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1. Introduction

In recent years there appears to be a renewed interest in the study of multiplication operators. Even in the
commutative setting new results regarding multiplication operators on Orlicz spaces [8,9], Orlicz-Lorentz
sequence spaces [2] and Kothe sequence spaces [31] have recently been obtained. In the non-commutative
setting, multiplication operators have been studied on von Neumann algebras and their preduals, and
between distinct Orlicz spaces [28]. In these articles sufficient conditions for the existence of multiplication
operators between distinct Orlicz spaces and necessary conditions for the compactness of multiplication
operators between the respective spaces have been provided.

It is important to note that the space of all multipliers between two symmetric spaces is also known as the
generalized (Kothe) dual and is related to the relative commutant ([22, Theorem 1.1] and [4, Corollary 5]).
Numerous articles ([29], [7] and [11], for example) have been written on generalized duality in the com-
mutative setting and, more recently, some of these results have been generalized to the non-commutative
setting ([19] and [20]). In particular, sufficient conditions on Orlicz functions have been obtained (see [29],
[7], and [30]) to ensure that generalized duals of commutative Orlicz spaces coincide with Orlicz spaces, and
the space of multipliers between distinct non-commutative Calderén-Lozanovskil spaces (generalizations of
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Orlicz-Lorentz spaces) is described, under the proviso that the (right continuous inverses of the) Orlicz
functions satisfy certain inequalities.

In this article we complement these results by characterizing the existence, boundedness and compactness
of multiplication operators between distinct non-commutative Orlicz spaces, provided the Orlicz functions
satisfy certain composition relations. We choose to follow an approach focusing on the individual multiplier,
rather than the identification of spaces of multipliers. (This decision is in part motivated by the fact that
some questionable results pertaining to the non-commutative case have started appearing in the generalized
duality literature - see §3.) The aforementioned conditions on the Orlicz functions engender a generalization
of the setting of multiplication operators from an LP-space into an L%-space, where p > ¢q. We will also
characterize these properties for the case p < ¢ by using non-commutative analogues of the techniques
employed in [34]. Here our results clearly show that in this setting boundedness and compactness of a multi-
plication operator is dependent on the specific structure of the individual multiplier, and is not conditioned
by membership of the multiplier to some a priori given space. It is therefore our belief that the “generalized
duality” approach simply does not work in this setting. Regarding the endomorphic setting, we show that
these properties can be characterized in the general setting of symmetric spaces.

Throughout this paper we have confined ourselves to non-commutative spaces associated with semi-finite
von Neumann algebras. The recent construction of Orlicz spaces for type III von Neumann algebras raises
the intriguing possibility of ultimately extending the results herein to such spaces.

2. Preliminaries

Throughout this paper A will be used to denote a semi-finite von Neumann algebra equipped with a
faithful normal semi-finite trace 7. We will use 1 to denote the identity of A. If A does not contain minimal
projections, then it is called non-atomic. A von Neumann algebra is called purely atomic if it contains a
set {pr}rea of minimal projections such that > py = 1, and this happens if and only if it is a product of
Type 1 factors (see [6, p. 354]). Furthermore, there exists a unique central projection ¢ € A such that cA is
purely atomic and ¢4 is non-atomic (this result follows from the corresponding result for JBW-algebras
- see [1, Lemma 3.42]). The set of all 7-measurable operators affiliated with A will be denoted S(A, 7). Let
x € S(A,7) and let |z = [ Ade!*l(\) denote the spectral decomposition of |z|. We define the distribution
function of |z| as

d(|z)) (s) == T (em(s,oo)) s> 0.

The singular value function of x, denoted u,, is defined to be the right continuous inverse of the distribution
function of |z|, namely

e (t) =inf{s > 0:d(|z]) (s) <t} t>0.

This is the non-commutative analogue of the concept of a decreasing rearrangement of a measurable function.
If x,y € S(A,7), then we will say that = is submajorized by y and write z << y if

t t
/,ul.(s)ds < /uy(s)ds for all ¢ > 0.
0 0

A linear subspace E C S(A, 1), equipped with a norm HHE, is called a symmetric space if

e F is complete;
e urv € E whenever x € E and u,v € A;
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ol < [l o] o = € B
e and z € F with HwHE < HyHE7 whenever y € E and z € S(A, 1) with p, < py.

It follows that HxHE < ||y||E, whenever F is a symmetric space and z,y € E with |z| < |y|. A symmetric
space E C S(A, 1) is called strongly symmetric if its norm has the additional property that HCCH g S ||yHE’
whenever z,y € F satisfy x << y. If E is a symmetric space and it follows from =z € S(A,7), y € F and
x << y that z € F and HxHE < ||y||E, then E is called a fully symmetric space. Let E C S(A,7) be a
symmetric space. The carrier projection cg of E is defined to be the supremum of all projections in A that
are also in F. If cg = 1, then E is continuously embedded in S(A, 7) equipped with the measure topology
Tm- We will therefore assume throughout this text that ¢g = 1. Further details regarding 7-measurable
operators and symmetric spaces may be found in [36] and [16]. We will focus on two particular examples of
symmetric spaces, namely Orlicz spaces and LP-spaces.

A function ¢ : [0,00) — [0,00] is called an Orlicz (Young) function if ¢ is convex, ¢(0) = 0 and
lim p(t) = co. We assume further that ¢ is neither identically zero nor identically infinite on (0, 00) and

t—o0
that ¢ is left continuous. Let

a, = inf{t > 0: p(t) > 0} and by :=sup{t > 0: p(t) < co}.

Each Orlicz function ¢ induces a complementary Orlicz function ¢* which is defined by ¢*(s) = sup {st —
>0

©(t)}. The right continuous inverse of an Orlicz function ¢ is defined by p=1(t) := inf{s : p(s) > t} =
sup{s : p(s) < t}. In the following proposition we present a few relevant properties of Orlicz functions, their
complementary functions and right continuous inverses.

Proposition 2.1. [3] Let ¢ be an Orlicz function, p* its complementary function and =1 its right continuous
inverse. Then

1. (e~ ()) “Lp(t)), for all 0 <t < oo;
2. t< o~ (t)(go) ()<2t for all 0 <t < co.

Suppose (,%, 1) is a measure space. If ¢ is an Orlicz function, we can define a modular I, on
L°(Q, %, u) = LO(u), the space of all (equivalence classes) of measurable functions on 2, by setting

L(f) = / (1 (O))dp

Q

The collection of all f € L°(u) such that I,(Af) < oo for some A > 0 is called an Orlicz space and is denoted
by L¥(u). Restricted to L¥(u), the functional H'Hm(u): L) — [0, 00) defined by

”fHL%’(#) = mf{A7": L,(Af) <1}

is a norm, called the Luzemburg-Nakano norm. Detailed investigations of Orlicz spaces and their properties
may be found in [26] and [32]. Having defined Orlicz spaces in the commutative setting, we can use singular
value functions to define non-commutative analogues of these spaces in the following way. It follows from
[14, Corollaries 2.6 and 2.7] that if (A, 7) is a semi-finite von Neumann algebra and E(0,o0) C L%(0, c0) is
a fully symmetric space, then the collection

E(r):={z € S(A,7): uy € E(0,00)}
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is a fully symmetric space, when equipped with the norm Ha:HE(T) = Huw HE(OM) for x € E(7). Furthermore,
similar results hold for symmetric spaces and strongly symmetric spaces (see [25] and [16]). In particu-
lar, since L¥(0,00) is a rearrangement invariant Banach function space with the Fatou property, by [3,
Theorem 4.8.9]; it follows (see [10, p. 202]) that L¥(0,00) is fully symmetric and therefore L?(7) is fully
symmetric. When dealing with a non-commutative Orlicz space L¥(7), we will often use HH@ to denote its
norm, unless we wish to highlight the distinction between this norm and the corresponding norm in the
commutative setting. The following results contain information to be used in the sequel and also show that
non-commutative Orlicz spaces can be equivalently defined using a more direct approach. An important
consideration in this approach is the fact that if ¢ is an Orlicz function and z € S(A,7), then ¢(|z|) may
not exist as an element of S(A, 1), if b, < oo, and therefore care is required.

Lemma 2.2. [27] Let ¢ be an Orlicz function and x € S(A,7) a T-measurable element for which o(|z|) is
again T-measurable. Extend ¢ to a function on [0,00] by setting p(c0) = oo. Then p(tz) = pp(|z|) and
T(e(lz])) = 57 o(ua(t))dt. In particular, if b, = oo, then ¢(|z|) € S(A,7) for all x € S(A, 7).

Lemma 2.3. If ¢ is an Orlicz function, then ¢~ '(|z|) € S(A,T) whenever x € S(A,T).

Proof. Since lim ¢(s) = oo, the set {s > 0 : p(s) > t} is non-empty for each ¢ > 0 and hence ¢ ~1(t) =
5— 00

inf{s > 0: ¢(s) >t} is finite for each ¢ > 0. Since ¢! is also increasing, this implies that ¢~! is bounded

on compact subsets of [0,00). We therefore obtain ¢~!(|z]) € S(A,7) whenever z € S(A,7) (see [10,

Proposition 4.8]). O
Proposition 2.4. [27] Let ¢ be an Orlicz function and © € S(A, 7). There exists some a > 0 such that

fooo o(ap,(t))dt < oo if and only if there exists some B > 0 such that p(Blz|) € S(A,T) and T(p(B|z])) < co.
Moreover

112\ Lo (0,00) = A > 0 @(|2]/X) € S(A,7), 7((|2]/N)) < 1}

Remark 2.5. It is useful to note that in the proof of Proposition 2.4 it is shown that if z € S(A,7) and
a > 0 is such that [ (o, (t))dt < oo, then for every € > 0, ¢ (ﬁm) € AC S(A, 1) and by Lemma 2.2

o (1520) = /90 (s2mat)) dt.
0

We briefly mention Kéthe duality. Suppose E C S(A, 7) is a symmetric space. The collection

EX :={x e S(AT):7(Jyz|) < oo Vy € E}

is a symmetric space, called the Kéthe dual of E, when equipped with the norm

|| = sup {7(lzy]) s y € B, |[y]| , < 1}
It is known (see [15]) that
E*={recS(AT):yrc L}(1)Vyc B}y ={x € S(A,7):ay € L'(7) Yy € E}

and if F(0,00) is a (commutative) strongly symmetric space, then

(E(r)* =EX(r) :={zx € S(A,7) : puy € E*(0,00)},
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where EX(0,00) := {f € L%0,00) : fg € L*(0,00)Vg € E(0,00)}} (see [16, Theorem 53]). In the context
of Orlicz spaces, we can identify the Kothe dual as described in the following result.

Proposition 2.6. [27] Let © be an Orlicz function and ¢* its complementary function. Then L¥ (1), equipped
. defined for x € L¥ (1) by

with the norm H| i

2. = sup{r(lay]) : y € L2(7), |ly]|, < 1}
it (4 d [ manar |,
0

is the Kothe dual of L?(7). Consequently

(=)l < |||

0 ©* ®
o y||¢ Yz e L¥ (1),y € L¥(7).

Remark 2.7. If E C S(A, ) is a symmetric space, then using the definition of ||yHEX, it is easily verified
that

m(lzyl) < |2 o)yl s

whenever € E and y € E*. Since |[7(zy)| < 7(|zy|), we obtain a sharper claim than the one made in
Proposition 2.6.

Next, we describe several growth conditions that will enable us to distinguish various classes of Orlicz
spaces. The first such condition is the As-condition. If there exists a tg > 0 and a C > 0 such that
©(2t) < Cp(t) < oo for all t such that ¢y <t < oo, then ¢ is said to satisfy the Ag-condition for large t.
If to = 0, then ¢ is said to satisfy the As-condition globally and we write ¢ € Ajy. The following details
important consequences of the As-condition.

Proposition 2.8. [3] Suppose ¢ is an Orlicz function. If p € Agy, then ¢ is invertible and for any k > 0,
there exists my, > 0 such that o(kt) < myp(t), for allt > 0.

An Orlicz function ¢ is said to satisfy the V’-condition, if there exists a tg > 0 and a ¢ > 0 such that
w(s)p(t) < p(cst) for all s,t > tg. If tg = 0, then this condition is said to hold globally and we write ¢ € V'.
We will be particularly interested in the following consequence of the V’-condition.

Lemma 2.9. Suppose ¢ is an invertible Orlicz function. If ¢ € V', then
¢~ (w) < cpTHu)e T (v),  for allu,v >0,
where ¢ > 0 is such that o(s)p(t) < p(est) for all s,t > 0.

Proof. Let ¢ > 0, u > 0 and v > 0 be given. Since each of ¢~!(u) and p~!(v) are finite, we may by the

~1 gelect 1, ry > 0 so that

definition of ¢
o(r) >u, () >v, <@ '(u)+e and rp < 0 (V) + e
But since ¢(crire) > ¢(r1)e(re) > uv, we must have that

o (uv) = inf{r > 0: p(r) > uww} < crira < c(p™Hu) +€) (e Hv) + ).

In view of the fact that € was arbitrary, the claim follows. 0O
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The non-commutative LP-spaces can be defined as the collection of 7-measurable operators whose singular
value functions are p-integrable or equivalently as those 7-measurable operators x for which 7(|z|P) < oo.
Equipped with the norm

el = (2)? = [ Guatt) dt, sz € 20,
0

LP(7) is a symmetric space. Furthermore, we note that if p(t) = t?, for ¢ > 0, then ¢ is an Orlicz function,
satisfying the Ag- and V’-conditions globally, and L?(7) = LP(7), with equality of norms. Unless confusion
is possible, we will often denote the norm of an LP-space using ||Hp If 1 < p < oo, then we will use p’ to
denote the conjugate index of p, i.e. 1/p + 1/p’ = 1. The following collects some of the relevant properties
of LP-spaces to be used in the sequel.

Proposition 2.10. [15,15,18] Suppose x,y € S(A, 7). Then

1. 7(zy) = 7(yx), whenever xy,yx € L'(7). If, in addition, x,y > 0, then x'/2yx/? 4y /2xy'/? € L (1)

and
T(wy) = (@ Pya'?) = w(y'Pay'?);
2. ny” Hx” Hy” whenever p,q,7 > 0 are such that p~* +r~ 1 = ¢~ !; and
3. fo (Hay(s))ds < fo 2(8)1y(s))ds for any increasing function f : RT — R such that t — f(e') is
convex.

Suppose E,F C S(A,7) are symmetric spaces and w € S(A, 7). The left multiplication map E —
S(A,7):  — wz will be denoted M,,. If M,, maps E into F, then M,, will be called a multiplication
operator from E into F. There are several natural questions regarding such multiplication maps. Firstly,
what are the conditions on w € S(A, 7) which characterize when M,, maps E into F'? Furthermore, under
what conditions will such multiplication operators be bounded or compact? Unsurprisingly, it is often
the case that continuity properties of M, and conditions under which M,, maps E into F are studied
concurrently. In fact, M, is automatically continuous if it maps E into F. (To see this observe that any
w € S(A, 1) induces a continuous (left) multiplication operator on S(A, 7). On combining this fact with the
fact that each of E and F continuously embed into S(A, 7), it is now a simple exercise to show that M,
must then have a closed graph as a map from F to F.)

3. Existence and boundedness of multiplication operators

It is easily checked that w € S(A,7) induces a bounded (left) multiplication operator if and only if |w]
induces a bounded (left) multiplication operator. Furthermore, if this is the case, then

1M | = [ M|

It therefore suffices to consider positive elements in our study of boundedness properties of multiplication
operators. For the endomorphic setting the boundedness of multiplication operators has been characterized
in the general setting of symmetric spaces ([19, Proposition 5]). For the non-endomorphic case, we will show
that the boundedness of multiplication operators between different Orlicz spaces can be characterized if the
Orlicz functions satisfy certain properties. These properties imply that the situation is a natural general-
ization of considering multiplication operators from LP(7) into L4(7) if p > q. For p < ¢, a characterization
will also be provided.
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8.1. Multiplication operators on symmetric spaces

It is natural to consider if it is not possible to lift results from the commutative setting to the non-
commutative setting. It is, in fact, claimed in [20, Corollary 3.1] that if (A, 7) is a semi-finite von Neumann
algebra, 0 < ag,a; < oo, E,F C L°(I) (I = (0,1) or I = (0,00)) with E an ag-convex symmetric
quasi-Banach space and F' an «;-convex fully symmetric quasi-Banach space with the Fatou property, then
E(T)F() | the collection of all multipliers from E(7) to F(r), is given by

Ef(r)={x € S(A,7): u, € B},

where E¥ is the set of all multipliers from E to F. Whilst there are other interesting and useful results in
[20], the aforementioned result cannot be true without further restrictions on the semi-finite von Neumann
algebra A. On noting that symmetric Banach spaces are 1-convex (see [17] for definitions and details) and
LP-spaces are fully symmetric spaces with the Fatou property, this can be seen from the following example.

Example 3.1. Suppose A = B(H), the set of all bounded operators on the Hilbert space H, and equip .4 with
the canonical trace tr. If 1 < p < ¢, then LP(¢r) is continuously embedded in L%(tr), by [12, Proposition 4.5].
It follows that the identity operator is a multiplier from L?(¢r) into L%(¢tr). However, it follows from [34,
Theorem 1.4] that the only multiplier from LP(I) to L([) is the function which is zero almost everywhere.
It follows that LPL’ (tr) = {0}. However as can be seen from Theorem 3.11, the set of multipliers yielding
bounded operators LP(tr) to Li(tr), is actually quite large.

It is our suspicion that the discussion on p. 286 ([18]) regarding the embedding of a general semi-finite
von Neumann algebra A into the non-atomic von Neumann algebra A®RL> (0, 00) has, at times, not been
applied with sufficient care. This has led to an insufficient distinction between the atomic and non-atomic
cases and possible mistakes in the literature. Regarding the proof of [20, Corollary 3.1], it is true that
z and x ® 1 have the same generalized singular value functions. It need not, however, be the case that
x ® 1 is a multiplier between two spaces corresponding to ARL>(0,00) if x is a multiplier between the
matching spaces corresponding to A. Example 3.1 above demonstrates that in the case A = B(H), 1 is a
multiplier from LP(tr) into L7(¢r). However 1 ® 1 is not a multiplier from LP(A®L> (0, oo) tr ® m) into
LI(ARL>(0,00),tr ®m). To see this let e be any minimal projection in B(H), Ex = (5, z5—) for k € NT

and f, = kz m for n € N*t. It is easily checked that (f,,)5; is Cauchy in LP(0,00), but not in

L%(0, 00). Furthermore,

e® fn € (L NLY)(ARL>®(0,00), tr ® m)
C LP(ARL™(0,00),tr ® m) N LY(ARL>(0,00), tr @ m)

and H ® fn) — (e®fm)||r = He®(f”_fm)’|7« = an —meT for every n,m € N*T and 1 < r < oc.
It follows that (e ® f,)22, is Cauchy in LP(A®L>(0,0),tr ® m), but not in LI(ARL>(0,00),tr ® m).
Since (1 ® 1)(e ® f,) = e ® f,, for each n, this shows that 1 ® 1 is not a continuous multiplier from
LP(ARL>(0,00),tr ® m) into LY(ARL>*(0,00),tr ® m).

In the special case where the von Neumann algebra is the set of all bounded operators on a Hilbert space,
equipped with the canonical trace, it is possible to define non-commutative analogues of sequence spaces
using sequences of singular values instead of singular value functions (see [5, p. 629], for example). In this
context it can be shown that the lifting approach has applicability (see [5, Theorem 4.16]).

Cognizant of the above subtleties and since we wish to deal with general von Neumann algebras, we
will not use the lifting approach nor attempt to deal with the atomic case by means of a reduction to the
non-atomic setting, but will typically follow a more direct approach.
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The next result shows that sufficient conditions for the existence and boundedness of multiplication
operators on non-commutative spaces may however often be derived from the classical setting without
imposing further restrictions on the semi-finite von Neumann algebra.

Lemma 3.2. Suppose E;(0,00) (i = 1,3) are (commutative) symmetric spaces, F5(0,00) is a (commutative)
strongly symmetric space and (A, T) is a semi-finite von Neumann algebra. If there exists some k > 0 such
that

1790 50,001 < Kl 1, 0,00 19 20,00 (1)

whenever f € Eq1(0,00) and g € E3(0,00), then

||$yHE2(7’) = kaHEl(ﬂHyHEa(T)’

whenever x € E1(7) and y € E3(71).

Proof. Suppose € E1(7) and y € E3(7). Then gy << pizfty, by [33, Theorem 4]. Since E3(0,00) is a
strongly symmetric space, this implies that }|uxy||E2(0 00) < ||,um,uyHE2(o 00" Using (1) we therefore obtain

H/”nyHEz(O,oo) < ||er‘y||32(o,oo) = kH/”LIHEl(O,oo)H/”LyHEg(O,oo)'

Since the norm of a trace-measurable operator is given by the norm of its singular value function, the result
follows. O

Regarding the endomorphic setting, we note that it is shown in [19, Proposition 5] that if F C S(A, 1)
is a non-trivial symmetric space and w € S(A, )", then M, is a bounded multiplication operator from F
into itself if and only if w € A. Examination of the proof of this theorem shows that if this is the case, then
1Mo | = [Jow]] 4

3.2. Multiplication operators on Orlicz spaces

We note that it is shown in [19, Theorem 3|, that if F is a symmetric space with the Fatou property,
©, 1, o are Orlicz functions with b, = by, = by,, and k1o~ < o7 (£)pa(t) < ko™ (t) for all t > 0 for
some ki, kg > 0, then the space of multipliers between the Calderén-Lozanovskii spaces E,, (7) and E, (1) is
given by E,, (7). If E = L', then we obtain the corresponding result for Orlicz spaces. We extend this result
in the setting of Orlicz spaces by showing that it holds true without the requirement that b, = b,, = by, .
We use the fact that the corresponding result holds true in the commutative setting (see [30]) to establish
the first part of this result.

Theorem 3.3. Suppose w € S(A,7)T and p; (i = 1,2,3) are Orlicz functions.

L If o7 ()3 H(t) < kpy L (t) for allt >0, then M, is a bounded multiplication operator from L¥* (1) into
L#2(7) whenever w € L¥*(7). Furthermore, if this is the case, then ||M,|| < 2kHwH¢3.

2. If there exists some k > 0 such that oy ' (t) < ko7 (t)p3'(t) for all t > 0, then M, is a bounded
multiplication operator from L#1(7) into L¥2(7) only if w € L¥*(7). Furthermore, if this is the case,
then ||w”w3 < 4k||My||.

Proof. (1) follows from [30, Remark 2] and Lemma 3.2.
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To prove (2), suppose that there exists some k > 0 such that ;' (t) < koy ' (t)e3*(t) for all ¢ > 0 and
M, is a bounded multiplication operator from L% (7) into L¥2(7). Let I'(:) := 7(w-). We show that T is a
bounded linear functional on L¥3(7). Let ¢ > 0 be given and suppose z € L¥3(7)T with ||| o5 = 1—eIt
follows by Proposition 2.4 and Remark 2.5 that ¢3(z) € S(A,7) and 7(¢%(x)) < 1. Define ;1 := @] ' ow(2)
and x5 := (¢3) "t o @i(x). Then x1, 29 € S(A,7), by Lemma 2.3. Furthermore, o1 0 o7 *(t) <t for all t > 0,
by Proposition 2.1(1), and so 0 < ¢1(z1) = ¢1 0 0] H(5(2)) < ¢3(x) using the Borel functional calculus.
It follows that 7(¢1(z1)) < 7(93(z)) < 1 and therefore, 1 € L¥*(7) with Hacl||qJl < 1, by Proposition 2.4.

< 1. Since M, is a bounded multiplication operator from L#'(7) into

Similarly, x5 € L¥2(7) and 22| o
2
L¥#2(7), we have that wz; € L?2(7). So wr1z2 € L1(7) by Kéthe duality. Applying this and Proposition 2.6

(see also Remark 2.7), we obtain

< [[Mullffar],, ll2-|

g

|T(wz122)| < T(JwWTT2|) < meleHmﬂ Z;

Furthermore, using [3, Theorem 4.8.14] and the fact that the norm of y is equal to the norm of its singular
value function in the corresponding commutative space, we have ||y| < 2Hy| ot for any y € L2 (7). Hence
2

0
. ) 2
inequality 2 becomes

r(warzz)| < 2| Mo o], 22|

< 2| M = 22| Mo ||=|

1—e

3)

®3 »3’

= 1 — €. Since z; and 2 were defined using x and

since Hlew, .2?2‘ < 1, as shown earlier and Hx‘

»3 »3
the Borel functionalzcaulculus7 it is easily checked that3x1x2 = x9x1 > 0. It follows that

T1Tow = Tox1w = (wWr129)* € L (7).

Furthermore, w,x122 > 0 and so w2z x0wl/? € LI(T), by Proposition 2.10. Next we show that x <
2kx124. Tt follows from the first inequality in Proposition 2.1(2) and the assumption that (‘0271 < k‘gpfl.gogl
that

<3t (1)-(93) () < Ry (805 (1)-(03) T (B).

Multiplying through by (¢3)~!(t) and applying the second inequality in Proposition 2.1(2) we therefore
obtain

t.(05)7H(t) < kor ()03 (8).(05) TH(1)-(03) TH(E) < 2ktpr (1).(03) TH(E).

Using t = @3 (s), we obtain

s < (p3) "o ps(s) < 2kpy ' o pi(s).(05) 7 o @h(s),

for all s > 0 and therefore * < 2kxjxs, using the properties of the Borel functional calculus and the
definitions of z; and z,. It follows that w'/2zw!/? < w'/?2kz x9w'/?, by [10, Proposition 4.5], and therefore

(w2 zw'/?) < 7 (w2 2kx 2w/ ?) using the positivity of 7
= 2k7T(wr122) using Proposition 2.10

< 1o [ Mo |l||=]

o3 using (3).

It follows that (w'/?x)w'/? € L'(r). Since z, z; and x5 commute, we can use the fact that x < 2kz;s
to show that |zw|? < 4k?|zx1w|? and hence |zw| < 2k|zaziw|, since taking square roots is an operator-
monotone function (see [21, Corollary 3.2]). It follows that wz € L'(7). Since, apart from the restriction on
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the size of the norm, = was an arbitrary element of L#3 (7)*. Tt follows from Kothe duality that w € L#3 (7).
We can therefore apply Proposition 2.10 to obtain 7(w'/2zw'/?) = 7(wz) and therefore, since the above
holds for all € > 0, we have

ID(@)| = |r(wo)| = T(w"2zw/?) < 4k||M,||||z]

(4)

w5’

Given y € L¥5 (1), we may now use the polar decomposition y = u|y| in terms of some partial isometry
u € A, to conclude from the above that

IT(Y)| = [ (wolyl)]
= 7((w"2oly[?)(|jy*w'/?))

< T(wl/%\y|vw1/2)1/27(w1/2|y|w1/2)1/2

< (4| M [ [ollol] )2 (K] M | o] )
< 4k Mo [llyll
where we used the fact that Hv|y|v| o3 S 1yl oz = Hy| s 1O obtain the final inequality. Clearly, ||T']| <

4k||Mw||. Since Orlicz spaces are strongly symmetric spaces, we may apply [15, Theorem 5.11] to conclude
that ||F|| = ||w||</JS and hence that Hw”@3 < 4k||MwH O

Applying this result to LP-spaces, we obtain the following.

Corollary 3.4. Suppose 1 < q < p and r is such that 1/p+1/r =1/q. If w € S(A, 1), then M,, is a bounded
multiplication operator from LP(7) into Li(7) if and only if w € L™ (7).

Proof. If ;1 (t) := P, pa(t) = t7 and @3(t) = t", then
o1t (s () =t/ =t = oyt (t), V20, D

In [28] sufficient conditions are obtained for the existence of multipliers between Orlicz spaces when the
Orlicz functions are related by certain composition relations. We show that multiplication operators can be
completely characterized and norm estimates obtained under similar circumstances.

Theorem 3.5. Suppose w € S(A,T) and ¥, v1, @2 are Orlicz functions. If g3 := 1¥* opq is an Orlicz function,
P o s = 1, and @y is an Orlicz function satisfying the V'-condition, then

1. there exists 0 < ¢ < 1 so that 5 *(t) < cpy L (t)p3 (t) for all t > 0;

2. My, is a bounded multiplication operator from L¥*(T) into L¥2(7) if and only if w € L¥3(7). Moreover,
if this is the case, then

1M < 2]l <8]|M.
C 3

where ¢ > 0 is such that oy ' (st) < ey (8)py H(t) for all s,t >0 (see Lemma 2.9).

Proof. To prove (1), we start by showing that ¢, ' 01~ < o;*. Using the fact that ¢; = 1) o o, we have
that

e1(p3 " (£) = 1o @23 ' (t)) < (1),
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by Proposition 2.1 and the fact that v is increasing. Replacing ¢t with ¢ ~1(¢) in the inequality above we
obtain

p1ow; (W) <Yy TH) <t

Apply <p1_1 to the inequality above, and use the fact that gpl_l is increasing, to conclude from Proposition 2.1
that

p2 (7)) <@t (prowy (WTH) < @1 (1),

as desired. A similar proof shows that ;' o (¥*)71 < @3t

Next, suppose t > 0. Then using Proposition 2.1 and the fact that ¢o is increasing, we have that
@3 () < o3t (¥7Ht).(¥*)71(t)). On applying Lemma 2.9, it then follows that ¢, '(t) < cp; ' (v1(t)).
@3 (¥*)71(t)). The inequalities verified in the first part of the proof now enable us to conclude that
3 (t) < oyt (t)-p5 (1)

To prove (2), we start by noting that if M, is a bounded multiplication operator from L¥#*(7) into
L#2(7), then it follows from the first part of this Theorem and Theorem 3.3(2) that w € L¥3(7) and
Jul,, < 4c]Ma .

It remains to prove the sufficiency and reverse inequality in (2). Given any A > 0 and 0 < e < 1, we
may use convexity to conclude that e 1po(N) < po(e7)), and hence that " (e 12 (N)) < ¥ 0 po(e71N) =
@3(e71\). Given any positive Borel function f for which ¢3(e~! f) is finite almost everywhere, it is clear that
¥* (e Lpa(f)) is then also finite almost everywhere with ¥* (e 1pa(f)) < ps(e~1f). Since ¥* is an Orlicz
function, this can clearly only be the case if po(f) itself is also finite almost everywhere. Given any y €
L#s ()t with Hwa3 < 1, it follows from Proposition 2.4 that for any e with [|y||,, < € < 1, we will have that
p3(e7ty) € S(A, 7). On using the Borel functional calculus with y playing the role of a Borel function, we
may now use the above calculations to conclude that each of 1)* (e 12 (y)) and ¢ (y) are operators affiliated
to A (see [35, Lemma 9.4.7 and Theorem 9.4.8]), for which we have that ¥*(e =12 (f)) < p3(e71f). We may
then use Proposition 2.1 to conclude that e 1pa(y) < (¥*) 71 (* (e La(y))) < (¥*) "1 (ps(e~y)). Since by
Lemma 2.3, (¢*) 71 (p3(e7ty)) € S(A, 7), the preceding inequality ensures that also pa(y) € S(A, ). Given
that the specific choice of € and the preceding inequalities ensure that 7(¢* (e 1p2(y))) < 7(p3(e71y)) <1,
it follows that @2 (y) € LY (1)F with ||¢2(y)] o S ||y||w3. One may similarly show that if v € L#*(7)" with
lv|l, < 1, then @a(v) € L¥ (1) with ||g02(v)|’w < HU”%'

Recall that by assumption there exists 0 < ¢ < 1 such that @a(cst) < a(s)pa2(t) for all s, > 0. Let
n € N be given with n > 1, and suppose we are given w € L¥3(7) and x € L% (1) with ||w||so3 =

and Hx”% = "2—';1 Both have norm less than 1, so ps(w) € LY (T)* with {|g02(w)|

pa(x) € LY (1)t with ||<p2(x)||w < ||x||¢1. Then

oo < . and

oo

TWﬂWﬂD:/¢MMAmﬁ, (5)

0

by Lemma 2.2. Furthermore, 5 is increasing and it is easily checked that ¢ — pa(e?) is convex. Therefore

/WWMWﬁS/mwumwmﬁS/WWWﬂMMm@Mt (6)
0 0 0

by Proposition 2.10(3). It follows by what has been shown already that ¢ (i, /) € L¥"(0,00) and @o(ps) €
L¥(0,00). Therefore, by Proposition 2.6,
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/WQ(Uw/c(t))SOQ(ﬂx(t))dt < ||(p2(,uw/c)||iw*(0’oo)||<P2(/L$)HL«1;(O’OO)
0

< Qsz(Mw/c)HLw*(O,oo)}’w2(ﬂx)|‘Lw(0,oo)’

where the second inequality follows by [3, Theorem 4.8.14]. Combining this with (5) and (6) we therefore

obtain
7(a(lwzl)) < 22 (/o) | Lo+ (0,00 192 ()| o (0.00)
= QHM“’/CHL‘PS(O,OO)H'uqu‘Pl(O,oo) =1
since Huw/cHL% (0,00) = Hw/cHw3 = 47 and similarly ||ux||Lm(0’oo) = ”Q—J;l It follows that

wa”@ =inf{\ > 0: 7(p2(Jlwz|/N)) <1} <1 = 2Hw/c||¢3Hwal.

It follows that M, is a bounded multiplication operator from L¥*(7) into L®2(7) and HMw H < %HwH%. O
We finish this subsection by showing that the previous result also applies to LP-spaces.

Corollary 3.6. Suppose 1 < g < p and let r > 1 be such that 1/p+1/r =1/q. If w € S(A, ), then My, is a
bounded multiplication operator from LP(7) into L(7) if and only if w € L"(1).

Proof. Let ¢ (t) = tP, po(t) = t9 and 1 (t) = tP/9. Then 1, p3 and 1 are Orlicz functions. Furthermore,
Yo pa(t) = (t9)P/1 = tP = ¢(t) and r = qp/(p — q). If we let (p/q)" denote the conjugate exponent of
p/q, then it is easily checked that (p/q) = p/(p — q) = r/q. A straightforward calculation shows that
Y*(t) = Wtr/q. If we let w3 = ¥* o g, then p3 = ct”, where ¢ = mt’/q. It follows
that @3 is an Orlicz function and L¥3(7) = L"(7), with Hx”@s = cl/pHxHr for every x € L"(7). Furthermore,
2 is an Orlicz function satisfying the V’-condition in that

05 " (st) = (st)/ T = s = o3 (s)py N (1) Vst > 0.
The result therefore follows by Theorem 3.5. O
3.8. Multiplication operators on LP-spaces

In this subsection we consider multiplication operators from LP(7) into Li(7). It follows from [19, Propo-
sition 5] that M, is a bounded multiplication operator from LP(7) (1 < p < co) into itself if and only if
w € A, in which case HMwH = ||w||A In Corollary 3.4 and Corollary 3.6 we used the theory for Orlicz
spaces to conclude that if 1 < ¢ < p < co and w € S(A,7)", then M, is a bounded multiplication operator
from LP(7) into L4(7) if and only if w € L"(7), where 1/p + 1/r = 1/q (this result is also claimed in [19,
Example 1(ii)] although no proof is given). In this subsection we will see that a direct proof will however
enable us to determine the norm of the multiplication operator exactly in this case. We also consider the
case 1 < p < g < o0.

Theorem 3.7. Suppose 1 < ¢ < p < oo and w € S(A,7)T. Then M, is a bounded multiplication operator
from LP(7) into Li(7) if and only if w € L"(7), where 1/p + 1/r = 1/q. Furthermore, if this is the case,
then || M| = [[wl],.
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Proof. Suppose w € L"(7). Then, using Proposition 2.10(2), we obtain
[Ma]|, = [wzl, < ol =],

It follows that M, is a bounded multiplication operator from LP(7) into L9(7) and ||MwH < HwH7
Conversely, suppose M, is a bounded multiplication operator from LP(7) into L9(7). Let = € L" () be
given, where 7/ is the conjugate index to 7. If & = u|z| is the polar form of z, we set x, = ulz|”/? and
Ty = |z|”'/9". Tt is an easy exercise to see that zp € LP(7) and zy € LY (7). By hypothesis, wz, € LI(T),
and so wxr = wz,ry € L'(7). Kothe duality now ensures that w € L" (7).
We proceed to prove the equality of HMwH and Her It is not difficult to conclude from the fact that
w € L"(1)*, that w"/? € LP(7) with ||w™/?||, = (|w|-)"/?. But then

1Mo Pllg = g = (lwll)7® = [lw]r-(lwl) ™ = Jwl w2,
This clearly ensures that || M| > ||w||,, and hence that equality of norms must hold. 0O
Next, we consider the case p < q.

Remark 3.8. It is claimed in [19, Example 1(i)] that the space of multipliers from L”(7) into L(7) (p < q)
consists just of the zero operator. This cannot be true in general as Example 3.1 shows.

We start by showing that in this setting it suffices to consider purely atomic von Neumann algebras.

Theorem 3.9. Suppose 1 < p < q¢ < oo and c is the central projection such that cA is atomic and ¢ A is
non-atomic. If w € S(A,7)% is such that M,, is a bounded multiplication operator from LP(7) into L1(7),
then wet = 0.

Proof. Suppose that M,, is a bounded multiplication operator from LP(7) into L7(7) and assume that
e = ewe (A, 00) is non-zero for some A > 0. Since e € ¢t A and ¢t A is non-atomic, it follows that given
0 < a < 7(e), we may select a sequence (e,)%; C ¢t A of mutually orthogonal subprojections of e such
that 7(e,) = a/2". Let v, := e, /7(e,)/9. Since 1/p > 1/q and for each n we have that

7'(|Un|p)1/17 = T(en)l/p_l/q = (a/gn)l/Pfl/q’

it is clear that (v,,)2% ; is a sequence which converges to zero in LP(7). So by continuity of M,,, (wetv,)e, =
(wvp)$2; must converge to zero in L7(7). But this cannot be, since the fact that e,, < e, ensures that for all

n we have that wetv, = vaec:)yi?q 2 )\T(eii:;l/q7 with [lwetvp|lq > /\T(TF;;)) /4 = . This clear contradiction

establishes the claim. O

Since we are dealing with atomic von Neumann algebras, it suffices to consider a (possibly uncountable)
direct sum of (possibly infinite) factors. We will therefore consider the situation on each such factor before
investigating the general case. We start by proving a simple lemma that will help us in this regard.

Lemma 3.10. Suppose A = B(H), 7 is a faithful, semi-finite normal trace on A and 1 < p < co. Ifw € LP(7)
and e is a projection onto a one-dimensional subspace of H, then

HweHLP(T> = HweHAT(e)l/p'
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Proof. Note that
lwe|? = e|w|?e = e,
for some A > 0, by [24, Proposition 6.4.3]. It follows that for any £ € H,
lCwe)e]* = (wee, wee) = (re&, &) = (A e)e]
and so ||weHA = A2, Therefore
T(JwelP) P = r((lwe[*)P/2) /P = r(X2e) /P = N 27 (e) /P = ||lwel| ,7(e)'/P. O

For multiplication operators between LP-spaces associated with factors we have the following character-
ization.

Theorem 3.11. Suppose A = B(H), 7 is a faithful semi-finite normal trace on A and 1 < p < q < co. Then
for allw € S(A, ), My, is a bounded multiplication operator from LP(7) into LI(7) (note that in this case
S(A, 1) = A). Furthermore,

1M = &7 o]

where k is the trace of any projection onto a one-dimensional subspace of H and s > 0 is such that
1/¢q+1/s=1/p.

Proof. Tt follows from [24, Propositions 8.5.3 & 8.5.5] that 7(-) = ktr(-), for some k > 0, where tr(-) denotes
the canonical trace on B(H). Since all projections onto one-dimensional subspaces of H have the same trace,
k = 7(e), where e is any such projection. We already noted that in this case S(A, 1) = A, since A = B(H).
It follows from [5, Theorem 4.16] and [29, Theorem 2] that the space of all multipliers from LP(¢r) into
La(tr) is given by A and that for any w € A we have HMMHB(LP(tr)7L‘1(tr)) > ||w||A It follows that M, is a
bounded multiplication operator from LP(7) into L?(7) for any w € A. Furthermore

Ml = 1Mol 51y oy Z 57 N0l

- .. L _ 11/s
since it is easily checked. that HMwHB(LP(tT)’Lq(m). = kY HMwHB(LP(T)’Lq(T)). . .

To prove the reverse inequality, we note that since 1 < p < ¢ < 0o, we have that LP(¢r) is continuously
embedded into LI(tr) and tr(|z|9)Y/? < tr(|z|P)'/? for any = € LP(tr), by [12, Proposition 4.5]. It follows

that ||x||Lq(T) < lfl/SHxHLp(T) for all € LP(7). If we let w € A, then for any « € LP(r) we have
[wzll oy < Mlollallell gy < Nl 2]l oy and so [|M]} < &7H5[fu]] . ©

We will need the following lemma in order to move from a factor to a direct sum of factors.

Lemma 3.12. If {ps }aca is a (possibly uncountable) family of mutually orthogonal central projections, ¢ > 1

and x € Lq(T)7 then ‘.’E Zpozlq = Z |xpa‘q and H{L‘ ZPQHZ = Z T(‘xpozlq)'
ach ach achA ach

Proof. Suppose z € L%(7) and c is a central projection. For any Borel function we know from [23, Lemma
5.6.31] that g(|x|e)e = g(|z|)e. But then also g(|z|e)et = g((|z|e)et)et = g(0)et. For the specific function
g(t) = t9, these facts ensure that |x|%p, = |zpa|? for each a. Suppose B is a finite subcollection of A.

Since {pa taep is a collection of mutually orthogonal central projections (and hence Y p, is also a central
acB
projection), this enables us to conclude that
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|wzpa|q = ‘$|qua = Z|x\qpa = Z|xpa\q. (7)

acB acB a€eB a€eB

Furthermore,

(@D pal = |2]'/? (Zm) jo['/? > |a|'/2 (Zm) je['/? = & " pal. (8)

achA ach acB acB

Using (7) and (8), it follows that

S rllapal®) = 3 pa 2 < [ pll

aeB acB achA

Since this holds for every finite subcollection of A, this ensures that > 7(Jxps|?) converges, with
achA

S 7(|zpal?) < Hx > Da HZ < oo. Therefore 7(|zpo|?), and hence also xp,, is non-zero for at most countably

achA achA

many « € A. Let (p,)22; denote the collection of projections for which this holds.

K 00 K
Since Y pn T > pn and these are all central projections, we may use (7) to conclude that > |zp,|? 1
n=1 n=1 n=1

q
and therefore

“(En)

q q

S fepalt = 3 Japalt = |2 (m) 5> E
acA n=1 n=1 a€A
as desired. Furthermore,
K K 0o 0o
S (opnl®) = 73 Jemnl?) 1 7( (m) o= | (zpn) ol ©
n=1 n=1 n=1 n=1

Since these are the only projections for which xp, # 0, it follows that ||1: > pa||z = > 7(Jzpal?). O
a€A a€ch

We are now in a position to characterize multiplication operators from an LP-space into an L?-space for
the case p < q.

Theorem 3.13. Suppose (A, T) is a semi-finite von Neumann algebra, 1 <p < q < oo, w € S(A, 7)T and ¢ is
the central projection such that cA is atomic (i.e. cA= & B(H,)) and ¢ A is non-atomic. Let p, denote
achA

the central projection such that po A = B(H,) and let k,, denote the trace of a projection in B(H,) onto a
one-dimensional subspace of H,. Then M, is a bounded multiplication operator from LP(7) into L4(7) if

and only if we = w and sup “i’i‘;l' < 00, where s > 0 is such that 1/q+ 1/s = 1/p. Furthermore, if this is
achA @
the case, then

el s

[Mall = sup =73

Proof. Suppose wec = w and sup HU;CL;(;SHA < oo. If x € LP(7) with Ha:”p =1, then
a€cA @

/
lepall? = (lzpal2)™ = llzpall, (10)



P. de Jager, L.E. Labuschagne / J. Math. Anal. Appl. 475 (2019) 874-894 889

since p/q < 1 and praHZ < HxHZ = 1. Furthermore,

HU’IHZ :T(‘WIZPQVI) since we = w
a€A

= ZT(|wwpa|q) by Lemma 3.12
ach

=>_llwapal;

a€h

< Zk*q/snwpaninxpaHZ by Theorem 3.11
ach

wpa
p Lol o

aeA

ach
<sup IS om0
= sup ”“”Z‘;’ﬂAH I’ by Lemma 3.12.
It follows that
o, < s L2l = gup B2ellapy

since Hl‘Hp = 1. Therefore, M, is a bounded multiplication operator from LP(7) into L9(7) and

Conversely, suppose M,, is a bounded multiplication operator from LP(7) into L?(7). Then wc = w, by
Theorem 3.9. Let 7, denote the restriction of 7 to py.A. Since poLP(7) = LP(paA,7,) and the action
of w on LP(pyA,T,) is induced by wp,, we have that M,,,, is a bounded multiplication operator from
LP(paA, 7o) into L(pyA, 74), for each a and

lwpazll, < [[pall 4llwell, < |3 |lllz]],,

for each « € LP(7). Using Theorem 3.11, it follows that k;l/uspa
Since this holds for all o, we have that

I < [ | < (M), for each o

[wpall
swp e S Mol

4. Compactness of multiplication operators

The characterizations and norm estimates obtained in the previous section will enable us to obtain
characterizations of compactness in the same settings. It is easily checked that w € S(A,7) induces a
compact multiplication operator between symmetric spaces F and F' if and only if |w| induces a compact
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multiplication operator. As in the previous section, it therefore suffices to consider positive elements in
S(A, 7). We start by quoting a necessary condition for the compactness of multiplication operators which
will be used throughout.

Theorem 4.1. [28, Theorem 4.2] Given two Orlicz functions 11 and ¥y and y € S(A,T) such that M, :
LY1(1) — L¥2(1) is compact. Then there exists a central projection & such that yé = y with éA being a
direct sum of countably many finite type I factors.

The techniques employed to prove Theorem 4.1 can easily be adapted to prove the same result for any
pair of Banach function spaces which are intermediate spaces of the Banach couple (L*(7), L (7)).

As with the boundedness of multiplication operators, a characterization for the compactness of endomor-
phic multiplication operators can be obtained in the general setting of symmetric spaces. We know from
[19, Proposition 5] that if F is a symmetric space and w € S(A,7), then M,, is a bounded multiplication
operator from F into itself if and only if w € A. In considering the compactness of multiplication operators
in the endomorphic setting it therefore suffices to consider w € A.

Lemma 4.2. Suppose E C S(A, 1) is a symmetric space and w € AY. Then M., is compact if and only if

zZ¥ ={e"(e,0)xr:x € E}

€

is finite-dimensional for every e > 0.

Proof. Suppose M,, is compact. Let x € E and € > 0. Then wx € E, since M, is a bounded operator from
E into itself. Furthermore, w and e¥ (e, 00) commute and so

M, (€¥(e,00)x) = wev(€,00)x = e (e, 00)wx € Z.

It follows that Z! is invariant under M,,. The restriction Mw of M,, to ZY is therefore a compact operator
from Z into itself. Let p = e (e, 00). On passing to the reduced space A, (see [16, p. 211]), the inequality
pwp > ep, ensures that as an element of A,, pwp is strictly positive, and hence that there exists v € .A;'
with v < %p, such that pwpv = vpwp = p. Since p and w commute, this will in A reduce to the statement
that wv = vw = p. Using this element v, it is easily checked that Mw is invertible with the inverse given by
the restriction of M, to Z¥. Since Mu, is also compact, it therefore follows that Z" is finite-dimensional.

Conversely, if Z¥ is finite dimensional for every € > 0, then in particular Z{”/n is finite dimensional for
every n € NT. Let w,, be defined as w,, = we"(1/n,00). Then it is easily checked that M, (E) C 21, It
follows that M, is finite rank for every n € N*. Furthermore, if x € E, then

1M = M, )(@)|| p = [[we[0,1/m]a ]|
lwe [0, 1/nl]| 4|l 5

wllell

IA

IN

It follows that HMw - M,, || < 1/n and hence that as the limit of a sequence of finite rank operators, M,,
is compact. 0O

Theorem 4.3. Let E C S(A,7) be a symmetric space which is an intermediate space for the Banach couple
(L*(7), L' (7)) and let w € A*. Then M, is a compact multiplication operator from E into itself if and

only if
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o there exists a sequence (pn)S2, of mutually orthogonal central projections such that wé = w, where

o0
¢= > pn, A= (EE A, and each p, A = A, is a finite type 1 factor;
n=1 n=1

e and prn —0asn—0.

o
Proof. Suppose M,, is compact. By Theorem 4.1 and the comments following it, there exists a central

projection ¢ with the desired properties. Since p, A = A,, is a finite type 1 factor, we can write wp, =
N»,,,+171

> Akqk, where the A\;’s (N, < k < N,41) are the eigenvalues of wp,,, repeated according to multiplicity,
k=N,
and the g¢i’s are mutually orthogonal projections onto one-dimensional subspaces of the eigenspace of Ag.

Recall that

zZ¥ = {e"(e,0)x : x € E}.
Fix € > 0. If Ay > ¢, then ¢ < €¥(€,00) (since wqr = Arpqr) and so g, = e¥(e,00)qr, € Z¥. Since ZY is
finite-dimensional, by Lemma 4.2, there can only be a finite number of Ax’s such that Ay > e. It follows that
A — 0 as kK — 00. Since

prnH.A = max{)‘k : Nn S k < ]\/vn_;'_]_}7

we have that prn — 0 asn — oo.

o
Conversely, suppose there exists a projection ¢ with the desired properties and ||wpn|| a4 0. Let wy :=

wy 1S a finite rank operator for each N € N. Furthermore, using [19, Proposition 5] and

N
w Y pp. Then M,
n=1
the fact that the p,’s are mutually orthogonal central projections, we obtain

o0

1M = My || = [lw = wn]| g = [0 > pall 4 = sup [lwpal] , 0.
n=N+1 n>N

It follows that M, is the limit of a sequence of finite rank operators and hence compact. 0O
Next, we consider multiplication operators between Orlicz spaces.

Theorem 4.4. Suppose ¢; (i = 1,2,3) are Orlicz functions with @3 € Ag and suppose one of the following
conditions holds

1. either there exists some k such that o7 (t)e3 ()" < w5t (t) < koyH(t)ps H(t), for all t > 0;
2. or there exists an Orlicz function ¥ such that w3 = ¥* o o and VY o py = @1, with s satisfying the
V' -condition.

If w € S(A,71), then M, is a compact multiplication operator from L% (1) into L¥2(7) if and only if
w € L¥3(7) and there exists a sequence (p,)22, of mutually orthogonal central projections such that wé = w,
o0
where ¢ = Y p, and ¢A = % A, where each p, A = A, is a finite type 1 factor.
n=1

n=1

Proof. Let w € L¥3(7) and suppose there exists a projection ¢ with the requisite properties. Let wy =

N
w Y pn. Then M, is a finite rank operator for each N € N and w—wy € L?3(7), since wy € L'NL>®(1) C
1

L#3(7) for each N € N. It follows from either of Theorem 3.3 or Theorem 3.5 (depending on whether
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condition (1) or (2) holds) that M,, — My, = My—w, is a bounded multiplication operator from L% (1)
into L¥2(7) with

[Muy = My || < 2[w —wy]| . (11)

00 N
Note that > pp =¢— > pn \(0. So, on using the fact that each p, is a central projection (and hence
n=N+1 n=1

o0
also > pp), we obtain
n=N+1

w— Wy =w i pnwl/Q( i pn>w1/2\0.

n=N+1 n=N+1

Since @3 € Ay, L¥3(7) has absolutely continuous norm and therefore Hw - wNHq;3 N\ 0. Using (11) this
implies that M, is the limit of a sequence of finite rank operators and hence compact.

Conversely, if M, is a compact operator, then by Theorem 4.1, there exists a central projection ¢ with the
desired properties. Furthermore, since M,, is a compact operator, it is bounded and therefore w € L¥3(7),
by either Theorem 3.3 or Theorem 3.5 (depending on whether condition (1) or (2) holds). O

Suppose 1 < ¢ < p with 7 such that 1/p+1/r = 1/q. Then for ¢1(t) :=t?, p2(t) = t? and p3(t) =t", we
trivially have

e ey () =3 (1),  VE>0.
We therefore obtain the following corollary.

Corollary 4.5. Let 1 < ¢ < p < oo and w € S(A,7)*. Then M, is a compact multiplication operator from
L?(7) into LY(T) if and only if

1. there exists a sequence (pp)>2, of mutually orthogonal central projections such that wé = w, where

o0
¢= > pn, CA= ?.S A, and each A,, = p, A is a finite type 1 factor;
n=1 n=1

2. and w € L™(71), where 1/p+1/r =1/q.

We finish by characterizing the compactness of multiplication operators from LP(7) into Li(7) for the
case 1 <p < q < oo.

Theorem 4.6. Let A C B(H) be a semi-finite von Neumann algebra equipped with a faithful normal semi-
finite trace 7, 1 <p < g < oo and w € S(A, 7). Then M, is a compact multiplication operator from LP(T)
into L1(T) if and only if

1. there exists a sequence (pn)2, of mutually orthogonal central projections such that wé = w, where
oo
¢= > pn, A= Cé; A, and each A, = p, A= B(H,) with H, finite-dimensional;
n=1
|

=1
2. and ‘H;CLIT;SA — 0, where 1/q+ 1/s = 1/p and k, is the value of the trace of a minimal projection in
B(H,)."

n
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Proof. Suppose conditions (1) and (2) hold. Then M, is a bounded multiplication operator from LP(7)

N
into L4(1), by Theorem 3.13. If we let wy := w > py, then for each N € N, M, is a finite rank operator.
n=1
Furthermore, using Theorem 3.13, we obtain

1 wup J2nlls

I =My = o1, | = sup 20

§ Pn
n=N+1
The operator M, is therefore the limit of a sequence of finite rank operators and hence compact.

Conversely, if M,, is compact, then, by Theorem 4.1, there exists a central projection ¢ with the desired
NW,
properties. Since A, is a finite type 1 factor, we can write wp,, = > Ak, where the \j, are eigenvalues
k=N,_1+1
of wp,, (repeated according to multiplicity) and the g are projections onto 1-dimensional subspaces of p,, (H)

with grgm = 0 if k& # m. Consider the sequence {x;}?°,, where xy = 7(q;)"*/Pqr € LP(7). Recall that
LP(7)* = LP' (1), where 1/p + 1/p/ = 1, and that the isometric isomorphism is given by y — 7(y-). If
Yy € Lp/(T), then on using Lemma 3.10 at appropriate points, we have that

= |7(qr) "7 (yax)|
< 7(ae) "y,

= T(Qk)fl/pHkaHAT(Qk)

1/p’

| <ya mk>

= ||1/%HAT(Qk)
= HZ/Qka, (12)

Note that, by Lemma 3.12,

’ o0 ’ ! / .
y ﬁ/ = > 7(lypn|?"). It follows that ||ypy| i, = 7(|ypal”") — 0. Since ||yqy,
n=1
[ypnl| , for No—1 < k < N, this implies that [[ygx || , — 0. In view of the fact that y € L¥'(7) was arbitrary,

this will; by means of (12), imply that z; — 0 weakly. For N,,_1 < k < N,,, we have

, <
p =

Mo lwa], el m(a)
P
= ||ka7_(Qk)7l/qu = ||waEqu. (13)

Given that compact operators map weakly convergent sequences onto norm convergent sequences, the weak
convergence of x; to 0 ensures that ||wak||q — 0. Since

HanHA ~ max{A: X is an eigenvalue of wp, }

krlL/s k}/‘)‘
max{A; : Npo1 <k < N,}
ke
= max{||Myzx|, : Noo1 <k < Np}

(where we used (13) to obtain the last equality), it follows that MA —0. O
kr’
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