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Abstract

In this paper we prove an existence and uniqueness theorem for the Dirichlet problem for linear ellip-
tic equations (in unbounded domains) whose leading coefficients are locally VMO and satisfy a suitable
condition at infinity.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the Dirichlet problem

{ue W2P(2) N WP (), (1.1)

Lu=f, feLP(£2),

where §2 is an open subset of R”, n > 3, with a suitable regularity property, p € ]1, +o00[ and
L is the uniformly elliptic differential operator defined by
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D iy it (1.2)

If £2 is bounded, problem (1.1) has been widely investigated by several authors under various
hypotheses on the leading coefficients g;;. In particular, when the a;;’s are of class c%$2),
a complete reference for classical results on this subject is [8, Chapter 9]. If the coefficients a;;
are required to be discontinuous, a relevant existence and uniqueness theorem can be found in
a paper by Miranda [9], where the author assumed that the g;;’s belong to WL (£2) and that
p = 2. This result was later generalized in different ways, supposing that the derivatives of the
leading coefficients belong to certain wider spaces.

More recently, a relevant contribution to the theory has been given in [6,7], under the assump-
tion that the a;;’s are of class VMO, a; =a =0 and p € ]1, +oo[ (recall here that VMO contains
both spaces C°(£2) and W17 (£2)).

If the set £2 is unbounded, problem (1.1) has for instance been studied in [10], where the
leading coefficients satisfy restrictions similar to those in [9] and p = 2, and in [3], where the
investigation has been extended to the case p € ]1, 4-o0[. The aim of this paper is to generalize
the above quoted results in [6,7] to the case of unbounded open sets. In fact, under the hypotheses
that the coefficients g;; are in VMOioc(£2) and satisfy a suitable condition at infinity, a W2p-
estimate for the solutions of (1.1) will be obtained, and an existence and uniqueness result will
be deduced.

2. Notation and function spaces

Let £2 be an open subset of R”, and let X'(£2) be the collection of all Lebesgue measurable
subsets of §2. For each A € X' (£2), we denote by |A| and x4 the Lebesgue measure and the
characteristic function of A, respectively. Moreover, put

A(x,r)=ANB(x,r) VxeR" VreRy,,
where B(x,r) is the open ball of R” of radius » centered at x, and
B, =B(0,r) VreR,.
If X (£2) is a space of functions defined on §2, We_denote by X 109(9) the space of all functions
g:92 — Rsuch that ¢ g € X (£2) for every ¢ € D($2), where D(2) = {§)2 | & € Cj°(R")}.

For p € [1, 00| and A € [0, n[, denote by MP+*(£2) the set of all functions g € L (£2) such
that

lgllariy=sup o *PlgllLr@e.p < +00, .1
p€l0,1]
xXeR
endowed with the norm defined by (2.1). Moreover, Mg ’A(Q) denotes the closure of C3°($2) in
MP*(£2). It is known (see, e.g., [11, Lemma 2.1]) that a function g (in M?-*(£2)) belongs to

M (£2) if and only if

Tim (pe )+ (1= 61/08] ) =0 2.2)
where
Pe(t) = sup Ixagllprrcey, t€Ry,
AeX(£2)

Supreq [A(x, DIt
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and ¢, r € R4, is a function in Cgo (R™) such that
0<¢ <1, &y =1, supplr C By
Thus a modulus of continuity of g € Mé”)"(.Q) is a function
oolg]: Ry — Ry
such that
o0lgl(®) = pe ) + |1 = £1/08 | yypr () VI € R4, lim oolg](®) =0.
In the following we will put M7 (£2) = MPO(£2) and Mé’ (£2) = Mg’o(.Q).
If £2 has the property
|2(x, p)| = Cp" Vxe, Vpel0,1], (2.3)

where C is some positive constant independent of x and p, one can consider the space
BMO(S2,1),t € Ry, consisting of all functions g in Ll (£2) such that

loc

[glBmo(2,r) = sup ][ ‘g— ][ 8| <+oo, (2.4)
2
r)é]eo,t] 2(x,r) 2(x,r)
where
-1
][ g:‘.Q(x,r)} / g.
2(x,r) 2(x,r)

If g € BMO(2) = BMO(2, t¢), with

, r’ < 1
c=sup| sup —— <=,
teRy \ xef2 [§2(x, r)] C
rel0,1]

we say that g is in VMO(£§2) when

zli%L [glBmo2,r) =0.
Moreover, a function n[g]: R4+ — Ry is called a modulus of continuity of g in VMO(S2) if

nlgl®) > Iglmoe,n Yt €Ry, lim n[g](¥) =0.

t—0t

A more detailed account of properties of the above defined function spaces can be found in
[11,12].

3. Some a priori bounds

Let £2 be an unbounded open subset of R”, n > 3, with the uniform C!-!-regularity property,
and let p € ]1, +oo[. Consider in §2 the operator

92 B
L:—.Z a,-j—a .axj—f-;a,'a—xi-f-a, (3.1
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and suppose that the coefficients of L satisfy the following conditions:

aij=aj;; € L°(2)N VMO (2), i,j=1,...,n,

H - .
HD g, eRy: Y aj&i > vlE] ae.in 2, VEER",
ij=1
there exist functions e;;,7, j =1,...,n, g and u € R such that

e,'j=€ji€Loo(.Q), (eij)xh EMS’nis(.Q), with s € ]2, n], i,j,h:l,...,n,

n

Zeijfiéj > ulE? ae.in 2, VE eR",
i j=1
) Y ger®@), go=essinfg >0,

n
rliIJPoo Z lleij — gaijllLe2\8,) =0,
ij=1
a,'EM(t)l(.Q), withty >nif p<n, hH=pif p>n,
a=a +b, where
(Hs) a’eM(t)z(.Q), withtp >n/2if p<n/2andt, = pif p>n/2,
b e L*®(£), bozesgnfb>0.

Observe that under assumptions (H;) and (H3) the operator L : W2P(£2) — LP(£2) is bounded
(see for instance [5, Theorem 3.2]). Put

n 82 n 82
Lo=— E ii—, E=— E ji— 3.2
0 = ij 0x;0x; ~ éij 0x;0x; (3.2
i,j=1 ’ i,j=1 ;

and
hi; = Goraij+ (1= op)eij, i, j=1,....n,

n 2
0 (3.3)
H =-— hi—.
Z v axiaxj'
i,j=1
For each r € R the coefficients i}, are symmetric, elliptic (with ellipticity constant equal to
min{v, 1}) and belong to L% (£2) N VMO(£2) (see [2, Lemma 4.2]).

Lemma 3.1. Suppose that conditions (Hy)—(Hz3) hold. Then for each positive real number r there
exists c(r) € Ry such that

Igrullwp 2y < e (| (Lo + b)(Gru) ||L,,(_Q) + 15 ullLe(2))
Yue W2P(2)N WP (), (3.4)
where c(r) depends on n, p, 2, v, ||la;ijl L= @), |bllL=2), nl¢2raij]-

Proof. Let r e Ry and u € W2P(£2) N WI’P(.Q). By Theorem 5.1 of [5] and by (3.3), there
exists ¢1(r) € Ry, depending on n, p, £2, v, ||la;j | L= (2), n[{2r-aij], such that
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||§ru||w2,p(g) < Cl(”)(” Hr(é'ru)”Lp(_Q) + ||§ru||LP(.Q))
= c1(")(||¢2r Lo(Gru) + (1 — Czr)E(CrM)”L,,(QQBZV) + grullrce))
=c1(r)(|| Lo Loy T g ullLr(@2))- (3.5)

The statement follows now from (3.5). O

In the following, for each function f of n variables x1, ..., x,, we put
n 1/2 n 172
fim (zfs,.) nd = ( 3 f) |
i=1 ij=1

Lemma 3.2. Suppose that conditions (Hy)—(H3) hold. Then there exist positive real numbers rg
and cq such that

||(l - {r())u ” W2.P(£2) <o ” (LO + b)((l - {r())u) ”LP(Q)
Yue WrP(2)Nnwhr(2), (3.6)
where ro and co depend on n, p, 2, i, go, bo, s, ll€ijllLe(2), 1€llLe2), I1DllLoo(2), dol(eij)x].

Proof. Let u be any element of W2P(2)nN Wl (£2). It follows from Theorem 5.1 of [3] that
there exist ¢; € Ry and a bounded open subset §2; € §2 such that

[0 = 6l ey < 1 (1B +80)((1 = )] g
+A=oul g, VreRs, 3.7)

where ¢y and £2; depend on n, p, 2, i, go, bo, s, lleijllL=2), lgllLe@), 1bllLe(2), ool(eij)x].
If ry is a positive real number such that §2; is contained in §£2 N B,,, we have that

| =¢oul o, =0 vr=n. (3.8)
Applying (3.7) and (3.8), it follows that

| (1= gul| war(@) S c1([[(E = gLo)((1 = &)u) HLI’(.Q)
+llglzo@) | (Lo +B)((1=)u)] 1o a)- (39

The statement is now a consequence of assumption (H). O
We can now prove the main result of this section.

Theorem 3.3. Suppose that conditions (H1)—(H3) hold. Then there exist a positive real number
¢ and a bounded open subset §2o C S2 such that
Il wzry < c(ILullirie) + lullirigy) Yue WHP(2)NWHP(82), (3.10)

where ¢ and $20 depend on n, p, $2,v, [, g0, bo, 5,11, 12, [|aij | L (2), ll€ijll L= @), |gllLo2),
b1 Loo(2y, nl&2rpaij], ool(eij)x], oolail, oola’], with rq as in the statement of Lemma 3.2.
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Proof. Let u be any element of W27 (£2) N wlp (£2) and choose rg € Ry as in the statement of
Lemma 3.2. It follows from (3.4), (3.6) and the usual product derivatives that
lull w2y < Iullwzoi + [0 = Gy
<o) (|| Lo+ D) G| o)+ I5rttllLr(2)
+ co(||(Lo+b)((1 = grpu) | Lp(m)
<cr(||(Lo+byu ||Lp(_(2) + 1roullLr ()
+ | Grp)xtex ||LP(.Q) +| @ro)XX”HLn(.Q))’ 3.11)

with ¢ € Ry depending on n, p, 2, v, u, go, bo, s, llaijllLe), lleijllLew), I18llLe)s
151 Loo 2y, nE2rgaijl, ool(eij)x].

If £21 is a bounded open subset of §2 with the cone property for which supp ¢,, N §£2 C €24,
by (3.11) we obtain that there exists ¢ € R, dependent on the same parameters as cp, such that

lull w22y < (] (Lo +b)u||Lp(_Q) + lullze @y + luxllzr))- (3.12)

On the other hand, from Theorem 3.2 in [5] and Corollary 3.5 in [11], it can be deduced that for
each ¢ € R, there exist c¢(¢) € Ry and a bounded open subset §2; € §2, with the cone property,

such that

n
> aiuyg +a'u <ellullyznig) +c@ (luxllrg) + lullLe@)), (3.13)
i=1 LP(R)

where c(¢) and §2, depend on ¢, n, p, §2, t1, t2, oola;], opla’]. Therefore (3.12) and (3.13) yield
that there exist c3 € R, and a bounded open subset §2, C §2, with the cone property, such that

lullwer @) < cs(ILullr@) + lullr2y) + lluxcllLe2,))- (3.14)
with ¢3 and §2; depending on n, p, §2, v, u, go, bo, 5, t1, 12, llaijll L (2), lleijll Lo (2), 18l L>(2),
151 Loo(2) n[g“z,oaij],oo[(e,-j)x],ao[ai],ao[a’]. Moreover, there exists a positive real number
K = K(p, §27) such that

K

luxliLr2,) < Kellully2r o, + . lullzr(s2y) (3.15)
for all e € ]0, 1] (see for instance [1, Theorem 4.14]). The statement follows now from (3.14)
and (3.15). O
4. A uniqueness and existence theorem

In the proof of our main theorem we will need the following result of operator theory.

Lemma 4.1. Let X and Y be Banach spaces, and let
L:1e€[0,1]—» L; € B(X,Y)
be a continuous function such that
N(L;)={0} and R(L:)isclosed, foreachrt €]0,1], “4.1)

where N(L;) and R(L:) are the kernel and the range of the operator L., respectively. Then
there exists a positive real number Cqy such that

lxllx < CollLexlly VxeX, Vrel0,1]. 4.2)
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Proof. It is clearly enough to prove that there exists a positive real number Cy such that
||L,)c||y>C51 Vx e S, Vr e[0,1], 4.3)
where S = {x € X: ||x||x = 1}. Assume by contradiction that for each n € N there are 7, € [0, 1]
and x, € S such that
1
1Lz, xnlly < e 4.4

Consider a subsequence (7, )ken of (T,),eN Which converges to a certain 1o € [0, 1]. Since

I Lagng lly < || (Lag = Loy DX |y + 1L, X 1y
S Ly — Lo, IIB(x. vy + | Lty Xng lly s
it follows from (4.4) that
lim Lgx,, =0. 4.5)

k——+00

On the other hand, hypothesis (4.1) yields that L;l belongs to B(R(L), X) for each 7 € [0, 1];
thus by (4.5) we obtain that

m L' (Leyxn,) =0,

lim x,, =
+0o0

li
k—+o00 k—

a contradiction since x,, € § for each k. The lemma is proved. O
For our purposes, we state here as a lemma the following uniqueness result, that was proved
in [4].
Lemma 4.2. Suppose that conditions (Hy)—(H3) hold, and also that the assumption
dag e Ry  suchthat a>ag ae. inS$2 (4.6)
is satisfied. Then the solution of the problem

{ ueWaP(2)Nwhr(2),
Lu=0
is zero in S2.

Theorem 4.3. Suppose that conditions (H;)—(H3), (4.6) hold, and also that g € Lip(£2). Then
there exists a unique solution for the problem

ueWaP(2)NWwhr(),

(D) {
Lu=f, feLP().

Proof. Foreach t € [0, 1] put
L,=t(gL)+ (1 —1)(E+gb).
The function
te[0, 11 Ly € B(WHP(2)NW'P(2), LP(£2))

is clearly continuous; moreover, it is easy to show that the coefficients of each operator L,
satisfies the hypotheses of Lemma 4.2, and hence N(L;) = {0}. On the other hand, it follows
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from Theorem 3.3 that R(L;) is closed for any t € [0, 1], so that Lemma 4.1 can be used to
obtain the existence of Cp € R4 such that

lullwar@) < CollLrullLr2) Yue W>P(2)NWP(£2), VT [0, 11. .7
An application of Theorem 5.2 of [3] to the operator E + gb yields now that the problem

(Do) {weWz’P(.Q)ﬂW"P(.Q),
(E+gbyw=h, helLP(2),

is uniquely solvable. This latter result and estimate (4.7) allow to use the method of continuity
along a parameter in order to prove that the problem

D)) {u eW2r(2)nwhr (),
1

(gLyu=gf, feLl(R),
is likewise uniquely solvable. The proof is complete. O
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