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Abstract
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1. Introduction

Let X denote the class of functions of the following form:
1 oo
k
z)=-+ arz,
f(@) . kZ:o k

which areanalyticin the puncturedopen unit disk
D= {z: zeCandO0< |z] < 1} =U\{0}.

A function f € X is said to beneromorphic strongly starlike of orderin D if it satisfies
the following condition:

G5 ocvaico

We denote byX*(«) the subclass of' consisting of all meromorphic strongly starlike
functions of orderr in . Also we note that

TF1) =: X*

is the well-known class of meromorphic starlike function®ilisee, for details, [6]).
For

neNo:=NU{0} (N:={123,..}),

we define thenultiplier transformationD} of functionsf € X' by

1 (k+1+1\"
Dif()=—+ Z(*) axz" (A>0; zeD).
z A
k=0
Obviously, we have
D} (fo(Z)) = D;"Jr"f(z) (m,n € Ng; &> 0).

The operator®; and D] are the multiplier transformatns introduced and studied earlier
by Sarangi and Uralegaddi [16] and Uralegaddi and Somanatha ([20] and [21]), respec-
tively. Analogous taD}', we here define a new multiplier transformatigh, as follows.

Put '

1 K k+1+a\"
@ ==+ Z<7) ' (neNp; 2> 0)
Z A
k=0
and let the associated functig‘dﬂ be so defined that the Hadamard product (or convolu-
tion):

1
f@* £, @)= Ao >0eD).

Then, analogous t®}, we have

L f@) = £ @) % Q). (1.1)
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We note that

2,/ =2'@+2f() and I}, f() = f().
It is easily verified from the definition (1.1) that

ATy (@) =0T, f(@) — A+ DT f(2) (1.2)
and

AT f @) =uT} a1 f@) — (w+ DI}, f Q). (1.3)

The definition (1.1) of the multiplier transformatid® , is motivated essentially by the
Choi-Saigo—Srivastava operator [3] for analytic functlons which includes a simpler inte-
gral operator studied earlier by Noor [12] and others (cf. [8,9,13]).

Let N be the class of analytic functiohswith #(0) = 1, which are convex and univalent
in U and for which

R{h(2)} >0 (zel.
For functionsf andg analytic in
U:=DU{0},
we say thatf is subordinateo g, and write
f<g inU or f(z2)<g() (z€l),
if there exists é&chwarz functiom (z), which (by definition) is analytic ifJ with
w@=0 and |w(x)| <1l (zel),
such that
f@)=g(w) (zel).
Itis known that
fi)<g@) (el) = [f(O)=g0 and f(U) cg).
Furthermore, if the functiog is univalentin U, then (see, e.g., [11, p. 4])
f@)<gk) (el) < [f(O)=g0O and f(U)Cg).

Making use of the principle of subordination between analytic functions, we introduce
the following new subclasses:

> (k) and X} (: A, B;a)

of the classY.
Let the functiongs, ..., g; bein the class'. Then we say that the functiogs, ..., &
are in the subclasEi’M(l; h) if they satisfy the following subordination condition:

(T} e(D)
- I
% Zj:lI)’Ll,ugj (Z)

<h(z) (zeU;, k=1,...,1; heN), (1.4)
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where
I
2y I ,8j()#0 (ze).
j=1

In particular, we set

1+ Az
Z‘f,u(l; m) =: Z‘f’ﬂ(l; A B) (-1<B<AZ<1 zel). (1.5)

We note that

1 142 * * <
i L 1. =X"a) O<asl zel

and
1+
Z‘111,2(]-2 1—_§> =X* (zel)

for the familiar subclasse5s™* («) (0 < @ < 1) and X* of the classX.
Next, we denote b)Ef’M(l; A, B; @) the class of functiong € X satisfying the follow-
ing inequality:

/
I
72 =173 .8 (@) 2
(z€U; 0<asl gjeX) (LA B); j=1,....1). (1.6)

We note that, for appropriate choices of the parameters involved in (1.6), the class
Ef’u(l; A, B; @) can be reduced to that of meromorphic close-to-convex functions intro-
duced and studied by Libera and Robertson [7] and Singh [18]. Furthermore, for some
interesting developments related to the classes

=0 (k) and ZP (5 A, B a),

the reader can be referred to the works of (for example) Bharati and Rajagopal [2] and
Padmanabhan and Parvatham [14].

In the present paper, we give some argument properties of meromorphic functions be-
longing to the clas¥’ which contain the basic inclusion relationships among the classes

= (hy and E (5 A, B a).

The integral-preserving properties of the operﬂ}@& defined by (1.1) are also considered.
Furthermore, we obtain the previous results of Bajpai [1] and Goel and Sohi [5] as special
cases.
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2. Themain inclusion propertiesand their consequences
The following results will be required in our investigation.

Lemma 1 (Eenigenberg et al. [4]Leth be convex univalent iy with
h(0)=1 and R{rh(z)+v}>0 (zeU; A, veC).
If ¢ is analytic inU with ¢ (0) = 1, then the following subordination

z2q'(2)
Aq(2) +v
implies that

q(@)<h(z) (zel).

q(z)+ <h(z) (zel)

Lemma 2 (Miller and Mocanu [10]) Letz be convex univalent ity andw be analytic in
U with

R{w(2)} 2 0.
If ¢ is analytic inU and

q(0) =h(0),
then the following subordination

9@ +w(@z9'(2) <h(z) (zel)
implies that

q(@)<h(z) (zel).

Lemma 3 (Cf., e.g., Takahashi and Nunokawa [19, p. 65B8tq be analytic inU with
g0 =1 and ¢g(z)#0 (zeU).

If there exist two pointss, z2 € U such that

T 4
_Eal - arg(q(zl)) < arg(q(z)) < arg(q(zZ)) = Eaz (2.1)
for somew; andaz (a1, az > 0) and for all z (|z] < |z1| = |z2]), then
’ /7
219'(z1) _ _i<a1+az>m and 24 (z2) :l.<0!1+012)m7 2.2)
q(z1) 2 q(z2) 2
where
1—-1b -
m 1ol and b—itan™ <a2 al). (2.3)
1+ b 4\o1+oa2

First of all, with the help of Lemmas 1 and 2, we obtain the following inclusion rela-
tionships.
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Proposition 1. Leth € A with
max(R{h()}) <min(+ L u+1) (4, p>0).
Then the following inclusion relationships hold true
2 sy C 27 (s hy € ZEH .

Proof. We begin by showing that
Gy C X7 (4 h.

Let
g exy, by (j=1...D
and set
(77 er(@)
pi(z) = — bt (k=1,...,D,

T eR)
wherepy (k=1,...,1) is analytic inU with
k=1 (k=1,...,0).
By using the identity (1.3), we get

1
7 Z 77,8/ @) k(@) — (w+ DI} ek (@) = —pIf 1 18k(2)
(k_l,..., D). (2.4)
Upon differentiating both sides of (2.4) with respectt@nd then simplifying, we have
2p}(2) 2T a8k @)
() + —m— =-7 ,“‘*n <h()
T Lj= 1P1(Z)+M+1 T I M_;,_lgj(z)
(zeU; k=1,...,D), (2.5)
since
geXl k) (k=1...,D.
Sinceh is convex inU, for anyzg € U, there exists a poirty € U such that
209’ (z0)
+ - =
q(zo0) TGt h(%o),
where
1
9@ =7 lej(z).
j:

Thus we find from Lemma 1 that< / in U. Applying Lemma 2 with
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1
—q@)+pu+1
to (2.5) again, it follows that

pr<h InU forallk (k=1,...,1),
which implies that

geexy (ihy (k=1,...1
whenever

maxR{h@)}) <u+1 (u>0.

w(z) =

Next, we prove that

1
Y I ,8j@)#0 (zel).

j=1
Since

geX  aGh (k=1,...0)
andh is convex inU, there exists a poirtf € U such that, for anyg € U,

I
ZO(Z,jzlzf,qulgj (ZO))/

r(zo) : Z.l,' T 180 h(%0),
and hence < 4 in U. We note also that
I z !
fo,ﬂgj(z)=ﬁ YT g (0t
j=1 o J=1

Thus, by applying a known result [5, Theorem 1] (see also [15]), we conclude that

I
2y 17 ,8j()#0 (ze).

j=1
To prove the second inclusion rétanship asserted by Proposition 1, let
geeXy (bhy (k=1,...0D
and put

1 /
$1() = —= Z(ZIE‘ ii(f)) k=1.....1),
7 Zj:lIA,M 8j(2)
wheres; (k=1,...,1) is analytic inU with
=1 (k=1,...,0).
Then, by using the arguments similar to those detailed above with (1.2), it follows that

sk<h InU forallk(k=1,...,]),




512 N.E. Cho et al. / J. Math. Anal. Appl. 300 (2004) 505-520

that is,
1.
gee XUy (k=1,....0)
whenever

maxR{r)}) <r+1 (>0).
zeU
Thus we have completed the proof of Proposition &

If we take
1+ Az
1+ Bz

in Proposition 1, we obtain the following rdsunvolving the function class defined
by (1.5).

h(z) = (-1<B<AZ)])

Corollary 1. Let
1+ A
1+B

Then

<minA+1Lu+1) (Au>0 —-1<B<AZ1).

3G A B C Z) (LA, B) C D)L A, B).

Proposition 2. Leth € A/ with
maxR{r(2)}) <c+1 (c>0).
zeU

Then
ngEX',M(l;h) k=1....) = Fc(gk)eff,ﬂ(l;h),

whereF, is the integral operator defined by

Z

/tcgk(t)dt (k=1,....1; c>0). (2.6)
0

Fe(g) = Fe(@)(@) = g
Proof. Suppose that
gee X (ih)y (k=1....D
and set
(T, Fe(g0) ()
I T Feg)()
From (2.6), we have

(T}, Fe(g) (@) = ¢ I} g1 (2) — (e + DT}, Fu(go) (2), (2.8)

|
\.N
bt

Pe(2) = (2.7)
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wherepy (k=1,...,1) is analytic inU with
k=1 (k=1,...,0).
Then, by applying (2.8) to (2.7), we get

1 1
7§:axﬂﬁx&0@»pu@—wc+1ﬂxﬂﬁxga@>=—dqﬂgu@
j=1

k=1,...,0). (2.9)
By differentiating both sides of (2.9) with respectzoand then simplifying, we obtain
2P} (2) (T e @)
() + —— = - (k=1,....D).
—T2jmpi@+c+l =335 T3 (@)

We note also that
! ¢ f l
I Fe(g)) ) = ﬁ/tC(ZIﬁﬂg,(t)) dt.
j=1 0 j=1
Therefore, by the same arguments as anghoof of Proposition 1, we conclude that Propo-
sition 2 holds true as stated abovex

From Proposition 2, we immediatehabe the following consequence.

Corollary 2. Let
1+A<(c+1D)@A+B) (¢>0, -1<B<AZ<1.
Then, for the function cIasEf’M(l; A, B) defined by(1.5),
geexy (A B) (k=1,...1)
= F.(gk) € Z‘f’ﬂ(l; A,B) (k=1,...,]),

whereF, is the integral operator defined K{2.6).

Remark 1. By setting
n=i=I[=1, u=2 and B~ A

in Corollary 2, we arrive at a result of Goel and Sohi [5], which includes the result given
earlier by Bajpai [1] as &urther special case.
3. Argument propertiesand their consequences

Theorem 1. Let0 < 81, 62 < 1 and

1+A<(u+2D@A+B) (u>0;, - 1<B<AZ<1).
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If a function f € X satisfies the following two-sided inequality

z(Zy @)’
—%51 < arg(— ( A’lH_lf ) ) < z52,

1T gi @/ 2
where
g€ (A B) (k=1,...D),
then
7 (7}, f @) b
2T arg<_ YT e (Z)> s
where

a1 and a2 (O<ai,a2=<1)
are the solutions of the following equations
(a1 + a2)(1— |b]) cOYF11) >
A—_é + 1+ 1)1+ b)) + (a1 + a2) (1 — |b]) sin(51)

2
S1=o1+ = tanl( (3.1)
T 2(

and

(a1 +a2)(1— |b]) cogF11)
— _ (3.2)
2=+ u+ 1)1+ b)) + (01 + a2) (1 — |b]) sin(511)

2 =1
d2=ap+ —tan
T 2(

whenb is given by(2.3)and
2 A—B
n=-= sin—1< ) (3.3)

bid (wn+1A—-B%—(1-AB)
Proof. Let
(7}, f(@) 1<
p(2)=— ’ and g(z)=-) q;2),
leljzlzf,ﬂgj(z) l ; !
where
1! 8k (2)
qr(z) =— Z( A’“gkz) k=1,...,D.

11T 85 (@)
Making use of (1.3), we readily have

1

1

=T 8/ @) @) — (+ DI}, f (@) = —uI} 1 f(2). (3.4)
Jj=1

~

By differentiating both sides of (3.4) with respecttoand then simplifying, we obtain

" (), ’
l Z( )L,u—"_lf - ) p(Z)+L)1
Z] 173 1185 @ —q@)+u+
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Since

gkeZ’){’!MH(l;A,B) k=1,...,D,
by Corollary 1, we see that

gkeXy (A B) (k=1,...0).

Therefore, we get

14+ Az
. <
q(Z)<1+BZ (zeU; -1<B <A<
Hence we observe from [17] that
1-AB A—-B
@)~ T—par| <15 GcU -1<B<AZ=)). (3.5)
Thus, by using (3.5), we have
.h
—q@)+pn+l=pe2,
where
41 1A +1+A7Y and - b <t
— < T -1 <
2 1xg “P=H 13 1<¢ <t
t1 being given by (3.3).

We note thap is analytic inU with p(0) = 1. Letw = h(z) be the function which maps
U onto the angular domain

{w: —%31 <argw) < %52} with 7(0) = 1.

Applying Lemma 2 for this functiof with

1
IRETGEEaY
we see that
R{p@)}>0 (zel,
and hence

p(2) #0 (ze€U).

If there exist two pointg1, z2 € U such that the condition (2.1) is satisfied, then (by
Lemma 3) we obtain (2.2) under the restriction (2.3). Hence we have

z1p'(z1) )
—q@z)+pu+1

= —%a1+arg(1— ial;azm(pei%)l>

< _1< (a1 +a2)msin(Z (1 - ¢)) >
S ——op —tan
- 2p + (a1 + az)m cogZ (1 — ¢))

arg(p(u) +

b4
2
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.- < (a1 + @2) (L — b)) cos(Z11) )
o1 — .
2(43 + w+ 1)L+ |b]) + (@1 + a2) (1 — |b]) Sin(F11)
81

II/\

N |\>|:l

(a1 +a2)(1—|b]) cog51)

z2p'(z2)
(”( 2+ q(z>+u+1)
: )
= L+ 1)@+ 15D + (a1 +a2) (X — b)) sin(G )

o +tan <2(A

=82,

I\)';l N

where we have used the inequality (28),52, andr1 being given by (3.1), (3.2), and (3.3),
respectively. These obviously contradict the assumption of Theorem 1. The proof of
Theorem 1 is thus completed

If we let 81 = 82 in Theorem 1, we easily obtain the following consequence.

Corollary 3. LetO<é§ <1and
1+A<(u+2DA+B) (u>0, - 1<B<AZ<1).
If a function f € X satisfies the following inequality

arg( (7, ,Hlf(z))’ )

1
Z/ 1 u+lgl (2)

T

2 ’

where

g ey (LA B) (k=1,...0),

then
(7, f@)
arg(— T (1 “‘]; ) >‘ < %a,
7217 ,8i ()

wherea (0 < o < 1) is the solution of the following equation

acog%5t1) >
Al 4 1+ asingn)

2
S=o+ —tan1< (3.6)
g
whent; is given by(3.3).

The proof of Theorem 2 below is similar to that of Theorem 1, and so the details may
be omitted.

Theorem 2. Let0 < 81,82 < 1and
1+A<(XA+1)A+B) (A>0, -1<B<AZ<1).



N.E. Cho et al. / J. Math. Anal. Appl. 300 (2004) 505-520 517

If a function f € X satisfies the following two-sided inequality
(B, @) )
1T 80 @)

b4
~ 5o,
<22

—%81 < arg(—
where
gk € Ei’,u(l; A,B) (k=1,...,D,

then

AT @) ) 7

T
——u < arg(— T 1 < <o,
2 TijlI;,u gJ(Z)

2

where
a1 and a2 (O<ai,a2<1)
are the solutions of Eq¢3.1)and (3.2)with u = .

From Theorem 1 (or Corollary 3) and Theorem 2, we immediately obtain the following
inclusion relationships.

Corollary 4. Let
1+A
1+B
Then the following inclusion relationships hold true

Ef,wrl(l; A,B;a) C Ei’,u(h A,B;a) C Z‘fjil(l; A, B;a).

<minA+1Lu+1l) (Au>0 —-1<B<AZ1).

Next, we prove the following argument property.

Theorem 3. Let0 < 81,82 < 1 and
1+A<(c+1DA+B) (¢c>0, -1<B<AZ<1).
If a function f € X satisfies the following two-sided inequality
A7 @) b
15! n <58,
7 ijlfk,ugj(z)

”5 ar
T arof -
01 =2 2

where
gk € E;’)M(l; A,B) (k=1,...,D,
then

ES arg(_ (7, Fe(H)@) > T
2 I AT Fegp@)) 2
whereF, is the integral operator defined K{2.6), and
a1 and a2 (O<ai,a2<1)
are the solutions of Eq$3.1)and (3.2) with u =c.
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Proof. Let
(T Fe(H@) @) 1
p(@)=—7 ( Lt - ) and ¢(x)==) (),
72 =1L Fe(g)(@) n.a
where
(T, Fe(gn) (2)
qr(@) =—1 (ZA”‘n ) (k=1,...,D).
72212y Fe(g)(@)
Using the identity (2.8), we obtain
1
1
7 Z(If,ﬂFc(gj)(Z))p(Z) —(+ DI}  Fe(f)2) = =T} , [ (). (3.7)

j=1
By differentiating both sides of (3.7) with respectzoand then simplifying, we get
(B, f@) ' ()
Iy e LT @ rer D
2 =17 ,8i(2) LS
Since
greX) (A B) (k=1,...D),
by Proposition 2, we know that
Fe(g) e X3 (A, B) (k=1,....]).

Hence we find that
1+ Az
1+ Bz

The remaining part of the proof of Theorem 3 is similar to that in the proof of Theorem 1,
and so we omit the details involved O

q(z) < (zeU; -1<B <A<

For the special case whépn= 3», Theorem 3 reduces to the following form.

Corollary5.Let0O<é <1and
1+A<(c+1DA+B) (¢c>0, -1<B<AZ<1).
If a function f € X satisfies the following inequality
(27, f@)
o)

- T
72177 ,8i ()

< 2 ,
where

gkeXy (LA B) (k=1,...D,
then

arg< AL Fe(NE) )\ “
- T
P Fe(8) @)

2%
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where F, is the integral operator defined 42.6), anda (0 < « < 1) is the solution of
Eq. (3.6)with u = c.

Remark 2. Corollary 6 below is an obvious consequence of Corollary 5.

Corollary 6. Let
1+A<(c+1D)A+B) (¢c>0, -1<B<AZ<1).
Then
feZl A Bia) = Fo(f)eXZ] (A B,
whereF, is the integral operator defined K{g.6).
Remark 3. From Theorem 3 or Corollary 6, we observe that every functjonn

23 (A, By o) preserves the angles under the integral operator defined by (2.6). If we
put

n=i=l=a=1, u=2 and B~ A

in Corollary 6, we obtain the result given earlier by Goel and Sohi [5].
Finally, we state Theorem 4 below, the proof of which is much akin to that of Theorem 1.

Theorem 4. Let0< 81,82 <1,y =20and
1+A<(u+2DA+B) (u>0, - 1<B<AZ<1).

If a function f € X satisfies the following two-sided inequality

(1! (2)) (78, f @)
i< [yl Dy SO ) 1,
72 =123 118/ (@) 72} ,8i(@)
where
gee Xy (LA B) (k=1,...D),
then
T arg( Z(If)ﬂf(Z))/ > b
——a1 < — < —ao,
2 YT e/ 2

wherea; andaz (0 < a1, a2 < 1) are the solutions of the following equations
(a1 +a2)(L— |b])y cogFt1) > 3.8)
2(452 + w+ 1)L+ b)) + (o1 + a2) (1 — |b]) sin(F11)

2.1
81 =o1+ —tan
b

and

(a1 +a2)(1— |b])y cosFt1) ) 3.9)
2455 + 1+ A+ 1D + (@1 +a) (L — D sinG) )
whenb andt; are given by(2.3)and (2.12) respectively.

2.1
2 =ap+ —tan
b
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