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1. Introduction

Cuntz—Krieger in [5] initiated an interplay between symbolic dynamics and C*-algebras. They constructed
a purely infinite simple C*-algebra O 4 called Cuntz—Krieger algebra from a topological Markov shift defined
by a square matrix A with entries in {0,1}. They showed that the algebra O4 is a universal unique C*-
algebra generated by a finite family of partial isometries subject to certain operator relations defined by
the matrix A. They also proved not only that the stable isomorphism classes of the resulting C*-algebras
are invariant under topological conjugacy of the underlying topological Markov shifts, but also that their
K-groups and Ext-groups are realized as flow equivalence invariants of the Markov shifts. Their pioneer
work has given big influence to both classification theory of C*-algebras and interplay between symbolic
dynamical systems and C*-algebras. After their work, many generalizations of Cuntz—Krieger algebras have
come up from several view points (cf. [6], [10], [15], [18], [32], ...). In [20] (cf. [3]), the author attempted
to generalize Cuntz—Krieger algebras defined from topological Markov shifts to C*-algebras defined from
general subshifts. After [20], he introduced a notion of A-graph system written £ = (V, E, A, ¢). It consists
of a labeled Bratteli diagram (V, E,\) with its vertex set V = |J;2, Vi, edge set E = |2, Ei4+1 and
a labeling map A : E — X, together with a surjective map ¢ : Vi;1 — V,l € Zy = {0,1,...,}.
We require certain compatibility condition between the labeled Bratteli diagram (V, E,\) and the map
t : V. — V, called local property of A-graph system. He showed that any A-graph system presents a
subshift and conversely any subshift can be presented by a A-graph system, called the canonical A-graph
system. He also introduced a notion of symbolic matrix system that is a matrix presentation of A-graph
system, and defined some algebraic relations called (properly) strong shift equivalence in symbolic matrix
systems. He proved that if two symbolic matrix systems are (properly) strong shift equivalent, then their
presenting subshifts are topologically conjugate. Conversely if two subshifts are topologically conjugate,
then their canonically constructed symbolic matrix systems from the subshifts are (properly) strong shift
equivalent (cf. [25]). This result generalizes a fundamental classification theorem of topological Markov
shifts proved by R. Williams [39]. A construction of C*-algebra from a A-graph system was presented in
[23]. The class of such C*-algebras are generalization of Cuntz—Krieger algebras. The resulting C*-algebra
was written Q¢ and whose K-theoretic groups were proved to be invariant under (properly) strong shift
equivalence of underlying symbolic dynamical systems, and hence yield topological conjugacy invariants of
general subshifts. Especially, the K-groups K,(Og,) and the Ext-group Ext.(Og,) for the C*-algebra Og,
of the canonical A-graph system £, of a subshift A was the first found computable invariant under flow
equivalence of general subshifts ([24]).

As seen in the construction of A-graph system from subshifts in [22], it is essentially due to its (right)
one-sided structure of the subshifts. Hence the resulting C*-algebra Og¢ do not exactly reflect two-sided
dynamics. In this paper, we will attempt to construct two-sided extension of A-graph systems, construct
associated C*-algebras and study their structure. We will introduce a notion of A-graph bisystem over a
finite alphabet. It is a pair of two labeled Bratteli diagrams £~, £ over alphabets ¥ =, T, respectively,
and satisfy certain compatible condition of their edge labeling, called local property of A-graph bisystem,
where two alphabet sets X7, T are not related in general. The two labeled Bratteli diagrams are of the
form £- = (V,E~,\7),£" = (V,ET,A\"). They have common vertex sets V = J;=,V; together with
edge sets - = 5, By, and ET = [J;2, E;’lﬂ and labeling maps A\~ : E= — L7, A\t : Bt — %,
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respectively. Its matrix presentation is called a symbolic matrix bisystem written (M~—, M™). It is a pair
(Ml_’l 1 Ml—fl“)lez . of sequences of rectangular matrices such that M, ,, /\/ll'fl 41 are symbolic matrices
over ¥, 3%, respectively satisfying the following commutation relations corresponding to the local property
of A-graph bisystem:

— + ’fi + —
MM e M ML s leZs, (1.1)

where ~ denotes the equality through exchanging symbols x : 8-a € ¥7-XT — «-f € 7.7, The notions
of A-graph bisystem and symbolic matrix bisystem are not only two-sided extensions of the preceding A-graph
system and symbolic matrix system, respectively, but also generalization of them, respectively. We will first
show that any A-graph bisystem presents two subshifts. One is the subshift presented by the labeled Bratteli
diagram £, and the other one is the one presented the labeled Bratteli diagram £7T. If a A-graph bisystem
satisfies a particular condition on edge labeling called FPCC (Follower and Predecessor Compatibility
Condition), then the two presented subshifts coincide. Conversely any subshift is presented by a A-graph
bisystem satisfying FPCC, called the canonical A-graph bisystem for the subshift (Proposition 5.4). We will
introduce a notion of properly strong shift equivalence in symbolic matrix bisystems satisfying FPCC, and
prove the following theorem.

Theorem 1.1 (Theorem 6.3). Two subshifts are topologically conjugate if and only if their canonical symbolic
matriz bisystems are properly strong shift equivalent.

The proof of the only if part of the theorem is harder than that of the if part. To prove the only if
part, we basically follow the idea given in the proof of [22, Theorem 4.2], and provide a notion of bipartite
A-graph bisystem as well as bipartite symbolic matrix bisystem. We will show that the canonical A-graph
bisystems, whose presenting subshifts are topologically conjugate, are connected by a finite chain of bipartite
A-graph bisystems. We will also introduce the notion of strong shift equivalence in general symbolic matrix
bisystems. Properly strong shift equivalence in symbolic matrix bisystems satisfying FPCC implies strong
shift equivalence.

We will construct a pair of C*-algebra written (’)1,',,(’)5+ from a A-graph bisystem (£7,£%). The
two algebras Og, ;Ogy are symmetrically constructed as the C*-algebras of certain étale groupoids
gg,,g);. The groupoids Q;‘,,g}; are Deaconu—Renault groupoids for certain shift dynamical systems
(Xg,,agf), (Xg4,0e+) associated with the A-graph bisystem (£7,£%). They are also regarded as a gen-
eralization of the étale groupoids constructed from A-graph systems in [23]. We will introduce a notion of
og--condition (I) for A-graph bisystem that guarantees the étale groupoid Qg, being essentially principal
and uniqueness of the C*-algebra O _ subject to the operator relations (£, £%) below. Let {vi, ... ,’Ufn(l)}
be the vertex set V;. For an edge e~ € Ej ,,, its source vertex and terminal vertex are denoted by
s(e”) € V41 and t(e”) € Vj, respectively. For an edge et € El+,l+1’ s(et) € Vi, t(e™) € V41 are simi-
larly defined. The directions of edges in £~ are upward, whereas those of edges in £ are downward. The

transition matrices A A for £7, %1 are defined by setting

1,i+1

Li+1
. 1 if tle)=vh A (e7) =8,8(e7) = vé“ for some e € B, ,
Al,l-‘,—l(za/@a.]) = . '
0 otherwise,

1 if s(et) = v, A T(et) = a,t(et) = vé“ for some e € B,

0 otherwise,

Al G0, )) = {

fori=1,2,....m(1), j=1,2,...,m(I+1),8€X™,acXt.
We will prove the following theorem, that is one of main results of the paper.
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Theorem 1.2 (Theorem 8.11). Suppose that a \-graph bisystem (£, L") satisfies og- -condition (I). Then
the C*-algebra Of_ is the universal unital unique C*-algebra generated by partial isometries So indexed by
symbols a € X T and mutually commuting projections EL(B) indexed by vertices vi € V; and symbols 3 € X~
with B € X7 (vl) subject to the following operator relations called (£, £F):

m(l)
Y ssi=Y Y B =1 (12)

aext i=1 gexy (v)
SaSLENB) = EL(B)SaS, (1.3)
m(l+1)
YoOEB) =Y > Agavi)ET), (1.4)
BEXT (v)) I=1 yexy (bt
m(l+1)
SLE((B)Sa = Y Al G0, ) EST(B), (1.5)
j=1

where X7 (V) = {A\"(e7) €% |e” € Ey,_y such that s(e™) = v} for vl € V.

For the other C*-algebra Og., , we have a symmetric structure theorem to the above Theorem.

A-graph systems are typical examples of A\-graph bisystems. If a A-graph bisystem (£, £7) comes from
a A-graph system £, then the C*-algebra O] _ coincides with the C*-algebra O¢ of a A-graph system £
previously studied in [23].

For a A-graph bisystem (£, £7), let us denote by Q¢- the compact Hausdorff space of path spaces of the
labeled Bratteli diagram £7~. By the local property of A-graph bisystem, the edges labeled symbols o € X+
of the other labeled Bratteli diagram £ give rise to an endomorphism on the abelian group C(Q¢-,7Z) of
Z-valued continuous functions on Qg¢-, that is denoted by )\;_*. Then we have a K-theory formulas for the
C*-algebra O _.

Theorem 1.3 (Theorem 9.2).

Ko(Of ) 2C(Qe-,2)/(id—2{_,)C(Qe-,2),
Ki(0F ) 2Ker(id —A{_ ) in C(Qe-, Z).

Similar K-theory formulas for the other C*-algebra O, hold. Since the properly strong shift equivalence
class of the canonical symbolic matrix bisystem for a subshift is invariant under topological conjugacy of the
subshift, the following result tells us that the above K-groups Ki(Oif_ ),i = 0,1 yield topological conjugacy
invariants of subshifts.

Theorem 1.4 (Theorem 9.3). Let (M=, M*) and (N~,N'*t) be symbolic matriz bisystems. Let (£, £}4,)

and (£, 2}(}) be the associated \-graph bisystems both of which satisfy FPCC. Suppose that (M™, M™) and

(N =, N™T) are properly strong shift equivalent. Then the C*-algebras (9;5, and OF_ are Morita equivalent,
M

Y
so that their K-groups Ki(Og, ) and Ki((’);,) are isomorphic fori=0,1.
M ~

Corollary 1.5 (Corollary 9./). The K-groups K,-(Oi:_),i = 0,1 of the C*-algebra (93_ of the canonical
A A
A-graph bisystem (EX,SX) of a subshift A is invariant under topological conjugacy of subshifts.
Let £ = (V,E, )\, 1) be a A\-graph system over 3. Put X = X. Let £ be the original labeled Bratteli
diagram £ without the map ¢ : V' — V. Define a new alphabet ¥~ = {¢}. The other labeled Bratteli



K. Matsumoto / J. Math. Anal. Appl. 485 (2020) 123843 5

diagram £~ = (V, E7, A7) over alphabet X~ is defined in the following way. Define an edge e~ € Ej
if L(’U;»Jrl) = v} so that s(e”) = vé“,t(e*) = vl and A= (e7) = + € ¥~. Then we have a labeled Bratteli
diagram £~ = (V, E—, A7) over alphabet ¥~. Then the local property of the A-graph system £ makes the

pair (£7,£T) a A-graph bisystem. Hence we have a A-graph bisystem from a A-graph system. Let X oF
be the unit space of the étale groupoid G, . The (-map induces a shift homeomorphism on X, denoted
by o¢+. It yields an automorphism written o3, on the commutative C*-algebra C(Xg) of continuous
functions on X, . Then we see the following.

Proposition 1.6 (Proposition 10.2). Let £ be a left-resolving A-graph system over . Let (£7,£7%) be the
associated \-graph bisystem. Then we have

(i) The C*-algebra OF_ is canonically isomorphic to the C*-algebra Og of the original A\-graph system £.
(ii) The C*-algebra Oy, is isomorphic to the crossed product C(Xg, ) Mo, Z.

An irreducible finite directed graph naturally gives rise to a A-graph system. Let A be its transition
matrix for a given finite directed graph. We then have the two-sided topological Markov shift (Aa,o4) for
the matrix A. We denote by £4 the associated A-graph system for the finite directed graph. The A-graph
bisystem from £,4 obtained by the above procedure is (£, SX) As a corollary of the above proposition we
have

Corollary 1.7 (Corollary 10.3). The C*-algebra Og, 1s isomorphic to the Cuntz—Krieger algebra O 5, whereas
A
the other C*-algebra (9};+ is isomorphic to the C*-algebra of the crossed product C(Aa) Xo+ Z of the
A

commutative C*-algebra C(A4) by the automorphism oy induced by the homeomorphism o 4 of the shift on
Ag.

The above corollary suggests us that the Cuntz—Krieger algebra O 4 and the crossed product C*-algebra
C(A4) Xg+ Z have a relation like a “duality” pair.
We finally refer to the transpose of A-graph bisystems and its C*-algebras.

Proposition 1.8. For a \-graph bisystem (£7,£"), denote by £~ (resp. £7) the labeled Bratteli diagram
obtained by reversing the directions of all edges in £~ (resp. £F). Then the pair (£t £7%) becomes a
A-graph bisystem. We then have canonical isomorphisms of C*-algebras:

+ - - +
0L =0,., 05 =0%..

The paper is organized in the following way:

Section 1 is Introduction in which we describe a brief survey of the paper.

In Section 2, we review A-graph systems, symbolic matrix systems and their C*-algebras. The operator
relations among the canonical generating partial isometries and projections in the C*-algebra O¢ associated
with a A-graph system £ are described.

In Section 3, we introduce a new notion of A-graph bisystem, that is a main target of the paper. It is a
generalization of A-graph system surveyed in the preceding section. Several examples of A-graph bisystems
are presented.

In Section 4, a matrix presentation of a A-graph bisystem is introduced. It is called a symbolic matrix
bisystem, that is also a generalization of symbolic matrix system surveyed in Section 2.

In Section 5, it is shown that for any subshift, there exists a A-graph bisystem satisfying FPCC and
presenting the subshift. The A-graph bisystem is called the canonical A-graph bisystem for the subshift.

In Section 6, properly strong shift equivalence in symbolic matrix bisystems satisfying FPCC is intro-
duced. It is proved that two subshifts are topologically conjugate if and only if their canonical symbolic
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matrix bisystems are properly strong shift equivalent. We also introduce a notion of strong shift equivalence
in general symbolic matrix bisystems.

In Section 7, two étale groupoids gg_ ; Gay are introduced as the Deaconu-Renault groupoids constructed
from cerain shift dynamical systems associated with continuous graphs in the sense of Deaconu [8] from
a A-graph bisystem (£7,£%). We then define the C*-algebras (9)'3"_,(95+ as their groupoid C*-algebras
C*(G$-),C*(Ggs), respectively.

In Section 8, condition (I) on a A-graph bisystem (£, £%") is introduced. Under the condition (I), the
C*-algebra Of_ as well as Og. is realized as a universal unital unique C*-algebra generated by partial
isometries and projections subject to certain operator relations encoded by the structure of the A-graph
bisystem (£, £%). It is one of the main results of the paper.

In Section 9, K-theory formulas of the C*-algebras Og,,Ong are presented. It is shown that if two
symbolic matrix bisystems satisfying FPCC are properly strong shift equivalent, then the C*-algebras
associated with the A-graph bisystems of the symbolic matrix bisystems are Morita equivalent, so that their
K-theory groups yield topological conjugacy invariants of subshifts.

In Section 10, the two C*-algebras (’):f_,(’)g+ for A\-graph bisystems coming from A-graph systems are
studied. Let (£7,£") be the A-graph bisystem defined by a A-graph system £. It is proved that the C*-
algebra O _ is isomorphic to the C*-algebra Og of the A-graph system £ in Section 2, and the other
C*-algebra O is isomorphic to the crossed product C(Xg. ) Ao, Z of the commutative C*-algebra on
the unit space X, of the groupoid G, by the homeomorphism of the shift o¢+. In particular, we know
that the Cuntz—Krieger algebra O4 for a finite nonnegative matrix A and the C*-algebra of the crossed
product C(Aa) Xg+ Z of the two-sided topological Markov shift A4 by the homeomorphism of the shift are
regarded as a duality pair.

Throughout the paper, the notation N, Z will denote the set of positive integers, the set of nonneg-
ative integers, respectively. By a nonnegative matrix we mean a finite rectangular matrix with entries in
nonnegative integers.

2. Subshifts, A-graph systems and its C*-algebra

Let 3 be a finite set, which we call an alphabet. Each element of X is called a symbol or a label. Denote by
»Z the set of bi-infinite sequences (,)nez of elements of X.. We endow %% with the infinite product topology,
so that it is a compact Hausdorff space. Let us denote by o : % — %% the homeomorphism defined by the
left shift o((2)nez) = (Tni1)nez- Let A C X% be a o-invariant closed subset, that is o(A) = A. Then the
topological dynamical system (A, o) is called a subshift over X, and the space A is called the shift space for
(A, o). We often write a subshift (A, o) as A for short. For a subshift A and n € Z, let us denote by By, (A)
the set of admissible words in A with length n, that is defined by B, (A) = {(z1,...,2,) € " | (zi)icz € A}

For N = |%|, the subshift (%, ) is called the full N-shift. More generally for an N x N matrix A =
[A(i,5)]1;=, with entries A(é,j) in {0,1}, the subshift A, defined by

Mg ={(@n)nez € {1,2,..., N} | A(zp, py1) = 1 for all n € Z} (2.1)
is called the topological Markov shift defined by the matrix A. A topological Markov shift is often called a
shift of finite type or simply SFT. The class of sofic shifts are a generalized class containing shifts of finite

type. Let G = (V, &, \) be a finite labeled directed graph with vertex set V, edge set £ and labeling map
A: €& — . ForneN, let

B,(G) ={(Ale1),..-, A(en)) € X" | e; € E,t(es) = s(€i1),i=1,2,...,n— 1}
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be the set of words appearing in the labeled graph G, where t(e;) denote the terminal vertex of e; and
s(e;+1) denote the source vertex of e;;1. Then the sofic shift Ag for the labeled graph G is defined by

Ag = {(#n)nez € X2 | (@ni1, - Tnyr) € Br(G) forall ke N, n € Z}

([11], [38]). A labeled graph G is said to be left-resolving (resp. right-resolving), if A(e) = A(f) implies
t(e) # t(f) (resp. s(e) # s(f)). It is well-known that any sofic shift may be presented by a left-resolving
labeled graph (cf. [16], [17], [19]). It is also presented by a right-resolving labeled graph. There are lots of
non-sofic subshifts, for example, Dyck shifts, S-shifts, substitution subshifts, etc. (cf. [19]). Non-sofic shifts
can not be presented by any finite labeled graphs.

A A-graph system is a graphical object to present general subshifts ([22]). The idea defining it is basically
due to a notion coming from operator algebras, called Bratteli diagram (cf. [1]). Let £ = (V, E,\,¢) be
a A-graph system over X with vertex set V = [J;2, V; and edge set E = (J;2, Ei,;4+1 that is labeled with
symbols in ¥ by A : E — X, and that is supplied with a surjective map ¢(= ¢;,141) : Vi41 — V; for each
l € Z,. Here the vertex sets V;,l € Z, are finite disjoint sets, as well as Ej;4+1,! € Z, are finite disjoint
sets. An edge e in Ej ;41 has its source vertex s(e) in V; and its terminal vertex t(e) in V41 respectively.
Every vertex in V' has a successor and every vertex in V; for [ € N has a predecessor. It is then required for
definition of A-graph system that there exists an edge in Fj 1,42 with label o and its terminal is v € V42
if and only if there exists an edge in Ej ;41 with label o and its terminal is «(v) € Vi4;. For v € V; and
v € V42, we put

B'(u,0) = {e € Bransa | 4(s(e)) = u, t(e) = v},
E,(u,v) ={e € Ej 11 | s(e) =u, t(e) = (v)}.

As a key hypothesis for £ to be a A-graph system, we require the condition that there exists a bijective
correspondence between E*(u,v) and E, (u,v) that preserves labels for each pair (u, v) € V; x V44 of vertices.
We call this property the local property of A-graph system. For a A-graph system £, let Wg be the set of finite
label sequences appearing as concatenating finite labeled paths in £. Then there exists a unique subshift Ag
whose admissible words B, (Ag) = U, Bn(Ag) coincide with We. The subshift Ag is called the subshift
presented by £. Conversely, we have a canonical method to construct a A-graph system £, from an arbitrary
subshift A ([22]). The A-graph system is called the canonical A-graph system for the subshift.

A A-graph system has its matrix presentation, that is called a symbolic matrix system denoted by (I, M).
In [22], the notation (M, I) has been used for symbolic matrix system. In this paper, the notation (I, M)
will be used instead. For a A-graph system £ = (V, E,\,¢) over X, we define its transition matriz system
(I11+1, Ari+1)1ez, by setting
!

)=

1 if ¢ vltt ,
l7l+1( i (22)

J
0 otherwise

I (is g) = {

1 if s(e) =vhA(e) = a,t(e) = v§+1 for some e € Ej 41,

Al,lJrl(ia a,j) = { (23)

0 otherwise,

fori=1,2,....m(l), j=1,2,...,m(l+1), a€X. Forl € Zy andi=1,2,...,m(l), 5 =1,2,...,m(l+1),
we define My 111(4,j) = a1+ Fay if Aji41(4, ap,5) = 1fork =1,...,n. That is M 141(4,j) = a1+ +ay
if and only if there exist labeled edges from v! to vé“ labeled ay, ..., a,. By the local property of A-graph
system, the matrix equations

Muisilizri4e = L i Mg i, leZy (2.4)
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hold, where in the above equality a-1 and 1-« for a € ¥ are identified with each other, and also both «-0 and
0-cv are recognized as 0. The sequence (Ijj4+1, My 41),1 € Z4 of pairs of matrices I; 141, M; ;41 is called the
symbolic matrix system associated to the A-graph system £. Conversely a sequence (Ij 11, Mj41),l € Z4
of pairs of symbolic matrices M; ;11 over alphabet ¥ and matrices I; ;11 over {0, 1} satisfying (2.4) gives rise
to a A-graph system over ¥, and hence a subshift. The sequence (I; 41, M 41),l € Z4 is written (I, M),
or (IM7 M)

In [22] (cf. [25]), the author introduced a notion of strong shift equivalence in symbolic matrix systems. It
has been proved that if two symbolic matrix systems are strong shift equivalent, then the presenting subshifts
are topologically conjugate. Conversely if two subshifts are topologically conjugate, then the canonically
constructed symbolic matrix systems are strong shift equivalent. Therefore classification of subshifts are
completely deduced to the classification of symbolic matrix systems up to strong shift equivalence. This result
is a generalization of the fundamental classification theory of topological Markov shifts by R. Williams ([39],
see [30] for sofic case). The author in [22] also introduced notions of K-groups and Bowen—Franks groups for
symbolic matrix systems and hence for A-graph systems, and proved that they are all strong shift equivalence
invariants of symbolic matrix systems. Hence these invariants give rise to topological conjugacy invariants
of general subshifts. These invariants are regarded as K-theoretic invariants of the associated C*-algebras.

A A-graph system £ is said to be left-resolving if e, f € F with t(e) = t(f) and A(e) = A\(f) implies e = f.
In what follows all A-graph systems are assumed to be left-resolving. Let us denote by {v}, ... 7”£n(1)} the
set V} of vertices at level [. The author in [23] introduced a C*-algebra Og¢ associated to the A-graph system
as a generalization of Cuntz—Krieger algebras. The C*-algebra O¢ was first constructed as a C*-algebra
C*(Ge) of an étale groupoid Ge associated to £. It is realized as a universal C*-algebra in the following way.

Theorem 2.1 (/23, Theorem A]). Let £ be a left-resolving A-graph system over alphabet . Then the C*-
algebra Og is realized as a universal concrete C*-algebra generated by partial isometries S, indexed by
symbols o € X and projections E',i = 1,2,...,m(l) indezed by vertices v} € Vi, | € Z, satisfying the
following operator relations called (£):

m(l)
> SaSn=) El=1, (2.5)
=1

a€X
SaSaE; = E;S.S}, (2.6)
m(l41)
Ej = Z I (i, )BT (2.7)
=1
m(l4+1)
SiEiSe = Z Apiia(iya, j) BN (2.8)
=1

fori=1,2,....m(), | € Zy,a € . If in particular £ satisfies condition (I) in the sense of [23], the
operator relations determine the C*-algebra in a unique way.

Let G = (V,&,\) be a finite labeled directed graph with labeling map A : £ — 3. We assume that
the labeling is left-resolving in the above mentioned sense. Then we have a A-graph system £g from the
finite labeled graph G by setting V; = V, Ej ;41 = € for every | € Z, and ¢(v) = v, v € V. Then the
C*-algebra Og is so called a graph algebra with labeled edges ([23, Proposition 7.1], cf. [2], [18]). Any
topological Markov shift is realized as an edge shift with labeled edges, then the operator relations among
its canonical generators above reduce to the usual operator relations of Cuntz—Krieger algebras. Hence the
class of C*-algebras Og¢ generalizes the class of Cuntz—Krieger algebras. It actually generalizes the class of
C*-algebras associated with subshifts [20] (cf. [3]).
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The K-groups for symbolic matrix system described above is nothing but the K-groups K;(Og) of the
C*-algebra of the A-graph system £ for the symbolic matrix system ([23]).

A \-graph system seems to fit in describing one-sided structure of subshifts. Actually even if a subshift is
a topological Markov shift, the associated Cuntz—Krieger algebra it-self does not cover two-sided structure
of the underlying topological Markov shift. In this paper, we will generalize A-graph system and introduce
two-sided extension of it, and construct associated C*-algebras.

3. A-graph bisystems

Let ¥~ and X% be two finite alphabets. They are generally not related to each other. We will generalize
the definition of A-graph system to two-sided versions in the following way.

Definition 3.1. A \-graph bisystem (£, £7) is a pair of labeled Bratteli diagrams £~ = (V~, E~,\7) over
Y~ and £F = (VT, ET,AT) over &7 satisfying the following five conditions:

(i) V- =Vt =2,V disjoint union of finite sets V;,l € Z with m(l) := |V}| < oo for | € Z .

(i) E- =U2, E,,and BT = Uiz EZJFJJr1 disjoint unions of finite sets £, ;, Emﬂ,l € 7, , respectively.

(iii) (1) Every edge e” € E,,, satisfies s(e™) € Vi1, t(e”) € Vi, and every edge e € El+,l+1 satisfies
s(et) eV, tle) € Viq1.
(2) For every vertex v € V; with [ # 0, there existse™ € E,, ;, f~ € Ej;  suchthatv = s(f~) =t(e”),
and for every vertex v € Vp, there exists e~ € £y such that v =t(e™).
For every vertex v € V; with [ # 0, there exists e™ € El"”lﬂ,f"‘ € Eltl,l such that v = t(f1) = s(e™),
and for every vertex v € Vp, there exists et € ES:l such that v = s(e™).

(iv) The labeling map A~ : E- — X~ is right-resolving, that is, the condition s(e™) = s(f~), A=(e™) =
A~ (f7) implies e = f~.
The labeling map A" : ET — X7 is left-resolving, that is, the condition t(e™) = t(f1), AT(et) =
AT(fT) implies et = f+.

(v) For every pair u € Vi, v € V4o with [ € Z, we put

E7 (u,v) ={(e”,e") € B X Elﬁrl,l—ﬂ | t(e™) =u, s(e”) =s(e),t(e") = v},

BT (u,v) ={(f*.f7) € Bilpoy X By | s(FF) = u, t(f7) =t(f7),s(f7) = v}
Then there exists a bijective correspondence
¢ E (u,v) — E*(u,v)
satisfying A= (e™) = A7 (f7), AT (eT) = AT (fT) whenever p(e™,e™) = (f, f7).

The property (v) is called the local property of A-graph bisystem. The pair (£7,£7) is called a A-graph
bisystem over LF.

We write V := V= =V* and {v},... ,vin(l)} for the vertex set V.

A X-graph bisystem (£, £") is said to be standard if its top vertex set Vj is a singleton. A A-graph
bisystem (£7,£7) is said to have a common alphabet if ¥~ = ¥ T. In this case, we write the alphabet
Y~ =¥t as ¥, and we say that (£7,£7%) is a A-graph bisystem over common alphabet . We write an
edge e~ € E~ (resp. et € ET) as e without — sign (resp. + sign) unless we specify.

Let (£7,£%) be a A-graph bisystem over ¥*. For a vertex u € V;, we define its follower set F'(u) in £~
and its predecessor set P(u) in £ as in the following way:
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F(u) ::{()‘_(fl)v)‘_(fl—l)v .- ")‘_(fl)) € (Z_)l | fl € Eljlfpfl—l S El_,l’lfgy .. -afl € E1_707
S(fl) = u’t(fl) = S(fl—l)v' .- 7t(f2) = S(fl)}

Each element of F(u) is figured such as

WU AU AU )

Similarly,

1
P(u) :={(A"(e1), A" (e2),..., AT (&) € (Z1) |es € E(—{l,eg € EfQ, ..., € € Eltl’l,

t(er1) = s(ea), t(e) = s(es),...,tlei—1) = s(ey), t(e;) = u}.
Each element of P(u) is figured such as

Mle) ATe) | AT (erg)

A standard A-graph bisystem (£, £7%) having a common alphabet is said to satisfy Follower-Predecessor
Compatibility Condition, FPCC for short, if (£7, £1) satisfies the condition F(u) = P(u) for every vertex
ueV,leN.

We will present several examples of A-graph bisystems.

Example 3.2.

(i) A\-graph systems.

Let £ = (V,E,\,1) be a A-graph system over ¥.. We may construct a A-graph bisystem (£7,£") from
£ in the following way. Let us recognize the map ¢ : E — ¥ with a new symbol written ¢, and define a
new alphabet ¥~ := {i}. The original alphabet ¥ is written 3*. We define Eer,l+1 =Ej 41 forl € Zy and
At = X: BT — Xt We then have a labeled Bratteli diagram £* := (V, BT, AT) over alphabet 3. The
other labeled Bratteli diagram £~ := (V, E~, A7) over alphabet ¥~ is defined in the following way. Define
an edge e~ € B, if L(U§+1> = ! so that s(e”) = vé-“,t(e_) = vl and A" (e7) := ¢ € ¥~. Then we have
a labeling map A~ : B, ; — {t} = ¥7, and hence a labeled Bratteli diagram £~ := (V,E~, A7) over
alphabet YX7. Then the local property of the A-graph system £ makes the pair (£7, £7) a A-graph bisystem.
This A-graph bisystem does not satisfy FPCC.

Fig. 1 in the end of this section is the first six levels of the A-graph bisystem defined by the canonical
A-graph system for the §-shift for § = %, that was used in [14]. The $-shift is not sofic. In the A-graph
system, the alphabet X =3 = {0, 1}.

(ii) A A-graph bisystem for full N-shift.

Let N be a positive integer with N > 1. Take finite alphabets ¥~ = {aj,...,ay} and Tt =
{af,...,ak}. We will construct a A-graph bisystem (£y,£}) in the following way. Let V; = {v;} one
point set for each | € Zy, and E;_ | ; = {e7,..., ey}, El+l+1 ={ef,... e} } such that

s(e;) = vy, t(e; ) = u, A (ef)=a; fori=1,...,N,l€Z,,

stef)y=u,  tef)=vy, AT(ef)=af fori=1,...,N,l€Z,.

(2

We set £ = (V, E~,\7) and £}, = (V, ET,\T). Then (£, £},) is a A-graph bisystem satisfying FPCC.
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(iif) A A-graph bisystem for golden mean shift.
The topological Markov shift defined by the matrix F' = [} (1)} is called the golden mean shift (cf. [19]).

Let ¥~ = {a~,87} and =t = {aT,8T}. We set Vy = {o{}, Vi = {v},vd}, Vi = {o},vb, v}, 0L} for I > 2.
The labeled Bratteli diagram £ is defined as follows. Define directed edges labeled symbols in ¥~ such as

a” a” -
v?<—v%, v?<—v%, v?&v%,
107 2 1o 2 10 2 12 2 1 87 2 1 87 .2
Uy £ V1, U U3, Uy & V3, Up & Vi, U vy, U Vg,

oh &bt b ol b &gl &bt o Lottt gl £ bt

for [ > 2. The other labeled Bratteli diagram SJPC is defined as follows. Define directed edges labeled symbols
in ©F such as

+ + B+
« «
o) Z g, o) Toed, o) S,

+ + + + + +
1 @ 2 1 @ 2 1 a 2 1 «a 2 1 B 2 1 B 2
vy — V], U] — V3, Uy —» V3, Uy — Vi, Uy —»V], Uy — Vs,
Bt Bt
vl 5 'Ul1+17 vl } Ué+17 US } Ué+17 vS 5 'Uzli+17 vé ? vl1+17 vzll ? Ué+17

for [ > 2. The pair (£, £") becomes a A\-graph bisystem satisfying FPCC. It is figured in Fig. 2 in the end
of this section.

(iv) A A-graph bisystem for even shift.

The sofic shift defined by the symbolic matrix £ = {ﬂ g} is called the even shift (cf. [19]). Let ¥+ =
1 > 3. The labeled Bratteli diagram £ is defined as follows. Define directed edges labeled symbols in 3~
such as

) b, o) £,
i &0, ol &2 wh &g,
Ve, &l Ll w8l R0
v1<—vl1+1, v2<—vé+1, &v”l, &vlﬂ, vé&vlﬁl, vi£v5+17

for [ > 3. The other labeled Bratteli diagram 2‘5" is defined as follows. Define directed edges labeled symbols
in ¥ such as

+ +
a B

o) Sy, o) = g,

+ + +
1 « 2 1 B 2 1 B 2
+ + +
2 3 2 3 2 BT 3 2 B 3 2 B 3
a+ ﬁ+ ﬁ+ ﬁ+ ﬁ+

R AR SANS L Rt A AN A

for I > 3. The pair (£, SZ:) becomes a A-graph bisystem that satisfies FPCC. It is figured in Fig. 3 in the
end of this section.
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0
V] Y1
L L / |
1 1
vi vy ot U2
p 2 2
v? v3 v3 G U3 v3
< 3 3
v vl v3 v} v V2 vy Uy
4
4 4 4 4 vi [
v} Uy v§ UF Uy 7 (2 V3 4 5
5 5 5 5 5 2
v} v3 1} v vl vg v v v; vy v vg
i et

Fig. 1. A-graph bisystem (£7, £1) of Example 3.2 (i).

Let (£7,£%) be a A-graph bisystem. Let us denote by £7! the labeled Bratteli diagram for which
every edge is reversed with the original edge. This means that for an edge e~ € £y, ; such that s(e7) €
Vis1,t(e™) € Vi, the reversed edge e ! is defined by t(e™*) := s(e”) € Viy1,s(e”?) := t(e”) € V, and
A (e7?) := A (e”) € £7. The resulting labeled Bratteli diagram is written £7*. We similarly define a
labeled Bratteli diagram £1! from £7. It is easy to see that the pair (£, £7%) becomes a A-graph bisystem.
It is called the transpose of (£, £7) and written (£7, £7)%.

Fig. 1, upward arrows <— in £~ are labeled ¢, and downward arrows <+— and <— (bold) in £% are
labeled 0 and 1, respectively.

Fig. 2, upward arrows <— and <— (bold) in £ are labeled o~ and 7, respectively, and downward
arrows «— and <— (bold) in £ are labeled a* and A7, respectively.

Fig. 3, upward arrows <— and <— (bold) in £; are labeled o~ and 3, respectively, and downward
arrows <— and <— (bold) in £ are labeled ™ and 37, respectively.

4. Symbolic matrix bisystems

Let X be a finite alphabet. We denote by Gy, the set of finite formal sums of elements of 3. By a symbolic
matrix A over ¥ we mean a rectangular finite matrix A = [A(¢, j)]; ; whose entries in &x. We write the
empty word () as 0 in &yx. For the symbolic matrix A, we write an edge ey labeled «y, for k =1,...,n for a
vertex v; to a vertex v; if A(4,j) = aq + - - - + a,. For two alphabets X, ¥/, the notation X - ¥’ denotes the



K. Matsumoto / J. Math.

Anal. Appl. 485 (2020) 123848

0
U1

at fCha

)vl/}%
1 v3 v3 v3

vt v3 V3 vy v

v} v3 v3 v3 v3 v3 V3 vy

v% v% v§ vff v% v% U3 'Ui‘

’U15 ’Ug ’Ug UE Ul Ug ’U; ’Ui’
£ £r

Fig. 2. A-graph bisystem (£, 22!) of Example 3.2 (iii).

set {a-b|a€X, be X} The following notion of specified equivalence between symbolic matrices due to
M. Nasu in [30], [31]. For two symbolic matrices A over alphabet 3 and A’ over alphabet ¥’ and bijection ¢
from a subset of ¥ onto a subset of X', we call A and A’ are specified equivalent under specification ¢ if A’

can be obtained from A by replacing every symbol « appearing in A by ¢(a). We write it as A 2 A'. We
call ¢ a specification from ¥ to X’'. For two alphabet X1, 3o, the bijection a- 5 € X1 - Xy — B-a € X -3
naturally yields a bijection from Gy, .5, to &x,.5, that we denote by « and call the exchanging specification
between »; and Xs.

Definition 4.1. A symbolic matriz bisystem (M;H_D M?:l+1),l € Z is a pair of sequences of rectangular
symbolic matrices M, ,, over ¥~ and /\/llJfl 41 Over YT satisfying the following five conditions:
(i) Both M, and M?,_l+1 are m(l) x m(l + 1) rectangular symbolic matrices with m(l) € N for [ € Z .
(ii) (1) For 4, there exists j such that M, (4, j) # 0, and
for 7, there exists j such that M:H_l(i,j) £ 0.
(2) For j, there exists i such that M, ,(i,j) # 0, and
for j, there exists 7 such that ./\/ll‘flﬂ(i,j) #0.
(iii) Each component of both M4, and M;fl 41 does not have multiple symbols. This means that if
M;Hl(i, J) = a1+ -+ ay,, then the symbols a, . . ., ay, are all distinct each other. The same condition
is required for lel 41
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vy LNl
- + +
o ﬁ @ ﬂ
!
v} v v} va
~2 2 2 2
v} U% U3 vy V) v3
: 3 3 3 3
v} v3 v3 v3 vy vy U3 21
4 4 4 4 4 4>< 4
U1 Vo U3 Uy Uy Uy 113><114
5 5 5 5 5 5 5
U1 Vg U3 Uy U1 V3 U3 vy
- +
Le Le

Fig. 3. A-graph bisystem (£, 22’) of Example 3.2 (iv).

(iv) For each j = 1,2,...,m(l + 1), both the jth columns [M;Hl(i,j)]ﬁf) and [M;le(i,j)]?;(ll) do not
have multiple symbols. Namely, if a symbol a appears in M;Hl(i,j) for some i € {1,2,...,m(l)},
then it does not appear in any other row M, (', j) for i # i, and J\/llfH_l has the same property.

(v) Ml_,l+1Ml—:1,l+2 < M?,_l+1Ml_+1,l+2 forl € Zy, that means for i =1,2,...,m(l), j =1,2,...,m(l+2),
m(l+1) m(l+1)
> MM (k) = Yk (M (M (k) ) (4.1)
k=1 k=1

where k is the exchanging specification between ¥ and ¥'.

The matrix M;;,, (resp. M;fl +1) satisfying the condition (iv) is said to be right-resolving (resp. left-
resolving). The condition (v) exactly corresponds to the local property of A-graph bisystems (v) in Defini-
tion 3.1. The pair (M~, M) is called a symbolic matriz bisystem over ¥F. It is easy to see that a symbolic
matrix bisystem is exactly a matrix presentation of A-graph bisystem.

A symbolic matrix bisystem (M™, M) is said to be standard if m(0) = 1, that is its row sizes of the
matrices Mg ; and M(T,l are one. A symbolic matrix bisystem (M™, M™) is said to have a common alphabet
if ¥~ = X7, In this case, write the alphabet ¥~ = X as 3, and say that (M™, M) is a symbolic matrix
bisystem over common alphabet 3. It is said to satisfy Follower-Predecessor Compatibility Condition, FPCC
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for short, if for every I € N and j = 1,2,...,m(l), the set of words appearing in [Mg M7, -~ M;" ](1,7)
coincides with the set of transposed words appearing in [M&IMTQ ce ML ).

Two symbolic matrix bisystems (M~, M*) over ©%, and (N =, N'") over Eff are said to be isomorphic if
their sizes m(l) x m(l+1) and n(l) x n(I+1) of the matrices Ml{[lﬂ and ./\/'lir1 coincide, that is m(l) = n(l),
for each | € Z and there exists a specification ¢ from ¥ to X and an m(l) x m(l)-permutation matrix

P, for each [ € Z such that

_ [ ¢
HMl,l+1 :'/\[l,l+1Pl+17 BM;’:I+1 2Mﬁ+1pl+1 for l S Z+.

Let A = [aij]f\szl be an N x N symbolic matrix over ¥ = {a;; | ¢,j = 1,..., N}. We set alphabets
¥ ={ay|i,j=1,...,N}and ¥t = {a;’; |i,7=1,...,N}. We will define N?x N? symbolic matrices My

+ +

Qi N
over ¥~ and MI over X1 in the following way. Define first the N x N matrix AT := : :
+ +

N1 T ONN

and the diagonal matrix a;;/y whose diagonal entries are (« @;;). We define N 2 x N? symbolic

G
matrices M, M7 by setting

_ _ _ +
OLHIN 0121IN aleN A 0 0
M; :: al_glN 012_211\7 041_\,.211\/ 7 MJF :: 0 A+
B B B : 0
anIn  aynIn aynIn 0 0 A"
For N =2 and a 2 x 2 symbolic matrix A = [g Z} , we have
-0 ¢ 0 at bt 0 0
- |0 a 0 ¢ + et dt 0 0
Ma=1p 0 a of Ma=]o 0 o o (42)
0 b 0 d 0 0 ¢t df

Let 5 : X7 - XT — ¥ . %~ be the exchanging specification defined by x(8-a) = a-Bfora e 7,8 € X~
We have the following lemma by straightforward calculation.

Lemma 4.2. For an N x N symbolic matriz A = [o;]

M- M.

N
ij=17

. . — K
we have a specified equivalence M7 - /\/lj\ ~

Proof. The matrices M, - Mj\ and ./\/lj - M are N x N matrices over N x N symbolic matrices. Their

(4, 7)th block matrices are

-+ -+ -+ + = + = + -

ajia}rl O‘jia}g O‘jia}i_N O‘Eo‘jz‘ 0‘#2%2‘ a}rNO‘ji

Qg Qg Qi Qg N Q1 Qy;  Qigg iy, QN
. b . .

-+ -+ -+ P + =

Qi Qg QG Qg Qi QN QAN QG Qo NN

respectively, so that we have a specified equivalence M, - ML th MG O

The following proposition is straightforward.
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Proposition 4.3. For an N x N symbolic matriz A = [aij]fyjzl, we put
MAO,I = [aqy, g, o+ QY N, Qg1 Qgny 5 Qo Uy Qg 5 Qv ),
+ [t ot + o+ o+ + + o+ +
/Vle,1 = (097, 05, O, 031, Qg+ 5 gy o0 5 g, Qs+ Qs

M;\l,z+1 :M;l forl=1,2,...,

+ _ + .
M-Al,l+1 _MA forl=1,2,....
Then (M;‘l,l+1’M¢—£z,z+1)l€Z+ becomes a standard symbolic matriz bisystem.

If in particular we identify the symbols a;; with ajj fori,j=1,...,N and put ¥ = X~ = X7, then the
symbolic matrix bisystem (M, l+1’Mj‘z.l+1)l€Z+ satisfies FPCC.

Remark 4.4. Let (I, M) be a symbolic matrix system over X as in Section 2. It satisfies the equality (2.4).
We set ¥t =¥ and ¥~ = {1}. By putting

Mo =Ty, M =M, 1€ Zy,
we have a symbolic matrix bisystem (M~, M™T).
5. Subshifts and A-graph bisystems

We will show that any A-graph bisystem (£7,£7%) gives rise to two subshifts written Ag- and Ag+.
They are called the presenting subshifts by (£7, £F). If in particular (£, £T) satisfies FPCC, then the two
subshifts coincide, and determine one specific subshift. Conversely any subshift yields a A-graph bisystem
satisfying FPCC whose presenting subshift is the original subshift. We fix an arbitrary A-graph bisystem
(£7,L%) over Y+, Let us denote by Wa—, We+ the set of words appearing in the labeled Bratteli diagram
£7, 2% respectively. They are defined by

_ _ _ N _
WE‘ :{(A (fl+n)7)‘ (fl“r’ﬂfl)?"'?)\ (f1+n)) € (E ) |fm € Em,mflﬂm:n—’_]‘""’n—i_l’
t(fm) = 8(fm-1),m=n+2,...,n+1 for somen € Z, and l € N},
!
W+ ={(AT(en+1), AT (ent2), .-, AT (enst)) € (ET) | em € B

tlem) = s(emt1),m=n+1,...,n+1—1for somen € Z, and [ € N}.

m=n+1,....,n+1,

—1,m>

It is easy to see that if (£, £") satisfies FPCC, then We- = We+. In this case we write Wie- o+) =
Wes (= We-).

Lemma 5.1. For a A-graph bisystem (£7,£%7) (not necessarily satisfying FPCC), there exist a unique pair
of subshifts Ag— and Ag+ such that their sets of admissible words are We- and W+, respectively.

Proof. It suffices to show that the set Wa+ is a language in the sense of [19, Definition 1.3.1] because of
[19, Proposition 1.3.4]. It is clear that any subword of a word of We+ belongs to We+. We will show any
word of We+ may extend to its both sides. For w € We+, it is obvious that there exists a™ € X% such that
wa™ € We+. By the local property of A-graph bisystem, we may find 7 € X%+ such that 7w € We-.
Hence a word of We+ can extend to its both sides, proving the set Wea+ is a language. We similarly see that
We- is a language. Therefore they give rise to subshifts written Ag+ and Ag-, respectively, such that their
admissible words are Wea+ and We+, respectively. O



K. Matsumoto / J. Math. Anal. Appl. 485 (2020) 123843 17

The subshifts Ag- and Ag+ are called the subshifts presented by (£7,£"). If in particular (£7,£%)
satisfies FPCC, then Wao- = We+ so that their presenting subshifts Ag- and Ag+ coincide. Hence a \-
graph bisystem (£, £1) satisfying FPCC yields a unique subshift which is called the subshift presented by
(£7,£7) and written Ag- o+).

We will next construct a A-graph bisystem satisfying FPCC from an arbitrary subshift A such that the

presented subshift by the A-graph bisystem coincides with the original subshift. We fix a subshift A over X.
For k,l € Z with k <l and = = (z,,)nez € A, we set

Wi () :={ (15 g2y - - - s pli—1) € Bi—p—1(A) |

(' ey T—1yLhy k41 U425 -« o s I—15, L5 Tl415 - - ) S A}7
Tr—1 Tk Ty Ti41
and Wi x(z) := 0. In the above picture, the finite sequence of boxes OO---0O denotes the words
(bkt1, ka2, - -+, i—1) of length I — k — 1 that can put in between the left infinite sequence (..., z5_1, k)

of z and the right infinite sequence (x;,z;11,...) of . Two bi-infinite sequences =,y € A are said to be
(k,1)-centrally equivalent if Wy, ;(z) = Wi, (y), and written = (5) y. This means that the set of words put

)

in between x(_. ) and zj; o) coincides with the set of words put in between y(_. ) and y ), Where
T(—ook] = (Tn)n<k and T[ o0) = (L5 )n>1. Define the set of equivalence classes

— A /EJ
k,l / (k,l)’
that is a finite set because the set of words whose lengths are less than or equal to [ — k — 1 is finite. Let
{Cf,l7 C;ml’ ol C:;’ék’l)} be the set Qf ; of Ule) equivalence classes.
For © = (zp)nez € Cik’l and o € X, suppose that (pg+1, fk+2,.- - -2, ) € Wy (x) for some p =

(ke 1y Bht2y - -+ 5 fi—2) € Bi—g—2(A) so that the bi-infinite sequence

() 1= (oo D1, Thy A 1y Bt 2y -+ + 5 HI—2, O, T, Tig1, -2 ) € A
k-1 . k.l k-1
belongs to A. If #(u, ) belongs to """, then we write aC;" C C;" .
Similarly for 2 = (z,)nez € Cf’l and S € X, suppose that (8, viyo, Viys, ..., Vi—1) € Wi, () for some
V= (Vkt2, Vkt3s---,Vi—1) € Bi_g—2(A) so that the bi-infinite sequence
l’(ﬁ, V) = ( sy Lh—1, LTk, 67 V42, Vk+35 -+ - s Vi1, L1, Ll+41, - - ) €A

belongs to A. If 2(8,v) belongs to C,]j+1’l7 then we write C;f:lg - C;fﬂ’l.
Lemma 5.2. Keep the above notation.

(i) The notation osz’l - C]’?’l_l is well-defined, that is, it does not depend on the choice of x = (Ty)nez €

(
CPand = (g1, B2, - - i—2) € Bij—2(A) as long as (furs1, k2, - - -, ju—2, @) € Wiy ().
(ii) The notation Cf’lﬂ C C’;fﬂ’l is well-defined, that is, it does not depend on the choice of v = (Xy)nez €
C’f’l and v = (Vgt2, Vk+3, - - -, Vi—1) € Bi_x—2(A) as long as (B, Vk+2, Vik+3s - - -, Vi—1) € Wi(z).
Proof. (i) Take z = (zp)nez,2 = (2n)nez € Cf’l such that =z (Ii) z. Suppose that a« € X

satisfies (pg+1, ftht2,s - -2, ) € Wiy(x) and (Vg1 Vito, ... v—2,a) € Wyy(z) for some p =
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(Hht1s Phit2y - pi—2) and v = (Vgy1,Vk42,...,V—2) € Bi_g—2(A). Consider the bi-infinite sequences
z(p, a), z(v,a) € A. Since Wy (x) = Wy(2), we have Wy ;_1(z(p, o)) = Wi i—1(2(v,«)). This implies

that z(u, «) (ka : z(v, @), proving the class CJ]-C’Z_I containing x(u, o) does not depend on the choice of z =
Jd—1

(Tn)nez € OF' and p = (fiks1, it - - - i—2) € Bi_g—o(A) as long as (fk+1, fltas - - » fi—2, @) € Wi i(z).
Hence the class Cf’l_l is well-defined. (ii) is similarly shown to (i). O

The following lemma is now clear.

Lemma 5.3. For x,y € A, we have x (]:l) z if and only if o(x) (kf;:lfl) o(z).

Hence we may identify Qf ; with Qf_, ; ; and Cf’l with Cf_u_l fori=1,2,...,m(k, 1) =m(k—-1,1-1)
through the shift o : A — A so that we identify Qf ; with Qf ;. and CH with CFY™ " for all n € Z
and i =1,2,...,m(k,l) = m(k+n,l 4+ n).

Let us in particular specify the following equivalence classes ¢, ; and Q¢ ; and define the vertex sets
V,” and Vl+ for 1 =0,1,2,... by setting

VO_ = {A}v VO+ = {A}7

Vim= Qc—l,lv V1+ = Qc—l,p
Vy = Qima V2+ = Q31,27
Vg = Qc—ma V?,Jr = Qc—l,sa

- . + . Oc¢
‘/2 — Qc_l71, ‘/l — Qfl,l’

Write Vo =V, = Vit Put m(l) = m(=1,1)(= m(—1,1)) and let
- 11 1 —1,1 —1,l 11 —1,0
Vo ={crth ot ey vt ={orth et o)
Through the bijective correspondence
eV «— o' z) e VT,

the classes Ci_l’1 and Cl-_l’l for each i = 1,2,...,m(l) are identified with each other and denoted by C!.
Hence the sets V,” and Vl+ are identified for each [ € Z, . They are denoted by V;. We regard Cf as a vertex
denoted by v! for i = 1,2,...,m(l), and define an edge e* labeled a € ¥ from v} to U;H if aCjHl c ClL
We write s(et) = v! the source vertex of et and t(et) = vj“ the terminal vertex of e, and the label
AT (et) = a. The set of such edges from v! to vé*l for some i = 1,2,...,m(l),7 = 1,2,...,m(l + 1) is

denoted by ElJr

141 This situation is written

vé Lyttt if aCtl ¢ C'f.
et J J

Similarly we define an edge e~ labeled 5 € ¥ from v§+1 to vl if CJZ.HB C CL. We write s(e”) = vé“ the
source vertex of e~ and t(e”) = v! the terminal vertex of e, and the label A~ (e~) = 3. The set of such

edges from vé“ to vl for some i = 1,2,...,m(l), j = 1,2,...,m(l + 1) is denoted by Ey, ;- This situation

is written
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W Ll i ool
Weset BT = U2 By, E- = U2 Eryy,- The natural labeling maps At : E¥ — Yand A~ : E- — %
are denoted by A* and \~, respectively. We now have the pair £ = (V, ET,A") and £y =(WV,E7,\7) of
labeled Bratteli diagrams.

Proposition 5.4. The pair (£, EX) of labeled Bratteli diagrams is a A-graph bisystem satisfying FPCC and
presenting the subshift A.

Proof. We first show that the pair (£, £}) satisfies the local property of A-graph bisystem. For v!(= C!)
Vi, 072 (= CI?) € Viga, take (e7,eT) € EY (v}, 057?) so that t(e”) = v}, t(eT) = vi** and s(e™) = s(e*

denoted by vi™. This means that A*(e*)C]HQ C Cittand CLP'A(e7) € CL Put a = Mt(et), B
A7(e7) € X. For © = (Tp)nez € C’;H with © € Cj_(H'Q)’l, take v = (v_j,v_i41,...,v—1) € Bj(A) with
(Bov_i, Vg1, v—1,@) € W_(149)1(2) so that

II\/m

x(ﬁ,va) = (...,.T,(H,g),l‘,(H,Q),ﬁ,l/_l,l/_l_'_l,...,V_l,Oé,l‘]_,Z‘Q,. ) €A

where vae = (v_j,v_j41,...,v_1,). Let C’,ljl be the class of x(8, Va) in Q° ¢ (1+1),1> SO that we have C’l+26 C

C’,l:fl, and there exists an edge, denoted by f~, from vl+2 to vk, 1 labeled . The class of z(3,va) in
Q° (14 1),0 18 identified with the class of U’l(x(ﬁﬂ/a)) in Qc_u As A*(e*)CJHQ)\ (e7) C C, it belongs to
C!, so that there exists an edge, denoted by f*, from v! to v}, such that A*(f*) = a. We thus have

(ff,f7) e EX(v, U§+2) It is easy to see that the correspondence

(e7,et) € B (v, 0i™?) — (fF,f7) € EX (v}, 0}7?)

Z’]

gives rise to a desired bijection between E7 (v}, U;+2) and ET (v}, ;JFQ)

We second show that both £ and 2;{ present the subshift A. Let WSX be the set of admissible words
appearing in the labeled graph SX defined before Lemma 5.1. For any word p = (u1, pi2y ..., ) € ng,
there exist e, € B | mom=n+1....n+1such that puy = A" (eny1), 2 = AT (eny2)s .- = A (€nta)
and t(en) = s(emt1),m =n+1,...,n+1—1 for some n € Zy. Let v} = s(ent1), v”“ = tlenyy). We
then have

)\+(6n+1))\+<€n+2> ce )\+ (€n+l)cf C C;-L+l71.

This means that (p1,...,m) € Bi(A).

Conversely it is obvious that any word p = (u1,. .., ) € Bi(A) appears as a labeled path in £7. Hence
the set W+ coincides with the set B. (A) of admissible words of A, so that £} and similarly £, present
A O

Definition 5.5. The A-graph bisystem (£, SX) for a subshift A is called the canonical A-graph bisystem for
A. Its symbolic matrix bisystem (M, MX) is called the canonical symbolic matrix bisystem for A.

The A-graph bisystems presented in Example 3.2 (ii), (iii) and (iv) are the canonical A-graph bisystems
for the full N-shift, the golden mean shift and the even shift, respectively.
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6. Strong shift equivalence

In the theory of subshifts, one of most interesting and important subjects is their classification. R.
Williams in [39] proved that two topological Markov shifts are topologically conjugate if and only if their
underlying matrices have a special algebraic relation, called strong shift equivalence. His result and its
proof have been giving a great influence on further research of symbolic dynamical systems (cf. [19]). After
Williams, M. Nasu in [30], generalized Williams’s result to sofic shifts. The author introduced a notion of
(properly) strong shift equivalence in symbolic matrix systems in [22] (cf. [25]) and proved that two subshifts
are topologically conjugate if and only if their canonical symbolic matrix systems are (properly) strong shift
equivalent.

As seen in the preceding section, any subshift is presented by a A-graph bisystem satisfying FPCC, and
hence by a symbolic matrix bisystem having a common alphabet. In the first part of this section, we will
introduce a notion of properly strong shift equivalence in symbolic matrix bisystems satisfying FPCC, and
prove that two subshifts are topologically conjugate if and only if their canonical symbolic matrix bisystems
are properly strong shift equivalent. Throughout the first part of this section, we assume that all A-graph
bisystems and symbolic matrix bisystems have common alphabets and satisfy FPCC.

Let A and A’ be symbolic matrices over alphabets ¥ and Y’ respectively. Let ¢ be a bijection from a
subset of ¥ onto a subset of X’. Recall that A and A’ are said to be specified equivalent under specification
¢ if A’ can be obtained from A by replacing every symbol « appearing in components of A by ¢(«). We

write it as A g A’. We call ¢ a specification from ¥ to ¥'. If we do not specify the specification ¢, we
simply write it A ~ A’. For an alphabet X, we denote by &y the set of finite formal sums of elements of
Y. For alphabets C, D, put C - D = {cd|c € C,d € D}. For x = ch € 6¢c and y = de € Gp, define
J k
Ty = chdk € G¢.p. Recall that the exchanging specification s from C'- D to D - C' is a bijection from
3k
Gc.p to Gp.¢ defined by

KZ(Z cidy) = decj €G6p.c for chdk € Gc.p.
J.k J.k J.k

We first define properly strong shift equivalence in 1-step between two symbolic matrix bisystems sat-
isfying FPCC as a generalization of strong shift equivalences in 1-step between two nonnegative matrices
defined by R. Williams in [39], and between two symbolic matrices defined by Nasu in [30].

Let (M~, M™") and (N, NT) be symbolic matrix bisystems over alphabets ¥ and ¥ respectively,
both of them satisfy FPCC, where M, ,, ./\/l?y'l+1 are m(l) x m(l + 1) symbolic matrices and ./\fl;H,./\/l'fl+1
are n(l) x n(l + 1) symbolic matrices.

Definition 6.1. Two symbolic matrix bisystems (M, M) and (N, NT) are said to be properly strong
shift equivalent in 1-step if there exist alphabets C, D and specifications

p:3pm = C-D, o: Xy —>D-C

and sequences ¢(1),d(l) on [ € Z such that for each | € Z, there exist

(1) a c(l) x d(l + 1) matrix P; over C,

(2) ad(l) x ¢(l +1) matrix Q; over D,

(3) ad(l) x d(l + 1) matrix X; over D for [ being odd,
(4) ac(l) x e(l + 1) matrix A} over D for | being even,
(5) a c(l) x ¢(l + 1) matrix ), over C for [ being odd,
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(6) ad(l) x d(l 4+ 1) matrix Y, over C for [ being even,

satisfying the following equations:

M £ Py Qa1 N £ Qo Pait1, (6.1)
M = Xy Vot N =~ Vo1 Xor 41 (6.2)
and
Vor41Pars2 ~ Pori1Vars2, Xor11 Qo112 ~ Qor1 Xogya, (6.3)
Xy Pars1 = PoyXopi1, Va1 Qo141 = Qo1 (6.4)

where k is the exchanging specification defined by k(a - b) = b - a, and kp, k¢ denote the compositions
K o @, Kk o ¢, respectively.

We write this situation as (M™, M™) = (N, N7T). By (6.1), we know ¢(21) = m(l) and d(2l) = n(l)
Tor
forleZ,.

Two symbolic matrix bisystems (M™, M) and (N, N'T) are said to be properly strong shift equivalent

in L-step if there exists a sequence of symbolic matrix bisystems (M 6), Ma)), 1=1,2,...,f — 1 such that

MOMY) = (Mo M) & e (M, M) & (V7 N,

1—pr 1—pr 1-p

We denote this situation by (M~, M) B (N =, N7T) and simply call it a properly strong shift equivalence.
o

Proposition 6.2. Properly strong shift equivalence in symbolic matriz bisystems is an equivalence relation.

Proof. It is clear that properly strong shift equivalence is symmetric and transitive. It suffices to show that
M- M) = M- M. PutC =%, D={0,1}.Definep:a € Xpy —>a-1€C-Dand¢:a € Xp —

1—pr
1-a € D-C. Let Ej be the k x k identity matrix. Set ¢(2l) = ¢(20+ 1) = d(2l) = m(l), d(2l+1) = m(l+1)
forl € Z,, and

Pay = Payy1 = MZFZH, Qau = Enuy, Qa1 = Enas),
Voo =YVay1 =My, X =Epqy, X1 = Epain.

It is straightforward to see that they give a properly strong shift equivalence in 1-step between (M™, M™)
and (M~ , M™*). O

We will prove the following theorem.

Theorem 6.3. Two subshifts are topologically conjugate if and only if their canonical symbolic matriz bisys-
tems are properly strong shift equivalent.

We will first show the only if part of the theorem above. In our proof, we will use Nasu’s factorization
theorem for topological conjugacy between subshifts into bipartite codes ([30]). We now introduce the notion
of bipartite symbolic matrix bisystem.
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Definition 6.4. A symbolic matrix bisystem (M, M™) over common alphabet ¥ is said to be bipartite if
there exist disjoint subsets C, D C ¥ with ¥ = C' U D and sequences ¢(I),d(l) on | € Z; with m(l) =
c(l) +d(l), I € N such that for each I € Z, there exist

(1) ac(l) x d(l + 1) matrix P ;41 over C,

(2) ad(l) x c(l +1) matrix Q; ;41 over D,

(3) ad(l) x d(l + 1) matrix A} ;11 over D for I being odd,
(4) a c(l) x e(I+ 1) matrix Xj ;41 over D for | being even,
(5) a c(l) x e(I+ 1) matrix Yy ;41 over C for [ being odd,

(6) ad(l) x d(l 4 1) matrix Y ;41 over C for [ being even,

satisfying the following equations:

V141 0 e
{ 0 Xl,l+1] if [ is odd,

0 P _

+ 1,i+1 _

M = {Ql’l“ 0 } ) M = {Xz » 0 (6.5)
p if [ is even.
0 yl,l+1] !

Under the assumption that (M™, M™) is standard so that m(0) = 1, we require that ¢(0) = d(0) = 1 and
the above equalities (6.5) for [ = 0 mean

M(J)FJ =1[Q0,1 Po1], Moy = [Xoa Yoal. (6.6)
We thus see
Lemma 6.5. For a bipartite symbolic matrixz bisystem (M™, M™) as above, put
Pi=Priy1, Q=9Qu41, Vi=V+1, X=AX,4
and

CD+ ._ DC+ ._

MlJ-‘rl = P2lQ2l+1, Ml,l+1 = Q2lP2l+la
cD- .k DC— 1

Mgy = Xaaiga, Moy = Yo

Then the both pairs (MYP~ MEP+) and (MPC= MPCT) are symbolic matriz bisystems over alphabets
C-D and D-C respectively and they are properly strong shift equivalent in 1-step, where Mfﬁ; L Xo1 Vo 41
means that./\/lﬂ?r;(i,j) is defined by k(X9 Vo1 4+1(1,7)) € C-D foralli=1,2,...,m(l), 5 =1,2,...,m(l+1),

and MPST = VX is similarly defined.
Proof. By the relations M;l+1Mi:>l,l+2 < MLHM;LHQ for [ € Z, we have for [ being odd,
[yl 0] [ 0 771+1] 5 {0 7’5] [XH-I 0 }
0 X||Q41 O 9, 0 0 Yy
so that

ViPis1 = Pt XQii1 = QX4 (6.7)

For [ being even,
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Xl 0 0 Pl+1 i 0 Pl yl+1 0
0 Vi||Q+1 0 | 7|2 O 0 X
so that

XiPrp1 = P, ViQis1 = Qg1 (6.8)

‘We then have

Mfﬁ; : MZCBLQ >~ X1 Vor+1Paiy2Qoi+3
X0 P11 Var4+2921+43
~Po1 Xoy11Q214+2V21+3
~Po; Qoir1X21422143
~ MR MER T,

and

MPST - MES T =Y Xori1 Qarg2Parys
=YV Qo141 X2142P2143
~Qo01 Var+1P2i+2X01+3
~Q01Poiy1Vai42X2143
2Mﬂi¥ 'MESL?

By looking at the above specified equivalences, we know that

cD-— CD+ [, ,CD+ CcD—
Mz,l+1 'Ml+1,l+2 —Ml,l+1 'Ml+1,l+27

and

DC+ DC— K DC— DC+
Ml,l+1 'Ml+1,l+2 —Ml,l+1 'Ml+1,l+2-

Hence both pairs (M“P~, MP+) and (MPC~ MPC+) are symbolic matrix bisystems. The corresponding
equations to (6.3) and (6.4) come from (6.7), (6.8) so that they are properly strong shift equivalent in 1-
step. O

Definition 6.6. A \-graph bisystem (£~, £1) over common alphabet ¥ is said to be bipartite if there exist
disjoint subsets C, D C X such that ¥ = C'U D and disjoint subsets Vlc, VP c V, for each | € Z . such that
V¢ uUVP =V, and

(1) for each et € ElJr,l_H,

M) e ifandonlyif s(e™) eV, teh) eV,

M(eT)eD ifandonlyif s(e™)eVP, teh) eV,
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(2) for each e™ € E

ste”) e VG, tlem) eV forlbeing odd,
")

( (
s( € Vl-[s-)p t(

A7 (e7) e C if and only if {
e

e”) € VP for I being even,

s(em) e VP, tlem)e VP forl being odd,

A7 (e7) € D if and only if
s(em) e V){y, tlem) eV, forl being even.

Proposition 6.7. A symbolic matrix bisystem is bipartite if and only if the associated A-graph bisystem is
bipartite.

Proof. It is clear that a bipartite symbolic matrix bisystem gives rise to a bipartite A-graph bisystem.
Conversely, suppose that a A-graph bisystem (£7, £T) is bipartite. Let ¢(1) and d(I) be the cardinalities of the
sets V,P and V,¢ respectively. We may identify V,” and V,© with the sets {1,2,...,¢(l)} and {1,2,...,d(I)}
respectively. For i € V,©, j € V/?,, put

Pripa(i,g) = A(el) + -+ AT (e))

P

where e € El+,l+v k=1,2,...,n, are all edges of El+,l+1 satisfying s(e)) = 4,t(ej) = j, so that Py 141(i,7) €
Sc. Similarly we define for i € V;P,j € V}il, put

Quit1(,7) = AT () + -+ AT (£

where f;7 € ElJr,l_H,k = 1,2,...,n4 are all edges of El+,l+1 satisfying s(f,7) = i,t(f{) = j, so that
Q1141(i,j) € Gp. Forie V¢ j € Vlil with [ being odd, put

Vi1(iJ) = A" (er) +-+ A (ey)

where e, € B,k =1,2,...,n, are all edges of E, , satisfying s(e; ) = j, (e} ) = i, so that Y 1+1(7,j) €
G¢. Fori e Vlc,j € Vlﬁl with [ being even, put

X1 (6, 5) = A" (fr )+ + A (fo,)
where f,~ € Ej,,,k = 1,2,...,n, are all edges of E ,, satisfying s(f,) = j,t(f,) = i, so that
X 41(i,j) € Gp. For i € VP, j € Vlil, we similarly define Y ;41(i,j) € S¢ for | being even, and
X, 1+1(i,j) € Sp for | being odd. Let (M~, M™) be the corresponding symbolic matrix bisystem for

(£, £1). It is now clear that they satisfy the equalities (6.5). Then the symbolic matrix bisystem (M~, M™)
for (£7,£7") is bipartite. O

Nasu introduced the notion of bipartite subshift in [30] and [31]. A subshift A over alphabet ¥ is said to
be bipartite if there exist disjoint subsets C, D C ¥ with ¥ = C' U D such that any (z,,),cz € A is either

zp, € Cand xp41 € DforallneZ or x,€Dandx,y; €CforallneZ.
Let A be the 2-higher power shift for A that is defined by the subshift
A® = {(zpnant1))nez € (B | (n)nez € A}

over alphabet X2 where 22, 241] = (Z2n, Z2n+1),n € Z. Put
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Aop = {(cidi)icz € AP | ¢; € C,d; € DY,
Apc = {(dicit1)icz € AP | ¢; € C,d; € D},

They are subshifts over alphabets C' - D and D - C respectively. Hence A(®) is partitioned into the two
subshifts Acp and Apc.

Proposition 6.8. A subshift A is bipartite if and only if its canonical symbolic matriz bisystem (M~, M™)
is bipartite.

Proof. It is clear that a bipartite symbolic matrix bisystem yields a bipartite A-graph bisystem, that gives
rise to a bipartite subshift by its construction of the subshift from the A-graph bisystem.

Suppose that A is bipartite with respect to alphabets C, D. It suffices to show that its canonical \-
graph bisystem (£, £") is bipartite. Let us denote by £~ = (V= E~, A7) and £7 = (VT E* AT). Let
[x]k,1 € QF , denote the (k,[)-central equivalence class of z € A. Define for Z,W = C or D,

VAW {z] 1 €V |2 € Z, 21 €W,
VAVY =zl €Vt |2 € Z, 2 € W

Since A is bipartite, we know that VICD_, VIDC_7 VZCD"', VIDC‘Ir are all empty if [ is odd, whereas

VECC_, VEDD_, ‘/ZCC+, VEDDJF are all empty if [ is even so that

- _{V;CC UV,PP~  if s odd,
=

WDC_ U VZCD_ if [ is even,

— {VZCC+ U VPP i s odd,
+ =

VlDC+ U VZCD+ if [ is even.

Let 7 : x € V;" — o!~!(z) € V;” be the bijection that satisfies for Z,W = C or D, n(V;Z"V*) =
VW=l € Z;. We identify V;" with V;~ through the map 7 : V;* — V;7. We set V; := V;” and
VlC = V}ZC_, VP = VZZD_ for Z = C or D. Then we have

Vi=VuvVP forallleN and Vo=V =V ={0}.

We regard V), VOC, VP as all singletons. For each e~ € E; it is easy to see that

s(e7) € Vlflcf, t(e™) € VY~ for I being odd,
v DD-

A" (e7) e C if and only if
) Y {s(e) eV, tlen)e VP~ for I being even,

s(e7) € VlilD_, tle™) € VlDD_ for [ being odd,

s(e”) e VIS, tlem) € VP for I being even,

A" (e7)e D if and only if {
1+1

+e gt
and for each e™ € EuJrl

A(et) e ifandonlyif s(e) € VO, t(et) e VEDT,

AT(et) e D if and only if s(e™) € VlWD+, tlet) € sz_vlcq'

for Z,W = C or D. Therefore the A\-graph bisystem (£7, £T) is bipartite. O
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Let A be a bipartite subshift over ¥ with respect to alphabets C,D. As in Lemma 6.5, we have two
symbolic matrix bisystems (MP~ MEP+) and (MPC=, MPE+) over alphabets C'- D and D - C from the
bipartite canonical symbolic matrix bisystem (M, M) for A respectively. They are naturally identified
with the canonical symbolic matrix bisystems for the subshifts Acp and Ape respectively. By Lemma 6.5,
we thus see a corollary below of Proposition 6.8.

Corollary 6.9. For a bipartite subshift A with respect to alphabets C, D, we have a properly strong shift
equivalence in 1-step:

(MCDf,MCD+) 1% (MDCf,MDCJr).
Tor

The following notion of bipartite conjugacy has been introduced by Nasu in [30], [31]. The conjugacy from
Acp onto Ape that maps (¢;d;);ez to (dicit1)icz is called the forward bipartite conjugacy. The conjugacy
from Acp onto Apc that maps (¢id;)iez to (di—i1ci)icz is called the backward bipartite conjugacy. A
topological conjugacy between subshifts is called a symbolic conjugacy if it is a 1-block map given by a
bijection between the underlying alphabets of the subshifts. Nasu proved the following factorization theorem
for topological conjugacies between subshifts.

Lemma 6.10 (M. Nasu [30]). Any topological conjugacy ¢ between subshifts is factorized into finite compo-
sitions of the form

Y = KnCnkn—1Cn—1" " K1(1Ko
where Ko, . . . , kn, are symbolic conjugacies and (1, . .., (, are either forward or backward bipartite conjugacies.
Thanks to the Nasu’s result above, we reach the following theorem.

Theorem 6.11. If two subshifts are topologically conjugate, their canonical symbolic matriz bisystems are
properly strong shift equivalent.

We will prove the converse implication of the theorem above. We will indeed prove the following propo-
sition.

Proposition 6.12. If two symbolic matriz bisystems are properly strong shift equivalent in 1-step, their pre-
senting subshifts are topologically conjugate.

To prove the proposition, we provide a notation and a lemma. For (M™, M™), set the m(l) x m(l + k)
matrices:

Ml,l-&-k = Ml,l+1 'Ml+17l+2 o 'Ml+k—1,l+k7

Ml+,5+k = MlJ,rz+1 'Mltrl,urz o 'Ml++k—1,l+k
for each I,k € Z, . Let us denote by A the presented subshift by (M™, M™).

Lemma 6.13. Assume that two symbolic matriz bisystems (M™, M™) over X and (N, N) over S are
properly strong shift equivalent in 1-step. Let ¢ : ¥pq — C-D and ¢ : Xnr — D - C' be specifications that give
rise to the properly strong shift equivalence in 1-step between them. For any word x1x9 € Ba(An) of length
two in the presenting subshift Ap, put p(z;) = c;d;,i = 1,2 where ¢; € C,d; € D. Then there uniquely
exists a symbol yo € Xnr such that ¢(yo) = dyco.
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Proof. Note that by definition the specification ¢ is not necessarily surjective onto D-C'. Since ¢ is injective,
it suffices to show the existence of yo such that ¢(yo) = dica. As x1x9 € Ba(A ), for any fixed [ > 3, we
may find j =1,2,...,m(l+2) and k = 1,2,...,m(l) such that x5 appears in Ml‘fl”(k,j), and hence in
some component of MZ’Z +1MlJCs-1, 142+ Under specifications appeared in Definition 6.1, we know the following
specified equivalences:

- + + -
lel,lMl,l+1Ml+1,l+2 — X2l—2y21—1732[Q2l+17321+292l+3
~ Xo1—9Par—1 Q21 P21 Q21420143

Since @(x1x2) = cidicads that appears in some component of PoyQoiy1Poji0Qors and hence of
Por—192;Par+19Qa14+2. This implies that the word djce appears in some component of QgPoii1. By the
specified equivalence ]\/ﬁ 41 g Qo9;Poi41 in (6.1), we may find a unique symbol yg in ¥ such that
¢(y0) = dlCQ. O

Proof of Proposition 6.12. Suppose that (M, M) and (N =, N'") are properly strong shift equivalent in
1-step. We use the same notation as in Definition 6.1. By the preceding lemma, we have a 2-block map @
from Ba(Aaq) to X defined by @(z122) = yo where p(z;) = ¢;d;, i = 1,2 and ¢(yo) = dica. Let P, be the
sliding block code induced by @ so that @, is a map from A to (EN)Z (see [19] for sliding block code).
We also write as @ the map from B, (Aa) to the set of all words of Xz defined by

G(x129 -+ xy) = P(122)P(2223) - - P(Tp—120).

We will prove that @, (Ax) C Apr. To prove this, it suffices to show that for any word w in Ay, P(w) is an
admissible word in Axs. For w = wyws - - - wy, € Br(Ar) and any fixed I > n+1, wefind j = 1,2,...,m(l+n)
and k = 1,2,...,m(l) such that w appears in MﬁHn(k‘,j). Takei=1,2,...,m(l—1) with Mil7l(i, k) #0,
so that w appears in Mﬁl’lel+n(i,j). Put o(w;) = ¢;d;, i =1,2,...,n. Under specifications appeared in
Definition 6.1, we have the following specified equivalences:

— + ~
M M =2 X2 Vo1 1P Qair1Paiya -+ - Qaitan—1Paitan Qaitan+1
~Xo1_9Po—1921P2ar41Q2142 - - Paryon—192142n Vot 42041,

so that the word djcadacs - dn_1¢, appears in some component of Qo Pojy19o12 - Poryon_1. Hence
the word ¢! (dyca)p(dac3) -+ - ¢~ (dn—1cpn) appears in the corresponding component of /\[lﬁ+1/\/‘li1,l+2 .
./\flin72’l+n71. Thus we see that ¢(w) is an admissible word in Ay and that the sliding block code @, maps
Apq to Aps. Similarly, we can construct a sliding block code ¥, from Axr to Ay that is the inverse of @.
Thus two subshifts Ay and A are topologically conjugate. 0O

Therefore we conclude the following theorem

Theorem 6.14. If two symbolic matriz bisystems are properly strong shift equivalent, their associated subshifts
are topologically conjugate.

By Theorem 6.11 and Theorem 6.14, we conclude Theorem 6.3.

Remark 6.15. If there exist the matrices P;, Q; for all sufficiently large number [ in Definition 6.1, we may
show that the presenting subshifts are topologically conjugate by following the proof of Proposition 6.12.

Properly strong shift equivalence exactly corresponds to a finite sequence of bipartite decompositions
of symbolic matrix bisystems and A-graph bisystems. The definition of properly strong shift equivalence
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for symbolic matrix bisystems however needs rather complicated formulations than that of strong shift
equivalence for nonnegative matrices in [39]. We will in the rest of this section introduce the notion of strong
shift equivalence between two symbolic matrix bisystems that is simpler and weaker than properly strong
shift equivalence. It is also a generalization of the notion of strong shift equivalence between nonnegative
matrices defined by Williams in [39], between symbolic matrices defined by Nasu in [30], and between
symbolic matrix systems defined in [22]. From now on, we will treat general symbolic matrix bisystems. We
do not assume that symbolic matrix bisystems satisfy FPCC.

Let (M~, M™), (N~,N*) be two symbolic matrix bisystems over alphabets Ejivl, Ejf[, respectively. Let
m(l),n(l) be the sequences for which M, ,, Ml—t_l—s-l are m(l) x m(l+1) symbolic matrices and /\fl;+1,J\/Iﬁ+1
are n(l) x n(l + 1) symbolic matrices, respectively.

Definition 6.16. Two symbolic matrix bisystems (M ™, M*) and (N, N'T) are said to be strong shift equiv-
alent in 1-step if there exist alphabets C, D and specifications

¢1:ZXA-ZL—>C-D, wngX/-EX/—>D-C’
and
gb(ij : Eji\/l -C—C- Ef[, gbff) : Ef/ -D—D- Ei(, (double-sign corresponds)

such that for each | € Z, there exist an m(l) x n(l + 1) matrix H; over C' and an n(l) x m(l + 1) matrix
IC; over D satisfying the following equations:

- + S Y Y S
Ml,z+1Mz+1,l+2 ~ HiKit1, M,z+1/\[1+1,1+2 ~ Kt

and

o o}
+ °C + + °D +
Mz,l+1Hl+1 - HlM+1,l+2’ '/vl,l-i-l’CH-l - KlMl+1,l+2v

_ ¢ _ _ ¢p _
Ml,z+1Hl+1 ~ HiN Ly 4 M,l+1’cl+1 = ’ClMl+1,l+2'

We write this situation as (M=, M¥) i (N, NT).
Two symbolic matrix bisystems (M™, M™) and (N, N'") are said to be strong shift equivalent in £-step
if there exist symbolic matrix bisystems (M(;.), /\/lzg))w’ =1,2,...,£— 1 such that
(MM = (MG M) 2, =, My M) 5, VA,

1—st 1—st

We denote this situation by (M~, M™) = (N7, N*) and simply call it a strong shift equivalence.
—st

Remark 6.17. If (M~ , M™) and (N, NT) come from symbolic matrix systems (Irq, M) and (In,N),

respectively, then the above definition of strong shift equivalence coincides with the strong shift equivalence

in symbolic matrix systems [22, p. 304].

Similarly to the case of properly strong shift equivalence, we see that strong shift equivalence on symbolic
matrix bisystems is an equivalence relation.

Proposition 6.18. For symbolic matriz bisystems satisfying FPCC, properly strong shift equivalence in 1-step
implies strong shift equivalence in 1-step.
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Proof. Let P;, Q;, X, and ), be the matrices in Definition 6.1 between (M~ M™) and (N, NT). We set

H; = X Por11, Ki = YV Qat1.

It is straightforward to see that they give rise to a strong shift equivalence in 1-step between (M~, M™)
and (N 7,N7T). O

7. Etale groupoids for A\-graph bisystems and its C*-algebras

Let (£7,£%) be a A-graph bisystem over alphabet ©*. We will first construct two continuous graphs
E{_ and Eg. in the sense of Deaconu [8] (cf. [6], [7], [9]), and its shift dynamical systems (X{_,0q-) and
(Xg4,00+), respectively. Let £~ = (V7,E~,A7) and £+ = (V*, E*,A"). Let V; be the common vertex
sets V,~ = V;* and denote it by {v!,... ,vfn(l)}.

We first define two spaces of label sequences as follows:

2

Qe ={(...,u3, B3, u2, f—2,u1,B_1) € | |V x E7) |

Il
-

w €V, B_1 =X (¢ ) for some ¢; € B 1=12,...,
such that t(e; ) = w = s(e; ), 1 =1,2,... }.
Each element of Qga- is a left-infinite sequence written

B3 B2 B-1
e — U3 —> U —> U] — .

As £~ is right-resolving, the edge ¢; € E;,_; is uniquely determined by its source vertex u; € V; and its
label 8_;. An element (..., us, 8_3,u2, B_2,u1, 1) € Qe- is denoted by

w = (u, B-1)21 € Qe-.
For the pair (u1,8-1), the edge e; € Ey, satisfying A™(e; ) = B-1,s(e; ) = uy is unique, so that the
1

terminal vertex t(e; ) € Vj is uniquely determined by (uy, 5_1), that is denoted by ug or ug(w).
The other space Q¢+ is defined similarly as follows:

Qe+ ={(a1,u1,q9,u2,a3,u3,...) € | [(ET x V) |

3

1
u €V, ap = )ﬁ(e?‘) for some el+ € Eltu, l=1,2,...,

such that t(e;") = w = s(e] 1)l =1,2,... }.

1

Each element of Qg+ is a right-infinite sequence written
(e 5] [e') a3
—> U] —> U —> U3 """ .

As £1 is left-resolving, the edge 61+ € Elt 1, 1s uniquely determined by its terminal vertex w; € V; and its
label oy. An element (aq,uq, g, u2, a3, u3,...) € Qe+ is denoted by w = (az, w)52, € Qg+. Similarly to
Qg , the left-resolving property of £ ensures us that the edge e} € ESFJ satisfying AT (ef) = aq,t(ef) = u
is unique for the pair (ay,u1), so that the source vertex s(ej) € Vj is uniquely determined by (ay,u1), that
is denoted by wug or ug(w).
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We endow both the spaces Qa- and Qe+ with the relative topology of the infinite product topology on
[12,(Vi x £7) and [[;2,(E" x V;), respectively, so that they are compact Hausdorff spaces.
We will next define two continuous graphs written £ and Eg, from (£7,£") in the following way:

Eg_ ={(w,,w) € Qe x X7 x Qo |w = (ug, )2, w = (U], Boi1)24,
a= /\+(el+l+1) for some el+H_1 € E;'H_l

such that w = s(e],, 1), ujy, = t(ef,,,),1=0,1,2,...}.

Each element of BT

o is figured such as

Similarly

Eg, ={(w,8,0') € Qe+ x 7 x Qe+ |w = (e, )2y, w' = (aq—1,up)i2y,
B=A"(e,,) forsomee,,,, € B,

such that w = t(e, ), wipq = s(ejy 1), 0 =0,1,2,... }.

Each element of E¢, is figured such as

aq a2 [o % Qg
Uo Ul U2 us
e;OTﬂ 8;’1TB e;zTﬁ 6;3Tﬁ
(070} [e5] (6 D) a3 Qg
ug ul Uy us ul

Following Deaconu [8] (cf. [6], [7], [9]), we construct a shift dynamical system:

X& i ={(as w2 1€H )W’ = (uf, Boryir1)iS) € Qe—,i=1,2,.
(W', ip1,w ™) € Eg,,i =1,2,..., (W a,wh) € Eg, for some w® € Q- }
and the shift map og- : Xg, — Xg, by setting

Og- ((ai’wl)z 1) = (Qi1,w 4+1)?i1a (cviyw )z 1 € X

The set Xg_ is endowed with the relative topology of the infinite product topology of X1 x Qu—. It is a
zero-dimensional compact Hausdorff space. The shift map o¢- @ X¢ - Xa I is continuous and a local
homeomorphism. As £ is left-resolving, for any element x = (Ozl, He, € X , there uniquely exists
w? € Qg such that (W0 a5,w!) € Eg, by the local property of A-graph blsystem We denote w® by
w?(x), which is uniquely determined by z € Xg,. Therefore an element z = (ay,w?)3°, € X defines a
two-dimensional diagram as follows:
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0 B2 o _B-1 . o _Po 0
W U2 Ul UO
e e
1 B2 1 B 1 Bo 1 B1 1
w ug Uy uy g
N N O
2 B2 2 B 2 Po 2 B 2 B 2
w vy V3 U5 vy U4
O P A
3 B2 3 B 3 Bo 3 B1 3 B2 3 B3 3
w vg vy vy U5 vy Uy

We may similarly construct a shift dynamical system (X, ,0¢+) from the other continuous graph Eg, .

By the now standard Deaconu—Renault groupoid construction (see [8], [9], [35], [36], cf. [37]), we have an
amenable and étale groupoid written gg, from the shift dynamical system (Xg, ,0¢-). The space of the
groupoid is defined by

Gio={xny) e XE xZxX{ |3k €Ziin=k—1,0% (x)=0u_(y)}
The unit space (Qg,)(o) is defined by
(gg,)@) ={(z,0,2) € G§_ |z e X}

It is identified with the space Xg_ as a topological space. The range map and the source map are defined

by r(x,n,y) = x, s(x,n,y) = y. The product and the inverse operations are defined by

(xanvy)(yamwz) - (xan+maz)v (wanﬂy)il - (y7 7”31')'

We may similarly construct the other amenable and étale groupoid G4, from the shift dynamical system
(X,ng , 08+ ) .
Now we will define our C*-algebra O} _ in the following way.

Definition 7.1. The C*-algebra Of_ associated with a A-graph bisystem (£7, £%) is defined to be the C*-
algebra C* (Qg,) of the groupoid Qg,. Similarly we define the C*-algebra O, from the other groupoid
G-

For general theory of C*-algebras of ¢tale groupoids, see ([34], [35], [36], cf. [8], [9], [37], etc.). Let Ce(Gg-)
be the set of complex-valued continuous functions on G with compact support. It has a natural product

structure and *-involution of given by

(frg)s)= > fg(t™"s)= > f(t)g(ta),
() =r(s) st:1%§2t;2

() =F(6"Y,  f,geCuGl), segi_.

The algebra C.(G¢{_) is a dense *-subalgebra of C*(G{_).

We will study the algebraic structure of the C*-algebra O_.

Recall that F(v}) denotes the follower set of v} € V; in £, that is defined after Definition 3.1. We define
the cylinder set Ug,_ (v};€) C Qe- for £ = (&1,&2,...,&) € F(v}) by setting
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UQS, (Uql,7€) :{( LK u3aﬂ—3au2aﬁ—27ul7ﬁ—l) € QE’ |
w =k, By = &1, Boryr = Eay. .. Bo1 = &)

Each element of Ug (vl &) is figured such as

SO0 0— 0.
We note that the vertices u;_1,u;_a, ..., ug of the terminals of the labeled edges &1,&o, ..., & are automat-

ically determined by v! and ¢, because £~ is right-resolving. The set of cylinder sets Ua,_ (vl ¢) form a
basis of open sets of Qa-. Let us define a clopen set of X _ by setting

Uxt. (v5;6) ={z e X§ | (z) € Un, (vj;€)}. (7.1)
Recall that B,,(Ag+) denotes the set of admissible words of the subshift A ¢+ with length m. For v} € V, & =
(&1,&2,...,&) € F(vl) and = (p1, ..., fim) € Bp(Ag+) with m <[, define the cylinder set Uy+ (u,vl;€)
p
of Xg, by setting

UX;7 (:U’v Ué; ) - {(QM )z 1 € X)v— | Q1 = [1, Q2 = 2, ..., Qm = Um, w™ S UQE— (’0575)} (72)

Each element of Uy+ (u,v};€) is figured such as
o

0 0 &1 §1—m 0
W — oy, Ug
lﬂl lln J,Hl
1 fl El m 1 51 m—+1 1
w — Y_mt1 Uy Ug
w2 ©2 B2 M2
&1 . E1—m+1 §1—1
Hm Hm Hm Hm l“m
&1 §1—1 &
w™ — um =} uy' ut® ug'

For x = (a;,w")2, € X _, we put \i(z) = a; € BT, wi(z) = w' € Qg for i € N, respectively, so
that = = (\;(z),w'(7))2;. Now £7T is left-resolving so that there uniquely exists w®(z) € Q¢ satisfying
(WO (), a1, wl) € Eg,. Define U(u) C gg, for = (p1,..., k) € Br(Ae+), and U(vl;€) C Q+ for
vl € Vi, € F(u}) by
U(w) ={(. k. 2) € G | o (2) = 2, M (@) = o, M) = i}, and
U(v;:€) ={(2,0,2) € Gf_ | w(2) € Un,_ (vj;)}(=Ux+ (v;6))-

They are clopen sets of Qg,. We set

Su = Xu(p); E7(8) = Xu e in - C.(G{)
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where xrp € C’c(gg,) denotes the characteristic function of a clopen set F on the groupoid G . We in
particular write S, as S, for the symbol y = o € . For pu ¢ B.(Ag+), £ ¢ F(v}), we recognize that
S, =0,E!7 (&) = 0. The following lemma is straightforward.

Lemma 7.2.

(i) For p= (p1,-..,tm) € Bm(Ag+), we have S, = Sy, ---S,,,..
(i) For ¢ € F(vl), the operator E\™(€) is a projection such that the family E=(£),6 € F(vb),i =
1,...,m(l),l € Z+ are mutually commuting projections.

The transition matrices A;l 41 Axl 4 for £7, £7 respectively are defined by setting

1 if tle7)=vh A (e7) =B,s(e7) = vé“ for some ™ € B, |,

0 otherwise,

ll+1( B3 )—{

1 if s(et) =vh At (et) = a,t(eh) = U§+1 for some et € B, e

0 otherwise

Alfl-‘,—l(i? Q, .7) = {

fori=1,2,...,m10), j=1,2,...,m(l+1), 8 € X7, a € ¥T. Let us denote by Ag- the C*-subalgebra of
O;_ generated by E!™(€),v} € Vi, € € F(v!). We define the other C*-subalgebra Ag+ of Og4 in a similar
way. Let us denote by C(€Q2¢-) the commutative C*-algebra of complex valued continuous functions on Qg-.
For a subset B C A of a C*-algebra A, we denote by C*(B) the C*-subalgebra of A generated by B.

Lemma 7.3.
(i) Each operator E-~(£) indeved by vertex v € Vi and admissible word £ = (&1,...,&) € F(v}) is a
projection satisfying the following operator relations:

m(l)

YO Y EC©=1 (7.3)

feF(’ul-) i=1

m(l+1)
= > 3 A6 B EST(BE), (7.4)
pex— j=1

where the word B¢ in (7.4) is defined by BE = (B,€1,...,&) for B € X7, & = (&1,...,&) € F(vl), and
E;-H(Bf) =0 unless p€ € F(vé*l).
(ii) The correspondence

v B (6 € Ae — Xuq,_ (whe) € C(Qe-) (7.5)
gives rise to an isomorphism of C*-algebras between Ag- and C(Qg-).

Proof. (i) Any element z € X;g, defines an element w®(z) € Qg¢-. As the set X

o- is a disjoint union:

U U UX+ ’Uf,

i= 1§EF )

for a fixed | € N, we know the equality (7.3). The disjoint union
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m(l+1)
Ua,_ (v58) = | U Ua, 589 (7.6)
BeX— i=1

Al (0B)=1

yields the identity

m(l+1)
XU(v}6) = Z Z A @ 5J)XU(U§~“;/3£) (7.7)
pex— j=1

that leads to the equality (7.4).
(ii) Define the C*-subalgebras for | € N

AE’,l :C*(E'f_(f) | 5 € F(’Uﬁ),’b = 1727 <o ?m<l>) C A£*7
C(Qe- ) :C*(XUQS_ (wise) | € € F(v}),i=1,2,...,m(l)) C C(Qe-).

Then the correspondence (7.5) gives rise to an isomorphism ¢; : Ag-; — C(Q2e- ;) of the commutative
finite dimensional C*-algebras. By the identity (7.4) together with (7.7), we have embeddings

Ag— 1 = Ae- 141, C(Q¢-1) = C(Qe-141),

that are compatible to the isomorphisms ¢; : Ag- ; — C(Q¢- ;),1 € N. As the algebras Ag-,C(Q¢-;) are
inductive limits Ag- = llim Ae-1,C(Qe—) = llim C(Qg- ;) respectively, we conclude that the C*-algebras
— 00 — 00

Ag- and C(Qe-;) are isomorphic. O
The following lemma is a key to proving the identity (7.10).

Lemma 7.4. For £ = (£,&,...,&) € F(vl),a € ¥ and z € Xg'_, the following two conditions are
equivalent:

(i) There exists z € X{_ such that
wi(z) € Ua,_ (v 6), oe-(2) =z, A1(z) = a. (7.8)
(ii) There exist 6 € ¥~ and j =1,2,...,m(l + 1) such that
(e P, Al (e =1 ze€ Uy+. (Wi ¢8). (7.9)
Such z and B bijectively correspond to each other.
Proof. (i) = (ii): Suppose that z € X_ satisfies the conditions (7.8). Since we see (w’(z), o, w'(2)) € E§_,

we have w!(z) = w’(z). Let w(z) = (w, B-1)°, € Qe-, so that f_1 =&, B2 =&_1,...,B-1 = &, such
as the following figure:

Uﬁ &1 O &2 & O
[ [ o
Bt Bi41 B-1 Bo
Ul+1 Uu ce (751 Uug.

Put 8 = B and v}*' = w;;1. Then the condition (7.9) holds.
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(il) = (i): Conversely let f € ¥~ and j = 1,2,...,m(l + 1) satisfy the condition (7.9). Let
WO(x) = (w,B-1)2; € Qe-, so that 1 = &, B2 = &_1,...,81 = &. By the hypothesis & =
(&1,&2,. ..,fl) F(v}), there exist unique labeled edges Jon-1 € Ep,q forn = 1,2,...,1 such that
s(fii1) = ol t(f mn—1) = S(fn_1n—2)s A" (frn_1) = &—nt1 forn=1,2,...,1. We put u;, = s(f,,,_;) for
n=1,2,...,1, so that u} = v}. By the hypothesis AZFZH(L a, j) = 1 with the local property of A-graph bisys-
tem, we may find labeled edges e;nﬂ € E,J{’nﬂ for n = 0,1,...,1 such that s(e, n+1) =ul, t(e:nﬂ) =

Un, AT (e}, 1) = a. By the condition (u;, _;)f2; € Qg-, there exists an labeled edge €/,5,,1 € Ej 5,4
l

such that s(e;,5;,1) = w2, tle) 54 1) = w1(= ij)7 A7 (€5 0,441) = B-i—1- By applying the local prop-
erty of A-graph bisystem for the pair elJrH_l and e, 5, satisfying t(el‘flﬂ) = t(€;19,,1), we may find labeled

edges fyy, € Epyy and €y 15 € EY , such that

_ 1 _
t(fl+1,z) = u;(: v;), 5(f1+1,1) = 3<€zt1,l+2), t(ez++1,l+2) = Ur+2,
/\_(fljrl,z) = B-i-1, )‘+(el++1,l+2) = Q.
We put v b = s( fl:—l,l) € Vi41. Like this way, by successively applying the local property of A-
graph bisystem, we may find w’ = (ul,ﬁ - 1)l 1 € Qg (vl €) such that B = &, ...,f_; = & and

W', o,w(z)) € EY_. By defining z = (a;,w € ¥t x Qg-) such that oy = a,w! = w¥(x) and
! 1 i= 1
(as,w')2, = 2, we have z € X{_, 0o (2) =, )\1( )=aand w'(z) =w' € Q¢ (v}€). O

Lemma 7.5. For a € ¥% and £ € F(v!), we have

m(l+1)
SLET(€)Sa= Y > Al (i, )ENT(EB), (7.10)
pex— j=1
where E;»‘H (€8) =0 unless €6 € F(v H'l)
Proof. It suffices to show that the equality
m(l+1)
X;](a) * XU(vlie) * XU(a) = Z Z A?:l+1(iaa7j)XU(v;+1;55) (7.11)
pex— j=1

holds. We then have for s = (z,n,z) € G¢_,

[X?](a) * XU (vhe) * XU(a)](xa n, z)

Z XU ( ) (XUt * Xu(a))(t™'s) (Put t = (y,m,w) € G_)

7(f) T(S)

= Z XU () (w’ —m, x)(XU(vé;f;“) * XU(a))(w7 n—m, Z)

m,w

= (XU vhie) ¥ XU(CK))(wvnjL ]-az)a
(vi;6)

w;
e=0 o (w),A (w)=a

because xy(a)(w, —m,z) = 1 if and only if m = —1, = 0¢- (w), A1(w) = . Now

(XU(Ug;g) * XU (a))(w,n + 1, 2)
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= Z Xvwhie) (XU () (' T (wn+1,2)  (Put (v, mw') =t € GE)

r(t ) w

= > Xuwho W m w)xu(@ (W —m +n+1,2)
m’,y’;
y/'=w

= > Xt (W, n, w'),

w/
z=0 o (W), /\l(wl) a

because xy(o)(w',—m’ +n + 1,z) = 1 if and only if m' = n,z = og¢- ('), Mi(w') = a. Since
Xu(ols6) (W, n,w') = 1 if and only if w = w',n = 0 and w®(w) € Ugp+ (v};€), we have
7 o—

[X;}(a) * XU(vé;f) * XU(a)}(m7 n, Z) = Z XUSZ+ (v};6) (wo(w))
o

w;
w=z=0 o _ (w), 1 (w)=a

By Lemma 7.4 with the hypothesis £ € F(v!), we have w°(w) € Ug+ (& withz = 2 = g¢— (w), A\ (w) =

if and only if # = 2 € Uxt_ (vi75€B) for some j and B € £~ such that A, (i,a,5) = 1and £8 € F(u™).
Hence we obtain the equahty

m(l41)
Z Xu,, + (%E) Z Z Al A+ (i, J)XU( L1 55)($ n,z),
w; pex— j=1

w=zmo o (w),A (w)=a
proving the equality (7.11). O

By the formula (7.10) for a fixed | € Z, we have the identity

m(l) m(l+1)
=2 Z > AL )BT (). (7.12)
i=1 = neF(vH»l)

For j1 = (f1,. ., ptm), v = (V1,...,Vn) € Bs(Ag+) and v} € Vi, & € F(vl) with m,n <1, let U(u,v,v};€)
be the clopen set of g;ﬁ defined by

U(p, v, 045 €)
={(z,m—n,2) € GE_ | Nm)(2) = 1, Ay (2) = v, 08 (2) = 0% (2) € Qo (v};6)}

where z = (\;(z),w (@)L, 2 = (Ni(2),w'(2))2, € Xj:' and )\lm]( x) = ()\1( )s e Am(2)), Apn(2) =
(A(2)1, -+, An(2)) € Bi(Ag+). For u = v, we write U(u,p, vt &) as Ulp, vl &), that is identified with
Ux+. (p, vt €) defined in (7.2). Then we have

Lemma 7.6.

SMEf_ (f)S: = XU(H,V,vé;E) .

In particular, for the clopen set U(u,vt; &) with p € (1, ..., pim) € Bm(Ag+),vt € Vi defined in (7.2), we
have

SMEf_(f)S: = XU (p,vt56)- (7.13)
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Proof. It suffices to show the equality

XU(u) * XU (vk;6) * X?J(u) = XU (p,v,v};8) (714>

holds. Suppose ft = (p1,- -+, ftan), v = (V1, ..., Vn) € By(Ag+). For s = (z,p,z) € G{_, we have

[XU () * XU (vl;e) * XU(D)](fE P, 2)
Z XU( u) XU('I)%;&) * X?J(u)](tils) (Put = (yv Q7w))
7‘(f) T( )

= ZXU(M) (:177 q, w)[XU(vi,E) * X*U(y)](va —4q, Z)

We know (z,q,w) € U(p) if and only if ¢ = m, Ay ) (7) = p and o3~ (z) = w, so that we have

[XU(,U,) * XU(v,f-;&) * X*U(V)]('rap7 Z)
:[XU(vf,f) * X?](u)}(o—g— (x)ap —m, Z)
* -1 m m
Y ek EXpwE (08 (@).p—m,2) (Putt' = (y,¢ w),y =oF" (2))

t
r(#)=o"T_ ()

= Z XU(U%;{) (yla qlv w/)X*U(y) (w/7p -—m-— q/7 Z)

7 !
q,w

= Z XU('U%;&) (O-EI* (JT), ql7 w,)XU(u)(Za —p+m+ q/a w/)-

7 !
q,w

Now we have (z, —p +m + ¢',w’) € U(v) if and only if 0%_(2) = w’, A\ ,)(2) = v and —p +m + ¢ =n, so
that

[XU(/L) * XU(U%;@ * X)(k](u)](xvpa Z) = XU(U%;@ (Uglf (.’L‘),p +n-—m, O_E* (Z))

As (0@ (z),p +n —m,0% (2)) € U(vé;{) with )\[17m](x) = U, )\[1,n](2) = v if and ouly if (z,p,z) €
U(p, v,vk;€), we have the identity (7.14). O

Lemma 7.7. The set of finite linear combinations of elements of the form
SMEf_(f)S:, t€ Bp(Aet), v € By(Agr), £ € F(v)),i=1,2,...,m(l), m,n <1 (7.15)

is dense in the C*-algebra (’)g,.
Proof. Since the sets of the form U(u,v,v};€) form a basis of open sets of the groupoid QE , the set of
finite linear combinations of elements of the form of (7.15) becomes a dense x-subalgebra of (’)+ because
of Lemma 7.6. O

Put for o € ©F

X{ (o) ={ze X | M(z) =a}.

Regard it as a clopen subset {(z,0,z) € g;:h | A1(x) = a} of (g+ )(©) and hence of g+ Then we have
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Lemma 7.8.

(i) SaSh = XX{_ ()"
(i) SaSLE! (€)= Ej”(£)SaSy for & € F(v)).

Proof. (i) By Lemma 7.6, we have for a fixed [ € N,
m(l)

SO‘SZ - Z Z Sa El - Z Z XU (a, vhi€) = XU?;@U L)U(a,vﬁ;é)'

geF (vl
=1 geF(v}) i=1 ¢eF(vl)

As U?i(ll) UgeF(vg) Ua,v};€) = (a) we obtain the equality S,5% = Xxt_(a)r
(ii) For s = (z,n, 2) € gg,, we have
[XX§7 (@) * XU(U%;{)](‘Tv n, Z)
2 WXUwé;s)(t_lS) (Put t = (y,m,w) € G§_)
t;
r(t)=r(s)

= Z XX?:—— (@) (’LU7 —m, m)XU(Uf,E) (’LU, n—m, Z)

Now X y+ (q)(w, —m,z) =1 if and only if m = 0, w = z, A(x) = . Since we have xy(,t,¢)(2,n,2) = 1 if
£ i
and only if z = z, n = 0, W% () € Ua,_ (vl €), so that

1 ifz=2n=0 M) =a, () €U, (v};),

+ * sLallz,n, z) =
[XX,cf(o‘) Xu( “5)]( ) {O otherwise.

On the other hand

X otie) * Xxt_ (o)) (@; 1, 2)

Z XU (e (t )XX+ (t7's)  (Putt=(y,m,w) € G )

r(t) r‘(s)

= Z XU('uﬁ;g) (w> —m, {E)XX;:_ (a) (w, n—m, Z)

Now X x+ (q)(w,n—m,z) =1if and only if n = m, w = z, \1(z) = . Since we have Xy (,1,¢)(2, —n,2) =1
e— @
if and only if z = z, n = 0, w°(z) € Ug,_ (v};£), so that

[ ez ]l He=2n=0 Mi(z) = o, WO(x) € Un,_ (v};€),
ey ¥ X x+ x,m,z) =

XU * XX () 0 otherwise,

Proving X x+ (o) * Xv(ul) = Xu(oli¢) * XX (a) and hence S,S:E!™ (€) = Bl (€)S,S%. O

Proposition 7.9.

(i) The C*-algebra Of_ is generated by partial isometries S, indexed by o € X and mutually commuting
projections EL™(€) indexed by vertices vt € Vi and admissible words € = (&1, ...,&) € F(vl).
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(i) The partial isometries So,o € X and the mutually commuting projections EL~(€),& € F(vl) satisfy
the following operator relations called (£7,£%):

m(l)
Z S, Sk = Z Z E( (7.16)
aeXt =1 ¢eF(v})
SaSLE(€) = EL7(€)SaS5, (7.17)
m(l+1)
TO= 30 D A8 DETT (89, (7.18)
Bex— j=1
m(l+1)
SLES(Sa= Y > Al 0 ) EST(H). (7.19)
pgex— j=1

Similarly we have
Proposition 7.10.

(i) The C*-algebra Oy, is generated by partial isometries T indexed by B € X~ and mutually commuting
projections ELT(n) indexed by vertices vt € Vi and admissible words n = (n1,...,m) € P(v}).

(ii) The partial isometries T, 3 € £~ and the mutually commuting projections Eﬁ(n),n € P(v}) satisfy
the following operator relations called (L7, £7):

m(l)
SN TpT =Y > Ef(n (7.20)
BeEL— =1 pnepP(vl)
TyTE (n) = B (n)TRT5, (7.21)
m(l+1)
E'l+ Z Z Af T4 (i, j)El+1+(na) (7.22)
acext  j=1
m(l+1)
TEESTs= Y Y Ay (8.0)E " (an). (7.23)
aext j=1

We will prove in the following section that the above operator relations among the generators of the
C*-algebras exactly determine the algebraic structure of the C*-algebras.

8. Structure of the C*-algebra OI_

In what follows, an endomorphism on a unital C'*-algebra means a *-endomorphism that is not necessarily
unital. For a unital C*-algebra A, let us denote by End(A) the set of endomorphisms on A. In [26], the
notion of C*-symbolic dynamical system (A, p,X) was introduced as a generalization of both a A-graph
system and an automorphism on a unital C*-algebra. Following [26], a finite family p, € End(A),a € ¥ of
endomorphisms on a unital C*-algebra A indexed by a finite alphabet ¥ is said to be essential if p, (1) # 0
for all @ € ¥ and the ideal of A generated by p, (1), € ¥ coincides with A. It is said to be faithful if for
any nonzero a € A, there exists a symbol a € ¥ such that p,(a) # 0. A C*-symbolic dynamical system
is defined by a triplet (A, p,X) consisting on a unital C*-algebra A and a finite family of endomorphisms
{patacs of A, that is essential and faithful ([26], cf. [27], [28]). A C*-symbolic dynamical system (A, p, %)
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gives rise to a subshift A and a C*-algebra written A x, A called the C*-symbolic crossed product in [26].
The C*-algebra A x, A is constructed by certain Hilbert C*-bimodule associated to the endomorphisms
{patacx of A (cf. [12], [13], [32], etc.). If (A, p,X) satisfies condition (I) in the sense of [27], the algebraic
structure of the C*-algebra A <, A is uniquely determined by certain operator relations among its canonical
generators. In this section, we Wlll show that our C*-algebra O o may be realized as a C*-symbolic crossed
product Ag- x,+ Ag+, so that we will know that the operator relations called (£7, £%) in Proposition 7.9
uniquely determine the algebraic structure of the C*-algebra Of_ under certain condition called condition
(I) on the C*-symbolic dynamical system (Ag—, p™, XT).

Let Ag- be the C*-subalgebra of O;_ generated by the mutually commuting projections Ef_(f ) for v} €
Vi, € € F(vl). The C*-subalgebra Ag+ of Oy is similarly defined. Let us denote by p/ € End(Ag-), € ¥F
the endomorphism on Ag- defined by setting

m(l+1)
BT = 2 Z Al (0, ETT(E8), € € F(v): (8.1)
BEX™ =

Then we have a finite family of endomorphisms p!,a € ¥ on Ag-. The other endomorphisms ps €
End(Ag+),5 € ¥~ are similarly defined.

Lemma 8.1. The triplets (Ag—, pt, 2" and similarly (Ag+,p™,%7) are both C*-symbolic dynamical sys-
tems.

Proof. Since we have

m(l)
dokm=3 > Z pa (B (
agxt aext i=1 ¢eF(v

m(l) m(l+1)

Y Y Y Y analadE (@)

aext i=1 ¢eF(vl) BT j=1

the family {p7 } ,ex+ is essential. It is easy to see that {p7 } ,ex+ is faithful, so that the triplets (Ag—, pT, XT)
and similarly (Ag+,p~, X7 ) are both C*-symbolic dynamical systems. O

We will concentrate on the algebra (9:{_, the other algebra O, has a symmetric structure. We define a
C*-subalgebra D{_ of (9;_

Di = C*(S, B (9)S; i =1,2....,m(1), € € F(u)), € Bo(Aer)). (8.2)

Let pgo- : X;Z — Qg be the continuous surjection defined by ¢e- () = w%(z), z € X;:Z. It induces an
embedding C(Qg-) < C(X{_) corresponding to a natural inclusion Ag- C D _. Recall the condition (I)
for C*-symbolic dynamical systems introduced in [28].

Definition 8.2 (/28, Section 3, Definition]). The C*-symbolic dynamical system (Ag-, p*, ) satisfies con-
dition (I) if there exists a unital increasing sequence

A1 C Ay C - C Ag-

of C*-subalgebras of A¢- such that pf(A4;) C A4 for all I € N, € £ and the union (J;2, A; is dense
in Ag— and for k,l € N with k& < [, there exists a projection qk e DL

- commuting with all elements of A;
such that
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(1) gLa # 0 for all nonzero a € A,
(2) ¢l (¢f) =0forall m=1,2,... k,

where ¢, (X) = ZueBm(A£+) Su XS
By Proposition 7.9 (ii) and (8.1), we know that our partial isometries S, € 31 satisfy the relations

Y SuSi=1, SJSLE () =E(SaSh,  pd(E(€) = SLE(£)Sa (8.3)

aext

for a € ¥, & € F(vl). Let s, € X be another family of partial isometries satisfying the relations
(8.3). We may consider the corresponding C*-algebra Dz,, that is generated by projections of the form
suEf_(f)sZ, and the homomorphism ¢4 on it by using s,,« € X%, instead of Sy, o0 € . Then [28,
Lemma 3.2] tells us that the condition (I) does not depend on the choice of such partial isometries satisfying
the relations (8.3). Hence the condition (I) for (Ag-,p™,XT1) is intrinsically determined by (Ag-, p*,35T)
from [28, Lemma 3.2].

Definition 8.3 (/35, p. 19]). The topological dynamical system (Xg,,O'g—) is said to be essentially free if
the set Xy, n(0g-) = {o € X{_ | 0f (2) = 0s_(2)} for m,n € Z with m # n does not have non empty

interior.
A point x € X{_ is said to be eventually periodic if 03" (z) = o’s_ (x) for some m,n € Z, with m # n.
The set of eventually periodic points in X a- is denoted by Pey(0g-). Hence we have
ev 0'2 U an Opo— (84)
m,n;
m#n

The following lemma is known for more general dynamical system. As the author has not been able to find
a complete proof in literature, the proof is given for the sake of completeness.

Lemma 8.4 (c¢f. [35, Proposition 3.1]). The topological dynamical system (Xg_,o'g—) is essentially free if
and only if the set Poy(0e-)¢ of non-eventually periodic points is dense in X;_

Proof. Assume that (X , 00— ) is essentially free. Suppose that the set Pey(0g- )¢ of non-eventually periodic
points is not dense in X3 + . Since X EL, is compact Hausdorff and hence regular, there exists a point = € X;l
and an open nelghborhood U, Cc Xt o of x such that

Um N PeV(O'Q—)C = @

Hence we have U, C P.,(cg-) so that

U_;E - U (Xm,n(O-Q*) N 71)
m;én;

By the Baire’s category theorem, there exist m,n € Z with m # n such that X, ,(0¢-) N U, contains an
interior point in the set U,. Therefore we conclude that Xmn(0g-) contains an interior, a contradiction to
the hypothesis that (Xg_,0¢-) is essentially free.

Assume next that the set Poy(0g-)¢ is dense in X{_. By (8.4), we know that if X, ,(cg-) contains an
open set V for some m,n with m # n, then Py, (0e-) contains V', a contradiction to the hypothesis that
P (0g-) is dense in X§ . O
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The essential freeness of the topological dynamical system (X;f, , 00— ) is equivalent to the condition that
the étale groupoid G _ is essentially principal (see [35, Proposition 3.1]), so that the C*-subalgebra D is
maximal abelian in O;_ by [34, Proposition 4.7].

Recall that a clopen set UX; (vl;€) for vl € Vi, € € F(vl), in X{_ is defined in (7.1).

Definition 8.5. A \-graph bisystem (£, £") is said to satisfy og¢--condition (I) if for any [,k € N with
k <1, there exist 2{(§) € Ux+ (1) for each i =1,2,...,m(l) and £ € F(v}) such that
ok

og- (2}(€)) # 2f(n) for & € F(v)),n € F(v}), 4,5 =1,2,...,m(1), n=1,2,... .k (8.5)
(cf. [21, Lemma 5.1]).

Proposition 8.6. Let (£7,£7) be a A-graph bisystem. Consider the following three conditions:

(i) The A-graph bisystem (£, L") satisfies o¢- -condition (I).
(ii) The topological dynamical system (X;_,,O'Q—) is essentially free.
(iii) The C*-symbolic dynamical system (Ag-,p*,XT) satisfies condition (I).

Then we have (i) = (#) and (i) = (iii).

Proof. (i) = (ii): Assume that the A\-graph bisystem (£, £") satisfies o¢--condition (I) and the topo-
logical dynamical system (X:'{_,O'E—) is not essentially free. There exist m,n € Z with m > n such that
Xmn(og-) ={z € X{_ | 0% (z) = o%_(x)} has a nonempty interior. By taking | € N large enough such
as | > m, we may assume that U(u,v};€) C Xpn(oe-) for some p = (u1, ..., pp) € By(Ag+) and vl € V.
Since the numbers m and p may be taken large enough, we may assume that p = m. Take z € U (u,v}; &)
and let wP(x) = (w, B-1)2, € Qe-. We put

I+
§iv1 0= Bop1, Giy2:=Bp, oy Giap = B2, Gupr1 =G0 and v P =gy,

Let 6_: (§15527 cee 7§la§l+1a v a€l+p+1) € Bl+p+1(A2*)7 so that we have

UX;7 (UH—pf_) C Ug_ (U(,U, ’va 5))

ig 3

As U(p,vl5€) C Xpyn(og-), any point of U+ (147§ consists of periodic points with its period m — n.
e— o B

Now take k € N such as k > m — n. Then there exists no points xﬁjp(g) € Ux+ (0 +P:8) such that
e—\Tig

oa- (xi:p@)) # xijp(ﬁ) for all n = 1,2,..., k. It is a contradiction to o¢--condition (I).

(i) = (iii): For a fixed [ € N, let Ag-; be the C*-subalgebra of Ags- generated by the projections
E'7(¢),¢ € F(v)),i=1,2,...,m(l). Tt satisfies the condition

(3

pz(AL‘._,l) CAL‘.‘,H—lv ZENu CVEE+,

and the union J;2; Ag-; is dense in Ag-. Since the A-graph bisystem (£, £1) satisfies o ¢--condition (I),

for any I,k € N with k <, there exist z!(¢) € Uy+ (ut¢) foreach i =1,2, ... ,m(l) and ¢ € F(v!) satisfying
P (T

(8.5). Under fixing I,k € N with k£ <, we set

Y = {xi(f) |7’: 1727"'7m(l)’§ € F(Uﬁ)}

By (8.5), we have o%_(Y)NY = 0 for all n = 1,2,..., k. We may find a clopen set V' C Xg, such that
Y C V and
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oe-(V)NV =0 foralln=1,2,... k.

Let q,lc be the projection of the characteristic function of V' on X . Since o3 (V) NV = 0 for all n =
1,2,. k: we know that qubu (¢t) =0foralln=1,2,..., k. Any nonzero element a € Ag- ; is of the form

Z Z{eF o) € cL(E)EL(€) for some ck(¢) € C. Slnce a # 0, there exists ig, & such that ¢! (&) # 0.
Take x! (50) €Y C V so that we have

(agi) (x5, (&) = alpe- (i, (60)))ai (%, (€0)) = ¢, (€0) # 0
and hence agl, #0. O

Theorem 8.7. Suppose that a \-graph bisystem (£, L") satisfies oo -condition (I). Then the C*-algebra
(’)g, is the universal unital unique C*-algebra generated by partial isometries S, indexed by symbols o €
YT and mutually commuting projections Eif(g) indexed by wvertices vﬁ € Vi and admissible words & =

(€1,...,&) € F(vl) subject to the following operator relations called (£~, £1):

D 8.8y = Z > E( (8.6)

aent i=1 ¢eF(v})
SaSZEzl_(g) = Ei_(g)SaSZa (87)
m(l+1)
=y Z A (08, 5) BT (BY), (8.8)
pex— j=1
+
S*El (€)S. Z Z ll+1 (i a])ElH (€8), (8.9)
pex- j=1

where the word BE in (8.8) and £B in (8.9) are defined by BE = (B,&1,...,&) and €6 = (&1,...,&, B) for
Bex &= (&,...,&4) € F(V)) and i =1,2,...,m(l), respectively.

Proof. The uniqueness of the C*-algebra O] _ among the generators S,,a € X1 and Elf(f) eV, & e
F(v) subject to the operator relations (£7, £1) means that if there exist another family of nonzero partial
isometries Sy, € 1 and nonzero mutually commuting projections E'~(€),vl € V;,& € F(vl) satisfying
the above operator relations (£, £%), then the correspondence

So — Sa,  EI(€) — EI(¢)

yield an isomorphism from O} _ onto the C*-algebra (’)+ generated by S,,a € X1 and El ©),vleV,ce
F(v!). We will prove this property. Let us denote by .A,:f the C*-subalgebra of (9+ generated by the
projections El (6),vt € Vi, & = (&1,...,&) € F(v}). By the relations below

m(l) m(l+1)
YooY EF©-=1, =y Z Ary G, B ) EST(BE)
i=1 ¢eF(v}) gex— j=1

and commutativity of the projections Ell-f(ﬁ ), we know that the correspondence

~_ N
E7(§) € Ag- — XUq e

€ C(Ne-)
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gives rise to an isomorphism of C*-algebras between Aq— and C(f2¢-). Hence by Lemma 7.3 (ii), the C*-
algebras Ag- and Ag- are canonically isomorphic through the correspondence E(6) € Ap- — Ef_(«f ) e
A\g—. Now we are assuming that the A-graph bisystem (£, £1) satisfies o¢--condition (I), so that the C*-
symbolic dynamical system (Ag-,p™, XT) satisfies condition (I). By [28, Theorem 3.9], we know that the
correspondence

E7(6) € Ae- — E7(€) € Ao,
+ 3 Ot
Sa €04 — 8, € Oy _,
extends to an isomorphism of C*-algebras between OF_ and (/9\3, Therefore the C*-algebra O _ is the

universal C*-algebra subject to the operator relations (£7, £1). The above discussion shows that (9;5_ is
the unique C*-algebra subject to the operator relations (£7,£%). O

For the other C*-algebra O,
to be essentially free and the A-graph bisystem (£7,£7) to satisfy oe+-condition (I). We may show a

we may similarly define the topological dynamical system (X, ,0¢+)
symmetric statement to Proposition 8.6 to lead the following theorem.

Theorem 8.8. Suppose that a A-graph bisystem (£, L") satisfies oo+ -condition (I). The C*-algebra Og.
is realized as the universal unital unique C*-algebra generated by partial isometries Ty indexed by symbols
B € X7 and mutually commuting projections EZH(M) indexed by vertices vf € V; and admissible words

= (p1,..., ) € P(vl) subject to the following operator relations called (£, £7):

m(l)
Yo TsTi=) Y Ef(w=1 (8.10)

Bex- i=1 peP(vl)
TsT5E; Y (1) = BT (n)TT}, (8.11)
m(l+1)
Ef(u Z Z Af (o ])El+1+(ua), (8.12)
aeXt j=1
m(l+1)
TiEN(WTs = > Y A8, 5)E T (ap) (8.13)
acxt j=1

for B€ X7, ue€ P, where pav = (1, - .., @) and app = (v, fig, -, jg).

We will next present the operator relations (£7, £%) in Theorem 8.7 as well as Theorem 8.8 into a simpler
form than the above relations in Theorem 8.7 as well as Theorem 8.8. For [ € N, vl € V; and 8 € X~, we
put

Fp(v)) = {(&, &) € F(v)) | & = B} € Bi(Ae-),
ST ={A\(e)ex |e € B yse7)= '}

We then see X7 (vl) = {8 € 7 | F(v!) # 0}. We define a projection for 8 € £ (v!) in Ag- by

> OB for BeNi(v)).

E€Fp(v))

In case of Fs(vl) = 0, we define E!(3) = 0. We have the following lemma.
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Lemma 8.9.

m(l)

> >

i=1 gexny (vh)

(ii) SoSLEL(B) = EH(B)SaSs-

m(l+1)
(i) Y E Z S A Gy )ET ().
BEZT (vh) =1 ~exy (vl“)
m(l+1)
(iv) SLE[(B)Sa = > Al 0,0, )EN(B).
j=1

Proof. (i) Since F(vl) = Uﬁezf(v4)F5(v§), we have

N EF©= ) Y. ET©= > E®,

EeF(vh) BET (v!) EEFp(v)) BeT (vh)

so that 1= Y70 Y0 ) BL(€) implies 1= 370 50, (1) EL(B).
(ii) The desired equality is direct from (8.7).
(iii) We have

Y BB = > E(

BeEXT (vh) EEF(v])

m(l+1)

Z Z Z Ali,l+1(ia’Y>j)E§‘+17(’Yf)

EeF(vh)vex- j=1

m(l+1)

Z Z Z Al I+1 (4,7, J)EHl (v€)-

J=1 yewy (vl €eF (o))

Now

S ALy DETT () = AL G d) > ESTT(Q) = A (v HESTT (),

¢EF(vh) Cer, (vt
so that we have

m(l+1)
Z Ezl(/@) = A;l+1(i,’y,j)E§-+1(’y).

BEST (v]) I=l yesy (ot
(iv) By (8.9), we have

SLENB)Sa= > SLE (&S
E€Fp(v))

m(l+1)

= Z Z Z All+1 i, a])El+1 (&)

EeFp(vl) \vex~ Jj=1

45
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m(l+1)

Z A”_Hzaj Z Z EH'1 (&)

YEXT E€Fs(v))

m(l41)

= > Al )EFB). O

j=1

The following lemma is obvious.

Lemma 8.10. For I € N and £ = (¢1,...,&) € F(v), lete, € E,,

11 =1,2,...,1 be a finile sequence of

edges satisfying

G=X(e), &=A (e 1), a=A"(er), sleg) =0}, s(e;) =t(e,q)

formn=1,2,...,1—1 that are figured as

11 &1 0171 &2 vi11 &
e e;—l er

Put vi = s(e,) €V, form=1,2,...,1 — 1. Then we have

B (&) = E{(&) B (&) B, (&)-
Now we reach the following theorem that is one of the main results of the paper

Theorem 8.11. Suppose that a A-graph bisystem (£7, £T) satisfies oo -condition (I). Then the C*-algebra

+
o}

and mutually commuting projections E'(3) indexed by B € 37 (v}) with vertices vt € Vi,1 € N subject to the

is the universal unital unique C*-algebra generated by partial isometries S, indezed by symbols o € X

following operator relations:

m(l)
Yo SaSa=) Y. EB=1 (8.14)

acxt =1 ﬁeZl_(vﬁ)
SaSaEL(B) = Ej(8)SaSy, (8.15)
m(l+1)
Yo BB =Y Y Auarn)ETO) (8.16)
BEST (v}) =l yezmy (bt
m(l+1)
SaBlB)Sa= Y Al (ia, HES(B). (8.17)
j=1

The above four operator relations are also called the relations (£, £%).

Proof. Let S,,a € ¥F be partial isometries and E!(8),3 € 37 (v!) be mutually commuting projections
satisfying the relations (8.14), (8.15), (8.16) and (8.17). For £ = (&1,...,&) € F(v}), let e, € E,, |,n =
1,2,...,0land vy € V,,,n=1,2,...,1—1be as in Lemma 8.10, so that v}’ = s(e;) forn=1,2,...,1—1.

Define

EI7(€) == E{&)E (&) B (&). (8.18)
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Since EL(&1), EI71 (&), - - . E} (&) mutually commute, one sees that E'=(€) is a projection. We will hence-

-1

forth show that the projections Eff(f) satisfy the equalities (8.8) and (8.9). For ¢ € F(v l+1) with
A (6, 8,5) = 1, we know

B (Be) = EXY(B)EL(€).

It then follows that

m(l+1) m(l+1)
2 2 Aun@ADETTGO= 3 3 Aua@n)ETmE @
pex— j=1 j=1 yEST (Uz+1)
= Y EUB)-E(€) =E(©),
BEXT (v}

because of the equality (8.16). Hence we obtain the equality (8.8). By using the preceding lemma, we have

SiE(€)Sa
=SLENE)EL (&) BL(6)Sa
=SLEN€) S0 - SLE (62)Sa - SLEL (6)Sa

m(l+1) m(l)

=| > AL Ga)EF &) | | DD AL (e o) B ()

J=1 Ji=1
m(2)

> Al (i, 0, 2) B2 (&)

j2=1

Let e, € Ej,,, be the unique edge such that £&1 = A7 (e; ), s(e; ) = vé“. By (8.14) and (8.15), we know
that E;H(ﬁl) . Ejl (&2) # 0 if and only if vél =t(e; ), and in this case Al"’_l’l(il_l,oz,jl) = 1. Hence we have

m(l+1) m(l)
Z Al l-|-1(Z « ])ElJrl ZAZ 1, Zl 1, &, ]l) Jl(£2)
Jj=1 Ji=1
m(l+1)
= > Al GBS G) - B (&),
j=1

We inductively know that

m(l+1) m(l)

Z A l+1(l « ]>El+1 (&1) Z AL (i1, 0, 1) ],(52)

Jj=1 Ji=1
m(2)
Z Af (i1, 0, 52) B3, (&)
j2=1
+

Z Fa (i o, HETL(E) - BL(62) - B2 (&)
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As E;H(fl) Bl (&) B2 (&) = Yges- E;-H_(EB), by (8.14), we conclude that

m(l+1)
SLES(©Sa= Y Al (0 )BT (EB).

j=1

Since it is direct to see that the equality
SaSLENE) = Ei(€)SaS

holds, the family S,,a € 7T, Eff(f), ¢ € F(v}) of operators satisfy the relations (£, £+) of Theorem 8.7.
By the universal property and the uniqueness of the relations (£7,£") in Theorem 8.7, the family S, €
Y+, E(B), 8 € U7 (v)) of operators satisfying the relations (8.14), (8.15), (8.16) and (8.17) completely

determine the algebraic structure of the C*-algebra Of_. O

Remark 8.12. If a A-graph bisystem (£, £1) comes from a A-graph system £ as in Example 3.2(i), then the
set $37 (v}) is a singleton {1} for every vertex v! € V. Hence the operator relations (£7, £%) of Theorem 8.11
coincides with the operator relations of Theorem 2.1.

Similarly we have

Theorem 8.13. Suppose that a A-graph bisystem (£, L") satisfies og+-condition (I). The C*-algebra Og,
is realized as the universal unital unique C*-algebra generated by partial isometries Ty indexed by symbols
B € ¥ and mutually commuting projections F'(c) indexed by vertices vl € Vi and symbols a € X7 (v})
subject to the following operator relations:

m(l)

Y ITi=) Y Flo=1, (8.19)

BEX™ =1 aexnf (v))
TsT;F! (o) = F}(a)TsT}, (8.20)
m(l+1)
Yo F)= > Y ALLG&HET), (8.21)
OZEET('U,%) Jj=1 662'1"(11;-'*'1)
m(l+1)
TiF )Ty = Y A (i85 F (), (8.22)
j=1

where X7 (vf) = {\*(eT) € B | et € B t(et) = v}}.

The above operator relations are called (£7, £7).

For a A-graph bisystem (£7,£%), denote by £7¢ (resp. £%!) the labeled Bratteli diagram obtained
by reversing the directions of all edges in £~ (resp. £7). Then the pair (£%% £7%) becomes a A-graph
bisystem. Since the C*-algebras 03_ and Oy, are both universal C*-algebras subject to the operator
relations (£7,£7%) and (£1, £7), respectively, we have canonical isomorphisms of C*-algebras:

+ ~ M- - ~ Mt
0L 20;., 05 =0,
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9. K-groups for OI_

In this section we will describe K-theory formulas for our C*-algebras O _ as well as Ogy. We will
then prove that the K-groups are invariant under strong shift equivalence of the associated symbolic matrix

bisystems.
By Theorem 8.11 and Theorem 8.13 (or Theorem 8.7 and Theorem 8.8), we know that the C*-algebras
(93_ and O, are nothing but the C*-symbolic crossed products Ag- x,~ Ae+ and Ag+ X+ Ag- defined

in [26], respectively. K-theory formulas for the C*-algebra A x, A constructed from a C*-dynamical system
(A, p,X) in general have been presented in [26]. We may apply the formulas to our C*-algebras Of_ and
Og,. We will focus on the former algebra (’)if,, the latter one is symmetric.

The endomorphisms p} : Ag- — Ag- for a € IT defined in (8.1) yield endomorphisms pf, :
K.(A¢-) = K.(Ag-) for a € T on the K-theory groups of Ag-. Define an endomorphism

Pt K (Ag) — Ku(Ag-),  x=0,1

by setting pf (9) = D nest Pd . (9): 9 € Ku(Ag-).

Lemma 9.1.
Ko(Of.) = Ko(Ae-)/(id —pf ) Ko(Ae-),
Kl(OiL) =~ Ker(id —p)) in Ko(Ag-).

Proof. Since our C*-algebra O _ is isomorphic to the C*-symbolic crossed product Aga— x o+ Mg+, one has
the six term exact sequence of K-theory ([26], cf. [32], [12]):

id—p}

Ko(Ag-) — Ko(Ae-) —— Ko(OF.)

I !

Kl(O;) (L— Kl(.AQ—) — Kl(Ag—).

id —pj
As Ag- is an AF-algebra, one sees that K;(Ag-) = 0, so that we have the desired formulas. O

The Ky-group Ko(C(Qe-)) of the commutative C*-algebra C(Qg-) is canonically isomorphic to the
abelian group C(Qg-,7Z) of Z-valued continuous functions on Qg-. The correspondence o, ([E!™(€)]) =

XU, induced by (7.5) yields a natural isomorphism

20— (vhse)
Px: Ko(Ag-) — C(Qe-,Z)
between Ko(Ag-) and the abelian group C(Qg-,Z). For w € Qo-, put
r(w) ={w € Q¢- | (w,a,w') € E{_ for some o™ € ©7}.
We then define an endomorphism on C'(¢-,Z) by setting

NNy = Y fW) for fECQe-,Z), w € Q-

w’er(w)

We thus have the following K-theory formulas for O _.
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Theorem 9.2.
KO(O;*) = 0(927 ) Z)/(ld _/\;7*)0(92* ) Z)7
K1(0f) 2 Ker(id—\{_,) in C(Qe-, 7).

Proof. It is easy to see that the diagram

Xi-
C(QE_ ) Z) % C(QS_ ) Z)
commutes. Hence by Lemma 9.1, we get the desired K-theory formulas. 0O

The above K-theory formulas are generalizations of those of the C*-algebras Og¢ associated with A-graph
system £ in [23, Theorem 5.5] (cf. [4]) and the crossed products C(A4) Xos Z of the commutative C*-
algebra C'(A4) on the two-sided topological Markov shifts A4 by the automorphisms ¢% induced by the
homeomorphism of the shift % (cf. [33]).

We will next prove that the groups Ki(O;l ),7 = 0,1 are invariant under properly strong shift equivalence
of the associated symbolic matrix bisystems of the A-graph bisystems (£7, £T) satisfying FPCC. To prove
it we will actually show the following theorem, that was improved by the referee’s kind suggestion. Let
denote the C*-algebra of compact operators on a separable infinite dimensional Hilbert space, and C denote
its diagonal C*-subalgebra.

Theorem 9.3. Let (M~, M) and (N~ ,N'*t) be symbolic matriz bisystems. Let (£, £4,) and (£, LX) be
the associated \-graph bisystems both of which satisfy FPCC. Suppose that (M~, M*) and (N~ ,N) are
properly strong shift equivalent. Then there exists an isomorphism @ : (9;_ QK — (9;_ QK of C*-algebras
M N
such that ®(DY_ ®C) =D ®C. In particular, the C*-algebras OF_ and OF_ are Morita equivalent, so
iy £y £, Iy

N
that their K-groups Ki((’)i", ) and Ki((’)g, ) are isomorphic for i =0, 1.
M N

Proof. We may assume that (£, £},) and (£y, £f,) are properly strong shift equivalent in 1-step. As in
the discussion in Section 6, there exist an alphabet 3, disjoint subsets C, D C ¥ and a bipartite symbolic
matrix bisystem (M~, M™) over ¥ such that

(MEOPZ MOPH) = (M M), (MP97, MPOF) = (W ).

Let (£, £%) be the associated A-graph bisystems to (M~, M*+). We also denote by (£°P~, £6P+) (resp.
(£PC—, €PC+)) the associated A-graph bisystems to (MPP~ MEP+) (resp. (MPC~ MPC+)). By a com-
pletely similar argument to [26, Theorem 6.1], we know that there exist full projections Pc, Pp in the
C*-algebra (’)g_ such that both P, Pp belong to Dg_ satisfying Po + Pp = 1 and

PCO%[ P = ng,, PCD;; P = D;:CDJ
PDO}; Pp Ogmf, PD:D;:{ Pp = ng;

Hence the pair (OF DI ) and (OF DL ) is relative Morita equivalent in the sense of [29].

ecp-’ T gCcD— ¢pc—’ 7 gpCc—
By using [29, Theorem 4.7], there exists an isomorphism ® : OF ®K — Og ® K such that

ilel>l 8DC—
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£CD— eDbC— £CD-’"7 aCD— 2*7 g¢DbC—-7"7 aDC—
we conclude that there exists an isomorphism @ : OJr QKL — O+ ® K such that @(D+ ® C)
M
DY ®C. O
N

®DL,, ®C)=DL . ®C.Since (O DL )= (0% Dl" ) and (OF Dt ):((’)f D'f ),
M

Corollary 9.4. The K-groups KZ-((’);,),Z' = 0,1 of the C*-algebra (9;, of the canonical A-graph bisystem
A A
(L1, SX) of a subshift A is invariant under topological conjugacy of subshifts.

10. A duality: A-graph systems as A-graph bisystems

Let £ = (V,E, ) be a A\-graph system over 3. We will construct a A-graph bisystem (£, £%) from
£ as in Example 3.2 (i). Let us recognize the map ¢ : V. — V as a new symbol written ¢, and define
a new alphabet ¥~ = {i}. The original alphabet X is written XT. Let El+,l+1 = Ej 41 for Il € Z; and
At = X : ET — YT, We then have a labeled Bratteli diagram £t = (V, E* AT) over alphabet X7,
that is the original labeled Bratteli diagram £ without the map ¢ : V" — V. The other labeled Bratteli

diagram £~ = (V,E~, A7) over alphabet ¥~ is defined in the following way. Define an edge e~ € Eq
if L(U§+1) = ol so that s(e”) = vé“,t(e*) = ol and A\=(e7) = ¢ € ¥~. Then we have a labeled Bratteli
diagram £~ = (V, E—, A7) over alphabet ¥~. Then the local property of the A-graph system £ makes the

pair (£7,£%) a A-graph bisystem. This A-graph bisystem does not satisfy FPCC. Let (Inp11, Arig1)iez.,
be the transition matrix system for the A-graph system £ defined in (2.2) and (2.3). The transition matrix
bisystem (A~, AT) for the A-graph bisystem (£7, £1) defined in Section 8 satisfies

A (66 5) = T (4, 9), Al (0 5) = Apiga (i, a, ) (10.1)

foraeXtandi=1,2,....m(), j=1,2,....,m( +1).

Let S,,a € ¥t and EY(B),8 € 7 (vl) be the canonical generating family of the C*-algebra Of_
satisfying the relations (£, £%) in Theorem 8.11. Since X7 (v!) = {1} for all vertices v! € V}, the projection
EY(B), 8 € X7 (v}) may be written E! without the symbol 3. The equalities (10.1) tell us that the relations
(£7,£%) in Theorem 8.11 is exactly the same as the relations (£) in Theorem 2.1. Hence the C*-algebra
Og, coincides with the C*-algebra Qg of the A-graph system £ by their universal properties.

Let us consider the other C*-algebra Oy, . Then by Theorem 8.8 together with (10.1), the C*-algebra
is generated by one coisometry 7, and a family of mutually commuting projections E' (), u € P(vh),i =

1,2,...,m(l), l € Z, satisfying the following relations:

m(l)
TTr =Y > Ef(w=1, (10.2)

=1 peP(v})

m(l+1)
Ezl+(M) = Z Z Al,l+1(ivaaj)E;+1+(Ma)’ (103)

acey j=1

m(i+1)

TrEN (T, =Y > L6, 5)EN  (ap). (10.4)
aey j=1

By (10.4) with (10.2), we have

m(l+1) m(l)

T*T, = Z Z T*E™ (i Z ZI”HZJ SN B (ap)

=1 peP(v O‘GE/,LEP(U)
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Under the condition I; ;41 (4, §) = 1, the local property of A-graph bisystem ensures us

{ap € Biia(Ag+) | p € P(v)),a € B} = P(uj™),

so that the equality

Il,z+1(i7j)z Z ES T (ap) = Ly (6, ) Z B (v)

a€X e P (v)) veP(vith)

holds. As for each j = 1,2,...,m(l + 1), there uniquely exists i = 1,2, ...,m(l) such that I; ;41(¢,5) = 1, so
that Y1 0 I;1+1(7,7) = 1. Hence we have

m(l+1) m(l) m(l+1)
oD Dunli) Yy, Y Efew= ) Y B =1,
j=1 =1 aeEHEP(Ué) Jj=1 VEP(U;+1)

so that T, is a unitary.
Recall that the C*-subalgebra D, of O, is generated by the projections of the form

T"ES (u)Tr, peP@),n=0,1,2,...,i=1,2,....,m(), l € Z.

It is canonically isomorphic to the commutative C*-algebra C'(X 4. ) of continuous functions on X ¢, through
the correspondence

Pet+ ! TLnEf—i_( )T*n € Dg+ — XUX, (em,0bp) € C(X£_+)
ot

as in Lemma 7.6 for X, (Note that Lemma 7.6 treats Xg,). Hence we know the following lemma.
Lemma 10.1. The isomorphism g+ : Dg, — C(X gy ) satisfies pe+ o Ad(T)) = 041 o pe+ where 0, :
C(Xgy) — C(Xgy) is defined by o5 (f) = foogt for fe C(Xgy).

Proof. The C*-subalgebra Ag+ of O, generated by mutually commuting projections EZI»"'(/L), we P(vé) is
isomorphic to the commutative C*-algebra C'(Qg+) of continuous functions on the compact Hausdorff space
Q¢+ defined in Section 7. Now the A-graph bisystem (£, £%) comes from a A-graph system £. Hence the
compact Hausdorff space X is given by in this case

XE_A— :{(L7wi)?il € H(27 x Q£+) | wi = (a—i-i-lvu;‘)?il € Q£+7i =1,2,...,

i=1

(W', 1, wt) € Egi=12,..., (W, 1, wl) € Eg, for some W € et}
Let og+ : Xg — X, be the shift map defined by oo+ ((1,w")2;) = (t,w )2, As w' = (@_ip,u))i2, €
Qe+,i=0,1,2,... and L(uﬁ_‘i) =ul,l=0,1,...,i=1,2,..., we know that (L,wl+1)i:1 uniquely determines
(t,w")$2, as in the diagram below, so that the shlft map og+ : Xo — X, is actually a homeomorphism
on X

ot
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a1 a2 a3
u8 u(l) Ug wo
L L L
@ [S28 a2 a3
ué u% u% U% wl
L L L L
9 a_1 2 o 2 (e %} 2 a2 2 a3 2
Ug uy Uy U3z Uy w

—
.
.
<
.
.

Q
o
—=w
P
—
w
Q
S
w
Q
w
Q
»
w
Q
@
w

As
UE-F(XUX, (L",vi;,u,)) = XUX, (L"*l,vi;,u,) for n >1
e+ et
and
m(l+1)
e Xu,— otiw) =2 2 X am
et aey j=1

we conclude that pe+ o Ad(T)) = 0. o @e+ because of the relation (10.4). O

By their universal properties of both the algebra O, and the crossed product C(Xg,) Xox, L by the
automorphism o, of C(Xg,), we know that Og, is isomorphic to C'(Xg,) Mo, Z. Thus we have the
following proposition.

Proposition 10.2. Let £ be a left-resolving A-graph system over .. Let (£7,£7) be the associated \-graph
bisystem. Then we have

(i) The C*-algebra Of_ is canonically isomorphic to the C*-algebra Og of the original A-graph system £.
(ii) The C*-algebra Oy, is canonically isomorphic to the crossed product C(Xg,) Xgx Z.
et

Let A be an N x N irreducible non-permutation matrix over {0,1}, and A4 denotes the shift space of
the two-sided topological Markov shift (A4, 0 4) defined by the matrix A as in (2.1). Let Iy be the N x N
identity matrix. Then the pair (I, A) naturally yields a symbolic matrix system and hence a symbolic
matrix bisystem whose A-graph bisystem is denoted by (£}, EX). Then we have

Corollary 10.3. The C*-algebra O+_ is isomorphic to the Cuntz—Krieger algebra O, whereas the other
C*-algebra (9):+ is isomorphic to the C’* algebra of the crossed product C(Aa) X o+ Z of the commutative C*-

algebra C(A4) of complex valued continuous functions on the two-sided shift space A4 by the automorphism
induced by the homeomorphism o4 of the shift on A 4.

Let (£7, £7) be a A-graph bisystem. As seen in the construction of the C*-algebra (93, , the C*-subalgebra
Ag- generated by the projections Eéf(f),f € F(v!) is isomorphic to the commutative C*-algebra C(Q¢-)
whose character space ¢ L, consists of infinite labeled paths of the labeled Bratteli diagram £7. Since the
matrix A;le(z', a, j) for vt € Vj, j+ € Viy1,a € X7 in the operator relation (8.9) is the structure matrix
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of the other Bratteli diagram £, the operator relation (8.9) of (’)z, tells us that the Bratteli diagram £T
“acts” on Qg¢-. We actually see that p, for a € X7 defined in (8.1) gives rise to an endomorphism on
C(Qg-). This means that the C*-algebra O may be regarded as the one constructed from an action of
£71 onto £7. From this view point, the other C*-algebra O, may be regarded as the one constructed from
an action of £~ onto £T. This observation says that the two C*-algebras O

and O, are obtained from
the labeled Bratteli diagrams £~ and £ by exchanging its roles of the action and the space, respectively.
In this sense, one may consider that the two C*-algebras (91:, and Og, have a “duality” to each other.
Therefore Corollary 10.3 shows us that the pair of the Cuntz—Krieger algebra Q4 and the crossed product
C*-algebra C(Aa) Xo+ Z is regarded as a “duality” pair.

More precisely, our definition of “duality” in this setting is the following.

Definition 10.4. Let G1, G> be amenable and étale groupoids such that their unit spaces g{ol g§°) are totally
disconnected compact Hausdorff spaces. The pair (C*(G1), C(gf”)) and (C*(G2), C’(ggo))) of the C*-algebras
of the étale groupoids Gy, Gs and their commutative C*-subalgebras of its diagonals C’(g?)) and O(g§°>) is
said to be a duality pair if there exists a A-graph bisystem (£, £7) such that there exist isomorphisms ®; :
C*(G1) — OF_ and By : C*(Gs) — O, such that &, (C(G\")) = C(X}1.) and ®2(C(G)) = C(X g, ),
that is

(C*(G1),C(G") = (0L, DE ), (C*(G2),C(G")) = (0%, Dgy). (10.5)

In other words, the condition (10.5) is equivalent to the condition that the groupoids Gy, Gs are isomorphic
to g;{, ;G as étale groupoids, respectively when the groupoids Gi, G, g;ﬁ ;G are all essentially principal
(Renault [35, Proposition 4.11]).

Let A be an N x N irreducible non-permutation matrix over {0,1}. Let D4 be the commutative C*-
subalgebra of diagonal elements of the canonical AF-algebra inside the Cuntz—Krieger algebra Q4. The
subalgebra D, is isomorphic to the commutative C*-algebra C(AY) of the right one-sided shift space AT
of Ay. As a result, we have the following corollary of Proposition 10.2 by the discussion of this section.

Corollary 10.5. The pair (Oa,Da) and (C(Aa) Xo+ Z,C(Aa)) is a duality pair in the above sense.
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