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1. Introduction

Let M = (M,d) be a metric space and let (F),),cz be a sequence of maps acting on M. Given ¢ > 0, a
sequence of points (y,)nez of M satisfying

A(Yn+1, Fr(yn)) < § for every n € Z, (1)

is said to be a J-pseudotrajectory for the nonautonomous dynamics given by
i1 = Fp(zn), mEZ. (2)
We say that the system (2) has the shadowing property if for every € > 0 there exists § > 0 such that for

any d-pseudotrajectory (yn)nez of (2), there exists a sequence of points (2, )nez in M satisfying (2) such
that
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d(xp,yn) < € for every n € Z. (3)

In other words, any pseudotrajectory can be approximated (in the sense of (3)) by a true trajectory.

The shadowing property has proved to be a very powerful tool in many situations as, for instance, when
dealing with problems concerned with topological stability and construction of symbolic dynamics (see [8]).
Consequently, the problem of describing classes of systems that exhibit this property turned out to an
important direction of the research in the field of dynamical systems.

Based on works of Poincaré and its predecessors, Smale [24] introduced in the 60’s the notion of (uniform)
hyperbolicity in order to provide a mathematical framework for the rigorous study of dynamical systems that
exhibit sensitive dependence on initial conditions. It turns out that uniformly hyperbolic dynamical systems
(both with discrete and continuous time) have the shadowing property [2,8]. In fact, it was shown that in
certain settings, the notions of hyperbolicity and (Lipschitz) shadowing are actually (almost) equivalent.
Indeed, Pilyugin and Tikhomirov [22] proved that a diffeomorphism on a compact Riemannian manifold
M has the so-called Lipschitz shadowing property if and only if it is structurally stable. While structurally
stable diffeomorphisms are not necessarily Anosov (i.e. uniformly hyperbolic on entire M), it should be
noted that they exhibit uniform hyperbolicity on the set of nonwandering points. A similar result to that
in [22] but dealing with the nonautonomous linear dynamics was established in [4, Proposition 3]. Indeed,
it was proved in [4] that if M is a finite-dimensional Banach space and if maps F;, are linear then (2) has
the Lipschitz shadowing property if and only if it admits an exponential trichotomy (which means that it is
hyperbolic on both Z* and Z~, although not necessarily on entire line Z). It turns out that the situation in
the infinite-dimensional setting is much more complicated. Indeed, in [5] the authors deal with the situation
when M is an infinite-dimensional Banach space and consider the autonomous setting when F,, = A for
n € Z, where A is some invertible bounded linear operator on M. They give explicit examples in which A
is not hyperbolic but (2) nevertheless has the shadowing property.

Our objective in this paper is study the shadowing property beyond (uniform) hyperbolicity in the
nonautonomous context. To this end, we look at partially hyperbolic systems. A first observation is that one
cannot expect to recover the shadowing property, at least in its full strength, for general partially hyperbolic
systems. In fact, it was observed in [7] that the shadowing property is not verified (not even generically) for
partially hyperbolic diffeomorphisms which are robustly transitive (see also [1,25] for examples of some large
classes of non-uniformly hyperbolic systems that do not satisfy the shadowing property). On the other hand,
as we are going to see in the sequel, it is possible to get a weaker version of the shadowing property called
quasi-shadowing. In the terminology of the above paragraphs, we say that (2) has the quasi-shadowing
property if for every € > 0 there exists 6 > 0 so that for any d-pseudotrajectory (yn)ncz there exists a
“quasi-trajectory” (x,)nez of (2) satisfying (3). By (z)nez being a quasi-trajectory of (2) we mean that it
is a trajectory of the system up to moving it by a small factor in the central direction, i.e. x,,41 is obtained
from F,(z,) by shifting it by a small factor in the central direction (precise definitions are postponed to
Section 3.1).

The notion of quasi-shadowing has already been explored for some classes of partially hyperbolic systems.
For instance, in [6,10,15,16,26] versions of the quasi-shadowing property were established for partially hy-
perbolic diffeomorphisms acting on compact manifolds. More recently some of these results were extended to
partially hyperbolic flows [17]. In this work, we deal with not necessarily invertible nonautonomous dynamics
acting on infinite dimensional spaces. More precisely, starting with a linear dynamics

Tm+1 = AnTm mEZ, (4)
where the sequence (A;,)mez admits a partial dichotomy, we prove that a small nonlinear perturbation

of (4) has the quasi-shadowing property. We also obtain a continuous time version of this result. Moreover,
our general approach using Banach sequence spaces allows us to get various versions of the quasi-shadowing
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property, meaning that the error allowed in the pseudotrajectory (1) and in the “shadowing” given by (3)
can be taken to be small according to various norms (such as [ norm or the ¢y norm), simply by taking the
appropriate sequence space (see Remark 5). As an application of our main result we prove that a certain
class of partial dichotomic sequence of linear maps is stable up to moving it in the central direction (see
Section 4). The proof of our main result has an analytic flavor and consists basically of showing that a
certain operator is a contraction when acting in an appropriate space. Then, using the fixed point of this
operator we are able to construct the quasi-trajectory we are looking for. These arguments are inspired by
our previous work on nonautonomous shadowing [3,4], which in turn are inspired by some classical analytic
approaches to shadowing [11,18].

2. Preliminaries
2.1. Banach sequence spaces

In this subsection we recall some basic definitions and properties from the theory of Banach sequence
spaces. The material is taken from [12,23], where the reader can also find more details.

Let S(Z) be the set of all sequences s = (s, )nez of real numbers. We say that a linear subspace B C S(Z)
is a normed sequence space (over Z) if there exists a norm ||-||z: B — RJ such that if 8’ = (s/),ez € B
and |s,| < |s},| for n € Z, then s = (sp)nez € B and ||s||p < ||s'||5. If in addition (B, ||-||5) is complete, we
say that B is a Banach sequence space.

Let B be a Banach sequence space over Z. We say that B is admissible if:

1. X{n} € B and ||x{n}]|B > 0 for n € Z, where x4 denotes the characteristic function of the set A C Z;
2. for each s = (sp)nez € B and m € Z, the sequence s™ = (s7"),,cz defined by s = s, belongs to B
and [|s™(|p = s 5.

Note that it follows from the definition that for each admissible Banach space B over Z, we have that
Ix{nillB = lIx{0yl|B for each n € Z. Throughout this paper we will assume for the sake of simplicity that
Ix{oyllB = 1.

We recall some explicit examples of admissible Banach sequence spaces over Z (see [12,23]).

Example 1. The set

> = {s = (Sp)nez € S(Z) : sup|s,| < oo}
neZ

is an admissible Banach sequence space when equipped with the norm ||s|| = sup,,cz|sn|-

Example 2. The set

co = {s = (Sn)nez €S(Z) : lim |s,| = 0}

|n]—
is an admissible Banach sequence space when equipped with the norm ||-|| from Example 1.

Example 3. For each p € [1,00), the set

P ={5= ez € 5@): Llsal < o0}

nezZ
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is an admissible Banach sequence space when equipped with the norm

nﬂ=(§]mﬂvé

nezZ

Example 4 (Orlicz sequence spaces). Let ¢: (0,+00) — (0,+00] be a nondecreasing nonconstant left-
continuous function. We set 9(t) = fot ©(s)ds for t > 0. Moreover, for each s = (sp)nez € S(Z), let

M(s) =3 ez ¥(|snl)- Then
B = {s € S(Z) : My(cs) < +oo for some ¢ > 0}
is an admissible Banach sequence space when equipped with the norm
[s|| = inf{c > 0: My(s/c) < 1}.
2.2. Banach spaces associated to Banach sequence spaces

Let us now introduce sequence spaces that will play important role in our arguments. Let X be an
arbitrary Banach space and B any Banach sequence space over Z with norm ||-|| 5. Set

Xpi= {x = (@n)nez € X s (nlhucz € B .
Finally, for x = (2p)nez € Xp we define

1%l := l(lznlDnezll 5. (5)
Remark 1. We emphasize that in (5) we slightly abuse the notation since norms on B and Xp are denoted
in the same way. However, this will cause no confusion since in the rest of the paper we will deal with spaces

XpB.

Example 5. Let B = [*° (see Example 1). Then,

Xp = {x = (n)nez C X : supl|z,|| < oo}.
neZ
The proof of the following result is straightforward (see [12,23]).
Proposition 1. (Xg, ||-||5) is a Banach space.
2.8. Partial dichotomy

In this subsection we introduce the concept of partial dichotomy as well as some related notation.
Let (Am)mez be a sequence of bounded linear operators on X. For m,n € Z, set

Ap1--- A, ifm>n,
A(m,n)z{ 1 iftm>n

Id if m=n.
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We say that the sequence (A,,),cz admits a partial exponential dichotomy if there exist projections P¢ for
n € Z and i € {1,2, 3} satisfying

Pl +P2+Py=1d, A,P)=P. A, (6)
for n € Z and i € {1, 2,3} such that the operator
Aplimpz: Im P} — Im P2,

is invertible for n € Z and there exist constants D, b,d > 0 such that

[A(m,n)PY|| < De=4m=") for m >n (7)
and
| A(m,n)P2|| < De =™ for m < n, (8)
where
A(m,n) = (A(n,m)|mmp,) " : Im P> — Im P2,
for m < n.

Remark 2. We note that the classical notion of an exponential dichotomy is a special case of the notion of
partial exponential dichotomy and corresponds to the case when P3 = 0 for n € Z.

Remark 3. The above introduced notion of a partial exponential dichotomy is inspired by the classical
notion of a partial hyperbolicity introduced by Brin and Pesin [9]. However, we stress that in contrast to
the notion of the partial hyperbolicity, we don’t require that the rate of the contraction/expansion of vectors
in Im P3 by the action of the dynamics forward in time is dominated by the contraction along Im P} or by
the expansion along Im P2. In fact, we made no assumption about the asymptotic behavior of the dynamics
along Im P3.

Given a partially dichotomic sequence (A, )mez, for n € Z we set

E::=ImP!, E*:=ImP?and ES :=Im P3.

Moreover, we also introduce X]sg’" as a subspace of Xp that consists of all x = (z,),cz € Xp such that
z, € E3" := E2 @ EY for each n € Z. Obviously, X;“ is closed. Similarly, we consider

Xg:={x= (tn)nez € Xp: 2, € E; for n € Z}.
Again, X§ is a closed subspace of Xp. Observe that each x = (z,,)necz € Xp can be written uniquely as
X = x° + x5
where x¢ € X§ and x5* € X3". Indeed, x° = (25)nez and x5" = (25%),cz are given by
forn € Z.

c __ 3 s, U __ c
xy, =Prx, and )" =z, —x,,
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We also introduce an adapted norm ||-||’z on X defined by
Ixls = max{||x|| 5, [x**[| 5}, for x € Xp.
Lemma 1. We have that

Ixls < Il <2|xl5p, forxe Xp. 9)

1+2D

Thus, the norms ||-||g and |||’z are equivalent.
Proof. Observe that
Iz =%+ x|z < [Ixl|5 + [x*“| 5 < 2[x]5-

On the other hand, we first note that it follows from (7) and (8) that |P.|| < D for n € Z and i = 1,2.
Thus,

IP}|| = |1d = P, = P7| <1+42D forne€Z,
and consequently

2]l < (1 +2D)[lan| and  [la3"]] < 2D[[xn ],
for n € Z and x = (2, )nez € Xp. It follows that

%Iz < (1+2D)|Ix[lp and |[x**|p < 2D|x||5-
Therefore
x|z < (1+2D)]x| 5,
and the proof of the lemma is completed. O
3. Main result
3.1. Setup
Let B be an admissible Banach sequence space, X a Banach space and (A4,,)mcz a sequence of bounded

linear operators on X that admits a partial exponential dichotomy. Furthermore, let f,: X — X, n € Z,
be a sequence of maps such that there exists ¢ > 0 satisfying

[fn(@) = @)l < cllz —yll, (10)

for each n € Z and z,y € X.
We consider a nonautonomous and nonlinear dynamics given by

Tni1 = Fp(zn), mEZ, (11)

where
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F,:= A, + fo.

Let us now recall some notation introduced in [3]. Given 6 > 0, a sequence (Y )necz C X is said to be an
(6, B)-pseudotrajectory for (11) if (ypt1 — Frn(Yn))nez € Xp and

||(yn+1 - Fn(yn))neZHB < 0. (12)

Remark 4. When B = [ (see Example 1), condition (12) reduces to

SupHyn-i-l - Fn(yn)H <.
neZ

The above requirement represents a usual definition of a pseudotrajectory in the context of smooth dynamics
(see [20,21]).

We say that (11) has an B-quasi-shadowing property if for every e > 0 there exists § > 0 so that for every
(0, B)-pseudotrajectory (yn)nez, there is a sequence z = (2, )nez € Xp with ||z||’5 < e such that for every
n €,

Tpt1 = Fo(zn) + Zrcz+1a (13)

where z,, = y, + 22", Observe that, in particular, 2,41 is obtained from F,,(z,) by moving it by a factor
smaller than € in the central direction and, moreover, ||(z,)nez — (YUn)nezllp < €. Informally, (2, )nez is a
“quasi-trajectory” of (11) that “shadows” (yn)nez. Furthermore, if there exists L > 0 such that ¢ can be
chosen as 6 = Le, we say that (11) has the B-Lipschitz quasi-shadowing property.

8.2. Quasi-shadowing for perturbations of partial dichotomic sequences
We start with an auxiliary result which is a straightforward consequence of Theorems 1 and 2 of [4].

Theorem 1. Assume that a sequence (Ay,)mez 8 partially dichotomic and let B be an arbitrary admissible
Banach sequence space. Then, there exists an operator A>": X" — X" with the property that for x =
(n)nez, Y = (Yn)nez € X5, the following properties are equivalent:

1. A%%y =x;
2. for eachn € Z,

LTy — An—lxn—l = Yn-

In fact, A>" is given by

(ASy)y = > Al m)Phym — > Al m) Py,

m=—o00 m=n-+1

forneZ andy = (Yn)nez € X5".
Let us consider the operator G: Xp — Xp given by
Gx = —x¢ + A S UxSU

By ||G|| we will denote the operator norm of G induced by the norm ||-||’z on Xp.
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Theorem 2. Assume that

4¢D(1 4 2D)||G| < 1.
Then, the system (11) has the B-Lipschitz quasi-shadowing property.
Proof. Set

(S = gn-1(24),
for n € Z and x = (z,)nez € Xp, where g, : X — X is given by

gn(@) = fn(@ 4+ yn) = fu(yn) + Fn(yn) — Yn1.
Furthermore, let
d(x) =GS(x), x€ Xp.

It follows from (10) that for x = (zn)nez and z = (2,)nez in Xp and n € Z, we have

[ (yn +23%) = fu(yn + 27°)|| < cllay™ — 23]
= cl|(Py + P3)(@n — zn)

< 2¢D||xy — 20|,
and hence
1S(x) = S(z)|lp < 2¢D|x — 2|5

Consequently, (9) implies that

15(x) = S(2)|p < 4eD(1 +2D)|x — 2|5,
and therefore

[B(x) — D)}y < 4eD(1 +2D) G| - |x — 25, for x,7 € Xp.

On the other hand, observe that

15(0)[I5 < (14 2D)[[S(0)[5 < (1+2D)s,
and therefore using (15) we have that

[2x)l5 < [|2(0)|5 + [|(x) — 2(0)[I5
< (1+42D)||G|| + 4eD(1 + 2D)||G|| - [|x||'5-
We conclude that by setting

5 _ 1=4cD(1+2D)||G|
(1+2D)[G|l

(15)
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and
D(0,e) == {x € Xp : |x|[p <},
we have that
®(D(0,¢)) C D(0,¢).

This together with (14) and (15) implies that ® is a contraction on D(0,¢). Hence, there exists a unique
z € D(0,¢) such that ®(z) = z, that is, GS(z) = z. Letting w = S(z), we have that

—w° + AW =z
This in particular implies that —w® = z°. Moreover, Theorem 1 implies that for each n € Z,

Zn twy — Ap1(zn1 +wy 1) = 20 — 2 = An—1(2n-1 — 25 1)

which easily implies that
yn + 2" = zp + Fooa(yn-1 + 275, (16)
for each n € Z. We define x = (zy,)ncz by
Tp =Yn+2", nEL.

Then, it follows from (16) that (13) holds. Consequently, since ||z||z; < €, we conclude that (11) has the
B-Lipschitz quasi-shadowing property. O

In the sequel, we will also need the following lemma.
Lemma 2. Assume that (14) holds and let L > 0 be the constant given by the B-Lipschitz quasi-shadowing

property. Given € > 0, take 6 = Le and fix a (8, B)-pseudotrajectory (yn)nez of (11). Suppose that z =
(zn)nez € XB is a sequence with ||z||z < € which satisfies

Tp+1 = Fn(-rn) + Z7cz+1’

for every n € Z, where x,, = yn, + 25", Then, z = (zn)nez s a fized point of the operator ® introduced in
the proof of Theorem 2.

Proof. We start observing that

and
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_ c S,
=Tn — 2y — Anflzn_l —Un

s,u

_ ER)
=z,

c
—Zn An—lzn—l'

Consequently,

(_S(Z)C)n = (Zsyu - Zrcz - An—lzifl)c

n

__ .C
- Zn7

for n € Z. Hence, by using Theorem 1, we have that

>
@
<
—~
n
~
N
-
]
S
S—
=
3

= > An,m)PL(S@) " )m — Y Aln,m)PL(S(2)*")m

m=—o0 m=n+1
n o)
= 3 A m)( — Amrzh) = > Al m)(el — A2ty
m=—oo m=n+1
=2+ 2
— SS5u

for n € Z. Therefore, ®(z) = z and the proof of the lemma is completed. O

Corollary 1. Suppose that (14) holds. Then, the sequence z = (2, )nez given by the quasi-shadowing property
1S unique.

Proof. From Lemma 2 we know that any sequence z = (2, ),ez given by the quasi-shadowing property is a
fixed point of the operator ®. Consequently, since ® is a contraction on D(0,¢) = {x € Xp : |x||5 < &} its
fixed point is unique in D(0, ), and the desired conclusion follows. O

In the case when the sequence (A,,)mez admits an exponential dichotomy we can say more. More
precisely, we have the following result first established in [4, Theorem 4.].

Corollary 2. Assume that the sequence (Apm)mez admits an exponential dichotomy and that (14) holds. Then,
there exists L > 0 with the property that for each € > 0 and every (J, B)-pseudotrajectory y = (Yn )nez with
0 = Le, there exists a solution X = (xy)nez of (11) such that ||x — y||s < . Moreover, x is unique.

Proof. The desired conclusion follows directly from Theorem 2 and Corollary 1 taking into account that
E¢={0}forneZ. O

Remark 5. Observe that our general approach allows us to get various versions of the quasi-shadowing
property simply by considering different types of Banach sequence spaces. For instance, by taking B = [*°
as in Example 1 we get a quasi-shadowing version of the usual shadowing property. By taking B = [P
as in Example 3 we get a quasi-shadowing version of the [P-shadowing property. By taking B = ¢y as in

Example 2 we get a quasi-shadowing version of the asymptotic shadowing property and so on.
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4. Quasi-stability of partially dichotomic sequences

As an application of our results in this section we prove that, up to moving it in the central direction,
a class of partially dichotomic sequences of linear operators acting on an arbitrary Banach space is stable
under nonlinear perturbations.

We say that a sequence (A, )mez of bounded and invertible linear operators on X admits a strong partial
exponential dichotomy if there exist projections P! for n € Z and i € {1,2, 3} satisfying (6) and there exist
constants

D>0, 0<a<b and 0<c<d,
such that (7) and (8) hold and, in addition,

| A(m,n) P3| < De*™ =™ for m > n, (17)
and

| A(m,n)P3|| < Dec™™™)  for m < n,
where

A(m,n) = (A(n,m))"t, form < n.

Let (A;,)mez be a sequence of bounded and invertible linear operators on X that admits a strong partial
exponential dichotomy. Furthermore, assume that

sup {[[ A, | 4711} < oo
meZ

Associated to these parameters by Theorem 2 (applied to B = [*° and f,, = 0), consider € > 0 sufficiently
small and § = Le > 0. Let (f»)necz be a sequence of maps f,: X — X satisfying (10) with ¢ sufficiently
small and such that

| frllsup < 6 for each n € Z,
where for a map g: X — X we set
9llsup := sup{[lg(2)|| : € X}.
We consider the difference equation

Yn+1 = Fn(yn)a nez, (18)

where F,, := A, + fn. By decreasing c (if necessary), we have that F;, is a homeomorphism for each n € Z
(see [3]). Then, we have the following result.

Theorem 3. There are continuous maps hpy,: X = X and 7, : X — EF,,

m € Z, such that for each m € Z,
hmy10Fpm = Apohy +Tmi10Fpy (19)

with
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1 = 1d||sup < € and |7 [|sup < €. (20)
Moreover, hy,(z) —x € ES" for allm € Z and x € X.

Recall that the nonautonomous systems @11 = Am@m, m € Z, and zpy1 = Fip(2,), m € Z, are said
to be topologically conjugated if there exists a sequence of homeomorphisms (A, )mez such that

himy1 0 By = Ay 0 by, for every m € Z.

Moreover, a system is said to be stable if it is topologically conjugated to any small (according to some
appropriate topology) perturbation of itself. So, what Theorem 3 is saying is that, under the previous
assumptions, the system z,,11 = Apxm, m € Z, is quasi-stable: it is stable except for a small deviation in
the central direction (the “7,,41 o F,,” part in (19)) and the fact that the maps h,, are only continuous.

Proof. Let us fix m € Z. Given y € X, we consider the sequence y = (yn)nez given by y, = F(n,m)y for
n € Z, where

Fn—10-~-oFm 1fn>m,
F(n,m)=<1d if n=m,

Flo...oF 1 ifn<m.

Then, y is a solution of (18). Moreover,
SUp|[ynt1 = Anynll = sup|| fn(yn)ll < 0.
neZ nez

In particular, y = (yn)nez is a (6,1°°)-pseudotrajectory for the difference equation
Tnt1 = Apyn, n€ELZ.

Hence, it follows from Theorem 2 (applied to the case when B = and f,, = 0) and Corollary 1 that there
is a unique sequence z = (2, )nez with ||z||’s < e such that

Tpp1 = Aptp + 2, forneZ,

where z, =y, + 25", Set

and

Tm(Y) = Tm(Ym) = 25,
It is easy to verify that (19) holds. Since ||z||’z < €, we conclude that (20) holds. Moreover, by definition,
hm(y) —y = 25" € B for every y € X.
It remains to show that h,, and 7, are continuous maps for every m € Z. For the sake of simplicity we
deal with the case when m = 0. The argument for m # 0 is completely analogous. Let ® : Xgp — Xp be
the operator introduced in the proof of Theorem 2 associated to the sequence y = (yn)necz. We recall that

D(z) = z.
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By recalling the definition of h,, and 7,,, the above equality can be rewritten as

Consequently, from the definition of ® and Theorem 1 we obtain that

(hm(ym) —Ym + Tm(ym))mEZ
= O((hon (Ym) — Ym + T (Ym) ) mez)

— ( — (gm_l(hm_1(ym—1) - ym—l))c

+ Z A(m, k)Pl gr—1(hr—1(Yk—1) — Yr—1)

k=—o0

- Z A(m, k)P gi—1(hi—1(yr—1) — yk—1)> .
k=m+1 meZ

In particular, since hy, (Ym) — Ym € EZ™ and 7, (ym) € ES,, it follows that

m?

Tm(ym) = 7(gm—1(hm—1(ym—1) - ym—l))c
and consequently, 7, is continuous whenever h,,,_1 is. So, all we have to do is to prove that hg is continuous.
Let (w));jen be an arbitrary sequence in X converging to yo € X with [|w) — yo|| < € for every j € N.

If ho(w?) EiniaN ho(o) then we are done. So, let us assume that ho(w?) - ho(yo). In particular, restricting

ourselves to a subsequence, if necessary, we may assume that Hho(wg) — ho(yo)|| > 4 for every j € N and
some 7y > 0. Thus,

1(ho(yo) = yo) = (ho(wg) — w)ll = I (ho(yo) — ho(w))) + (wg — yo) | > 3y

for every j > 0. Consequently, recalling that ho(yo) — yo € ES" and ho(wl) — w) € ES™ for every j, it
follows that

1(ho(yo) — ho(w))>™ + (w — yo) >l
= I ((ho(yo) = ho(wd)) + (wh = v0)) " |

= [|(ho(yo) — ho(w})) + (w) — yo)[| > 3v

for every j > 0 and thus, since ||w6 — 9o/ = 0 when j — 400, we have that

1(ho (o) — ho(wg))™™|| > 2y

for every j > 0. In particular, restricting our selves to a subsequence, if necessary, we may assume that

1(ho(yo) — ho(wg))*| > 7 or [|(ho(yo) — ho(wg))"|l >~

for every j € N. Suppose we are in the second case.
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For every j € N, let (w/,),,cz be the sequence given by wi, = F(m, O)wg. From the continuity of F,, it
follows that for every j € N there exists N; € N so that ||y, —w?,|| < e for every |m| < N;. Moreover, N;
can be taken so that N; — oo when j — oo.

Now, on the one hand, using (19) we have that for every m € N,

Vo (i) — P ()| = H“‘“m’ 0) (o (o) — ho(ud)) + 3 A(m, i) (ri(as) — n(wz'))H.
=1

Consequently, for every m € N, we have that (using (7), (8) and (17))
1 (ym) = P (03, )

> 11A(m, 0) (ho(yo) — ko)) — || 3 A(m, i) (ra(as) — ﬂ-(wf))H

=1

> L A(m, 0) (ho(yo) — ho(wg))" || — | A(m, 0) (ho(yo) — ho(wp))” |

A 0)Cha(on) = holur))1 = | S Abm, )5t = )|

> e (hofuo) — o))"l = De= ™| (ho(yo) — ho(wd))'|

— De"™||(ho(yo) — ho(wd))| = D De*™ D mi(yi) — mi(w])].

i=1

Recalling that ho(w}) = wj + (25)>" with |(25)%*|] < ¢ for every j € N and that (w});en converges to
Yo, we conclude that [ho(yo) — ho(wp)| is uniformly bounded. In particular, there exists C' > 0 so that
[(ho(y0) = ho(wp))*|l < C and |[(ho(yo) — ho(wp))|| < C for every j € N. Moreover, since ||(ho(yo) —
ho(wd))™|| > ~v and ||7:(y;) — 7 (w)) || < |73 (i) || + |7 (w])|| < 2e, it follows from the previous expression that

» 1
| (Ym) — B (w],)]] > Eebmfy — De™ MO — De*™C — mDe™2e,
for every m € N and j € N. Thus, since b > a, there exists mg € N so that for every m > my,

1o (Y ) = P (w3, || > 10e
for every j € N. Fix j > 0 such that N; > mg. In particular,
lh, (yn,) = v, (wy, )| > 10e. (21)
On the other hand, by the choice of N; we have that

1 (Ym) = B (W)L < Mo (Y ) = Y|+ 1y — wiy |
+ [[wh, = b (w],) |
<ete+e
= 3¢,

for every |m| < N;. This together with (21) yields a contradiction. The case when ||(ho(yo) — ho(w)))®|| > ~

for every j € N can be treated analogously by taking backward iterates. Consequently, ho(wg) 222 ho(yo)
and hg is continuous as claimed. 0O
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Remark 6. Assuming X is finite dimensional one can easily see that the maps h,, given by the previous
theorem are surjective. In fact, in this setting, any bounded continuous perturbation of the identity is
surjective. Indeed, let h : X — X be a continuous map so that ||h||sup < N, where N > 0. We are going
to observe that Id + h is surjective. Given y € X let us consider the continuous map H : X — X given by
H(z) = y—h(x). Since h is bounded by N, it follows that H maps the closed ball of radius N around y into
itself. Consequently, by Brouwer’s fixed point theorem, H has a fixed point inside that ball. In particular,
there is © € X so that H(x) =  which is equivalent to « 4+ h(x) = y proving that Id + & is surjective.

Remark 7. In the case when P2 = 0 for n € Z (i.e. when (A;,)mez admits an exponential dichotomy),
we have that 7, = 0 and that h,, is a homeomorphism for each m € Z (see [3, Theorem 5]). Hence, in
this setting, Theorem 3 essentially reduces to the so-called nonautonomous Grobman-Hartman theorem
first established (for finite-dimensional and continuous time dynamics) by Palmer [19]. For some new re-
sults related to nonautonomous linearization devoted to the situations when conjugacies h,, exhibit higher
regularity, we refer to [13,14] together with the discussion and references therein.

5. The case of continuous time

We consider a nonlinear differential equation
o' = A(t)x + f(t,2), (22)
where A is a continuous map from R to the space of all bounded linear operators on X satisfying

N = sup|A(t)]| < oo,
teR

and f: R x X — X is a continuous map. We assume that f(-,0) = 0 and that there exists ¢ > 0 such that
[f(t,z) = ft,y)ll <clle —yl| forteR and z,y € X.
We consider the associated linear equation
= At)z. (23)

Let T'(t,s) be the (linear) evolution family associated to (23). We will assume that (23) admits a partial
exponential dichotomy, i.e. that there exists a family of projections Pi(s), i € {1,2,3}, s € R on X satisfying

Pl(s) + P%(s) + P3(s) =1d, T(t,s)P(s) = P'(t)T(t,s),
for t,s € R, i € {1,2,3} and there exist constants D,b,d > 0 such that
|T(t, s)P (s)|| < De~4*=%) fort>s
and
|T(t, s)P2?(s)|| < De *= for t < s.

We recall that the nonlinear evolution family associated with (22) is given by

t

Ul(t,s)x =T(t,s)x + /T(t, ) f(r,U(r, s)x)dr,

S
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for x € X and t,s € R. Furthermore, set

n+1
fulz) = / Tn+1,7)f(r,U(r,n)x)dr, forxz e X and n € Z.

n

Finally, let
Ap,=T(n+1,n) and F,=A,+ fn,=U(n+1,n), (24)

for n € Z. We observe that the sequence (A, ),cz admits a partial exponential dichotomy. Finally, we recall
the adapted norm ||-||’, that corresponds to B = [*° (see Example 1). In addition, in this case we will denote
Xp by Xeo.

The following is the main result of this section.

Theorem 4. For a sufficiently small ¢ > 0, there exists L > 0 with the following property: for any € > 0 and
a differentiable function y: R — X such that

suply (1) = A()u() ~ £(t.y(0)] <8 = Le.

there exist x: R — X such that:

L. 2|(n,nt1) 8 a solution of (22) on (n,n + 1) for each n € Z;
2.

supllz(t) —y(t)| < &
teR

3. there exists z = (zn)nez € Xoo satisfying ||z||., < e such that (13) holds with x,, = x(n), n € Z, where
F, is given by (24).

Proof. By arguing as in the proof of [4, Theorem 6.] and using Theorem 2, one can easily show that for a
sufficiently small ¢ > 0, (11) has an [*°-Lipschitz quasi-shadowing property. Let us denote the associated
constant by L’. Furthermore, it is also proved in the proof of [4, Theorem 6.] that there exists ¢ > 0 such
that for any differentiable y: R — X such that

fgﬁ\ly'(t) —A()y(t) — f(ty@)] <6, (25)

we have that the sequence (yn)nez given by y, = y(n), n € Z is an (t4,[°°)-pseudotrajectory for (11). Set

1
Li=——+—7+-—>0.
L+ t/L)eN+e ~

For e > 0, set 6 = Le and fix a differentiable map y: R — X satisfying (25). By the preceding discussion,
the sequence (yn)nez given by y, = y(n), n € Z is an (¢4, 1°°)-pseudotrajectory for (11). Hence, Theorem 2
implies that there exists z = (zn)nez € Xoo satisfying ||z < % < ¢ such that (13) holds, where
Tp = Yn + 25", n € Z. We define z: R — X by

z(t) =U(t,n)x,, forten,n+1),nel.
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Then, x satisfies the first and the third assertion in the statement of the theorem. Define h: R — X by

h(t) =y'(t) — A@)y(t) — f(ty(t), tER.
Observe that for n € Z and t € [n,n + 1) we have that

() =y (Ol < llzn — yall

n H JCAGs) — (61 + £5,5) = Fls.(s) = hls) ds

t
< 5(1 + E) + (N + c)/||x(s) —y(s)] ds.
t
Hence, Gronwall’s lemma implies that

t
sup|lz(t) — y(t)]| < 5(1 + E)ewc .
teR

The proof of the theorem is completed. O
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