J. Math. Anal. Appl. 471 (2019) 448-480

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Analytic semigroups generated by the dispersal process in two )

Check for

habitats incorporating individual behavior at the interface

Angelo Favini®, Rabah Labbas”, Ahmed Medeghri¢, Abdallah Menad ©

& Universita degli Studi di Bologna, Dipartimento di Matematica, Piazza di Porta S. Donato, 5,
40126 Bologna, Italy

b Normandie Univ., UNIHAVRE, LMAH, FR-CNRS-3535, 76600 Le Havre, France

¢ Laboratoire de Mathématiques Pures et Appliquées, Université Abdelhamid Ibn Badis,

27000 Mostaganem, Algeria

ARTICLE INFO ABSTRACT
Article history: In this work we study an elliptic differential equation set in two habitats which
Received 30 March 2017 models a linear stationary case of dispersal problems of population dynamics

Available online 30 October 2018

' - incorporating responses at interfaces between the habitats. We prove that this
Submitted by A. Lunardi

operator generates an analytic semigroup in an adapted space of Holder-continuous
functions.

Keywords:
Population dynamics
Dispersal process
Diffusion equation
Buffer zones
Semigroups

© 2018 Published by Elsevier Inc.

1. Introduction

In the paper of Cantrell, R.S., and Cosner, C. [2], we find an interesting study of a diffusion model
for population dynamics with dispersal incorporating individual behavior at boundaries. This study was
detailed in one space dimension.

In [7], we have studied a similar problem, but without a spectral parameter and with a different trans-
mission condition. This work was done in three habitats.

Our goal in this work is to analyze the situation in two dimension space and more precisely, we will be
concerned with the study of the analyticity of the Cy-semigroup generated by the dispersal process in two
habitats under some skewness condition and continuous dispersal condition at the interface which represent
the behavior of the individuals at boundaries.

These problems are based on partial differential equations of parabolic type set in the following landscape
constituted by two different habitats:
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Q=0_UQ,,
where
Q_ =1]-1,0[x]0,1]
{Q+]O7L[X} y Ll (11)

with [, L > 0. The diffusion equation is

ou d_.Au_(t,z,y) + F_(u(t,z,y)) in ]0,T[ x Q_
ot d+.AU+(t,.’E,y) + FJr(u(tvmvy)) n ]OvT[ X Q+7
under the initial data
¢ (z,y) inQ_
u(0,z,y) = . 1.3
( ) {<p+(:r7y) in O, (13)
the boundary conditions
u-(t,—ly) = f-(t.y), y€]01]
u_(t,z,0) =u_(t,z,1) =0, x€]-1,0]
ug(t,z,0) =uy(t,z,1) =0, z€]0,L] (1.4)
8’U,+
—(t,L,y) = 1
O (tv 7y) f+(t’y)7 yE]O, [7
the continuity of the dispersal at the interface I'y = {0} x ]0, 1],
d,.AU,(t, 07 y) + F_ (u* (tv Oa y)) = d+.AU+(t, 03 y) + F+(u+ (ta Oa y)), (1 5)
y €10,1], '
and the non-continuity of the flux at I'y
Ou_ ou
(1_p)d—W(t,0,y) :dera_;(taan)a yE]O,l[ (16)

‘We have used above the natural notations
U_ :’U,‘Q_, U+ZU|Q+.

Note that condition (1.5) is different of the one considered in [7].

Here, u(t,z,y) represents a population density, €2 is the refuge while Q_ is the buffer zone with their
corresponding diffusion coefficients d and d_. Equations (1.2) describe the different diffusion in the habitats
with their growth or decline logistic functions F_ and F. The boundary conditions (1.4) simply mean that
the individuals die when they reach on the other parts of the boundaries |—I, L[ x {0} and |-, L[ x {1}
(which mean that our bounded domain is surrounded by an hostile habitat); the population density is given
on {—1} x]0,1[ for instance and its flux also on {L} x ]0,1][.

As it was specified in [2], conditions (1.5) are essential in this work and express the fact that the dispersal
process does not allow individuals to become stuck at any fixed location and does not allow any impenetrable
barriers to dispersal, so, it is necessary to assume its continuity in all the domain.
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Finally, the interface conditions in (1.6) are based on a skew Brownian motion characterized by the
parameter p € |0, 1] which is the probability that an individual on the interface will move into the refuge ..
Of course, when p = 1/2 the conditions signify the continuity of the flux.

The justification of conditions (1.6) is due to the fact that the so called local time of the process with
p # 1/2 is discontinuous, see for instance Otso Ovaskainen and Stephen J. Cornell in [9].

Note also that, when we consider different types of habitats, the response of individuals at the interface
is important for the overall movement behavior.

We will focus ourselves to study the linear stationary problem by taking:

F_(u_)=—-r_u_ on |-,0[x]0,1]
Fy(uy) =riuy on J0,L[x]0,1],

here r, is the growth rate inside the refuge 2, and r_ is the death rate in the buffer zone Q_.

The organization of the paper is the following.

In Section 2 we recall some preliminary results on sectorial operators and their H-calculus.

Sections 3 and 4 are devoted to the spectral equation of the dispersal operator £ (see section 3) and its
operational formulation. Our main result is the following

Theorem 1.1. The dispersal operator L defined in the two habitats described in (3.1) below generates an
analytic semigroup (not necessarily continuous at 0) in the Banach space &, introduced in (/.3).

For semigroup theory we refer to monograph [10].

All next sections concern the proof of this theorem.

Section 5 contains the complete study of the resolvent equation in an adapted space of continuous
functions.

Section 6 is devoted to the invertibility of the determinant of the system induced by the spectral equation;
here we use the H°°-calculus for sectorial operators.

In Sections 7, 8 and 9 we give the complete resolution of the spectral equation, in section 10 we give the
estimate of the resolvent operator which concludes the proof of our main result concerning the analyticity
of the semigroup generated by £ in some natural space &, described in (4.3). Finally in section 11, we will
specify the nature of the closure of D(L).

2. Some results on sectorial operators

Counsider w € [0, 7] and define

g . { {z € C\ {0} : |arg z| < w} if w €]0, ]
“ 10, +00[ if w=0.

We will use the following lemmas.

Lemma 2.1. Let n €]0,7/2[. For any z € S,, we have

(1) farg(l —e™*) —arg(l +e %) <7
(2) |1 _|_e—z| > 071 =1 _e—ﬂ'/Ztann >0

Z|CcosTn 215
(3)

<l—e? < ——mm—.
1+ |z|cosn

1+ |z|cosn

The complete proof is in [4], Proposition 4.10, p. 1880.
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Lemma 2.2. Let w, z € C\ {0}. We have

argw — arg z

w21 2 (ful + 2] eos B

See Proposition 4.9, p. 1879 in [4].
Now, let us recall some results from Haase [6]. Assume that w € [0, 7]. A linear operator A on a complex
Banach space F is called sectorial of angle w if

(1) o(A) C S, and
(2) M(A,w') == sup ||AMA—AI)7}| < oo for all ' €lw, 7.
XeCS,,,

We then write that A € Sect(w).
The following angle

wa :=min{w € [0,7[: A € Sect(w)},

is called the spectral angle of A. We recall the following properties of the set Sect(w). It is clear that
Statement (2) implies necessarily that A is closed.

Proposition 2.3. If ] — 00,0[C p(A) and
M(A) := M(A,7) := 21;%) [t(A +tI)7H| < oo,
then M(A) > 1 and
A € Sect(m — arcsin(1/M(A)).

Let A be sectorial operator and let v €]0,1/2]. Then A¥ € Sect(vwa), thus —A” generates an analytic
semigroup. See Haase [6] pp. 80-81.

Now, consider the following space

H®(S,) ={f: f is an holomorphic and bounded function on S},
with w €]0, 7[; then we recall that if f € H*(S,) is such that 1/f € H*(S,,) and
(1/1)(A) € L£(X),
then f(A) is invertible with a bounded inverse and
F)] = 1/ ), (2.1)

see, for instance [3].

3. Operator £ and its resolvent equation

We will be concerned with the study of the following operator

d+A’lL+ —+ T+Uu4 on ]0, L[ X ]0, 1[

3

Lo — {d_Au_ —r_u_  on ]|—1,0[x]0,1]
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where u satisfies

u=0in |-, L[ x {0}
w=0in |-, L[ x {1}
(Bound.C.) ¢ 4, —0in {~1} x]0,1]

3u+ - .
W—OIH {L} X]O,l[

(Interf.C.) d_.Au_(0,y) —r_u_ =dy.Auyp(0,y) +riuy, y €]0,1]

ou_ B ouy

We must study the spectral equation
Lu—du=g, (3.1)

in an adequate space, where u verifies (Bound.C.), (Interf.C.) and (Skew.C.).
We recall that all the constants r_,ry,d_,d; are strictly positive, p €]0,1[ and A is in some sector
described in Section 5.

4. Operational formulation of (3.1) and the main result
Consider the Banach space

E = Co([0,1]) = {¢ € C([0,1]) : %(0) = (1) = 0},

endowed with the sup-norm of C([0, 1]). Let us define the following operator A in E by

D(A) = {¢ € C*([0,1]) : »(0) = 4(1) = 0 and ¥ € Co([0,1]) }
(AY) (y) = ¥"(y)-

Then we know that this closed linear operator verifies

D(A) = E;for any n € |0, 7[, p(A) D Sr—, U{0} and

3C>0:Vze S, U{0},||(z] — A (4.1)

)L < T

We also know that there exists a ball B(0,0), 6 > 0, such that p(A) D B(0, ) and the estimate in (4.1)

is still true in Sr_,, U B(0, ). Here p(A) denotes the resolvent set of A.

Remark 4.1. The conditions that " vanishes in 0 and 1 in the definition of D(A) is necessary to define
correctly operator A in E. This is not a restriction since we assume naturally that the spatial dispersal in
direction of the variable y outside the domain is null.

Remark 4.2.

(1) We can consider the more natural spaces

E = Co([0,h]) = {¢ € C([0,h]) : ¥(0) = (k) = O}, h >0,

or
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E:CO(U):{wEC(U):wzoonaU},

where U is an open bounded set of R?.
(2) Note that the dimensions [, L and h of the two habitats are important for the analysis of the spectrum

¢

of L as it was proved in [2] in one dimension. We will study the similar situation in greater dimension
for our problem in a future work.

The following well known vector-valued notations of functions

ux(2)(y) == us(z,y),

lead us to write problem (3.1) in the space E, as:

W' (z) + Au_(z) — ;—:u,(x) - di_u,(x) = gzl(_m) on ]-1,0]
ull (x) + Auy (z) + T () — iu (x) = 9+ () on 10, L[
+ + a, " 4 4, ;

u_(=0)=0
v/ (L) =0

d— [u”(07) 4+ Au_(07)] —r_u_(07)
= dy [W](07) + Aup (0F)] +rpus (0F)

(1= p)d_u’ (07) = pd s, (0%).

Note that there is no reason that the condition
d_ [u”(07) + Au_(07)] —r—u_(07) = dy [W/L(07) + Auy (01)] + ryup (0F),

implies the continuity of the density itself across the interface. Taking account of our boundary and trans-
mission conditions, it is clear that the continuity of the spatial dispersal in direction of the variable z is in
some sense more “nuanced” than the ones in direction of the variable y. This is why we will consider our
work in the following space

E={ueC([-,L\{0};E): 3 u(07) € E, 3u(0") € E,
and wj;_y,of € C? ([=1,0[ E) ,uj0,; € C° (10, L; B) } .

Now, we will use the following result.

Lemma 4.3. Let U an open bounded set of R™. Then any function in C? (U; E) can be extended as a function
in C? (U; E). In particular C° (U; E) C C (U; E).

The proof is in C.L. Zuily and H. Queffélec [12]. A consequence of this Lemma is that

)

C? ([-1,0 B) = C* ([-1,0); E)
¢’ (Jo, L]; B) = C° ([0, L]; E))

which imply that the spaces C?([~1,0[; E) and C?(]0,L]; E) are equipped by the same norms that
C? ([=1,0; E) and C* ([0, L); E).
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Due to this Lemma we can write:
E={ueC ([, LI\{0}; B) : uj_100 € C° ([-1,0; E) and w0,z € C? ([0,L];E)}.
Then £ is a Banach space endowed with the norm
Jealle = max (llu-ll o108 >+ o go, e )
= max (Ju—ll o _r0p8) I+ oo, ) -

The function g € £ is such that

9- =gli—1,00 € C° ([-1,0]; E)
9+ =gljo,r) € C° ([0, L] ; E),

(with 0 < 6 < 1). Tt is not difficult to prove that the global holderianity of g on [—I, L] is true if and only if

We do not assume this condition.
Let us specify the domain of L:

u€&: Ve [-l,L\{0} u(z) € D(A),
u- € 02 (] - Z,O[;E),U+ € 02 (]OaL[vE) )
D(L) =< x> [u/ () + Au_(z)] € C?([-1,0 E), . (4.2)

x> (W] (z) + Auy(z)] € C7 (10, L) E),
and (Bound.C.), (Interf.C.), (Skew.C.).
Our analysis leads us to consider the following natural space
Ec={ueC (-1, L\{0};E):3u(07) € Ep, Fu(0T) € Ey, (4.3)

u(—1) = 0,u(L) € Eg, u_1,0( € C° ([~1,0[; B) and
wjo,r) € C° (10, L; B)}

where
Eg= D4 (0/2,400) = {¢ € C?([0,1]) : p(0) = (1) =0} ;
then, we can prove that &, is a Banach space endowed with the norm

[[ul|¢, = max (HU—HCG(H,O[;E) ] ”u-i-”CG(]O,L];E))

+ max (Hu,(O_)HCQ([O,lD , “+(0+)H09([0»1]) ) HUJr(L)Hce([o,l])) )

Remark 4.4. Note that the condition that the population density vanishes on the exterior boundary of
the buffer zone 2_ is natural and the fact that on {L} x]0,1[ and on the interface {0} x]0,1[ we have a
Holder-continuous condition is in some sense realistic.

All the following sections are devoted to the proof of Theorem 1.1.
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5. Study of the resolvent equation

Fix a small number £g. Let us assume that the complex \ verifies

larg(A)| < 7 — 0. (5.1)
Our spectral equation for £ writes:
W (z) + Au_(z) — ;;u_(x) - diu_(x) = gzl(f”) = G_(2) on ]-1,0]
(&) 4 Aup (@) + (o) - @) = 22— G (@) on J0,L]
d; d, d.

d_ [u” (07) 4+ Au_(07)] —r_u_(07)
=dy [W](0%) + Aup (07)] + ryug (07)

(1 —=p)d_u’”(07) = pdiu, (0F).

Put
r_ A T4 A
A =A——I1—-—1I A, =A+—1——1I
' Tah r=At T
which have the same domain
D(A_)=D(A;) = D(A).
As for operator —A, we can verify that operator
r_ A
A = A= D
Tt
is sectorial in E. In fact, we can easily prove that | — 00,0] C p(—A_) and, if we put
M(—A_):=M(—A_,7):=sup Ht(—A, +tI)7|,
>0
then, by an explicit calculus we obtain for all A verifying
larg(A)| <7 — o,
t 1
M(=A_) < sup
201 cos larg r—7+i+t r—7+i+t
2 d_  d_ d_  d_

We have two cases:

(1) if |arg(A)| < m/2 then obviously for ¢ > 0

T_—&—)\—l—t—d A ; T_ >T_+t
d_  d_ o d_’ d_ )~ ’

where d(, ) is the Euclidean distance.
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(2) If /2 < Jarg(N)] < m— &g

with « €]eg, 7/2] and then

LCR Y Y (U P e
a o TN\ d )7 \d_ St €0,

therefore there exists a constant C' independent of A such that

t 1
M(—A_) <sup
=0 cos Larg T—_—i—i—i—t r—_—i—i—i—t
2 d_  d_ d_  d_
t
< S o
cos T 10 | [r- t’
d_
—F— S t <
= — u o0,
sin(eo/2) t>§ r_ ‘
Tt

thus
—A_ € Sect [mw — arcsin (1/M(—-A_))],

with M (—A_) independent of A, see Proposition 2.1.1 in [6].
Now, since

larg(A)| <7 — €0,

then there exists a small £¢(r4,dy) > 0 such that

arg (i - r_+>’ <7 —eo(re,ds);

go(ry,dy) <ep and
we then obtain similarly, but differently
—A, € Sect (m — arcsin [1/M(—Ay)]),

with M (—A,) independent of A.
We also deduce that the following operators

. A 1/2 ry A 1/2
e[ (am g s (e )

of the same domain
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D(B_) = D(By) = D(B),

are well defined and generate analytic semigroups on E, see [6], p. 81 and also [1].
On the other hand, using the scaling property (see Proposition 3.1.2 in [6]), we deduce the fact that

for all z € {z € C\ {0} : |arg(z)| <  +€(B_)}
o<

and for all z € {z € C\ {0} : Jarg(z)| < § +€(By)}, (52)

_ C
e <&
||
where the constants

C_, C4, e(B-) and €(B4),

are independent of A.
Set

p-=(1-p)d-, P+ =pdy.
Our spectral equation
Lu—du=g€E,

can be written in the following way

d_ [u” (07) 4+ Au_(07)] —r_u_(07)
=dy [W](0%) + Aup (07)] + ryus (07)
(1 =p)d_u”(07) = pdiu (0F).

Then
uy(z) = e@ ) B, 4G 0Brg, 4y, (G)(2),
with oy, b+ € F;a_- =—1,b_=0:a4y =0,by =L and
) z ) bt
vi(Ge)(z) = §/e(m_t)BiB;1Gi(t)dt+ §/e(t_“”)BiB;1Gi(t)dt.
a+ T
Therefore

u_ (z) = e@tB-o_ feB-5 1o (G )(z), z€]-1,0]

uy (2) = e Pray + eI B 40 (Gy)(x), ©€]0,L],
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and
1 [ 1
v-(G)(@) = 5 / e@=UB-B=1G_ (t)dt + 5 / et=B-B=1G_(t)dt
—1 T
T 1 L
1
v (Gy)(z) = i/e(mft)B+BllG+(t)dt+ 5/6(t7m)B+BllG+(t)dt7
0 T
which give

u' (z) =B_e@tB-o_ — B e®B-5_ 40/ (G_)(x), z€]-1,0]

W, (z) = Bye®Bra, — BLe=0Br g, 40! (GL)(z), = €0, L],
u' (0)=B_eP-a_ —B_ B+ (G_)(0)
) (0) = Byay — Bye"Pr 5, +4/ (G)(0).

The boundary conditions
u_ (=) =a_ +eB-p_ +v_ (G_)(=1)=0
uy (L) = Bye"Pray — Bify + 04 (G1)(L) =0,

give

{ a_=—eP-3_ —v (G_)(-1)

By =elBray + B{W, (G)(L).
The interface dispersal condition

d_ [u (0) ~ Bu_(0)] ~ r—u_(0) = d. [u,(0) — B3u.(0)] + ryus (0),

becomes
d_G_(0) + Mu_(0) = d G4 (0) + huy (0),
or
d-G_(0) + A [e"P-a_ + B_ +v_(G-)(0)]
= dy G (0) + A [y + e84 + 0 (G)(0)],
and since

u' (0)=B_eP-a_ —B_B_ 4+ (G_)(0)
! (0) = Byay — Bye"Pr 5y 4+ 0/ (G4)(0),

the skewness condition

p-(uY (0) = p (3 )'(0) = 0,
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p— (B_e'P~a_ = B_B_) — py (Byay — Bie"Prp,)
= —p-v_(G-)(0) + p+v' (G+)(0).

We obtain the system

a_=—eB-B_ —v (G_)(-1)

By = eFPray + BLWL (GL)(L)

p- (B_eP-a_ —B_3_) —py (Byay — BrelPipy)
= —p-v(G-)(0) + p+v), (G4)(0)

A [elB— o + B_] - A [oz+ + 6LB+B+]

=d;G4(0) —d_G_(0) + Av4(G4)(0) = Ao—(G-)(0),

which is equivalent to

thus

a_=—eB-B_ —v_(G_)(-1)

By = e"Pray + BLW,L(G4)(L)

p— (e'P-a_ — B_) —py (BZ'Bray — BZ'ByelB+py)

= BZ! [—p_v'(G-)(0) + p+ v (G1)(0)] := (1)

[elB, a_ + 5—] _ [a+ + eLB+ﬂ+]

= 3 [d4G1(0) = d-G_(0)] + v4(G4)(0) — v_(G-)(0) := (II),

a_=—eB-B_ —v (G_)(-)

By = eFPray + BLWL (GL)(L)

p- (P a- = B-) —pi (BZ'Byay — BZ'BiePrpy) = (I)
[eB-a_ + B_] - [ay + PB4, = (II);

using the two first equations, we get

and

p— (eP-a_ —B_) —py (BZ'Bray — BZ'Bye"Prp,)
=p_ (P [P B =0 (G)(-1)] - B-)
—py (BZ'Biay — BZ'Biel P+ [ePray + BT, (G4)(L)])
—p- [¥P-B_+B-] —p-ePv_(G_)(~1) = p4 BZ' Byay
+py BT 'Bre*Pray +py BT BB BT, (GL)(D)
= —p_ [I+6213*] B —p+leB+ [I _ 62LB+} oy
+pp B2l P (G4 ) (L) — p-ePro_(G-)(-),

[eP-a_ +B_] — [ay + P py]
=P [—e'P-po —v_(G_)(-1)] + B
— [ay + P [eMPray + BT (G4)(D)]]
= (1= e2B) B — (I + B+) oy
By (G) (1) — eFP B (G (D),
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then the system above becomes

—p_ [I—i— 6213,] B_ —p+B:13+ [I— ezLBJr] o

(I) = p+ BZ'e" P/ (G4 ) (L) + p—ePo_(G-) (1) == (I')
I — teB,) 67 _ ([—l— €2LB+) ag

(IT) + eP-v_(G_) (=) + e*P+ B/, (G4)(L) = (IT'),

=

or

—p [ +€¥P-] 8 —p,B' B, [I— 2P ] ay = (I')
(I —e2B-)B_ — (I + €*LB+) oy = (IT').

The abstract determinant of this system is

Axp_py =p— (I +*P7) (I 4 e*P7) (5.4)
+p.B~'B, (I — e2LB+) (I — teB*) .

For the invertibility of Ay ,_ ;. , we will use the H°°-calculus for sectorial operators.
Note that all the operators (I + 62“3*) , (I + e2LB+) , (I — 62L3+) and (I — 62“9*) are boundedly invert-
ible by applying Proposition 2.3.6, page 60 in A. Lunardi [8].

6. Invertibility of A
Let us set
o A
consider w €]0, 7| and recall
Sw ={2€C\{0}:|argz| <w }.
Consider the following function
exp_,py 1 Ow D2 Exp_p. (2),

defined by

€X.p_.p+ (Z)

=p_ (1 + e_2l(z+/\—+/)7)1/2) (1 4 e 2L+ —p4 )1/2)

1/2
+p, (z+ Ay —py )1//2 (1 _ e 2L(HAr—p+ )1/2) (1 B e—2l(z+A,+p7)1/2> ;
(z4+ A +p-)

this function is clearly holomorphic and bounded since
Re(z+A-+p_)"?>0 and Re (z + A+ —p_s_)l/2 > 0,

thus ey ,_p. € H>(S,). On the other hand we know that the operator —A has bounded H*°(S,,) functional
calculus; hence we have
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Axp_py = €>\7p7,p+(_A)-

We have
’e&p—ym (Z)}
1/2
> (. (z+ Ay —py )Y ‘1 2Lz A —pi )| | L g2t A 4po)
(z4+ M-+ p_)1/2
+ p- ’1 4 e AEHA4p )V ] 2L —py )2 D - |cos <§> )
where
1/2
® = arg 2+ A = pr ) + arg (1 — e 2L(zH AL —p+ )1/2)
(z+ A +p)'?
+ arg (1 - e—2l(z+z\—+pf)1/2) — arg (1 + e‘2l(z+>‘*+”*)l/2>
— arg (1 4 e 2LGHA oy )1/2) )
then
D
< Jarg (= 4 Ay 9y )2 —arg (4 A= 4907
+ |arg (1 - 6—21(Z+/\7+p7)1/2) —arg (1 + 6_21(Z+A*+”*)1/2)‘
+ |arg (1 - 6721(”’\*“*)1/2) — arg (1 + e 2L A Py )1/2) ’ )
Now, since

z €8, ={zeC\{0}: |arg z| < w},

then, we can see that there exist some wy_ ,_ €]0,w/2[ and some wy_ ,, €]0,w/2[, (with wx_ ,_ < wx, p.)
such that

P —

A(z+ A +p )/ eS8,
2L (Z+)\+ — P+ )1/2 € Sw

Aoy ?

by using the lemma in Section 2, we have

arg (1 — e‘zl(”’\*“’*)l/z) —arg (1 + e‘2l(z+’\*+p*)l/2> ‘ < Wx_,p_

Jarg (= 4+ Ay — 1 )? = arg (2 + A+ )| ey
from which we deduce
|®| < Whipe —Wa_pm FWA_p_ T W o <20a, p, <Ww,

and



462 A. Favini et al. / J. Math. Anal. Appl. 471 (2019) 448-480

‘e/\,pf,m (Z>‘

24+ Ay — 1/2
><p+< +—P+)

72 1 g HEA o)
(z+A_+p-)
+p ’1 1 e 2=+

‘1 _ e 2Lzt A —py )2

)1/2

1+ e 2LGHAL—p )z D . cos (%) )

or
lexpps (2)| 2 p 1+ e 2T =pt )1/2‘ cos (%)

>p_ {1 _ efﬂ/(ztan(wh,,,f)] [1 /2 tan(w;+,p+)] cos (g)
2

>p (1 _ e—7r/(2tan(w/2)>2COS (‘_") > 0:
2 )

we have used the fact that, for any z € S, we have
tan(wy_,_) <tan(w/2) and tan(wx, ,.) < tan(w/2).

Therefore the function ey ;,_ ., (2) does not vanish on S, and the function 1/ex,_ ,, (2) is bounded, hence
it belongs to H*(S,,). Moreover

C c

||1/€>\,p77P+Hoo < p—7 - m

We then conclude that Ay ,_ . is boundedly invertible and

)\Ip D+ (1/€>\,P7,P+>C(_A>

< —.
cx)y  (1—p)d-

H Ap P+

Note that the constant C' is independent of the habitats and parameter \.
Now, from equality

A)\J) AL ZAilA,\,p

P —P+3

it follows that

- _qA-1

AA - p+A B AA/\,P—;PJr’

on D(A), hence A)\ P I\ p e
is bounded from any interpolation space (D(A), X)q.,q (see the definition in [5]) into itself and clearly we
have also the same estimate

is a bounded operator from D(A) into itself. Therefore, by interpolation Ay

R S
L(D(A),X)ay) (1 —p)d_"

—1
HAA,p,,er
7. Resolution of the spectral equation
Recall that if

(1) = B=" [=p_v!_(G_)(0) + psv/, (G)(0)]
1) = L[d G4 (0) — d_G_(0)] 4+ v (G4)(0) — v_(G_)(0),
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and

then

(I') = (I) = p+ BZ 1Mol (G )(L) + p-e'Pmo_(G-)(=1)
= B! [-p-v"(G-)(0) + p1' (G+)(0)]
— p+ BZ1 PPl (GL)(L) + p-ePro_ (G-)(-1),
(II') = (I1) + e'P-o_(G) (=) + P+ BY W, (G4 )(L)
1
D)
+eB-v_(G_) (1) + eXB+ B W (GL)(L).

(d4G-(0) — d_G_(0)] + v+(G4)(0) — v_(G_)(0)

From the system

—p_ (I +e¥P-) B —p BZ'By (I —e*B+)ay = (I')
(I _ GQZB,) B_ _ (I+ eQLB+) ay = (III),

we have
5. =3}, [peBTBy (1 2H80) (I1) — (14 2454 (1)
ay = A;;LM [—p_ (I +€¥B-)(II') — (I —e*B-) (1],

and

a_=—eP-g_ —v (G_)(-1)
=A%, 5. @7 ([P BBy (I = HPr) (IT') — (I +€22P+) (I')])

— v (@) (D),
from which we deduce that

u_ (z) =e@tB-_ 4 eB-5 1o (G )(z)
— _A;7;77p+6137€(z+l)37 I:p+B:1B+ (I _ 62LB+) (II/) _ (I+ €2LB+) (II)]

— @HB= [y (G)(-0)
+ A;;,,ereizB_ [p+leB+ (I _ e2LB+) (II/) _ (I + €2LB+) (I/)]

+v-(G-)(2);
now, using
pyBZ By (I —e*MP+) (I1') — (I +e21P+) (1)
= py BBy (1= M) | [,C4(0) —d_G-(0)] +

+pe BT By (I - @5P) [04(G4)(0) — - (G-)(0)]
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+piBI' By (I — P+ [eP-v_(G_)(=1) + P+ B (G4)(L)]
— BT (I + €8+ [—p_v" (G_)(0) + p1v/, (G+)(0)]
(14 €2EBr) [p_elB-u(G)(=1) — py BlelBid, (GL)(D)]

we get for x € |—1,0],

u_ (x)
—e@HtB- L emB-5 4y (G)(2)
= Ay L, e PeTtOB [p  BTIB, (1= *P4) (IT) — (I + €*2P+) (I')]
— P y_(Go)(-D)]
+ ANy i€ 0T [P BI By (1= €0 ) (IT) = (14 €254 ()]

+o(G-)(2),

or

u_ ()
— A-L (e_xB* _ e(w+21)37> [p+B:IB+ (I — 62LB+) (II/)]

Ap—.p+

_ AL (efxB, . e(z+21)B,) [(I+62LB+) (I’)]

Ap— P+
— B o (G (=)
o (G_) ().

In the same way, we have

By = etPray + BT (G)(L)
=A%y P (- (T + ) (1) - (1= %) (1))

+Bll’()zr(G+)(L),
and for all z €]0, L],

uy ()

_A-1
- AMILJH

(6”3* i 6(2L—;E)B+> [—p, (I n 62137) (1) - ([ _ e2lB,) (I’)]
+ B et B ! (G4)(L)
+v4(G1)(2).

8. The non-continuity of the density

As we have mentioned, the population density is not continuous across the interface. In fact we have

u_ (0)
= AL . (=€) [py BZ'By (I —P4) (IT) — (1 + €25+ (1')]

— e o (G)(~1)] + v_(G_)(0),

(8.1)
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and
0 0) = AT (T+e5%) [opo (14657 (11) — (1 — %) (1)
+ B e P ((GL)(L) + 01 (G4)(0),
then
u_ (0) = uy (0)
— AAL o (I QZB ) [p B~ B+ (I—eQLB+) (II’) _ (I+62LB+) (I’)]
+A;p e (I+€2LB+) [ _ (I+621B_) (II/) + (I_€2lB_) (I’)]
P o (Go) (=] = By'e" Pl (G4 )(L)
+0-(G-)(0) = v4(G4)(0);
but
Axp_py =p- (I+*P7) (I+e*"P+) +py BBy (I —HP+) (1 —¢e*P),
SO
u_ (0) = s (0)
= A5, [P BB (1 - eP0) (1 - )

+p_ (I + e2LB+) (I 4 %B-)] (11
PR (1) (1 22) (1) (5 1
P v (Go)(-1)] = By e Pl (G4 )(L)
+0-(G-)(0) = v4(G4)(0)
= (IT") — e'P- [v_(G_)(~1)] - B+16LB+UZF(G+)(L)
)

+ v (G-)(0) = v4(G1)(0);
now, recall that
(II') = (IT) + €"B-v_(G_) (1) + "B+ By W/, (G4 )(L)
=2 3 [4+G+(0) = d-G-(0)] + v+(G+)(0) = v-(G-)(0)
+eP-v_(G_) (1) + e"P+ BTN (G4 )(L).

Therefore

u—(0) = uy (0)

= % [d1G4(0) = d-G-(0)] + v4(G1)(0) — v-(G-)(0)
+eB-v_(G_) (=) + "B+ BIW, (G1)(L)
=P o (Go)(=1)] = BT Pl (G4)(L)
+v-(G-)(0) —v4(G4)(0)

= % [d+G4(0) — d_G_(0)] # 0,
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d4G1(0) = d-G_(0) = g4(0) — g-(0) # 0.
9. u € D(L)

We must verify that v € D(L).
Recall that for all z €] —1,0]

_ AX;),,H (e,zg_ _ e(z+2l)B_> [p+BZ'By (I —e*MP+) (11')]
AL, (e — el 0B [(1 4 2By (1)
— @By _(G_)(=D)] 4+ v_(G_) (=),

and for all z € ]0, L],

uy (x)

AT () Ly (48 a1 - - )

+ By 0P (G)(L) + v4 (G ().

We must prove that v € D(L), that is

i) u_ € C%([=1,0[; Co([0,1]))
ii) u_,u” € C([-1,0[;Co([0,1]))
iii) © — [u” (z) — B2u_(z)] € C? ([-1,0[; Co([0,1])),

iv) uy € C?(]0,L]; Co([0,1]))
v) uly, v’ € C(]0, L]; Co([0, 1]))
vi) x — [u](x) — Biuy(x)] € C?(]0, L]; Co([0,1])),

and all the boundary, skewness and dispersal continuous conditions are verified.
Note that ii) and vi) imply that

[w”(07) = B2u_(07)] and [w/(0%) — Biuy(0T)],

exist.
Let us for instance prove iii). We have, for all z €] — [, 0]

B?u_(z)
S AT B (e ) [ BB (1 ) (1)
N ;} p+B3 (e—xB, _ e(x+2l)B,> (I+62LB+) (I')
= B2 [0 (G-)(=D)] + B2v-(G-)(a),

and
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u” ()

N (e*zB— _ e(m+2l)B_) [p+BZ'By (I —e*"P+) (11')]

»P—HP+

-1
Ay,

»P—P+

B2 (e—xB, _ e(x+2l)B,) (I—|— €2LB+) (I')

— B2l [u_(G_)(~D)] + o (G-) (a).

We have

then

1 r—¢&
= 5683_ G_(x—¢)+ = / B_e9B-G_(t)dt,
-1
1 r—¢&

who(@) = 2P (G- — ) — G- ()] + eI C_(x)
+% / B_e@B-(G_(t) — G_(x)) dt.

-l

Similarly, we obtain
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0
1 1
_ 5653_ G_(z+4¢)+ 3 / B_et—2)B-c (t)dt

x+€
0

1
= ieaB*G,(x +¢e)+ % / B_ 0B (G _(t) — G_(z)) dt
T+e

0
1
—|—§/B_e(t7m)B*G_(x)dt
+e

x

1 .5 L _.B_
:563 (G_(x+€)*G_($))+§€ B G—(x)

0
v / B_el=B (G_(t) - G_ () dt.
xr+4e

On the other hand, we have

~B2v_(G_)(x)
_ 7% / B_e" 0B (G_(t) ~ G_(x))dt — % / B_eTE-G_(x)dt

-1 -l
0
— % / B_et=0B- (G _(t) = G_(x))dt — % / B_et=0B-G_(x)dt

0

= —% / B_ e VB (G _(t) — G_(x))dt — % / B_ =B~ (G _(t) — G_(x))dt
—1

x

+i6 (2) - %AHDB*G,(@ _ %e‘“’B*G,(x) + %G,(x);

1
2
we deduce

[we () + wie ()] = B2v_(G-)(x)

= 3¢ Oz~ )~ G_(@)] + 5e*TIP-C_(a)

2
+ %EEB’ [G_(z+¢e)—G_(z)]+ %e*mB* G_(x)
1 1 1 1
- = (z+1)B_ - _—zB_ -
+ 2G_(a:) 5¢ G_(x) 5€ G_(z)+ 2G_ (x)

Tr—e

v / B_e®DB~ (G_(t) - G_(x))dt

—1

1 0
+3 / B_et="B- (G_(t) = G_(x)) dt

T+e

_ %/Bfe(w—ﬂ& (G_(t) — G_(x)) dt
2
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and

[[wie(2) + whe(2)] = B2o_(G-)(z) — G- ()|
<G (z =) = G- (@[ + [G-(z +¢) = G_ ()]

T R LR RO RO

T T+€E
<C (59 + / (x—t)"""dt + / (t—a)’! dt) 1G-llo—1,0:8) »
T

—€ xT

and this last term tends to 0 as € — 0. It follows that
o (Go) (@) — B2u_(G-)(@) = G- (w);
therefore

u” (z) — B2u_(x)
(G (@) — B2o_(G-)(@) = G- (a),
from which we deduce that
x = [ul_/(x) - Bzu_(x)] e’ ([-1,0[; Co([0,1])),
and
d_ [u" () + Au_(z)] —r_u_(z) = du_(z) + d_G_(z).
Since we have computed u_(07), we then deduce that the limit
zlirgLf [d_ [u” (z) + Au_(z)] — r_u_(z)]

exists and
[d- [u” (07) + Au_(07)] = r—u_(07)] = Au_(0") +d_G_(0).
Similarly, we obtain, for all z €]0, L]
dy [u} () + Auy ()] +riuy () = Mg (2) +dy G (@),
which implies

d+ I:’U,Z, (0+) + AU+ (0+)] + T’+’U4+ (0+) = )\U+(O+) + d+G+(0)
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10. Estimate of the resolvent operator
10.1. Estimate of the norm |lu_||

Here x € [—1,0]. All the constants C in this subsection are independent of A in virtue of (5.2). Let us
first estimate

x

0
(a) = %/e(””*t)B*leG_(t)dtJr%/e(t DB BlG (1)t
—1 T

_ % / e@=OB-B=1(G_(1) — G_()) dt
2

0
1
+ §/et DB-B=1(G_(t) - G_(x))dt
1 0
+ 5/6” HB- G_(x)dt + 2/e(t_x)B*B:1G,(x)dt,
-1 T
or
1 x
_lp- / BB~ (G_(t) = G_(x)) dt
—1
1 0
- 5B:2 / B_et 0B (G_(t) — G_(x)) dt
+ %B:%WH)B*G,(@ + %B:Qe—w&a,(x) — B7%G_(x).
We have

I(@)llz < C B2 IG-llgo(-1,015)

r_ A\
<C (A — d—,I - d—f) HG—”C"([J,O];E)
C
< ﬁ ||G—HC9([—Z,O];E) .
d_  d_

Now, we estimate
1 0
(b) =v-(G)(~1) = 3 / B p=1Gq (t)dt
—1

0 0
1 1
_lp- / BB (G (1) ~ G (~1))dt + 5 B! / DB G_(~1)dt
—1 —1
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0
= %B:2 /B_e(t“)B— (G_(t) — G_(=1)) dt + %Bﬁ (P~ —1)G_(-)
—1

as above. We obtain

10)llp < C ||332|| 1G-llco((-1,0:)

G-Il -1,018) -
2=

For the third following term

we write
17 L f
(c)_§/ B+ B 1G+(t)dt——/ ~tB-B=1G_(t)d
0 -l
i 17
- 5/B;letB+ (G4 (t) — G(0)dt + 5/B;letB+G+(o)dt
0 0
o o
-3 / B~le " B-(G_(t) — G_(0))dt — 5 / B~'e "B-G_(0)dt,
-1 -1
so that

B2 f
© = "5 [ Bec'™ (G40) - Gu0)) dt
0

- BT: / B_e B (G_(t) — G_(0)) dt
X

+ %Bf (e"P+ — 1) G4(0) + %Bﬁ (I —¢€P+)G_(0),

from which it follows

lllg < B[ 1Glco o,y + CIB G-l coq-r.018)

C C
1G+lleoo,z).m) + m 1G-llco (1,015 3

N

AN

A

dy  dy

d_ d_

the similar estimate is obtained for all the terms in u_ (z). Summarizing we have, for all complex A such
that
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Al > 7y
larg (A)| < 7 — &g

the estimate

C C
lu—lle(-io.m) < ] 1G+llce o,y + 75— 1G-llco—10m) -
dy dy T
In the same way, we obtain
C C
lutlleqo,ry:m) < ™ ] 1G+llcoo,z).m) + ™ ] IG-llco(—1,01p) 3
& 'I*I

all these denominators do not vanish.
10.2. Estimate of the semi-norm [u_],

As above, all the constants C' in this subsection are independent of X in virtue of (5.2).
We must now estimate the semi-norm

Ju—(71) —u_(22)

[u-lp = sup

x1,22€[—1,0] |JJ1 — CEQlG '
T1F£T2
recall that
u_ (x)
_ A;;,,m (e*’”B* _ 6(aerzl)B,) [p+B:1B+ (I _ 62LB+) (Ir'y — (IJF 62LB+) (I/)]
— el B [y_(G_) ()]
+v-(G-) (@),
where
p+B:IB+ (I _ eQLB+) (II/) _ (I+62LB+> (I/)
=Py BB (1= 25) | S [44 G4 (0) —d_G-(0)] + 4 (G4)(0) — v (G-)(0)
+psBZ' By (I — PP+ [eP-v_(G_)(=1) + e"P+ B{ "W, (G4)(L)]
— BT (I 4+ ¢2EB+) [p ol (G- )(0) + vy (G4 )(0)]
(14 e285) [p B (G)(—1) — py B eH B0l (G (L)

p+leB+ (I— €2LB+) (II/) _ (I+ €2LB+) (I/)
= py BB, {1426 (0) G (0)

+p4 B2 By [v4(G4)(0) — v (G-)(0)]
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P BI B | 140G (0) — dG-(0)] + v4(G4)(0) v (G)(0)

+p+BZ'By (I — e*28+) [eP-v_(G_)(=1) + P+ B (G4)(L)]
— BZM (I +e*!Pr) [—p_v/ (G-)(0) + p42), (G1)(0)]
(14 2EB4) [pelP-u(G)(—1) - py B eHBru (G (L))

therefore we can write

p_;’_B:lB_;,_ (I— €2LB+) (II/) _ (I+€2LB+) (I/)

_ %mg:m [d4G4(0) — d_G_(0)] + (I11),

where the term (/I]) is regular, that is, at least in the domain of B_. We obtain for the representation
of u_

us(5) = 1Py BB e P (4,64 (0) ~ d_G(0)]

Ap—.p+

+ A—l e(I+2l)B_ I:p—‘,-B:lB-‘,- (I _ €2LB+) (II,) _ (I _|_ €2LB+) (I/)}

Ap—.p+

LA (e—w, _ 6<x+2l>B—) (ITT)]

Ap—.p+

= eHE- [u_(Go) (=)

+ o (G-)(@).
We have
0
pla+) B Ww_(G_)(=1)] = %e(a:Jrl)B, ( /e(t+l)BBlG<t)dt)
—
0
s ( / et DB- BTN (G_(t) — G_(—l>>dt>
—1
0
2
0
_ %B:ze(ﬁl)B, ( /B_e(tJrl)B— (G_(t) — G_(=1)) dt)
=
+ %B:Qe(”l)B‘ (e'P-G_(=1) = G_(-1)),
and

v (G-)(x)

0
1 1
=5 / e==VB-BTIG_(t)dt + 3 / et=2B-p=1q_(t)dt
-l T
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x

_ %B:2 / B_ DB (G (1) — G_ () dt
—1
0
+ %Bﬁ / B_et 0B (G _(t) — G_(z)) dt

x

1 1
+ 53:26(3”'”)3*6',(56) + 53:26_’”}3* G_(x) — B7?G_(x).
Summarizing, we get
u_ ()

1 - - —x
- Xp+B_1B+A)\;L,p+6 B=d, G4 (0) —d_G_(0)] + (IV)

0
— %B:Qe@“)& ( / B_e"B-(G_(t) - G(—l))dt)

-

o %B:2e(w+l)B, (elB*G,(—Z) o G,(—l))
+ %BZQ / B_e@ OB (G_(t) — G_(x)) dt
—1
0
+ %B:Q/B_e“*“’)B* (G_(t) — G_(x))dt

x

+ %B:ze(“l)B*G,(x) + %B:Qe—w&a,(m) — BZ*G_(2);

or
u_ (x)
1 _ —
= 1P+ BZ'BLAY, L, e PP [dyGy(0) = d-G_(0)] + (IV)
1 0
- §B:2e(m+l)3— ( / B_etHDB—(G_(t) — G_(—l))dt)
—1

1 1
— 5BV G () + S BTG ()

+ %B:2 / B_e@=DB— (G_(t) = G_(2))dt
ey

0
+ %B:Q / B_et0B— (G _(t) — G_(z))dt
1 1
+ 53:%(“”& (G_(z) — G_(=1)) + 53:%(””& G_(-1)

+ %B:ze_’“'B* (G_(z) — G_(0)) + %B:Qe_“’B*G,(O)
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— B7%G_(x);
notice that the term (I'V) is regular. Set

wil@) = 3 [ B8 (G (1)~ O (a)) di

wa(z) = % [°B =08 (G_(t) - G_(x)) dt
U= [° B_etHtDB- (G_(t) — G_(-1)) dt.

Then we know that
[wi]y < C ”G*”C"([—Z,O];E) ) [wa]y < C HG*”C@([—Z,O];E) J
by applying exactly the same techniques in [11], p. 46. On the other hand we have
U e Dp (0,+0)=Da(0/2,+),

which implies that

0
z s et B- ( / B_eMDB- (G _(t) = G_(-1)) dt) € C?([-1,0];E).
-1

Now, write
ws(x) = e B~ (G_(xz) — G_(0)) + e*””B*G_(O) = ws1(x) + wse(x),
and observe that

lim wz(x) = G_(0),

z—0~

since G_(0) € E = D(A) = D(B_). Thus w3 € C([—1,0]; E) and we know that
w1 € % ([1,0]; ),
in virtue of [11] (see p. 47 the holderianity of the function in (4.19)). On the other hand
wsy € C° ([-1,0]; E),
iff
G_(0) € Dp_(0,+00) = D4 (0/2,400) .
Similarly we get
z— eTOB-G (~1) e €Y (|-1,0]; E),
iff

G_(-l)e Dp_(6,+00) =D 4 (0/2,+00).
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Summarizing, if we assume that

g+(0)7 g,(O), g*(_l) €Da (9/2’ +OO)7

we have
[u_]p < | | ||9+( ) — (O)HDA(0/2,+oo)
+C||B=?|| l9-1lco (=101,
+ B2 €G- (=Dl 02, 400)  1G=(Dllp0/2.400)
+CHB 2H llg—( ||DA(0/2 +00)
But
r A -t C
2 === —_ - = <
o= = |- [- (a- - 20)] ) < pot
d_  d_
thus
C C
[u_], < o 19+(0) = 9-(0)[ p, (9/2,+00) T I lg-llco (=101,
d_  d_
c IB_
+ ﬁ [||6 G_(il)||DA(0/2,+oo) + HG—(il)”DA(O/?,—i-oo)
rata
C
+ ﬁ 19— (0)l b, (6/2,+00) -
d_  d_

10.8. Estimate of the semi-norm [u],

As in the two subsections above, all the constants C' here are independent of A in virtue of (5.2).

Recall that

uy (z)
= A5h (B 4 eCEmIB) [ (14 2B ) (1) = (1 = ¢2P-) ()]

Ap—.p+

+ B84y, (GL)(L)
+U+(G+)($)7

where

(I') = (1) = py B~"e"P+ o/, (G )(L) + p—eP-v_ (G- )(~1)
(IT') = (IT) + e'F=v_(G_)(~1) + e-B+ BT, (G4 ) (L),

(I) = B- [ p-v_(G-)(0) + pr v’ (G4 )( }
(1) = &[d+G+< )= d_G_(0)] + v (G4)(0) — v_(G_)(0).
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Then

—p_ (I+621B,) (II/) _ (I— 6ZZB,) (I/)
= —p_ (I +e*B-) [(IT) + eB-v_(G_)(~1) + "B+ B W (G4 )(L)]
— (I =e¥P) [(1) = py B2t e P (G )(L) + p-ePro (G- )(-1)]

TG (0) —d_G(0)] + 04 (G4)(0) ~ v (G)(0)

—p- (I+e"77) [ele,(G,)(_l) +et P B (G ()]
I—€P-) [BT' [—p_v' (G_)(0) + piv/, (G4)(0)]]
I—¢"B) [=py BZ'e Pl (G)(L) +pe'Pro (G)(-1)]

= —p- (I +e*7)
—(
—(
We have

v4(Gy)(z) + Byl e P8+ (G4 )(L)
z L

1
/e(””_t)BJrB;lGJr(t)dt-i- 5/6“_”3*311(?#?5)6#

0 x

N =

L
1
+ §B;1e<L—f>B+ /e(L_t)B+G+(t)dt.
0
Then
L
%Bfe(Lﬂ)m/e(Lft)B+G+(t)dt
0

L

1

= §B_,T_26(L_w)B+ /\.B+6(L_t)BJr [G+(t) — G+(L)] dt
0

L
+ %Blle(L—w)BJr /e(L—t)B+G+(L)dt
0

L

1

= S Bttt /BJre(L_t)B+ (G (t) — G (L)] dt
0

1 1
— 5BIQ€(L_$)B+G+(L) + EBIQG(L—JC)B+6LB+G+(L),

and

x

L
1
/e(“”*t)B+B;1G+(t)dt + 3 /e(tfm)B+B;1G+(t)dt
0 xr

DO | =

x

1 .
- By / B e DB (G (1) — G (2)) dt
0

477
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L
1
+ 3By / B et="B (G (1) — Gy () dt

x

L

1 1

+ §B;1/6(I7t)B+G+(x)dt—|— iBll/e(tfz)BJfG_s_(a:)dt
0 T

x

B [ B 0P (G (1) - Gulw))de
0

N =

L
1
+ 53;2 / B, et0Br (G (t) — Gy (z)) dt

1, 1.5,
—+ §B+26 By [G+($) — G+(0)] + 5B+26 B+G+(0)

1 o ia 1o s
+ §B+2€(L ’ )BJr [G+($) — G+<L)] + §B+2€(L )B+G+(L>

— B_T_QG_A,_ (l‘)

Now, since

_ r A -1
| (oo gr-20)

the [u],-estimates hold as for [u_], if we assume

9+(0), g+(L) € D4 (0/2,+00),

and we obtain

C C
[U+]e < W 19+ (0) — g*(O)HDA(0/2,+oo) + ﬁ ||g+||09([0,L];E)
dy  dy
C
+ N\ . Hg—k(L)”DA(e/z,-i-oo)
de dy
C
+ i s H9+(0)||DA((9/2,+00) :
dy ds

This completes the proof of our main result Theorem 1.1.

Remark 10.1. We can specify the closure of the domain D(L£) by using the famous little Hélder continuous
Banach spaces.
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11. On the closure of D(L) in &,

Let I C R be an interval. For 0 < 0 < 1, the spaces of little-Holder continuous functions are defined by

R (LE)={ feC(I,E) : lim sup 15 = F(5)llg =0
020 ¢ ser |t—s|<6 [t — $|9

and we have the following result: h? (I; E) is the closure of C*¥*9 (I; E) in C? (I; E) for any k € N, see [8],
p- 4, Proposition 0.2.1.
If we consider uniquely the function u_, we have

u_ € C*([~1,0; E) ,u(—1) =0, u(07) € Ey
Vz € [_le]\{O}» u(x) € D(A)a

x> [u () + Au_(z)] € C?([-1,0[; E)

and (Bound.C.), (Interf.C.), (Skew.C.).

We know, from [8], p. 4, Proposition 0.2.1 that the closure of
{fu_ € C*([-1,0 E),u(-1) =0, u(07) € Ep},
in the norm of the space
E_={u_« CO([-1,0LE) :u_(~1)=0,u_(07) € Ey},
is exactly the following little-Ho6lder space

{fen’(-1,0LE): f(—1)=0, f(07)€ Ep}
={fen’(-L,0;E): f(-1)=0, f(07)€Ey}.

Similarly the same arguments can be applied for u.
Therefore the closure of D(£) in the norm of &, is built on the little-Holder spaces.
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