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Abstract

In this paper we prove an existence and uniqueness theorem for the Dirichlet problem for linear ellip-
tic equations (in unbounded domains) whose leading coefficients are locally VMO and satisfy a suitable
condition at infinity.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the Dirichlet problem

{
u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω),

Lu = f, f ∈ Lp(Ω),
(1.1)

where Ω is an open subset of R
n, n � 3, with a suitable regularity property, p ∈ ]1,+∞[ and

L is the uniformly elliptic differential operator defined by

* Corresponding author.
E-mail address: mtransirico@unisa.it (M. Transirico).
0022-247X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.02.048



1096 L. Caso et al. / J. Math. Anal. Appl. 325 (2007) 1095–1102
L = −
n∑

i,j=1

aij

∂2

∂xi∂xj

+
n∑

i=1

ai

∂

∂xi

+ a. (1.2)

If Ω is bounded, problem (1.1) has been widely investigated by several authors under various
hypotheses on the leading coefficients aij . In particular, when the aij ’s are of class C0(Ω̄),
a complete reference for classical results on this subject is [8, Chapter 9]. If the coefficients aij

are required to be discontinuous, a relevant existence and uniqueness theorem can be found in
a paper by Miranda [9], where the author assumed that the aij ’s belong to W 1,n(Ω) and that
p = 2. This result was later generalized in different ways, supposing that the derivatives of the
leading coefficients belong to certain wider spaces.

More recently, a relevant contribution to the theory has been given in [6,7], under the assump-
tion that the aij ’s are of class VMO, ai = a = 0 and p ∈ ]1,+∞[ (recall here that VMO contains
both spaces C0(Ω̄) and W 1,n(Ω)).

If the set Ω is unbounded, problem (1.1) has for instance been studied in [10], where the
leading coefficients satisfy restrictions similar to those in [9] and p = 2, and in [3], where the
investigation has been extended to the case p ∈ ]1,+∞[. The aim of this paper is to generalize
the above quoted results in [6,7] to the case of unbounded open sets. In fact, under the hypotheses
that the coefficients aij are in VMOloc(Ω̄) and satisfy a suitable condition at infinity, a W 2,p-
estimate for the solutions of (1.1) will be obtained, and an existence and uniqueness result will
be deduced.

2. Notation and function spaces

Let Ω be an open subset of R
n, and let Σ(Ω) be the collection of all Lebesgue measurable

subsets of Ω . For each A ∈ Σ(Ω), we denote by |A| and χA the Lebesgue measure and the
characteristic function of A, respectively. Moreover, put

A(x, r) = A ∩ B(x, r) ∀x ∈ R
n, ∀r ∈ R+,

where B(x, r) is the open ball of R
n of radius r centered at x, and

Br = B(0, r) ∀r ∈ R+.

If X(Ω) is a space of functions defined on Ω , we denote by Xloc(Ω̄) the space of all functions
g :Ω → R such that ζg ∈ X (Ω) for every ζ ∈ D(Ω̄), where D(Ω̄) = {ξ|Ω | ξ ∈ C∞

0 (Rn)}.
For p ∈ [1,+∞[ and λ ∈ [0, n[, denote by Mp,λ(Ω) the set of all functions g ∈ L

p

loc(Ω̄) such
that

‖g‖Mp,λ(Ω) = sup
ρ∈]0,1]
x∈Ω

ρ−λ/p‖g‖Lp(Ω(x,ρ)) < +∞, (2.1)

endowed with the norm defined by (2.1). Moreover, M
p,λ

0 (Ω) denotes the closure of C∞
0 (Ω) in

Mp,λ(Ω). It is known (see, e.g., [11, Lemma 2.1]) that a function g (in Mp,λ(Ω)) belongs to
M

p,λ

0 (Ω) if and only if

lim
t→0+

(
pg(t) + ∥∥(1 − ζ1/t )g

∥∥
Mp,λ(Ω)

) = 0, (2.2)

where

pg(t) = sup
A∈Σ(Ω)

sup |A(x,1)|�t

‖χAg‖Mp,λ(Ω), t ∈ R+,
x∈Ω
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and ζr , r ∈ R+, is a function in C∞
0 (Rn) such that

0 � ζr � 1, ζr|Br
= 1, supp ζr ⊂ B2r .

Thus a modulus of continuity of g ∈ M
p,λ

0 (Ω) is a function

σ0[g] : R+ → R+
such that

σ0[g](t) � pg(t) + ∥∥(1 − ζ1/t )g
∥∥

Mp,λ(Ω)
∀t ∈ R+, lim

t→0+ σ0[g](t) = 0.

In the following we will put Mp(Ω) = Mp,0(Ω) and M
p

0 (Ω) = M
p,0
0 (Ω).

If Ω has the property∣∣Ω(x,ρ)
∣∣ � Cρn ∀x ∈ Ω, ∀ρ ∈ ]0,1], (2.3)

where C is some positive constant independent of x and ρ, one can consider the space
BMO(Ω, t), t ∈ R+, consisting of all functions g in L1

loc(Ω̄) such that

[g]BMO(Ω,t) = sup
x∈Ω

r∈]0,t]
−
∫

Ω(x,r)

∣∣∣∣g − −
∫

Ω(x,r)

g

∣∣∣∣ < +∞, (2.4)

where

−
∫

Ω(x,r)

g = ∣∣Ω(x, r)
∣∣−1

∫
Ω(x,r)

g.

If g ∈ BMO(Ω) = BMO(Ω, tC), with

tC = sup
t∈R+

(
sup
x∈Ω

r∈]0,t]

rn

|Ω(x, r)| � 1

C

)
,

we say that g is in VMO(Ω) when

lim
t→0+[g]BMO(Ω,t) = 0.

Moreover, a function η[g] : R+ → R+ is called a modulus of continuity of g in VMO(Ω) if

η[g](t) � [g]BMO(Ω,t) ∀t ∈ R+, lim
t→0+ η[g](t) = 0.

A more detailed account of properties of the above defined function spaces can be found in
[11,12].

3. Some a priori bounds

Let Ω be an unbounded open subset of R
n, n � 3, with the uniform C1,1-regularity property,

and let p ∈ ]1,+∞[. Consider in Ω the operator

L = −
n∑

aij

∂2

∂xi∂xj

+
n∑

ai

∂

∂xi

+ a, (3.1)

i,j=1 i=1



1098 L. Caso et al. / J. Math. Anal. Appl. 325 (2007) 1095–1102
and suppose that the coefficients of L satisfy the following conditions:

(H1)

⎧⎪⎪⎨
⎪⎪⎩

aij = aji ∈ L∞(Ω) ∩ VMOloc(Ω̄), i, j = 1, . . . , n,

∃ν ∈ R+:
n∑

i,j=1

aij ξiξj � ν|ξ |2 a.e. in Ω, ∀ξ ∈ R
n,

there exist functions eij , i, j = 1, . . . , n, g and μ ∈ R+ such that

(H2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

eij = eji ∈ L∞(Ω), (eij )xh
∈ M

s,n−s
0 (Ω), with s ∈ ]2, n], i, j, h = 1, . . . , n,

n∑
i,j=1

eij ξiξj � μ|ξ |2 a.e. in Ω, ∀ξ ∈ R
n,

g ∈ L∞(Ω), g0 = ess inf
Ω

g > 0,

lim
r→+∞

n∑
i,j=1

‖eij − gaij‖L∞(Ω\Br) = 0,

(H3)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ai ∈ M
t1
0 (Ω), with t1 > n if p � n, t1 = p if p > n,

a = a′ + b, where

a′ ∈ M
t2
0 (Ω), with t2 > n/2 if p � n/2 and t2 = p if p > n/2,

b ∈ L∞(Ω), b0 = ess inf
Ω

b > 0.

Observe that under assumptions (H1) and (H3) the operator L :W 2,p(Ω) → Lp(Ω) is bounded
(see for instance [5, Theorem 3.2]). Put

L0 = −
n∑

i,j=1

aij

∂2

∂xi∂xj

, E = −
n∑

i,j=1

eij

∂2

∂xi∂xj

(3.2)

and ⎧⎪⎪⎨
⎪⎪⎩

hr
ij = ζ2raij + (1 − ζ2r )eij , i, j = 1, . . . , n,

Hr = −
n∑

i,j=1

hr
ij

∂2

∂xi∂xj

.
(3.3)

For each r ∈ R+ the coefficients hr
ij are symmetric, elliptic (with ellipticity constant equal to

min{ν,μ}) and belong to L∞(Ω) ∩ VMO(Ω) (see [2, Lemma 4.2]).

Lemma 3.1. Suppose that conditions (H1)–(H3) hold. Then for each positive real number r there
exists c(r) ∈ R+ such that

‖ζru‖W 2,p(Ω) � c(r)
(∥∥(L0 + b)(ζru)

∥∥
Lp(Ω)

+ ‖ζru‖Lp(Ω)

)
∀u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω), (3.4)

where c(r) depends on n,p,Ω,ν,‖aij‖L∞(Ω),‖b‖L∞(Ω), η[ζ2raij ].

Proof. Let r ∈ R+ and u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω). By Theorem 5.1 of [5] and by (3.3), there
exists c1(r) ∈ R+, depending on n,p,Ω,ν,‖aij‖L∞(Ω), η[ζ2raij ], such that
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‖ζru‖W 2,p(Ω) � c1(r)
(∥∥Hr(ζru)

∥∥
Lp(Ω)

+ ‖ζru‖Lp(Ω)

)
= c1(r)

(∥∥ζ2rL0(ζru) + (1 − ζ2r )E(ζru)
∥∥

Lp(Ω∩B2r )
+ ‖ζru‖Lp(Ω)

)
= c1(r)

(∥∥L0(ζru)
∥∥

Lp(Ω)
+ ‖ζru‖Lp(Ω)

)
. (3.5)

The statement follows now from (3.5). �
In the following, for each function f of n variables x1, . . . , xn, we put

fx =
(

n∑
i=1

f 2
xi

)1/2

and fxx =
(

n∑
i,j=1

f 2
xixj

)1/2

.

Lemma 3.2. Suppose that conditions (H1)–(H3) hold. Then there exist positive real numbers r0
and c0 such that∥∥(1 − ζr0)u

∥∥
W 2,p(Ω)

� c0
∥∥(L0 + b)

(
(1 − ζr0)u

)∥∥
Lp(Ω)

∀u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω), (3.6)

where r0 and c0 depend on n,p,Ω,μ,g0, b0, s,‖eij‖L∞(Ω),‖g‖L∞(Ω),‖b‖L∞(Ω), σ0[(eij )x].

Proof. Let u be any element of W 2,p(Ω) ∩ W̊ 1,p(Ω). It follows from Theorem 5.1 of [3] that
there exist c1 ∈ R+ and a bounded open subset Ω1 � Ω such that∥∥(1 − ζr )u

∥∥
W 2,p(Ω)

� c1
(∥∥(E + gb)

(
(1 − ζr )u

)∥∥
Lp(Ω)

+ ∥∥(1 − ζr )u
∥∥

Lp(Ω1)

) ∀r ∈ R+, (3.7)

where c1 and Ω1 depend on n,p,Ω,μ,g0, b0, s,‖eij‖L∞(Ω),‖g‖L∞(Ω),‖b‖L∞(Ω), σ0[(eij )x].
If r1 is a positive real number such that Ω1 is contained in Ω ∩ Br1 , we have that∥∥(1 − ζr )u

∥∥
Lp(Ω1)

= 0 ∀r � r1. (3.8)

Applying (3.7) and (3.8), it follows that∥∥(1 − ζr )u
∥∥

W 2,p(Ω)
� c1

(∥∥(E − gL0)
(
(1 − ζr)u

)∥∥
Lp(Ω)

+ ‖g‖L∞(Ω)

∥∥(L0 + b)
(
(1 − ζr )u

)∥∥
Lp(Ω)

)
. (3.9)

The statement is now a consequence of assumption (H2). �
We can now prove the main result of this section.

Theorem 3.3. Suppose that conditions (H1)–(H3) hold. Then there exist a positive real number
c and a bounded open subset Ω0 ⊂ Ω such that

‖u‖W 2,p(Ω) � c
(‖Lu‖Lp(Ω) + ‖u‖Lp(Ω0)

) ∀u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω), (3.10)

where c and Ω0 depend on n,p,Ω,ν,μ,g0, b0, s, t1, t2,‖aij‖L∞(Ω),‖eij‖L∞(Ω),‖g‖L∞(Ω),

‖b‖L∞(Ω), η[ζ2r0aij ], σ0[(eij )x], σ0[ai], σ0[a′], with r0 as in the statement of Lemma 3.2.
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Proof. Let u be any element of W 2,p(Ω) ∩ W̊ 1,p(Ω) and choose r0 ∈ R+ as in the statement of
Lemma 3.2. It follows from (3.4), (3.6) and the usual product derivatives that

‖u‖W 2,p(Ω) � ‖ζr0u‖W 2,p(Ω) + ∥∥(1 − ζr0)u
∥∥

W 2,p(Ω)

� c(r0)
(∥∥(L0 + b)(ζr0u)

∥∥
Lp(Ω)

+ ‖ζr0u‖Lp(Ω)

)
+ c0

(∥∥(L0 + b)
(
(1 − ζr0)u

)∥∥
Lp(Ω)

)
� c1

(∥∥(L0 + b)u
∥∥

Lp(Ω)
+ ‖ζr0u‖Lp(Ω)

+ ∥∥(ζr0)xux

∥∥
Lp(Ω)

+ ∥∥(ζr0)xxu
∥∥

Lp(Ω)

)
, (3.11)

with c1 ∈ R+ depending on n, p, Ω , ν, μ, g0, b0, s, ‖aij‖L∞(Ω), ‖eij‖L∞(Ω), ‖g‖L∞(Ω),
‖b‖L∞(Ω), η[ζ2r0aij ], σ0[(eij )x].

If Ω1 is a bounded open subset of Ω with the cone property for which supp ζr0 ∩ Ω ⊂ Ω1,
by (3.11) we obtain that there exists c2 ∈ R+, dependent on the same parameters as c1, such that

‖u‖W 2,p(Ω) � c2
(∥∥(L0 + b)u

∥∥
Lp(Ω)

+ ‖u‖Lp(Ω1) + ‖ux‖Lp(Ω1)

)
. (3.12)

On the other hand, from Theorem 3.2 in [5] and Corollary 3.5 in [11], it can be deduced that for
each ε ∈ R+ there exist c(ε) ∈ R+ and a bounded open subset Ωε � Ω , with the cone property,
such that∥∥∥∥∥

n∑
i=1

aiuxi
+ a′u

∥∥∥∥∥
Lp(Ω)

� ε‖u‖W 2,p(Ω) + c(ε)
(‖ux‖Lp(Ωε) + ‖u‖Lp(Ωε)

)
, (3.13)

where c(ε) and Ωε depend on ε,n,p,Ω, t1, t2, σ0[ai], σ0[a′]. Therefore (3.12) and (3.13) yield
that there exist c3 ∈ R+ and a bounded open subset Ω2 ⊂ Ω , with the cone property, such that

‖u‖W 2,p(Ω) � c3
(‖Lu‖Lp(Ω) + ‖u‖Lp(Ω2) + ‖ux‖Lp(Ω2)

)
, (3.14)

with c3 and Ω2 depending on n,p,Ω,ν,μ,g0, b0, s, t1, t2,‖aij‖L∞(Ω),‖eij‖L∞(Ω),‖g‖L∞(Ω),

‖b‖L∞(Ω), η[ζ2r0aij ], σ0[(eij )x], σ0[ai], σ0[a′]. Moreover, there exists a positive real number
K = K(p,Ω2) such that

‖ux‖Lp(Ω2) � Kε‖u‖W 2,p(Ω2)
+ K

ε
‖u‖Lp(Ω2) (3.15)

for all ε ∈ ]0,1] (see for instance [1, Theorem 4.14]). The statement follows now from (3.14)
and (3.15). �
4. A uniqueness and existence theorem

In the proof of our main theorem we will need the following result of operator theory.

Lemma 4.1. Let X and Y be Banach spaces, and let

L : τ ∈ [0,1] �→ Lτ ∈ B(X,Y )

be a continuous function such that

N(Lτ ) = {0} and R(Lτ ) is closed, for each τ ∈ [0,1], (4.1)

where N(Lτ ) and R(Lτ ) are the kernel and the range of the operator Lτ , respectively. Then
there exists a positive real number C0 such that

‖x‖X � C0‖Lτx‖Y ∀x ∈ X, ∀τ ∈ [0,1]. (4.2)
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Proof. It is clearly enough to prove that there exists a positive real number C0 such that

‖Lτx‖Y � C−1
0 ∀x ∈ S, ∀τ ∈ [0,1], (4.3)

where S = {x ∈ X: ‖x‖X = 1}. Assume by contradiction that for each n ∈ N there are τn ∈ [0,1]
and xn ∈ S such that

‖Lτnxn‖Y <
1

n
. (4.4)

Consider a subsequence (τnk
)k∈N of (τn)n∈N which converges to a certain τ0 ∈ [0,1]. Since

‖Lτ0xnk
‖Y �

∥∥(Lτ0 − Lτnk
)xnk

∥∥
Y

+ ‖Lτnk
xnk

‖Y

� ‖Lτ0 − Lτnk
‖B(X,Y ) + ‖Lτnk

xnk
‖Y ,

it follows from (4.4) that

lim
k→+∞Lτ0xnk

= 0. (4.5)

On the other hand, hypothesis (4.1) yields that L−1
τ belongs to B(R(Lτ ),X) for each τ ∈ [0,1];

thus by (4.5) we obtain that

lim
k→+∞xnk

= lim
k→+∞L−1

τ0
(Lτ0xnk

) = 0,

a contradiction since xnk
∈ S for each k. The lemma is proved. �

For our purposes, we state here as a lemma the following uniqueness result, that was proved
in [4].

Lemma 4.2. Suppose that conditions (H1)–(H3) hold, and also that the assumption

∃a0 ∈ R+ such that a � a0 a.e. in Ω (4.6)

is satisfied. Then the solution of the problem{
u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω),

Lu = 0
is zero in Ω .

Theorem 4.3. Suppose that conditions (H1)–(H3), (4.6) hold, and also that g ∈ Lip(Ω̄). Then
there exists a unique solution for the problem

(D)

{
u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω),

Lu = f, f ∈ Lp(Ω).

Proof. For each τ ∈ [0,1] put

Lτ = τ(gL) + (1 − τ)(E + gb).

The function

τ ∈ [0,1] �→ Lτ ∈ B
(
W 2,p(Ω) ∩ W̊ 1,p(Ω),Lp(Ω)

)
is clearly continuous; moreover, it is easy to show that the coefficients of each operator Lτ

satisfies the hypotheses of Lemma 4.2, and hence N(Lτ ) = {0}. On the other hand, it follows
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from Theorem 3.3 that R(Lτ ) is closed for any τ ∈ [0,1], so that Lemma 4.1 can be used to
obtain the existence of C0 ∈ R+ such that

‖u‖W 2,p(Ω) � C0‖Lτu‖Lp(Ω) ∀u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω), ∀τ ∈ [0,1]. (4.7)

An application of Theorem 5.2 of [3] to the operator E + gb yields now that the problem

(D0)

{
w ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω),

(E + gb)w = h, h ∈ Lp(Ω),

is uniquely solvable. This latter result and estimate (4.7) allow to use the method of continuity
along a parameter in order to prove that the problem

(D1)

{
u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω),

(gL)u = gf, f ∈ Lp(Ω),

is likewise uniquely solvable. The proof is complete. �
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