Available online at www.sciencedirect.com 17 Lok
(/Uﬂf'ﬂ(f ‘ff

scnsucs@nlnscr@ MATHEMATICAL
ANALYSIS AND

R

E J. Math. Anal. Appl. 295 (2004) 291-302 M
www.elsevier.com/locate/jmaa
Random iterations, fixed points and invariant
CRF-horospheres in complex Banach spaces
Kazimierz Wiodarczyk and Dorota Klim
Faculty of Mathematics, University of tddBanacha 22, 90-238 tadPoland
Received 9 May 2002
Available online 28 May 2004
Submitted by J. Noguchi
Abstract

For holomorphic noncontractive maps on (not necessarily bounded) domains in complex Banach
spaces, we establish the conditiansaranteeing locally uniform convergence of random iterations
and study the existence of fixed points and boundary behaviour of iterations. In particular, we show
that the problem, concerning the existence of the horospheres determined by Carathéodory—Reiffen—
Finsler pseudometrics defined on unbounded domains, has the solution and we prove new results of
type of Julia’s lemma and Wolff’'s theorem.
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1. Introduction

The past few years have seen several §icanit developments in the fields of ran-
dom iteration theory, iteration theory and fixed point theory for holomorphic self-maps
on bounded convex domaiiis in complex Banach spaces. The important questions con-
cern the behaviour of the random iteratiofis foo0---0 f, and f,, o f—10---0 f1, where
fn € HOI(G, G) andn € N [11,12,18-21,31,35,44,47,53], the iterative behaviour of an in-
dividual mapf"! = fo--.0 f (n times) [1-3,5-8,13,14,26-30,33,34,36,37,41,42,45,49]
and the existence of fixed points fgre Hol(G, G) [13,24,40,43,48] and the existence of
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invariant horocycles, ellipsoids or horospheresimetermined by Kobayashi metri¢g
[1-8,15-17,26-30,34,42,49,53]. Many researchers (see, e.g., [2,6,7,14,22—-24,29,30,34,43,
45,46,48]) have made essential contributions to this areas, starting with the celebrated fixed
point theorem of Earle and Hamilton [13]. TBeurce of those stuels were fundamental
results of Julia [28], Fatou [16], Wolff [50], Denjoy [8] and Valiron [39] @h

If we assume thatG is unbounded domain in infinite miensional complex spaces,
then the problems concerning the methods of investigations of the behaviour of random
iterations and iterations of holomorphic maps, the existence of fixed points of holomorphic
maps and the existence of invariant horospheres determined by pseudometicaren
quite different.

Let G be a nonempty (not necessarily bounded) domain in a complex BanachEspace
and letpg denote the CRF-pseudometric 6n(abbreviation for the term “Carathéodory—
Reiffen—Finsler pseudometric”). We say that the bounded subséiG lies strictly inside
G if there exists a neighbourhodd of the origin inE suchthatD+ W C G. In[44,47] we
characterizepg-bounded subsetd of G, give conditions when pseudometyig is metric
and prove uniform convergence to constant maps of random iterafiong> o - -- o f;,,

n € N, of holomorphic coractions, i.e., such maps that, for each N, f, € Hol(G, E)

and f,(G) c D, where subseb of G is boundedpg-bounded and lies strictly insidg.

In particular, Theorem 2.1 of paper [47, Section 4] includes the fixed point theorem of
C.J. Earle and R.S. Hamilton [13] and the result of W.J. Zhang and F.J. Ren [53, Theo-
rem 2.1].

The present paper is a continuation of our investigations [47] and has two purposes.
The first purpose is to give conditions guaranteeing locally uniform convergence of ran-
dom iterationsf,, o f,—10---0 f1, n € N, for {f,} in Hol(G, G) and establish the fixed
point theorems forf € Hol(G, G) whenG are not necessarily bounded domains in com-
plex Banach spaces and mapsf,, f, n € N, are not necessarily contractive. The second
purpose is to construct the CRF-horospheies, (the horospheres determined by CRF-
pseudometricgs) and establish the results of type of Julia’s lemma and Wolff's theorem
for mapsf € Hol(G, G) whenE are separable.

We use the terminology from [3,9,10,13,23,25,32,38,40,51,52].

Remark 1.1. It is worth noticing that the problems concerning the convergence of two
kinds of random iterationg; o foo---o f, and f, o fu—10---0 f1, n € N, differ even for
unit ball G in 12; for details see Example 2.1(a).

2. Locally uniform convergence of random iterations of holomorphic
noncontractive maps

Let E be a complex Banach space, etc E be a nonempty (not necessarily bounded)
domain and letD be a subset of;.The sequencéF;,} in Hol(G, D) converges taF e
Hol(G, D) locally uniformly ong iff, for every x € G, {F,,} converges uniformly t on
some ballB(xg,r) ={y € E: ||y — xo|| <r}, r > 0, containingx and such thaB(xg, r)
lies strictly insideG.
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We show

Theorem 2.1. Let E be a complex Banach space, {eiC E be a nonemptgnot necessarily
bounded domain and leth be an open bounded convex subsaf oAssumeX is a subset
of D such thatK is compactinE, let{ f,} be a sequence iff € Hol(G, E): f(G) C K},
and setF,, = f,, 0 fu_10---0 foo fy forall n e N.

(i) The sequencéF,} has a subsequence converging locally uniformlyGmo a map
F € Hol(G, D).

(i) In addition, if E is strictly convex and is open unit ball, then eitheF (G) c D or
there existsv € 3 D such thatF is a constant map of the form— w, x € G.

Proof. (i) Let a € D be arbitrary and fixed and letg € N be such thatk N Dy # @,
whereD,, =a + [1— 1/(mo+n — 1)](D — a) for n € N. Denoted,, = dist(D,,, E \ D)
andK, = K N Dy, n € N. Obviously,K = J;2; K.

Since the seK; is compact, thus there exist a countable{sgti} in K1 which is dense
in K1.

We consider the sequen¢g,}, T, = f, o fu—10---0 fzo f2,n > 2. Since{T,(y1.1)}
is a subset of a compact skt, then there exists a subsequeigg 1} of {7} such that
{T».1(y1,1)} converges. By using analogous cimesations, by induction, for eadhe N,
we find subsequenc;, x} of {7, x—1} which converges ay1.1, y2.1, ..., yx.1. Conse-
quently, the diagonal sequen{, ,,} converges in the points of sequerieg 1}.

Let ¢ > O be arbitrary and fixed. Le = suf{|ly||: y € D}. Since the se{y, 1} is
dense inK1, thusK; C U521 B(yn.1, £d1/(3M)). By compactness, there exists a finite
subsequence,; 1, Yu,, 1, - - - » Yun.1 Of {ys,1} Such that

m
K1 C | B(yn;.1. 8d1/(3M)).
j=1

Obviously, the sequencés, ,(y,; 1)}, j=1,2,...,m, are Cauchy’s sequences and,
consequently, there exisig € N such that ifp, ¢ > ng, then

H Tp,p()’n_/,l) - Tq,q()’n_/,l) H <¢g/3 forj=1,2,...,m.

Letnowy € K1. Theny € B(yx; 1, ed1/(3M)) for somej = 1,2,...,m and, using the
Hahn-Banach theorem, we define the mgps: (1/M)(L o Ty k), Where

Ly € E*, |Ly(v)|<|lv| foreachveE,
and
Li[Tix ) — Tekn; 0] = | Tek ) = Tek im0 k€N

Then, using Cauchy’s integral formula, we délgi (u)(v)| < [[vl|/d1 for u € B(yn; 1,
ed1/(3M)) andv € E. Consequently,

| Tk () — Tek(n; 0 | < (M/dD)|ly — yn;all <€/3, kel
By the above two estimates we obtain
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H Tp.p(y) = Tq,q(y)H < ” Tpp(y) — Tp,p()’n_,',l) ” + H Tp,p()’n_/,l) - Tq,q()’n_/,l) H
+ [ Ty.g Onj 1) = Ty g )
<¢e/3+¢/3+¢/3=¢

wheneverp, ¢ > no. This shows tha{7, ,} is uniformly convergent oK.

We denoteT,, = T,.», n € N, and, using analogous consideration as the above, let
{T,,} denote the subsequence{d,, } which converges uniformly oK>. Generally, let
{T,,pH}denote, converging uniformly oK ,41, p =2,3,..., the subsequence ({)T,,p}.

Let us observe that then the diagonal sequéfigg converges uniformly ok, for each
peN.

Finally, letx € G be arbitrary and fixed. Denote= dist(x, E \ G) andu = dist( f1(x),

E\ D) and letr > 0 be such that =r + y andrM/y < u for somey > 0. Obviously,
thenB(x,r) C G andB(f1(x),rM/y) C D. Moreover,since di$B(x,r), E\G) >y >0

thus

1

/ Dfiftx + (1 —tu](x — u)dt
0
for eachu € B(x, r). The above implies that

fu(B(x,r) C B(f1(x),Mr/y)NK C K N Dy =K

for somes € N. Consequently7,,} converges uniformly orf1(B(x, r)) and thus{F,,},
whereF,, =T,, o f1, n € N, converges uniformly oB(x, r). This proves the assertion.
(i) Applying E. Thorp and R. Whitley theorem [38] fdr we obtain the assertion.o

[ 1) — AW |= <Mlx —ul <Mr/y

Remarks2.1. (a) The sek does not necessarily lie strictly inside

(b) Theorem 2.1 is new even wheéhis bounded and is finite dimensional (compare
with results of J. Gill [18—-21] and L. Lorentzen [31] i and results of Z. Zhang and
F. Ren [53, Theorem 4.2] i@").

Examples2.1. Let E =12 andG = {x € [% ||x|| = (32, [ [2)Y?< 1}. Herel? denotes
the complex Hilbert space of all sequenges {x;} of complex numbers.
(a) For eacln e N, let f,, € Hol(G, G) be defined by the formulae

fon-1(6) = {371 (x1 — 2/3),37%/%x, 373223, 372y, . ],
fon(x) = {871k, 37%2xp, 37323, 372y, .. ).

Thus the mapg1 and f> are compact [43, Criterion, pp. 156—-157] and we may assume
thatK = f1(G) U f2(G). Of courseK lies strictly insideG and{F,} cannot converge at
any point ofG. Moreover, for each € N, F»,_1(G) C K, F2,(G) C K and the sequences
{F2,_1} and{F>,} converges to constant maps> —4~1 andx — —12-1, respectively.
However, the sequendgi o f2o---o f,} convergesto map— —4-1onG.

(b) Let f,, € Hol(G, G), n € N, be defined by the formulae

filx) = Zil{xl, 272/2)62, 273/2x3, 274/2x4, L
fu) =27 HApxq, 27%2xp, 273/2x3, 27%2xy, ..},
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whereA, =1—n"2,n>2, and iMoo [[1—p Aw = 27L. Then f1 is compactf, (G) C
K = f1(G), n e N, K lies strictly insideG and{F,} converges to a constant m&psuch
that F(x) ={0,0,0,...},x € G.

(c) Define f,, € Hol(G, G), n € N, by the formulae

Ja(x) = {2_1 + 4_1()61 + xf), 2_2”/2)62, 2_3'1/2)63, 2_4'1/2)64, .. }

Then f1 is compact,f,(G) € K = f1(G), n € N, K does not lie strictly insid& and
{F,} converges to a constant m&psuch thatF(x) ={1,0,0,...},x € G.

3. Fixed pointsand boundary behaviour of holomor phic maps
on unbounded domains

The following generalization of C.J. Earle and R.S. Hamilton result [13] is established
in [47, Section 4 and inequalities (3.19) and (3.20)].

Theorem 3.1. Let G be a honempty domaimot necessarily bound@ih a complex Ba-
nach space&: and suppose that a subsltof G is boundedpg-bounded and lies strictly
inside G. Each mapf € Hol(G, E) such thatf (G) C D has a unique fixed point € G
and the sequendgf!"!} converges to the constant map—- w uniformly onG.

In this section we study the existence of fixed points and boundary behaviour of maps
f € Hol(G, G) when G is unboundedf(G) is bounded and (G) not lies strictly in-
side G. As a consequence of Theorem 3.1, the proof of Theorem 2.1 in [47] and ideas
from [43] we obtain the following three facts.

Theorem 3.2. Let E be a complex Banach space,detC E be a nonemptgnot necessarily
bounded domain, letf € Hol(G, E) and let f(G) be contained in some open bounded
convex subseb of G.

(i) Assume
higx)=tf(x)+ (1 —1ta forxegd, (3.1

wherea € D andr € [0, 1) are arbitrary and fixed. Then there exists a unique fixed
pointw(z, a) of the maph; ,: G — D.

(ii) Let, additionally,D lie strictly insideG. Then, for eachr € [0; 1), the mapw(z, -):
D — D is holomorphicin D.

We call the seRppr(f) = {w(t, a): (t,a) € [0; 1) x D} an approximative set fof.

Proof. (i) We may assume without loss of generality that . We have
tD+(1—-tDc D and tf(G)CtD. (3.2

Further,a is an interior point ofD. Consequently, there exists= r(a) > 0 such that
y € B0, r) impliesa+ y € D. So,

1l1-—ta+A—-1)ye@d—-r1r)D forallye B(O,r). (3.3)
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Thus (3.2) and (3.3) implyf (x) + (1 —t)a + (1 —1t)y € D forall x e G andy € B(0, r),
or, equivalentlytf(x) + (1 —t)a + w € D for all x € G andw € B[O, (1 — t)r]. Thus
the seth; ,(G) lies strictly insideD. Consequently, the sé} ,(G) is bounded and lies
strictly insideG and, by Theorem 3.1, there exists a unique fixed pointa) of the map
h: -G — D defined by (3.1), which show the first assertion.

(i) Let r € [0; 1) be arbitrary and fixed. Lew(t,a) = h; o(w(t,a)) for a € D. By
Theorem 3.1, we geb(t, a) = lim,,_, oo (17.4)"(0).

Note w, (1, a) = (h;.4)"™(0). Obviously,{w,(z, -)} is locally uniformly bounded oD
and converges uniformly te (¢, -) on D. Indeed, there existsQ A < 1 such that

lwn(t, @) = wat1(t, )| = || (he.a)"™(©) — (hy. )" TH(O)|
< diam(h; .4 (G)) - " - pG (0, h1,a(0))
<diam(D) - A" - Mp,

whereMp = sufpg(x, y): x,y € D} < oo (see [47, Theorem 2.1, formula (3.14) and
inequalities (3.19) ah(3.4)]). Hence the sequence of mdps (¢, -)} is uniformly Cauchy
on D. Consequently, the map(z, -) is holomorphicinD. O

Theorem 3.3. Let E be a complex Banach spaeg,c E an nonemptynot necessarily
bounded domain andD an open bounded convex subsetofAssume that € Hol(G, D)
is a compact map having no fixed pointsGn Then there existy € 3G N f(G) and se-
quencew(t,, a,)} C Appr(f) such thatim,_, -, =1 and

nleoo w(ty, ap) = nleoo flwtn, an)] = w. (3.4)

In addition, if f is continuous inw, then f (w) = w.

Proof. The setf(G) is contained in a compact subsetifand f having no fixed points
in G. By Theorem 3.2(i), there exists € D U (dG N D) and sequencéw(t,, a,)} C
Appr(f) such that lim_, » t, =1 and lim,_, o |[w(t,, a,) — w| = 0.

If we G, then

fw) = lim ht,,,a,, (w(tn’an)) = lim w(t,,ap) = w,
n—00 n—00

which is impossible. Therefone € 3G N £(G).
Furthermore, lim— « || f[w(t,, a,) — w||= 0 since
flwtn, an)] = w(tn, an)/tn — (L= tn)an/tn,
| f[w(tn, an)] — w] < [|[wtn, an) — taw]/ta]| + @ = tu)l@nll/tn
< |wltn. an) —w|/ta + A=) (lwll + lanll)/tn. n €N,

andD is bounded.
If f is continuous inw, then we may assume thatw) =w. O

Theorem 3.4. Let £ be a complex Banach spacé&, an nonempty(not necessarily
bounded domain in£ and D an open bounded convex subsetofLet f € Hol(G, D)
and letf: f(G) — E be continuous. It/ — f)(f(G)) is closed, thery has a fixed point
in (G).
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Proof. Leta € D be arbitrary and fixed. By Theorem 3.1, for each(0, 1), the map; 4
defined by (3.1), has a unique fixed points,a) € D. But |w(t,a) — f(w(t,a))| <
|1 —¢t|(]| f(w(t,a)|| + la]) and D is bounded. This means that lim[w(t,a) —
f(w(t,a))] =0. Hence we conclude thatd(Iz — f)(f(G)). O

Examples3.1. Let E =C,

G={xe€E: 0<Ix|, 0<Arg(x) <m/2},
D={yeE: |y—1 <1, Im(y) >0}

and letf: G — D be ofthe formf(x) =1+ (x —1)/(x + 1). Thusf is a biholomorphic
compact map of unbounded domainonto bounded convex domaid C G, continuous
onG U (G NaD), having no fixed point inG and Fix f) ={0,1} cdG N aD.

4. Construction of invariant CRF-horospheres, Julia’slemma and Wolff’stheorem

The different constructions of horospherand results of type of Julia’s lemma and
Wolff’s theorem in bounded domains were given by several authors [1-4,7,15,17,26,29,
30,34,36,42,45,46,49].

For our further study of the boundary behaviour of holomorphic maps and iterations of
holomorphic maps on unbounded domaihswe need a new tool: the horospherein
In this section we show that the question concerning the existence of horosphéres in
determined by CRF-pseudometriog has positive answer and as applications of those
we give new results of type of Julia’s lemma and Wolff’s theorem. For details concerning
CRF-pseudometrics, see [10,13,23,40,44,47].

First, we obtain

Lemma4.1. Let G be a nonemptgnot necessarily boundgédomain contained in a com-
plex Banach spac&. Let a subseD of G be bounded and convex, and suppose fhat
lies strictly insideG. Then there exists > 0 such that

pG(x,y) < (I/e)llx —yll forallx,y e D.
Proof. We proceed as in the proof of [47, Theorem 2.1]. SupposeHR&tG) is a normed
vector space of bounded maps Hol(G, C) with the norm||g|| = supf|g(x)|: x € G}. For

(x,8) € G x H®(G), we setp(x)(g) = g(x). Itis clear thaty € Hol(G, H*°(G)*), and
that

o' X)W)(g)=g'(x) for(x,v,g) eG x E x H®(G).

We first choose > 0 such that for all € D, whereB(s) = {z € E: ||z]| < ¢}. Now, for
ue D, ge H®(G) such that|g|| <1, andh € E \ {0}, we havesh/||h| € B(e) and, by
the Cauchy integral formula,

2ri)! / g+ /Il 2d| < /e lgl < L.

|ul=e

|g'@)(h/Inll)| =




298 K. Wiodarczyk, D. Klim / J. Math. Anal. Appl. 295 (2004) 291-302

This shows thalg’ (u)(h)| < (1/¢)| k| for (u, h) € D x E. Finally, if (x, y) € D x D, then

pc(x,y) <suf{|l¢[tx + (L —0)y](y —x)|: 1 € (0, 1)}
<sup{[g'[tx + A=) (y —x)|: 1 €(0,1), g€ H®(G), gl <1}
< @/9)lx =yl O

Next, we shall prove

Theorem 4.1. Let E be a separable complex Banach space(det E be a nonemptgnot
necessarily boundgdomain and letO ¢ G be a bounded domain such tiaf N 9o D # @.
Let Eg be a dense countable subsettoénd letGo = G N Eg. Assume thab € G NaD,
wy, € G for n e N andlim,_,. w, = w. Then there exists a subsequerfaeg, } of {w,}
such that the limits

lim [pG (v, wa,) — 06 (x, wny)]
k—o00
and
lim_1im - 0o [ 26 ™, wy,) — p6 (6™, wy,)]
m— o0

exist and are equal for each pointsy € G and for each sequencés™, y™} c Gg x
Go such thatim,,_, oo x™ = x andlim,,_, oo y™ = y. The sets

H(-x7 {wnk}a w; /OG’ R) = {y € G k[)mm[pc(ya wnk) - ,OG(.X, wnk)] < (1/2) IogR}a

x € G, R > 0,we call CRF-horospheres iG.

Proof. If x,y,z € G, then|pg(y, 2) — pc(x, 2)| < pc(x, y). Hence we obtain that

—00 < —pG(x,y) < lim [p6 (v, 2) — p6(x,2)]

lim
I—>w
< lim [p6 (v, 2) = p6(x. )] < po (x. y) < +o0. (4.1)

First we prove that there exists a subsequepeg} of {w,} such that the limits
liMg— ool (v, wn,) — pc (x, wp, )] exists for eackix, y) € Go x Go.

Indeed, letGg x Go = {x™, y™}. By (4.1), there exists a subsequeriag 1} of {w,}
such that the limit lim_ o[ o6 (y Y, ws.1) — p6 (xY, wy.1)] exists. By induction, using
analogous consideration, we conclude that there exist a subsequengeof {w, -1}
such that the limit lim_ oo [o6 (y ®, wy1) — pc (x®, w, )] exists. Thus, for eache N,
there exists a subsequenge, x} of {w,} such that, for eachi = 1,...,k, the lim-
its 1imy,— 0ol 06 (Y, wn k) — pc(x?, w, )] exist. Consequentlyhe diagonal sequence
{wn,,} is a required subsequenpe,, } of {w,} such that the limit lim_, o[ oG (¥, wn,) —
pc (x, wy, )] exists for eachix, y) € Go x Go.

Let nowx, y € G be arbitrary and fixed, lefx™, y™} c Go x Go be an arbitrary
and fixed sequence such that }ime, x™ = x and lim, .o, y" =y and let{w,, } be a
sequence defined above. Since, for each € N,
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/)G(y(m)v Wpy) — pG(x(m), W) — Ay — By,
g IOG(ya wnk) - IOG(xa wnk)
< PG(y(m), wnk) - PG(x(m), wnk) + A + B,
thus we have
Qm - Am - Bm g Q g é < Qm + Am + Bm’ (42)

where

Om = lemoo[pG (y(m)’ wnk) — PG (x(m)’ wnk)]a
Amsz(x(m)’x)a Bmsz(y(m)ay)’ meN,

C=lim [pG(y, wn,) — pG (x, wa,) ],
k—00

C = lim [pg (v, wa) — G (x, way)].
k—o00

Let us observe that the conditions Jjm . x™ = x and lim, s y"™ = y imply that
liM - o0 Am = liMu— o0 B = 0. Indeed, we first assume that Jim .. x™ = x, so that
there existB(x,r) C G, r > 0, andmg € N, such thatD = B(x, r/2) lies strictly insideG,
and, for eachn > mg, x € D. Now, we are able to apply Lemma 4.1 to have that there
exists a positive number such thatpg (x™, x) < (1/¢)[|x™ — x| for eachm > mo.
Hence lim,_. .o A, = 0. Identically, we show that ligp_, oo B;, = 0.

Therefore inequalities (4.2) implies

liminf Q,, <limsupQ,, < € < C < liminf Q,, <limsupQ,,
o0 o

m—> m— 00 m— m—00

and, consequently, lig., oo 0, = C = C, as required. O
Our version of Julia’s lemma is

Theorem 4.2. Let E be a separable complex Banach spacedet E be a nonemptgnot
necessarily boundgdlomain, letf € Hol(G, E) and let f (G) be contained in some open
bounded subsdb of G. Assume thadG NaD # ¥, w,v € dGNID, w, € G forn e N,
iMoo wy = w, im0 f(w,) =v and, for some € G anda > 0,

nleoo[pG(x, wy) — pg (x, f(wn))] < (1/2) loga < +o0.
Then there exists a subsequefieg, } of {w,} such that, for eaclR > 0,

f[H(x, {wn, }, w; pG, R)] C H(x, {f(wnk)}, v; pG,aR).

Proof. Indeed, since CRF-pseudometrics are a Schwarz—Pick system [10,23,40], in virtue
of Theorem 4.1, for some subsequeriag, } of the sequencgw,} and for eachy e
H(x, {wpn,}, w; pG, R), we have
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kli_)moo[pc (fO), fwn)) — pa(x, f(wny))]
< Jim [pG (v, wa) = p6 (x, £ (wn))]
< kimm[pa(y, wpy) — PG (X, w) | + kimm[pc (x, wn,) — pG (%, f(wny))]
< lim [0, wa) = p6 (5, wn)] + (1/2) loga
< (1/2)log(@R).
This concludes the proof.O

Now, as an application of Section 3, Theorem 4.1 and Lemma 4.1, we prove the follow-
ing new version of Wolff's theorem.

Theorem 4.3. Let E be a separable complex Banach spaCec E a nonempty(not
necessarily boundgdiomain andD C G a open bounded convex set. Assume that
Hol(G, D) is a compact map having no fixed pointsGn Then there exisb € 3G N dD
and sequencew(t,, a,)} C Appr(f) such thalim, oo t, =1,

lim w(,,a,) = lim f[w(t,,,a,,)] =w

n—0o0 n—o0
and, for eacht € G, R > 0andk € N,

SM[H (x, {w(tn, an) ). ws pe. R)] € H(x, {w(tn, an)}, w, pG. R).
Proof. By Theorems 3.3 and 4.1 (up t® subsequence of the sequereg,, a,)}
if it is necessary), without loss of generality, we may assume that, for eaclG
and R > 0, the CRF-horosphereH (x, {w(t,, a,)}, w; pg, R) exist. Suppose thag
H(x,{w(t,, an)}, w; pg, R). Then since the limit lim_, o%;,.4,(y) = f(y) holds, there

existB(f (y),r)C G,r > 0,andng € N, such thatD = B(f (y), r/2) lies strictly insideG,
and, for eachn > ng, h;, 4,(y) € D. By Lemma 4.1, there exists> 0 such that

06 (), htya, () < /)| f () = htya, )] fOr 0> no.

Hence lim— o pc (f (¥), h1,.4,(y)) = 0 and since CRF-pseudometrics are a Schwarz—Pick
system, we conclude that

nu)mw[pG (f(y), w(t,, an)) — PG ()C, W (tn, an))]
n|l_>moo[PG (f(y)’ (hfn,an)(y))

+ 06 ((hiya) )y (hiy.a,) (W, an))) — o6 (X, w(tn, an))]
< lIm [p6 (£ (3): hty.a,(0) + p6 (3. Wt an)) = pc (x, wtn. an))]

<

X

= lim [p (v, w(ta,an)) = pc (x, w(ta, an))].
Therefore

f[H(x, {w(tn,an)}, w; PG, R)] C H(x, {w(t,,,a,,)}, w, OG, R),
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and so, by induction, for eache N U {0},
f[i+l]|:H(xa {w(ti’la ai’l)}a wa /OG’ R)] C f[l][H(xa {w(ti’la ai’l)}a wa pG7 R)]a

where f1% = 1. This implies the assertion.o
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