= 4+ = 4+ (— . 3.22
b2 261(1—61)62+2E3 +(€4+n)1—64 ( )
To minimize the right hands of (3.21) and (3.22), we first find that
1 1
— >2, 3.23
21 (1 -€) 629
the equality holds if and only if € = %, and
2 1 n
(= +n) > [ I’ (3.24)
& (l-&) Vh+2-V2
where the equality holds if and only if & = _2% Vanid Upon combining (3.21), (3.22), respectively,
we have ) 5
M1 X 2)(1 n 2
s A (——) e+ &), (3.25)
by 26 & Vn+2-12 =
and ) 5
2
H2 /\/_2 X2 + (771 )2(62 + &). (3.26)

> + —=
by 268 e Vn+2-12
Adding (3.25) and (3.26), we have

2, .2 2 2
wo e XiHX, 2+ 2 n 2

—+—=> + + 2( ) (e + &)

by b 26 & Vn+2-12 (3.27)

> 6.x2 +x2(Vn+2+ V2),

Vg2V g o - NiGeg(Vne2- VD)
2n - n

where the equality holds if and only if &3 = . Substituting
them into (3.25) and (3.26), we then obtain
ui O +3x)(Vn+2+ V2)
™ > (3.28)
1 2 X+
and
o O3 +3x)(Vn+2+ V2) (3.29)

b >
2 [,2 2
2 X1 +Xx5

All in all, for any uy, ua, by, by satistfying (3.28) and (3.29), in order to achieve (3.20), we can first
take

1
€ ==,
)
W +Hi(Vn+2-12)
62 = 9
" (3.30)
W+ 5V +2-V2)
63 = 2n 9
-2+ V2n+4
@G =———————"—"

n



and then we can choose ¢; as follows:
Vn+2+ V2

N RES

6 =1, (3.31)

31//\/%"')(5
T 4vnr2

In fact, for such ¢ and ¢;, the previous discussions have shown that, except for the second and the third
inequalities, the inequalities in (3.20) are valid, which implies that A} = A4 = 0,As > 0,A¢ > 0. By
simple computations, one can further find that

01 =

03

166, by’
1 16(Vn+2+ V2) 2 ,X%"‘X% 1

Therefore, the second inequality in (3.20) is valid, and similarly, the third inequality in (3.20) holds
too, i.e., A» and Az are also positive. Fix the aforementioned ¢ and J;, then now we can establish the
uniform boundedness of ||ul|;2q) and [[VI[;2(q)-

o 3nm O3V t2+ V) gy (3.32)

Lemma 3.4 Let Q c R*(n > 1) be a bounded convex domain with smooth boundary, and assume that
Ui, by, wo, by satisfy (3.28) and (3.29), respectively. Then there exist a positive constant C such that

el 2y + IVIl2@) + VWl aq) < C for all t€[0,T7). (3.33)

Proof. In fact, from (3.18) and (3.20), we have

d
— {51 f (bru + byv)*dx + 6> f (bru + byv)|Vwldx + 63 f |Vw|4dx}
dt Q Q Q
+ 4153 f IVwl*dx + 26, f (bru + byv)|Vwl?dx + A6, f (bru + byv)’dx
Q Q Q
+ A, f wdx + Az f Vdx + As f W \Vwldx + Ag f V2 IVw|Pdx
Q Q Q Q
< 2u1b36, f utdx + 2urb36, f vidx + A6, f (bru + byv)*dx (3.34)
Q Q Q
+ 6 f(,ulblu + (b)) VwlPdx + 61¢
Q
< 2(up + Db6y f w?dx + 2(up + Db36y f Vidx
Q Q
+ 0o f(,ulblu +,uzb2v)|Vw|2dx +0]C| for all ¢ € [0, T*),
Q
with some positive constants A,, A3, As, Ag as those in Corollary 3.1, and 61, d2, 03 are defined in
(3.31).

By Young’s inequality, we have

2 8
2(uy + b3S, f uldx < 34 f wdx + J+ 3685345710, (3.35)
Q Q

10



and
2 8
2wz + Vb6, f Vvidx < 343 f Vidx + Je + D3B853ATIQ, (3.36)
Q Q

as well as

1
5 f (1b1u + poba)|Vw)Pdx < S4s f 2|Vw|2dx+—6 b2 f IVw|>dx
Q Q

1

+ =Ag f V2 Vw? dx+—6 3b3 f |Vw|>dx
2 " Ja

1 1

—As f W |\Vwldx + =Ag f V2 VwlPdx

2 Q 2 Q

2.2 2 2
+(2A 03403 + 5 S23hHKs

with K3 as in (2.6). Upon substituting into (3.34), then we have the following Gronwall type inequality:

d
— {51 f (biu + byv)’dx + 65 f (bru + byv)|Vwl?dx + 53 f |Vw|4dx}
dt o Q o)

+1 {51 f (biu + byv)’dx + 6> f (bru + byv)[Nw|>dx + 63 f |Vw|4dx} (3.38)
Q Q Q

(3.37)
<

1 59 2,
2A 62 Zb
which implies (3.3). O

If Q is non-convex domain, then the two boundary integrals in (3.18) may be positive. However,
similar to [25, 3.22], see also [8, 9],etc., we can control them as follows:

< (= S3bHKs + 61c; for all 1€ [0,T7),

245

Lemma 3.5 Let Q ¢ R"(n > 1) be a bounded domain with smooth boundary. Then the solution of
(1.1) satisfies:

5 f (bru + bav)d,|YwWPPdS + 253 f IVw[?8,|Vw|*dS
o0Q 0Q

€ f IVIVw*Pdx + € f IV(biu + byv)[*dx (3.39)
Q Q

2 2
+C(e) ( f |Vw|2dx) + C(e) ( f (b1u+b2v)dx)
Q Q

forall t € (0,T*), where € > 0 is arbitrary, and C(€) is some positive constant only depending on €
and Q.

In this case, to establish a Gronwall’s inequality through (3.18), we need to take parameters such
that Ay, Ay, A3, A4, As, Ag are all positive. In fact, it’s obviously that both the left parts in the fifth and
the sixth inequalities in (3.20) are continuously dependent on ¢ and d3; moreover, they are equal to the
left sides of (3.28) and (3.29), respectively, once ¢; satisfy (3.31) and ¢; satisfy (3.30). Therefore, for
any ui, by, o, by satisfying (3.28) and (3.29), we can also take ¢ as (3.30), and just select 01, 02, 03

satisfying 3
Vn+2+ V2

N RES

6 =1, (3.40)

31//\/%"')(5

4Vn+2
11

51>

53>




such that A}, Ay, A3, A4, As, Ag are all positive. With such §; and ¢;, we can take € = min{A, A4} in
(3.39), and then combine (3.18), (3.39), (3.35)-(3.37) to deduce that

d
- {51 f (biu + byv)’dx + 6> f (bru + byv)|Vw|>dx + 63 f |Vw|4dx}
dt Q Q Q
+A {51 f (bru + byv)’dx + 6, f (bru + bov)|Vw*dx + 63 f |Vw|4dx}
Q Q Q

1
SIbDK; + S1c1 + C(€)K3 + C(e)(bymy + bamp)*  for all 1 € [0,T%),

1
(3.41)

=24,

from which one can also obtain (3.33). O

4 Proof of Theorem 1.1

Proof of Theorem 1.1. In view of [1, Lemma 2.6], the global existence and boundedness of
solutions to system (1.1) can be established once the uniform bound of |lull;»q) + |IVIlr(@) for some
p> % is obtained. In the case of n = 3, the uniform bound of ||ul[;>(q) + [IVll;2(q) obtained in (3.3) then
implies our statements in Theorem 1.1. O

Acknowledgements

This work was supported by the National Natural Science Foundation of China (no. 11701461)
and the Postdoctoral Science Foundation of China (no. 2017M622990, no. 2018T110956 ) as well as
the Science Project of the Education Department of Sichuan Province(no.18ZA0478).

References

[1] X. Bai, M. Winkler, Equilibration in a fully parabolic two-species chemotaxis system with com-
petitive kinetics, Indiana Univ. Math. J. 65 (2) (2016) 553-583.

[2] N. Bellomo, A. Bellouquid, Y. Tao, M. Winkler, Toward a mathematical theory of Keller-Segel
models of pattern formation in biological tissues, Math. Models Methods Appl. Sci. 25 (9) (2015)
1663-1763.

[3] R. Duan, X. Li, Z. Xiang, Global existence and large time behavior for a two-dimensional
chemotaxis-Navier-Stokes system, J. DifferentialEquations 263 (10) (2017) 6284-6316.

[4] T. Nagai, Blowup of nonradial solutions to parabolic-elliptic systems modeling chemotaxis in
two dimensional domains, J. Inequal. Appl. 6 (1) (2001) 37-55.

[5] T. Nagai, T. Senba, K. Yoshida, Application of the Trudinger—Moser inequality to a parabolic
system of chemotaxis, Funkcial. Ekvac. 40 (3) (1997) 411-433.

[6] M.A.Herrero, J.J.L.Velazquez, A blow-up mechanism for a chemotaxis model, Ann. Scuola Nor-
male Superiore 24 (4) (1997) 633-683.

12



(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

D. Horstmann, G. Wang, Blow-up in a chemotaxis model without symmetry assumptions, Euro-
pean J. Appl. Math. 12 (2) (2001) 159-177.

S.Ishida, K.Seki, T.Yokota, Boundedness in quasilinear Keller-Segel systems of parabolic-
parabolic type on non-convex bounded domains, J. Differential Equations 256 (8) (2014) 2993-
3010.

X. Li, Z.Xiang, Boundedness in quasilinear Keller-Segel equations with nonlinear sensitivity
and logistic source, Discrete Contin. Dyn. Syst. 35 (8) (2015) 3503-3531.

X. Li, Y. Xiao, Global existence and boundedness in a 2D Keller-Segel-Stokes system, Nonlinear
Analysis: Real World Applications 37 (7) (2017) 14-30.

K.Lin, C.Mu, L.Wang, Boundedness in a two-species chemotaxis system, Math. Methods Appl.
Sci. 38 (18) (2015) 5085-5096.

K.Lin, C.Mu, Global dynamics in a fully parabolic chemotaxis system with logistic source,
Discrete Contin. Dyn. Syst. 36 (9) (2016) 5025-5046.

K. Osaki, T.Tsujikawa, A.Yagi, M.Mimura, Exponential attracktor for a chemotaxis-growth sys-
tem of equations, Nonlinear Analysis: Theory Methods and Applications 51 (1) (2002) 119-144.

K.Osaki, A.Yagi, Finite dimensional attractors for one-dimensional Keller-Segel equations,
Funkcial. Ekvac. 44 (3) (2001) 441-469.

K.Osaki, A.Yagi, Global existence for a chemotaxis-growth system in R?, Adv. Math. Sci. Appl.
12 (2) (2002) 587-606.

R.Dal Passo, H.Garcke, G.Griin, A fourth-order degenerate parabolic equation: Global entropy
estimates, existence, and qualitative behavior of solutions, STAM J. Math. Anal. 29 (2) (1998)
321-342.

Y. Peng, Z. Xiang, Global solutions to the coupled chemotaxis-fluids system in a 3D unbounded
domain with boundary, Math. Models Methods Appl. Sci. 28 (5) (2018) 869-920.

Y. Wang, M. Winkler, Z. Xiang, The small-convection limit in a two-dimensional chemotaxis-
Navier-Stokes system, Math. Z. 289 (2018), 71-108.

Y. Wang, M. Winkler, Z. Xiang, Global classical solutions in a two-dimensional chemotaxis-
Navier-Stokes system with subcritical sensitivity, Ann. Scuola Norm. Sup. Pisa.- Classe di
Scienze (5), XVIII (2) (2018) 421-466.

Y.Tao, M.Winkler, A chemotaxis-haptotaxis model: The roles of nonlinear diffusion and logistic
source, SIAM J. Math. Anal. 43 (2) (2011) 685-704.

Y.Tao, M.Winkler, Boundedness and decay enforced by quadratic degradation in a three-
dimensional chemotaxis-fluid system, Z. Angew. Math. Phys. 66 (5) (2015) 2555-2573.

M. Winkler, Finite-time blow-up in the higher-dimensional parabolic-parabolic Keller-Segel sys-
tem, J. Math. Pures Appl. 100 (5) (2013) 748-767.

M. Winkler, Boundedness in the higher-dimensional parabolic-parabolic chemotaxis system with
logistic source, Commun. Partial Differential Equations 35 (8) (2010) 1516-1537.

13



[24] M. Winkler, Eventual smoothness and asymptotics in a three-dimensional chemotaxis system
with logistic source, J. Differential Equations 258 (4) (2015) 1158-1191.

[25] T. Xiang, How strong a logistic damping can prevent blow-up for the minimal Keller-Segel
chemotaxis system?, J. Math.Anal.Appl. 459 (2018) 1172-1200.

[26] Q.Zhang, Y. Li, Global boundedness of solutions to a two-species chemotaxis system, Z. Angew.
Math. Phys. 66 (1) (2015) 83-93.

14



