Journal of Mathematical Analysis and Applications 268, 125-142 (2002)
doi:10.1006/jmaa.2001.7803, available online at http://www.idealibrary.com on IDE )‘5[@)

A Note on the LaSalle-Type Theorems for
Stochastic Differential Delay Equations!

Xuerong Mao

Department of Statistics and Modelling Science, University of Strathclyde,
Glasgow G1 1XH, United Kingdom

Submitted by Ulrich Stadtmueller

Received February 23, 2001

The main aim of this note is to improve some results obtained in the author’s
earlier paper (1999, J. Math. Anal. Appl. 236, 350-369). From the improved result
follow some useful criteria on the stochastic asymptotic stability and boundedness.
0 2002 Elsevier Science (USA)

Key Words: LaSalle’s theorem; nonnegative semimartingale convergence
theorem; It0’s formula.

1. INTRODUCTION

In his earlier paper [5] the author considered the n-dimensional stochas-
tic differential delay equation

dx(t) = f(x(t), x(t — 1), t)dt + g(x(¢), x(t — 7), ) dB(¢) (1.1)

on ¢ > 0 with initial data {x(6) : —7 < 6 < 0} = £ € C} ([-7,0]; R").
Here B(t) = (By(t), ..., B,,(t))" was an m-dimensional Brownian motion
defined on the complete probability space (Q, 7, {%,},-¢, P) with a filtra-
tion {7}, satisfying the usual conditions (i.e., right continuous and %,
containing all P-null sets). The author in [5] imposed the following hypoth-
esis:

(H1) Both f: R" xR" xR, — R" and g: R* x R" x R, — R™™"
are Borel-measurable functions. They satisfy the local Lipschitz condition and

! Partially supported by the Royal Society, BBSRC and EPSRC.

125

0022-247X/02 $35.00
0 2002 Elsevier Science (USA)
All rights reserved.



126 XUERONG MAO

the linear growth condition. That is, for each k = 1,2, ..., there is a ¢, > 0
such that

|f(x7 Y l) - f()_C, .)_}7 t)l Vv |g(x’ Y t) - g()_C, _)_)7 t)| = Ck(|x - )_C| + |y - .)_}|)y
for all t > 0 and those x,y, X, y € R" with |x| Vv |y| Vv |X| V |y| < k, and there
is moreover a ¢ > 0 such that
|fCe y, OV 1g(x, y, 1) < (1 + [x] + |y]),
forall (x,y,t) e R" x R" x R_.

Under the hypothesis (H1), it is well-known (cf. Mao [4]) that for any
initial data {x(0) : —7 < 0 <0} = ¢ € C:{;O([—T, 0]; R™) (which will be
defined later), Eq. (1.1) has a unique solution that is denoted by x(#; £) on
t>—7.

One of the main results established in Mao [5] is the following (the
notations used will be explained later):

THEOREM 1.1 (Mao [5, Theorem 2.4]). Let (H1) hold. Assume that there
are functions V e C>Y(R" x R;R,),y € LY(R;R,), and w,w, €
C(R";R,) such that

SfV(x’ Vs t) = Vz(x’ t) + Vx(x’ [)f(x’ Y l)

+ %trace[gT(x, Y, Vo(x, )g(x, y, 1)]
=y —wi(x) +wy(y),  (30) eR"xR' xRy, (12)
wy(x) > wy(x), x e R, (1.3)
and

lim inf V(x,t) = oo. (1.4)

|x]—00 0<t<oo

Assume also that for each initial data & € C%([—T, 0]; R™) there is a p > 2
such that

sup Elx(t;&)P < oo. (1.5)
Then, for every & € Cgo([—'r, 0]; R™),
tl_iglo[wl(x(t; £)) — wy(x(1;€))] =0 a.s. (1.6)

This is a stochastic version of the well-known LaSalle theorem (cf. Hale
and Lunel [1] or LaSalle [2]). The main aim of this note is to show that
this theorem still holds without condition (1.5) while Hypothesis (H1) can
also be replaced with a weaker one to cover much more general stochastic
differential delay equations.
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2. GENERALIZED RESULT

The notations used in this paper are the same as in Mao [5], but for the
convenience of the reader we explain here. Let |-| denote the Euclidean
norm in R”. If A is a vector or matrix, its transpose is denoted by A7. If A

is a matrix, its trace norm is denoted by | 4| = \/ trace(A” A). Let 7 > 0 and
C([—7,0];R") denote the family of all continuous R”-valued functions on
[—7,0]. Let Cgo([—fr, 0]; R") be the family of all %j,-measurable bounded
C([—7,0]; R")-valued random variables ¢ = {£(6) : —7 < 6 < 0}. Let
C>I(R" x R,;R,) denote the family of all nonnegative functions V(x, t)
on R" x R, which are continuously twice differentiable in x and once dif-
ferentiable in ¢. For each V € C>1(R" x R,;R, ), define an operator #V
from R" x R" x R, to R by

LV (x,y, 1) =Vi(x, 1) + Vi(x, 1) f(x, y, 1)

1
+ Ftrace[g" (x, y, Vi (x, g (x, 3, )],

where
vV (x,t aV(x,t IV (x,t
Vi(x, 1) = (x ), Vx(x,t)z( (x ) (x ))7
ot 9x4 ax,
2 t
oty = (2L0)
&xiﬁxj nxn

Moreover, let C(R"; R, ) denote the family of continuous functions from R”
to R,. If K is a subset of R”, denote by d(x, K) the Haussdorf semi-distance
between x € R" and the set K, that is, d(x, K) = inf,cg [x — y[. [f wis a
real-valued function defined on R”, then its kernel is denoted by Ker(w),
namely Ker(w) = {x € R" : w(x) = 0}. We also denote by L'(R,;R,) the
family of all functions y : R, — R, such that [~ y(¢) dt < cc.

Instead of Hypothesis (H1) we shall impose the following weaker one:

(H2) Given any initial data {x(8) : —1 < 0 <0} =¢ € C_i}o([—r, 0];
R™), Eq. (1.1) has a unique solution denoted by x(t; &) on t > 0. Moreover,
both f(x,y,t) and g(x,y,t) are locally bounded in (x,y) while uniformly
bounded in t. That is, for any h > 0 there is a K, > 0 such that

|f(x: Y t)| v |g(xa Y t)l = Kha
forall t > 0and x,y € R with |x| v |y| < h.

Hypothesis (H2) covers much more stochastic differential delay equa-
tions than does (H1). For example, consider a one-dimensional stochastic
differential delay equation

dx () = [-x3(t) + x(t — 7)] dt + sin(x(t — 7)) dB(2),
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where B(t) is a one-dimensional Brownian motion. This equation does not
satisfy Hypothesis (H1) but we shall show that it satisfies Hypothesis (H2)
in the Appendix. Let us now establish an improved result of Theorem 1.1.

THEOREM 2.1. Let (H2) hold. Assume that there are functions V €
CEYR" x R,;R,), vy € LR R,), and wy, w, € C(R%;R.,) such that

LV (x, y,t) < y(t) — wi(x) + wy(y), (x, 1) e R" xR" xR, (2.1)
wy(x) = wy(x), xeR", (2.2)

and
lim inf V(x,t) = oo. (2.3)

|x|—>00 0<t<o0

Then Ker(w, — w,) # & and
tlirn d(x(t; &), Ker(w; —w,)) =0 a.s. (2.4)

for every & € Cgo([—fr, 0]; R™).
Proof. The proof is rather technical so we divide it into three steps.

Step 1. Fix any & and write x(¢;¢) = x(¢) for simplicity. By Itd’s for-
mula,

V(x(t),t) =V (x(0),0) + /Ol LV (x(s), x(s — 1), 5)ds

+ fo "V (x(s), $)8(x(s), x(s — 7), 5) dB(s).

Using the conditions (2.1) and (2.2) we compute

/0 "GV (x(s), x(s — 1), 5) ds
< [ 1) = w (5) + wax(s — 7)) ds
= /Ot v(s) ds—/ot wy(x(s)) ds—}—/jT_T wy(x(s)) ds

t 0 t
< [V ds+ [ wn(ae(s))ds — [ [wi(x(s) wa(x(s))] ds.
So

0 t
V(). 0) < V(E0),0) + [ wy(é(s))ds + [ y(s)ds
— [T G5) = wntx())] ds

+ /Ot Vi(x(s), s)g(x(s), x(s — 7), s) dB(s). (2.5)
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Applying the nonnegative semimartingale convergence theorem (cf. Liptser
and Shiryayev [3, Theorem 7 on page 139] or Mao [5, Lemma 2.2]) we
immediately obtain

limsup V' (x(¢),t) < oo ass. (2.6)

—00

Moreover, taking the expectations on both sides of (2.5) yields
‘ 0
E [/ (x50 = (a6 s < E[ V(€00 00+ [ wn(etsn) ]

[ oo
Letting 1 — oo we obtain that
E [ (5) — wn(x(s)] s < o, 27)
This implies
[ Ton(e(5) — waa(s))] ds < oo s (28)

Step 2. Set w = w; — w,. Clearly, w € C(R*; R, ). It is straightforward
to see from (2.8) that

litm inf w(x(¢)) =0 a.s. (2.9)
We now claim that
tlim w(x(1)) =0 as. (2.10)

If this is false, then
[P’{lim supw(x(t)) > O} > 0.
—00

Hence there is a (fixed) number & > 0 such that
P(Q,) = 3e, (2.11)

where
0 = {lim sup w(x(t)) > 23}.
t—0o0
It is easy to observe from (2.6) and the continuity of both the solution x(¢)
and the function V' (x, ¢) that

sup V(x(2),t) < oo as.

—T7<t<00
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Define u: R, — R, by

pm(r)y= inf  V(x,1) for r > 0.

|x|>r, 0<t<oco
Clearly, u(|x(?)]) < V(x(t), t) so

sup p(|x(0)])) < sup V(x(t),t) < o0 a.s.

—7<t<00 —T=<l<00

On the other hand, it follows from condition (2.3) that
lim u(r) = oo.
We therefore must have

sup |x(1)] < o0 a.s. (2.12)

—T<I1<00

Recalling the boundedness of the initial data we can then find a positive
number /s, which depends on e, sufficiently large for |£(6)| < h for all
—7 < 0 < 0 almost surely while

P(Q,) > 1— e, (2.13)

where

Q, = { sup |x(?)| < h}.

—T<t<00

It is easy to see from (2.11) and (2.13) that
Let us now define a sequence of stopping times,
7, = inf{t > 0: |x(¢)| = h},
op =inf{t > 0: w(x(¢)) > 2¢},
0y = lnf{t > 01 - w(x(t)) < 8}, i= 1, 2, ey
0ip1 = lnf{t > 0y; @ U.)(X(t)) > 28}, I = 1, 2, ceey

where throughout this paper we set inf J = co. Note from (2.9) and the
definitions of ); and (), that

7(w) =00 and 0y(w) < oo  for Vi > 1 whenever w € Q; N ,. (2.15)
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By (2.7), we compute

0 > [E/:O w(x(t)) dt

& 0
= S|l e [ 00
i=1 02i-1
00
e Z [E[I{crz[,l<oo, 7,,:00}(0-21' - O-Zifl)]’ (216)

i=1
where [, is the indicator function of set A and we have noted from (2.9)

that o,; < oo whenever o;_; < co. On the other hand, by Hypothesis (H2),
Holder’s inequality, and Doob’s martingale inequality, we compute

E[I{T,,MM@} sup [x(7 A (034 +)) = 3(7, UZi_1>|2}
<t<

TN (01 +1)
]T g(x(s), x(s — ), s) dB(s)

nN\O2i-1

Ta AN (021 +1)
/7 f(x(s), x(s — 7),s)ds

n\O2i—1

= 2E |:I{ThAa'2i1 <oo} Osup

<t<T

]

+ 2E |:I{‘rh Ay <00} sup

0<t<T

ThA(02i1+T) 2
=Py —| £ (x(s), x(s = 7), 5)[2ds

ThNO2i—1

TaN(02i1+T) )
F8E| Ly o) | [8(x(s). x(s = 7). 5)Pds
ThNT2i-1
<2K}(T +4)T. (2.17)
Since w(-) is continuous in R", it must be uniformly continuous in the
closed ball §;, = {x € R" : |x| < h}. We can therefore choose 6 = 8(¢) > 0
so small that
lw(x) —w(y)| < e whenever |x —y| < 8, x,y € S),. (2.18)
We furthermore choose T = T'(&, 8, h) > 0 sufficiently small for
2KN (T +4)T B
52

E.

It then follows from (2.17) that
P({rh Aoy <00}N { Sup. [x(r A 0y + ) = x(ry A 01| = 8})
0<t<T
2K*(T + 4T
- h(TJF) .
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Consequently,

[FD({UZi—l <00, T, =00} N { sup |x(om;_1 +1) — x(09_1)| = 5})
0<t<T

= P<{7h A Oy < 00, T =00} N { sup |x(7y A (01 +1))
0<t<T

—x(Ty A oyiy)| = 5})

< P({m A1 <00} { sup [x(7y A (@21 + 1)
0<t<T

—x(7), A opiq)| = 5})

<e.

Recalling (2.14) and (2.15), we further compute
P<{<72i1 <00, T, =00} N { sup |x(om;1 +1) — x(02_1)| < 3})
0<t<T
= P({oy_1 < o0, 1, = 00})

- P<{ffzi1 <00, T, =00} N { sup |x(op_1 + 1) — x(03-1)] = 5})

0<t<T

>2e—¢eg=e¢.

Using (2.18), we derive that

(o1 < 000 = 0ah0 | sup sy + 1)~ wir(oz )] < e )

. P({az,-l < 00,7 = 00} N { sup |61 + 1) — x(om1)] < 6})

0<t<T

> e. (2.19)

Set

Q= { sup |w(x(oz;_1 + 1)) — w(x(02;-1))| < 3}'

0<t<T

Noting that

(@) — 0 (@) 2 T if w € {oy;_y < 00,7, =00} N,
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we derive from (2.16) and (2.19) that

00
0 >¢& Z [E[I{02i71<oo,71,:oo}(o-2i - UZi—])]
i=1

z e Z [EI:I{UZH<oo,7,,:oo}ﬂﬁ[(0-2i — 032i1 )]

i=1

Z STZ P({UZi—l < 00, Th = OO} N ﬁl)
i=1

o0
> el ) & =00,
i=1

which is a contradiction. So (2.10) must hold.

Step 3. Let us now show that Ker(w; — w,) = Ker(w) # . Observe
from (2.10) and (2.12) that there is an €y C Q with P(£);) = 1 such that

tlim w(x(t, w))=0and sup |x(t, w)] <oco forall we Q) (2.20)

0<t<oo
Fix any w € . Then {x(#, w)},.( is bounded in R" so there must be
an increasing sequence {f;};-; such that {x(#;, w)},., converges to some
y € R". Hence
w(y) = lim w(x(t, @) =0,
11— 00

which implies y € Ker(w) so Ker(w) # . We shall now show that

tlim d(x(t, w), Ker(w)) =0 for all w € €. (2.21)

—00
If this is false, then there is some @ € (), such that

lim sup d(x(¢, @), Ker(w)) > 0,

=00
whence there is a subsequence {x(f;, @)}~ of {x(¢, @)} such that
d(x(t;, »), Ker(w)) > e, Vi>1,
for some & > 0. Since {x(#;, @)}~ is bounded, we can find a subsequence

{x(t;, @)};>1 which converges to z. Clearly, z ¢ Ker(w) so w(z) > 0. How-
ever, by (2.20),

w(z) = lim w(x(f;, @)) =0,
which contradicts w(z) > 0. Hence (2.21) must hold and the required asser-
tion (2.4) follows since P(€)y) = 1. The proof is therefore complete.

From Steps 1 and 2 of the proof above we see clearly that Theorem 1.1
still holds without condition (1.5). In other words, Theorem 2.1 improves
one of the main results of Mao [5].
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3. USEFUL COROLLARIES

Theorem 2.1 reveals the limit set Ker(w; — w,) of the solutions to the
stochastic differential delay equation. Should we know more about the set
Ker(w; — w,), we can then show the asymptotic properties of the solutions
more precisely. For example, if we know that the set Ker(w; — w,) contains
only the origin of R”, that is, Ker(w; — w,) = {0}, then the solutions will
all tend to the origin asymptotically with probability one. This leads to the
following useful criterion on the asymptotic stability.

COROLLARY 3.1. Let (H2) hold. Assume that there are functions V €
CP(R" x R;R,), y € LY(R;R,), and wy, w, € C(R%;R,) such that

SKV(X, » l) = Y(t) - w](x) + wZ(y)’ (X, Y t) € R" x R" x R+a

wi(x) > wy(x), Vx#0, 3.1
and
|xl|iinoo ogigfoo Vix, 1) = oo
Then

tlirgo x(t;€) =0 a.s. 32)

for every & € C%([—T, 0]; R™).

Proof. By the condition (3.1), x ¢ Ker(w; — w,) if x # 0. On the other
hand, Theorem 2.1 shows that Ker(w; — w,) # . We therefore must have
Ker(w; — w,) = {0} and the desired assertion (3.2) follows from Theo-
rem 2.1 immediately.

Theorem 2.1 can also be used to establish the criteria on the partially
asymptotic stability. Let 1 <A <mnand 1 <i; <i, <--- < i; < n be inte-
gers. Let ¥ = (x;, x;), ..., x; ) be the partial coordinates of x, which can

be regarded as in R? with the norm |%| = \/x?l + xiz2 +--+ xizﬁ. Moreover,
let # denote the class of continuous (strictly) increasing functions u from
R, to itself with u(0) = 0. The following corollary is an improvement of
Corollary 3.4 of Mao [5].

COROLLARY 3.2. Let (H2) hold. Assume that there are functions V €
CEPIR" x R;;R,), vy € LNR;R,), wy, wy, € C(RGR,), and w € F such
that

LV (x,y, 1) < y(t) —wi(x) +wy(y), (x, 1) eR"xR" xR,
wy(x) —wy(x) = w(|x]), xeRY, (3.3)
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and

lim inf V(x,t) = occ.

|x|]—00 0<t<oo

Then
tlim X(t;6)=0 a.s. 34

for every & € Cgo([—fr, 0]; R™).

Proof. 1t is straightforward to observe from the assumption (3.3) that
if x € Ker(w; — w,) then X = 0. The conclusion then follows from Theo-
rem 2.1.

Theorem 2.1 can also be applied to discuss the asymptotic bounded-
ness of the solutions. The following is a straightforward corollary from the
theorem.

COROLLARY 3.3. Let all the assumptions of Theorem 2.1 hold. If Ker(w;—
w,) is bounded, then for every & € C%)([—T, 0]; R™),

tlim |x(#;€)| < C a.s. 3.5

where C = sup{|x| : x € Ker(w; — w,)}.

4. LINEAR STOCHASTIC DIFFERENTIAL
DELAY EQUATIONS

Let us now employ our new result to discuss the linear stochastic differ-
ential delay equation

dx(t) = [Agx(t) + Dox(t — 7)]dt + > [A;x(t) + D;x(t — 7)]dB,(t), (4.1)
i=1
where A4;’s and D;’s are all n x n matrices. Let Q be a symmetric positive-

definite n x n matrix and let V(x) = x” Qx. Then the operator £V: R" x
R" x R, — R has the form

m
LV (x,y, 1) = 2x" Q(Ayx + Dyy) + > (Aix+ D;y) O(A4;x + D;y).
i=1
Note that
2x"QAyx = xT(QA + A§ Q)x,
2xTQDyy < 2|xT Q7| Q2 Dyy| < x7 Q7> + Q> Dyl
= xTQx + yTDgQDOy,
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and
(A;x +D;y)" Q(A;x + D;y)
= x"A] QA;x + x"A] 0D,y + y" D] QA;x + y" DI ODy
= xTAT QAx + xTAT Q2 Q3 Dy + yT DI Q2 Q% A,;x + y' DI QD,y
< xTAT QA;x +2x"AT Q*(|Q* D;y| + y" DT OD,y
< xTAT QA;x + [x"ATQ* * + 0> Dy + y" DI OD;y
<2x"A] QA;x +2y" DI OD;y.

So
LV (x, 1) < —w;(x) + wy(y),
where
wy(x) = x" <—QA0 - AgQ -0- 2% AiTQAi)x
i=1
and

wy(x) = x7T (DgQDO +2 iDiTQDi)x.

i=1

Clearly, DY OD, +2 Y7, DI OD; is nonnegative-definite so w,(x) > 0. If
we impose the condition that

M:=—-QA4,—- A'Q -0 - 2§:AiTQAi - D!OD, - ZiDiTQDi (4.2)

i=1 i=1

is positive-definite, then w;(x) > w,(x) and Ker(w; — w,) = {0}. In this
case, Theorem 2.1 shows that the solutions of Eq. (4.1) will tend to zero
asymptotically with probability one. However, if the matrix M is only
nonnegative-definite (but not positive-definite), then we still have that
wy(x) > wy(x). In this case, we can conclude by Theorem 2.1 that the
solutions of Eq. (4.1) will approach Ker(w, — w,) asymptotically with prob-
ability one. If we let v, ..., v, be the all-orthogonal eigenvectors of M
corresponding to the eigenvalue 0, then Ker(w; — w,) is the linear span of
Vi, ..., Ug; that is,

Ker(wl — U)z) = {alvl + - Fapu (al, ey ak) S Rk}

Summarizing the above, we obtain the following useful corollary.
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COROLLARY 4.1. If there is a symmetric positive-definite n x n matrix Q
such that the matrix M defined by (4.2) is positive-definite, then the solutions
of Eq. (4.1) will tend to zero asymptotically with probability one. However, if
the matrix M is only nonnegative-definite, then the solutions of Eq. (4.1) will
approach the linear span of vy, ..., v, asymptotically with probability one,
where vy, ..., vy are the all-orthogonal eigenvectors of M corresponding to
the eigenvalue 0.

5. NONLINEAR EXAMPLES

In the previous section we have shown the efficiency of our new result
in the study of asymptotic properties for stochastic differential delay
equations. Let us now discuss a couple of nonlinear examples to illus-
trate our new results furthermore. In this section we will let B(¢) be a
one-dimensional Brownian motion while we omit mentioning the initial
data and simply write the solutions as x(¢). It is also easy to verify by the
existence-and-uniqueness theorems of solutions established in Mao [4] that
all the equations discussed in this section satisfy Hypothesis (H2).

EXAMPLE 5.1. Let o and B be two constants such that 2a > B%. Con-
sider the one-dimensional stochastic differential delay equation

dx(t) = —ax(t)sin®(x()) dt + Bx(t — ) sin(x(t — 7)) dB(¢). 5.1
Let V(x) = x2. Then the operator
LV (%, 3, 1) = —wi(x) + wa(y),
where
w;(x) = 2ax?sin’(x) and  w,(x) = B*x%sin’(x).
Theorem 2.1 shows that the solution of Eq. (5.1) has the property
tlingo d(x(t), Ker(w; —w,)) =0 as.

Noting that Ker(w; — w,) = {xkm: k =0,1,2, ...} while the solution x(7)
is continuous, we can then conclude that

lim x(¢) = k7 a.s.,
t—00

where k is a random integer which may depend on the initial data.
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ExampLE 5.2. Consider a stochastic delay oscillator
3(t) +22(t) + 22(t) = e + [sin(z(t — 7)) + (¢t — 7)]B(2). (5.2)

Introducing a new variable x = (x;, x,)” = (z, 2)7, we can write this oscil-
lator as a stochastic differential delay equation

_ x,(1) 0
dx(t) = |:e' —2x,(1) — 255(0) }dt + [sin(xl(t )+ (it — 7)}’3(”'
(5.3)
LetV(x) = ax% +2Bx1x, + x%, where « and B are two positive constants to
be determined and we require o > B? in order for V' to be positive-definite.

Then the operator £V: R? x R? x R, — R has the form

LV (x,y, 1) = 2ax; +2Bx3)x, + (2Bx; + 2x,)(e™" — 2x; — 2x,)
+(sin y; + y,)*
< —4Bx} — (4 —2B)x3 + 2a — 4 — 4B)xx,
+e7'(2Bxy +2x) + 2(% + y3).

Choosing « and B for
43=4—-2B and 2a—-4-4B8=0,

namely, o = 10/3 and 8 = 2/3 which satisfy a > 82, we find that

8 4
LV (x,y,t) < —§|x|2 + e‘t<§x1 + 2x2> +2]y)°.

Noting

we see that
13 7
LV (x,y,t) < ?6_2[ — §|x|2 +2]y)°.

By Corollary 3.1, we can then conclude that the stochastic oscillator (5.2)
has the property that

Jim [[z()] +[2(0)[] =0 as.
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6. EQUATIONS WITH MULTIPLE DELAYS

The theory developed in Section 2 can be generalized to cope with equa-
tions with multiple delays of the form

dx(t) = f(x(t), x(t = 71), ..., x(t — 1), t) dt
+g(x(t), x(t —71), ..., x(t — 1), t) dB(¢) (6.1)

ont>0,where 0 <7 <7y <--- <7 =7, fi R" x Rk x R, — R", and
g R x Rk x R, — R™™. For this equation, we impose the following
hypothesis:

(H3) Given any initial data {x(0): —1 <0 <0} =¢ € Cf’%([—fr, 0]; R™),
Eq. (6.1) has a unique solution denoted by x(t;&) on t > 0. Moreover,
both f(x,y1,..., Y, t) and g(x,yi,..., ¥, t) are locally bounded in
(%, Y15 - - -, V) while uniformly bounded in t. That is, for any h > O there is
a K;, > 0 such that

|f(x’y1""’yk’t)| \/|g(x, y17""yk’t)| 5Kh>
forall t >0and x, y,, ...,y € R" with |x| vV |y;| V-V |yl < h.

The corresponding operator #V from R" x R™* x R, to R is now
defined as

LV (X, Y15 Yo 1) = Vil £) + Ve (x, O (%, y1s o5 Vs 1)
1
+ Etrace[gT(x, Visoeos Vi DVir (X, 1)

x 8(X, Y15+ Vi t)]

To close this paper let us state the following more general result, which can
be proved in the same way as in the proof of Theorem 2.1.

THEOREM 6.1. Let (H3) hold. Assume that there are functions V €
CEIR" x R;R,), vy € LY(R;R,), and w,wy, ..., w, € C(R";R,) such
that

k
LV (X, Y15 Vo 1) < y(1) — w(x) + Y wi(y,),
i=1 (6.2)
(X, Y1y s Vi 1) € R X R™F X R,
k
w(x) =Y wi(x), xeR", (6.3)

i=1
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and
‘ l‘im 0inf V(x,t) = oo. (6.4)
x|—00 0=<t<o0
Then Ker(w —wy — --- — wy) # & and the solutions of Eq. (6.1) have the
property that
tlim d(x(t; &), Ker(w—w; — - —wy)) =0 a.s. (6.5)

for every & € C;O([—fr, 0]; R™).

A. APPENDIX

In this appendix we show that equation
dx(t) = [-x*(t) + x(t — )] dt + sin(x(t — 7)) dB(¢) (A1)

satisfies Hypothesis (H2). In fact, the corresponding coefficients f(x, y, t) =
—x3+y and g(x, y,t) = sin(y) are locally bounded in (x, y). Hence, to
show that this equation satisfies Hypothesis (H2), we need only to show
that this equation has a unique solution for any initial data.

To the best knowledge of the author, there is no existing result that can be
applied to this nonlinear equation to guarantee the existence and unique-
ness of its (global) solution. We therefore first establish a very useful new
criterion on the existence and uniqueness and then apply it to Eq. (A.1).

THEOREM A.l. Assume that both coefficients f(x,y,t) and g(x,y,t) of
Eq. (1.1) are locally Lipschitz in (x, y). Assume also that there is a function
V e C>YR" x R,; R, ) and a positive constant K such that

LV (x,y,t) < KAQA+V(x,t)+V(yt—r1)), (x, 1) e R" xR" xR,,
(A2)
and
| llim . inf V(x,1t)=oo. (A3)
x|—o00 U<t<0c0
Then Eq. (1.1) has a unique (global) solution for any initial data {x(0) : —7 <
0 <0} =¢eCh([—r,0:R").

Proof.  Since the coefficients are locally Lipschitz in (x, y), Eq. (1.1) has
a unique maximal local solution x(¢) on ¢ € [[—7, o [[ for any initial data
{x(0) : —1<0<0}=¢¢€ C;U([—fr, 0]; R"), where o, is the explosion
time (cf. Mao [6, Theorem 3.2.2 on p. 95]). We therefore need only to
show that o, = oo a.s. For any integer k > 1, define the stopping time

T = 04 Anf{t € [[0, o [[: |x(2)] = k},
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where, as usual, we set inf J = oco. Clearly, 7,’s are increasing so they have
the limit 7., = lim;_, o, 7. Obviously, 7., < o, a.s. For any k > 1 and
t > 0, the Itd formula shows that

INT
BV (x(t A7), £ A ) = BV (x(0), 0) +E [ SV (x(s), x(s — 7), 5) d.
0
By the condition (A.2), we compute that
[EV(x(t AN ’Tk), tA 'Tk)

<EV(x(0),0)+E /oth K[14+V(x(s),s)+ V(x(s —7),s—7)]ds

< EV(x(0),0) + Kt + KE /Ot[V(x(s ATL), S AT

+V(x((s = 1) AT (s — ) A Tp)] ds
= EV(x(0), 0) + Kt + K/Ot[[EV(x(s AT, S AT

FEV(x((s = 7) A ), (5 — 7) A7) ds

t
<C+Kt+ 21</ [ sup EV (x(r A 74), 7 A Tk)] ds, (A4)
0

0<r<s

where
C = EV(x(0),0) + K/OT BV (x(s — ), s — )] ds < oo.

Since the right-hand side of (A.4) is increasing in ¢, we must have

t
sup [EV(x(r/\Tk),rATk)§C+Kt+2K/(; [sup [EV(x(r/\frk),r/\'rk)i| ds.

O<r<t 0<r<s

The well-known Gronwall inequality yields

sup EV(x(r A 1), 7 A1) < (C + Kt)e*X!, Vi>0.

O<r<t

Hence
EV(x(t A1), t AT) < (C+K)e* ', Vi=0. (A5)
On the other hand, define u: R, — R, by
w(r)y= inf  V(x,1) for r > 0.

|x|>r, 0<t<oo
Clearly, w(|x(2)|) < V(x(¢), t) and, by the condition (A.3),

lim u(r) = oo.
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It therefore follows from (A.5) that
(C+Kn)e ' = Ep(|x(t A 7)l) = w(k)P(ry < 1).
Letting k — oo and then ¢ — oo we obtain that
P(r < 00)=0.

That is, 7., = oo a.s. We therefore must have that o,, = oo a.s. This com-
pletes the proof.

Let us now return to Eq. (A.1). Let V(x, t) = V(x) = x*> and compute,
with the coefficients f(x, y, 1) = —x*> 4+ y and g(x, y, t) = sin(y), that

LV (x, y, 1) = 2x(—x° + y) +sin’(y) < x> +2y* <2(1 + V(x) + V().

Applying Theorem A.1 we can see that Eq. (A.1) does have a unique solu-
tion for any initial data.
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