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Abstract

Two recently-proposed methods for estimating the m frequencies of a trigonometric signal using Szeg6
polynomials of fixed degree k > m consist of multiplying the moments of the n-truncated periodogram by
the moments of the Poisson kernel and the wrapped Gaussian, respectively, in an effort to address the non-
convergence of the polynomials as n — oco. These methods are seen to be equivalent to convolution of point
masses with approximate identities, suggesting a general method. We characterize the limit polynomial for
the case when the approximate identity is the Fejér kernel, extending recent results of the author for the
case of the Poisson kernel. Moreover, the limit is seen to be the same as in the former case.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

A general approach for estimating the m normalized frequencies 6; of a complex sinusoidal
signal using Szegd polynomials is based on work of Wiener [10] and Levinson [6] and has been
developed over the years. The idea is to generate a sequence of monic, orthogonal polynomials,
the Szegd polynomials, from the signal, or from measures related to the signal, and to use the
arguments of the roots as frequency estimates. We denote, by Pi(z, i), the Szegd polynomial
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of degree k with respect to the measure p. If measures, p, are constructed from the signal such
that

m
lim g =) a;dy, =: s, (D

n—o0

where the limit is in the weak-star sense, and where gy is the point mass at 6 € [—m, ) and
aj >0for j=1,2,3,...,m, then any limit polynomial of the sequence {Px(z, ,un)} -, will
have m zeros at the €% for j=1,2,3,...,m when k > m. When k > m (m is generally as-
sumed unknown) it may thus be possible to distinguish the m “signal” zeros of Py(z, u,) from
the k — m “extraneous” zeros for large n. The behavior of the extraneous zeros and the related
problem of non-convergence of { Px(z, /Ln)} -, are two areas that have received attention in the
recent literature.

Real trigonometric signals of the form x({) = ZIIM:_ uB je"wi, where B_; = B j # 0 and
0; =0_; j, are considered in [4,5,7-9], where measures are defined via the periodogram
Y (0) = 2 —1 Sz =0 x(k)e_”‘@ |2 It was shown in [4] that the weak-star convergence (1) holds for
this measure. However, as was shown by example in [7], Px(z, 1,,) do not, in general, converge
for k > 2M + 1. Indeed it is shown by construction in [1] that even strong convergence of mea-
sures does not guarantee a unique polynomial limit. This non-convergence has been addressed
with several modifications [5,8,9].

In the R-process [5], and the V-process [9], the £th moment %I/Afn (¢) is multiplied by the
moments of the Poisson kernel and the wrapped Gaussian, respectively, and limits are taken
first as n — oco. By weak-star convergence of the periodogram, it is readily seen that the situ-
ation n = oo gives rise to Szegd polynomials with respect to convolution of these kernels with
the measure Zﬁ/[:_ m 1B |289 ;e Furthermore, it is easy to show (see [1] for a simple proof) that
limy,, ¢ Px(z, up) exists for any measure pj, — s, where ws is given in (1) and where 4 is a
continuous or discrete parameter with 2 — 0, if the moments i, have power series represen-
tations about & = 0. It follows that limj_.o Px(z, ¥y, * ps) exists for any approximate identity
¥, whose moments have this property. It can be shown that this property does not hold for the
periodogram, with 7 = 1/n. On the other hand, the moments of the Poisson kernel, ¥/, (¢) = r!
with r — 1, are polynomial functions of 7 =1 —r. In [1] it is shown that if the 0; are distinct,
then convolution of the point masses s with the Poisson kernel yields the limit

Pr_m(z,v) l_[ z—e 2)

where v is the absolutely continuous measure with density

m m
a5 =i [l -]’ Q)
i p#j

j=1

In light of the above remarks, (2) and (3) now give the limit for the R-process applied to m
complex sinusoids. Note that the “extra” limit factor is itself a Szegd polynomial with respect
to the measure v. In this article we extend this result and show that convolution with the Fejér
kernel also yields the limit defined by (2) and (3).
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1.1. Background

Given a measure, [, on the unit circle, the kth Szegd polynomial Py (z, ), with respect w, is
the polynomial in the complex variable z which attains the minimum

min / p(e®)|? dp(6) = / P (e, 1) | die(6), )

pEAL

where Ay is the set of monic polynomials of degree k. The Py (z, i) are uniquely defined if u is
supported on m > k points. Note that for m < k, any polynomial with m zeros at the point mass
locations will attain the minimum of zero in (4).

The prediction error power, which we denote p(w) is a multiple of the minimum attained
in (4):

pr() 1= f |Pe(e. )P dp. ®)
The Py (z, u) are also characterized by the orthogonality property
g
[ P () due) =0 ®)
—7T

for any polynomial p of degree less than k.
The reflection coefficients of the Py(z, i) are the constant terms

Ri () := P(0, p). (N
We denote by P;'(z, u) the reverse polynomial: P’ (z, u) = 2Py (1/z, ). The zeros of P* are
obtained from those of P by reflection in the unit circle. Equivalently, the coefficients are re-
versed and conjugated. Note that we have | P (€, w)| = | Pe(e'?, )|, and that PrO, pn) =1.

2. Convolution with Fejér kernel

Let us be defined as in (1) and let ¢, (6) denote the Fejér kernel:

11sin(n6/2)12
6,0) = | nlsman | > 0 #0,

n, 6=0, ®
forn=1,2,3,..., and define
M 2= @ * s )]
Note that the weak-star convergence (1) necessarily holds for u,,. We will use the notation
r=e (10)

throughout this paper. We will show that the limit of the Szeg6 polynomials, Py (z, u,) of fixed
degree k > m with respect ., as n — 00, is also given by (2) and (3). The situation mirrors that
of the Poisson kernel, but with some significant differences.
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We make use of the following representations of ¢, and spectral factorization of du,. From
(8) it easy to see that

2 (1 —cosnB)
dn(0) = _W’ (1T)
hence
p 2 a1 —cosn(0 —6; ))1‘[#]|;—e19p|2 0
Mp = — 10/ P ( )
n l_[, e = |
Using (11) we can write
1 'ein9/2 _e—in9/2 2
Pn = n| etz — b2
L Lfem -1
T nle? —1
1en—1)?
—-|¢ (13)
nl¢—1
l
Using (14) we can express the convolution (9) as
1 — 2
i(n—1)(0—0; i(n—2)(0—0;
Qi = =3 DO DO 4y 1Pag
j=1
1 m
_ _Za‘}ei(nfl)ﬂjé.(nfl)_+_ei(n72)0jg-(n72)+'”+ 1|2d9
j=1
1 ) )
_ _Z if(n_l)+619j§(n_2)+-~'+€l(n_l)9j|2d9. (15)
n p—

Since the density in (15) is a non-negative trigonometric polynomial, it has a spectral factor-
ization

|8n(§) Za 20D i g i 16, |2 16)
/ 1

where g, (z) is a polynomial of degree n — 1 with all its zeros outside the unit circle [2,3].
The moments of ¢, are

. _ /<
0, €] > n,

so by [1, Proposition 2.1], lim;,_, oo Px(z, it,) exists, and we can write

Tim Pe, ) = Q) [ (2 = ), (1%

j=1
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and, without loss of generality,

Puz, ) = 0u(@ [ [ = w{"), (19)

j=1

where Q, and Q are polynomials of degree kK — m with Q, — O and w;.") — €% for
j=1,2,3,...,m.

We will need to show that the w"" converge at the rate 1/n. As in the case of the Poisson
kernel of [1], this will follow from the uniform boundedness of the reflection coefficients away
from the unit circle, which we show using arguments adapted from [7].

)

Lemma 2.1. Let u,, be given in (9), where s is the sum of point masses in (1). Then

1/2
| Ri(1n)| < (1 - 4%) . (20)

Proof. Using (5) and (16), we have

1 2
() = > f|Pk<<,un>! dpn
T

s
1
=§/|P,:‘(;,un)|2|gn<¢)|2d9 @1)
—TT
> L 1pt0 i Plen @ = - Y e, )
T A " 27mj=1 I

where we have used the subharmonicity of the integrand in (21). On the other hand, (5) and (12)
with the minimum characterization of px () in (4) give

. .
1 [ o (1 —cosn(@ —0) [T 1¢ — e 2
pk(un)é—/ [Tl - P == N Tpz; 18 "
nmw .

m g2
=1 [T/ ¢ — €]
By Sl 23
n

The estimates (22) and (23), and the relation [2] |Ris1(ur)|? = 1 — pr(itr)/ prs1 (i), nOW
give (20). O

The following corollary now follows from [1, Corollary 2.2].

Corollary 2.1. Let w;r) be given in (19) and w, defined in (9) where the 0; are distinct for

J=1,2,3,...,m. Then there exist constants Nj, for j =1,2, ..., m, such that
. N
|w(’1) — el < =L, (24)
J n

The following is the main result of this paper.



M. Arciero/J. Math. Anal. Appl. 327 (2007) 908-918 913

Theorem 2.1. Let [, be given in (9), where s is the sum of point masses in (1) with the 6;
distinct for j =1,2,3,...,m. Then

m
lim Py(z, pn) = Pi—m(z, V) ]_[ (z—é" (25)
n—>oo _

where v is defined in (3).

In characterizing the limit of the Px(z, i,), we will exploit the orthogonality property and
show that as n — oo, the “extraneous” factors Q, defined in (19), converge to a polynomial
which satisfies (6) for the measure defined in (3). The orthogonality property with representation
(12) gives

ST BT U: M el
' i do=0
/Q T U [T 1¢ — e 2

for any polynomial 7 (z) of degree k — 1 or less. In particular, if T'(z) =(z) ]_[] 1z — eiei) with
t(z) an arbitrary polynomial of degree k —m — 1 or less, we have

/y(n,;)d@:O, (26)
where we define
_1—['{1= (é- _ (”)) m
y(n,c):=Qn<c>r(;>’m‘—IGZa, (1—cosn(6 —6;)) ]‘[\c )
[Tj=i € ) p#j

Before proving Theorem 2.1 we state and prove some supporting results. We first write simple
bounds involving the signal zeros and points on the unit circle.

As a result of the relationship between chord length and arc length between points on the unit
circle we have

|60 — 0]

5 <|¢—ef%| <10 —0;] for0<|6—6;]<m. (28)

With Corollary 2.1 and the fact that |w§.”)| < 1 we have
¢ —w”| < ¢ — ]+ |l — e | < 10— 6] + %
and |¢ — w;.")| < 2, so that
|g_w;n>|<min{z, |9_e‘,~|+%}. (29)

We investigate the convergence behavior of y (1, ¢) by considering the factors of the form

(¢ —w™)(1 = cosn(® —6))) - M@ —w)
¢ — el [T/, 1g —ret® 2’

neither of which converge in L, nor is the latter bounded.
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Lemma 2.2. Let the convergence wﬁ-n) — €% be as in 24) for j =1,2,...,m. There exist
constants, My, M>, ..., such that for all 0 # 0;, and foralln =1,2, ...,
1 —cosn(@ —6;)
(n) J
(;—wj )—;'—eief <M;. (30)

Proof. Assume without loss of generality that 6; = 0. Suppose first that 0 < |[6| < 1/n. Using
(29) we obtain

1 —cosnf 2 1 —cosnf
) 2 < SN+ | —— 31
(e —wi") 5 \n<,+)‘ - ‘ (31)
Since |1_°0+59| < 1, we have maxg|<1/ | 1_Cgs”9| < n. This, with (31) gives
1— 0
(;—wﬁ"))% <2(N;+1) for 0] < 1/n. 32)
Now suppose that |6| > 1/n. With (24) and (28) we obtain
(n) ()
¢ —w' w{” — 1| ON;
<+ L <1+ =L <1 42N
r—1 e S e SN
Thus
my 1 —cosnb
(¢ —w );T <2(1+2N;). (33)

Equations (32) and (33) now give (30) with M; =2+4N;. O

Lemma 2.3. Let 1;(n) = (0; — 1/n,0; + 1/n) and let X, be the indicator function for the set
[—m, )\ U;-"zl 1j(n) and let the convergence w;n) — % be as in (24) for j =1,2,...,m.
Then '

[T/ @ = wi™)

Jx,0)=1 i .
T

Proof. Since
H;‘nzl(; - w;n))
HT:l(f - 316-1)
pointwise except at the 6;, we need only show that the function is bounded in n. The lemma

will then follow from Lebesgue’s Bounded Convergence Theorem. With (28), the convergence
in (24) gives

X,(0) > 1

w _ oif;

¢ _w(n)
J
‘ Xn(9)<<l+‘ﬁ

S
é- _ eiej

>Xn(9)<1+2Nj.

_ (fz)
Thus, iL[{,an(@) is bounded foreach j =1,2,...,m. O
—e
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Lemma 2.4. Let f,, — f in L£1(df), and let g, be a bounded sequence of functions with
|gn(0)| < M forall n and 6. Then

provided the limits exist.

Proof. We have

'[fngnde—/fgnde‘</|fngn—fgn|d9<Mf|fn—f|d9.

Now letn — oc0. O

Proof of Theorem 2.1. The result will be proved if we can show that

m m
— 012
fQ(z)r(;)Zaj]_[|;—e'0p! d6 =0, (34)
j=1 p#j
where 0, (¢) — Q(¢) with 9, (¢) defined in (19), and #(z) is an arbitrary polynomial of degree
k—m—1.
Let I;(n) and &), be defined as in Lemma 2.3, and suppose that n is large enough so that the
I;(n) are disjoint. Then (26) gives

[rooxedas [ yooa=o (35)
Ui 2
We will use Lemma 2.2 to show that y (n, ¢) is bounded on each /;(n) uniformly in n, from
which it will follow that both integrals in (35) converge to 0. Given s € {1, 2, ..., m}, we can
write

16 o) _ (6wl Tt~

HT:](C —eifiy ¢ —eits H;f;és(é— —ei%)
and
Zaj(l —cosn (0 —9]-)) 1_“5 _ it |?
j=1 p#i
a1 —coun0 =) []le e+ Yy (1 —conn@ —60) [ Tl ~ e
- J#s P#j
:as(l —cosn(f —95)) 1_“{ _ eie,,|2
P#s
+ e =P Y e (1 —cosn@ —6)) ] |¢— €.
i P#js

Hence, with y defined in (27),
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@ —wi™) { ( <”>> ”
s =Un t i 60— 9 e p
yn 0= COI O m e | g Jos(1 = cosn@ - 6) lg[sk

2}.

Now suppose 6 € I;(n). Then |0 — 6| > d/2 for s # j, where d = min;; |6; — 0;|. So

P20 < |¢ — ¢ < 2 (given in (28) and (29)), now give

+ (@ —w) (¢ —e®) > aj(1—cosn@®@—0)) []|¢—e

i#s PF#J>s

Lemma 2.2 with the course estimates

[y (n.0)] <] I G| 2 @ "2 00 Yao@ ). Go
J#s

Since O, (;)@ — 0« )@ uniformly, we see that y is bounded uniformly in # for 8 € I;(n)
fors=1,2,..., m. It follows that lim,,_, oo fU 1) y(n,0)d6 =0, which, with (35), gives

lim / Y (1. 0)%, d6 = 0. (37)
n—oo

We now express y (n, )X, as the sum of two terms, one of which converges in £;. From the
definition of y in (27) we write

(n)
¢ - ) -
y(n,0)= Qn(ot(;)]"[ 5 Z H}g — e |?
ol P#]
(é- w(n) m .
_Qn(f)t(f)l_[ 16 Zoljcosn(e 9)1_[|§—e"’| (38)
) p#J
By Lemma 2.3,
m (’l)
Qn@)@]_[ 7 I Q(0)1(X) inL.
iz €

Thus, regarding the first term on the right-hand side of (38), we have

(") m m
) ,
Tim /Qn(é“)t({) H - Z TT1e = e a0
o PF#]
/Q(Ot(E)Za, 1"[!4 — el (39)
j=1 " p#j
and regarding the second term on the right-hand side of (38), Lemma 2.4 gives
(") m
lim /Qn(g)t(;) ]_[ 10 Zaj cosn(® —0; )]‘[|; 19p| X, do
) P#]
11m / Q({)t({)ZaJ cosn(@ —0;) 1_[ |§ — e’el’\ deo. (40)

Jj=1 P#]
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Now

246 =0. (41)

nlggo/ Q)1@) Y ajcosn@®—6)) [le —

j=1 P#j

To see this, consider the £2 function fO) = Q(;)@ HZ’#/ & — €| We have

m m
f D @) do =Y "aje f(n) 0
j=1

j=1

by the Riemann-Lebesgue Lemma. Equation (41) is then apparent by expanding ¢ ~%) using
Euler’s formula and considering real and imaginary parts of f.
Equations (37)—(41) then give

/Q(C)@Zajnk—e”/’\zdezo. 0

=l p#j

3. Remarks

In [9] it is shown that for the V -process in the case of real sinusoidal signals, a multiple of m
of the zeros actually approach the signal zeros. For example, if k/m = p, the limit polynomial
is ]—[']’7:1 (z — ei(’j)p . Thus, in light of the remarks in the introduction, if ¥, with & — 0 is the
wrapped Gaussian, Py (z, ¥5) — ]_[;-"=1 (z — €'%7)P, which is not of the form (25), since the zeros
of Px_,;(z, v) lie strictly inside the unit circle for the absolutely continuous measure v in (3).

The following simple examples illustrate different zero behavior for polynomials with respect
to different kernels v, (= ¥, * 8o, so corresponds to a single point mass at 6 = 0).

e Yy, is either the Poisson or Fejér kernel: As noted, the limits are the same. Theorem 2.1 gives
dv =d0, and

lim Pe(z, ¥p) =21z = 1).
Jim @z, Yn) =z (z—1

Thus all extraneous zeros approach the origin.
e Y, is a kernel such that, for any ¢ > 0, there exists /¢ such that v, is supported entirely on
(—e¢, &) for h < hg. Then

lim Pe(z, 9n) = (2 = DF.

This follows from Fejer’s Convex Hull Theorem. So in this case, all zeros approach the single
signal zero. Examples of this type of kernel are the triangular and rectangular “windows” of
engineering applications.

e Y, is the wrapped Gaussian. Conjecture:

lim Pe(z, ¥n) = (2 = DF.

This is based on simulations and the fact that the moments expanded about & = 0 agree with
those of the triangular window to first order in /.
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The moments of the Poisson and Fejér kernels also agree to first order in /, and we conjecture
that

Szegd polynomial limits for convolutions of point masses with approximate identities whose
moments are analytic about h = 0 are determined completely by the first-order expansion of
the moments.
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