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1. Introduction

In [1], Alvarez studied the asymptotic behavior of the solutions of a second-order evolution equation with linear damping
and convex potential. More precisely, he considered the following differential system in a Hilbert space H:

u’(t) + yu'(t) + Vo (u(t)) =0, (1.1)

where y > 0 and @ : H — R is a convex differentiable function. Since most differential equations cannot be solved explicitly,
he considered the following implicit discretization of (1.1)
u — 22Uy + ug— u —u
k+1 th k=1 y k+1h ko Vo (1) =0, (12)
where the positive number h stands for the so-called step size parameter. Note that relation (1.2) can be rewritten in the
following way

Upp1 — Ug — (U — Ug—1) + AV O (Ugy1) =0, (1.3)

where o and A are positive numbers depending on h and y. Alvarez called relation (1.3) the inertial proximal method and
investigated also the case when the function @ is not necessarily differentiable by replacing the derivative of @ at ujq
in (1.3) with 0@ (ux1) (99 denoting the standard convex subdifferential of the function @). Next, Alvarez and Attouch [2]
studied the case when V@ is replaced with a maximal monotone operator A. More precisely, they considered the algorithm

X1 — X — Qe (X — Xk—1) + A A(Xks1) 30, (1.4)
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where «y € [0,1) and A, > 0 for all k. Note that when « =0 for k=0,1,2,... then (1.4) corresponds to the standard
proximal iteration (see, e.g., [20]):
Bt 7% | A1) 30, (15)
Ak

Alvarez and Attouch proved that, under several suitable assumptions involving the sequences «j and Ay, there exists a point
% € A~1(0) such that the sequence x; generated by (1.4) is weakly convergent to ¥ whenever the operator A: H = H is
maximal monotone and such that A~1(0) # @. To our knowledge, the inertial proximal method has not been investigated
outside the (maximal) monotone setting. Carrying out such a study is the purpose of this work. Indeed, there is an inter-
est in considering and studying such a method without monotonicity. First, because monotonicity forces us to work with
mappings acting between a space and its dual, which usually yields to restrict the algorithm for mappings on a Hilbert
space. Second, because in some cases monotonicity turns out to be rather a strong assumption, excluding several mappings
that are metrically regular. As a simple example, consider a continuously differentiable function f :R" — R". From [21,
Proposition 12.3], f is monotone if and only if the Jacobian V f(x) is positive-semidefinite at each x. On the other hand,
a consequence of the Lyusternik-Graves theorem (see Theorem 2.2, Section 2) is that f is metrically regular at some point
x if and only if V f(X) is surjective. Therefore, metric regularity does not imply monotonicity.

Furthermore, iterative methods as (1.2) and (1.5) are closely tied to some continuous differential systems. Indeed, as we
mentioned it at the very beginning of this introduction, the iteration (1.2) takes its inspiration from (1.1) while relation (1.5)
can be interpreted as an implicit one-step discretization method for the following evolution differential inclusion

X+ A(x(@®)>0, aet>0. (1.6)

When A is the subdifferential of a closed proper convex function f : H— R (i.e., A=29f) we know that under suitable con-
ditions both the trajectory {x(t) : t — oo} of (1.6) and the proximal sequence x; generated by (1.5) converge to a minimizer
of f. Moreover, in [1], Alvarez proved that whenever the function @ is convex and bounded from below, the trajectory
{u(t) : t - oo} defined by (1.1) is minimizing for &. If the infimum of @ on H is attained, then u(t) converges weakly
to a minimizer of &. Here also, the implicit discretization (1.2) of (1.1) generates a sequence x, which converges weakly
to a minimizer of the mapping &. Thus, one may observe, that in many situations the solution trajectories converge to
a critical point of the mapping involved in the differential system, in addition, the asymptotic behavior of these solutions
is preserved by the solutions of the corresponding discrete scheme. If the function under consideration is not convex, the
discrete method shall converge to a critical point, i.e., a solution to the inclusion T(x) > 0 where T is some subdifferential
that is not a maximal monotone operator. For this reason, it is worth studying discrete algorithms for solving T (x) > 0 when
T is a nonmonotone operator satisfying, for instance, some metric regularity properties (for developments on the metric
regularity of subdifferentials one could refer to [3,24]).
In this paper, we study the local convergence of the inertial proximal algorithm for solving the inclusion

T(x)>0, (1.7)

where T is a set-valued mapping acting from a general Banach space X into itself. The method under consideration is the
following: given xo and x; in X find a sequence x, by applying the iteration

An(Xne1 —Xn —en) — Antn(Xn —Xn—1) + T(Xpy1 —ep) 20 forn=1,2,....

The sequence ey is a so-called error sequence having to go to zero. In Section 3, we will discuss the very meaning of this
sequence and we will also make precise the properties of the sequences A, and .

In the sequel, we subsequently, investigate the case when the mapping T is metrically regular, strongly metrically regular
and strongly metrically subregular around an element (X, 0) in the graph of T. Contrary to [2, Theorem 2.1] we obtain the
strong convergence of the sequence x, generated by the above iteration to a solution to the inclusion (1.7). Moreover, most
of our results are local since the initial guesses xp and x; must be sufficiently close to a solution to the problem.

Throughout, X and Y are Banach spaces. A set-valued mapping F from X into Y is denoted by F : X = Y. Its inverse F~!
is defined as x € F~1(y) < y € F(x). The set gph F ={(x, y) € X x Y | y € F(x)} stands for the graph of F and we denote by
d(x, C) the distance from a point x to a set C, that is, d(x, C) = infyec|lx — y||. The closed ball of radius r centered at a is
denoted by B, (a).

The rest of this paper consists of three sections. Section 2 is devoted to some basic definitions of metric regularity. The
third section, the main part of this work, deals with the convergence analysis of the inertial proximal method for mappings
enjoying metric regularity properties. Finally, we discuss the stability of the algorithm subjected to variational perturbations
in Section 4.

2. Metric regularity

The concept of metric regularity of set-valued mappings goes back to the end of the 1970s but it sources come from
some older classical theorems of differential calculus and linear analysis. The Banach open mapping theorem [6], the tangent
space theorem of Lyusternik [18] and the surjection theorem of Graves [14] are among them. The definition of the metric
regularity of a set-valued mapping reads as follows.
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Definition 2.1. A mapping F : X = Y is said to be metrically regular at x for y if F(X) > y and there exist some positive
constants «,a and b such that

d(x, F~'(y)) <kd(y, F(x)) for all x € Bq(X), y € Bp(¥). (2.1)

The infimum of « for which (2.1) holds is the regularity modulus denoted reg F (x|y); the case when F is not metrically
regular at x for y corresponds to reg F(x|y) = co. Smaller values of k correspond to more favorable behavior. The metric
regularity of a mapping F at x for y is known to be equivalent to the Aubin continuity of the inverse F~! at y for x (see,
e.g., [21]). Recall that a set-valued map I" : Y = X is Aubin continuous at (y, x) € gphI" (see [4]) if there exist positive
constants k,a and b such that

e(Fr(y)NBaX), L) <klly —yl forall y,y €By(y). (2.2)

where e(A, B) denotes the excess from a set A to a set B and is defined as e(A, B) = supyea d(x, B).

A central result in the theory of metric regularity is the Lyusternik-Graves of which the Banach open mapping theorem is
an immediate consequence. It goes back to the works of Dmitruk et al. [8] who proved it in the single-valued framework. In
the general form of this theorem we present next, and which is from [12] (see also [15,16]), we use the following convention:
we say that a set is locally closed at one of its points if some neighborhood of that point has closed intersection with the
set.

Theorem 2.2 (Extended Lyusternik-Graves). Consider a mapping F : X =2 Y and any (X, y) € gph F at which gph F is locally closed.
Consider also a function g : X — Y which is Lipschitz continuous near X with a Lipschitz constant §. If reg F(X|y) < k < oo and
8 < k™1, then

reg(g + F)(RIg® +3) < (k' —8) .

Now we introduce the next regularity property for set-valued mapping that we will need in the sequel, to this end, let
us recall the notion of graphical localization. A graphical localization of a mapping F: X =Y at (x, y) € gphF is a mapping
F:X =Y such that gphF = (U x V) Ngph F for some neighborhood U x V of (x, ¥).

Definition 2.3. A mapping F : X = Y is strongly metrically regular at x for y if the metric regularity condition in Defini-
tion 2.1 is satisfied by some «x and neighborhoods U of X and V of y and, in addition, the graphical localization of F~! with
respect to U and V is single-valued. Equivalently, the graphical localization V 3 y — F~1(y) N U is a Lipschitz continuous
function whose Lipschitz constant is equal to «.

Obviously, the strong regularity implies the metric regularity by definition. Nevertheless, in some cases, metric regularity
and strong regularity are equivalent. In particular, this equivalence holds for mappings of the form of the sum of a smooth
function and the normal cone mapping over a polyhedral convex set (see, e.g., [11]). Moreover, for any set-valued mapping
that is locally monotone near the reference point metric regularity at that point implies, and hence is equivalent to, strong
regularity. This is a consequence of a result established by Kenderov [17, Proposition 2.6] about the single-valuedness of
lower semicontinuous monotone mappings.

Furthermore, see [21, Proposition 12.54], any maximal monotone mapping T : R" = R" which is strongly monotone is
strongly regular at the unique solution of T(x) 5 0.

Now we briefly present the strong subregularity which is the last regularity property we consider here.

Definition 2.4. A mapping F : X = Y is said to be strongly metrically subregular at x for y if (x, y) € gph F and there exists
a constant x > 0 along with a neighborhood U of x such that

lx—X|| <«d(y, F(x)) forall xeU.

This property is equivalent to the “local Lipschitz property at a point” of the inverse mapping, a property first formally
introduced in [10]. Note that Dontchev and Rockafellar [13, Definition 5.1] define a strongly subregular set-valued mapping
F:X =2Y (at x for y) as a mapping satisfying

lx—X|| <kd(y, FxynV) forallxeU

for some neighborhoods U of x and V of y. It turns out that this last definition is equivalent to Definition 2.4 (see [3,
Remark 3.4]).

For more details on metric regularity and applications to variational problems one can refer to [5,13,16] and the mono-
graphs [19,21].
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3. Convergence analysis

From now on, we assume that the solution set of the inclusion (1.7) is nonempty, i.e., there exists an element x in T~1(0)
and we consider the following implicit scheme for solving this inclusion:

An(Xn1 = Xn —€n) — Anfhn(Xn — Xn—1) + T(Xn11 —€p) 30 forn=1,2,.... (3.1)

In the above, X, is a non-increasing sequence of positive numbers bounded above by some A in (0, 1) and such that A, \, 0
while p, stands for a sequence bounded above by some [ € (0, 1).

The sequence e, is a so-called error sequence having to go to zero. More precisely, a routine computation shows that
relation (3.1) is equivalent to

Xna1 € (T + AgD) 7! (AnXn + Anpn(Xn —Xp—1)) +eq forn=1,2,.... (3.2)

Hence, e, measures the error made in the computation of (T + A1)~ (AnXn + Anfbn(Xn — Xz—1)), incorporating such an error
provides a more realistic model from a practical point of view.

To prove some of our convergence results, we will employ the following set-valued generalization (established in [9]) of
a local version of Banach fixed point theorem.

Theorem 3.1. Let (X, d) be a complete metric space and consider a set-valued mapping @ : X = X, a point x € X, and nonnegative
scalars o and 6 such that 0 < 6 < 1, the sets @ (x) N By, (x) are closed for all x € By, (x) and the following conditions hold:

(i) dix, @(x)) <a(1—0);
(ii) e(@ (W) NBy (%), @ (v)) <Od(u,v) forallu, v € By (x).

Then & has a fixed point in By, (X). That is, there exists x € By, (X) such that x € @ (x).

First, we investigate the case when the mapping T is strongly metrically subregular at x for 0. This implies, in particular,
that the point x is an isolated solution to the inclusion (1.7).

Proposition 3.2. Assume that the mapping T is strongly metrically subregular at x for 0. Then there is a neighborhood $2 of X such
that any sequence x, generated by (3.1) and whose elements are in §2 strongly converges to X.

Proof. Let a and « be positive numbers such that the mapping T is strongly metrically subregular at x for 0 with constant «
and neighborhood B, (x). Now, suppose that (3.1) generates a sequence x, such that x,; € By (x) for all n where o € (0, a) is
such that x,41 — ey € By(x) for n large enough. From the definition of the strong subregularity we have

llx— X[ <kd(0,T(x)) for all x € By(X).
Then

IXn4+1 —en — X|| < KH)\nMn(Xn —Xn—1) — An(Xn+1 — Xn — en)H < K)vn(zlina +2a+ ||en||)

Since both of the sequences A, and |le;|| go to zero we get the desired conclusion. O

The interest of Proposition 3.2 arises from the fact that any sequence (whose elements are close enough to the solution x)
strongly converges to Xx; nevertheless it is somewhat lessened by the fact that its statement does not guarantee that the
whole sequence x, stays close to x whenever the initial guesses xo and x; are near x. It turns out that we are able to
avoid this drawback by strengthening the regularity property of the mapping T. Actually the strong metric subregularity of
T corresponds to a calmness-type property of its inverse T~ (see, e.g., [13]); but if we assume that the set-valued mapping
T~ is Lipschitz continuous then we can improve the conclusions of Proposition 3.2. Before stating explicitly this result we
have to collect some background material.

The Lipschitz continuity of a set-valued mapping can be formulated in terms of Pompeiu-Hausdorff distance between
sets, but it can also be expressed through the regular distance function as stated below.

Definition 3.3. Let X and Y be two Banach spaces. Consider a closed-valued mapping F : Y = X and a nonempty subset
D of the domain of F (recall that the domain of F is the set domF ={y € Y | F(y) # @}). Then F is Lipschitz continuous
relative to D with constant « if

d(x, F(y)) <«d(y, F7'(x)ND) forall xe X and y € D. (3.3)
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An important class of Lipschitz continuous set-valued mappings is given by polyhedral convex mappings, i.e., mappings
whose graph is a polyhedral convex set. More precisely, Walkup and Wets [23] showed in 1969 that any polyhedral mapping
is Lipschitz continuous relative to its domain. Note that polyhedral mappings are a useful tool in linear programming and,
in particular, they may describe the solution set of a system of inequalities.

Lemma 3.4. Let S : X = X be a set-valued mapping, assume that its inverse S~ is Lipschitz continuous relative to its domain dom S !
with constant  and such that S~ (0) = {x}. Let An be the sequence defined at the very beginning of the present section. If, in addition,
the sequence A, is chosen such that k A < 1 then, for all positive integers n and all x € X we have

_ K _
llx — x| < md(knx, (S +rnD (), (3.4)

where I denotes the identity mapping on X.

Proof. We denote by D the domain of the set-valued mapping S~!. Since S~1(0) = {x}, the definition of the Lipschitz
continuity of S~! yields

lx—X|| <kd(0,S(x)ND), VxeX. (3.5)

Fix a positive integer n and let x € X. If (S + A,I)(x) = @ then assertion (3.4) holds and there is nothing more to prove.
Otherwise pick z € (S + ApI)(%); it follows that z — A,x € S(x) N D then using (3.5) we get ||x — X|| <k|lz — Apx||. Hence,

llx — Xl <k||z = AnX — An(x — ).

Thus we have proved that, for any z € (S + ApI)(x), one has

I — x|l < iz — AnX]|.

K
1—kKkAn
And it yields

, K i,
L N ey d(AnX, (S + 2D (),

n

that is, assertion (3.4) holds. O
We are now able to state a convergence result of our method in the case when the mapping T~! is Lipschitz continuous.

Proposition 3.5. Assume that the mapping T~! is Lipschitz continuous relative to its domain with constant « and such that
T—1(0) = {x}. If, in addition, the sequence A, is chosen such that k% < 1 then, any bounded sequence x, satisfying (3.1) strongly
converges to X.

Proof. Let x; be a bounded sequence satisfying (3.1). Then one has

Antn(Xn — Xn—1) + AnXn € (T + AnD)(Xny1 —ep) forn=1,2,.... (3.6)

Moreover from Lemma 3.4 we get, forn=1,2, ...

IXn+1 —en — Xl < d(AnX, (T + AnD) (Xnt1 — en)).
n

K
1—kA

Hence, thanks to relation (3.6), we infer

[p— —>'<||<&H)'c—x — tnn —x—1)|, forn=1,2
n+1 n \1—K)»n n — Mn(Xn n—1)|» =1,4,...
which yields
_ Khln -
Xns1 =Xl < T [% = %0 — fin(¥n — %n—1) || + llenll. forn=1,2,... (3.7)
- n

that is, the sequence x, converges to x. O

Proposition 3.5 clearly improves the conclusions of Proposition 3.2 since the sequence x, does not need to be close to x.
Besides, thanks to relation (3.7), we know that whenever the initial guesses xp and x; are in a neighborhood £2 of X, the
whole sequence x, lies in £2 (under some suitable technical conditions on the sequences A, and up).

Next comes a result regarding the convergence of the algorithm (3.1) for metrically regular mappings.
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Theorem 3.6. Assume that the mapping T is metrically regular at X for 0 with neighborhoods B, (%) and By (0) and is such that its
regularity modulus reg T (x|0) is less than 1/(1 + A). In addition, we suppose that the graph of T is locally closed at (x, 0) and that the
following conditions are both fulfilled:

(i) 2Qa(1+4 @)+ lleal) <b forn=1,2,...,
(i) A(@@+21) + llenll) + llenll/k <a,forn=1,2,....

Then there is a neighborhood $2 of x such that for any elements xo and x1 in $2 there exists a sequence x, generated by (3.1), whose
elements are in §2, and which is strongly convergent to X.

Proof. There is a positive constant « such that the mapping T is metrically regular at X for 0 with a constant reg T (x|0) <
Kk <1/(1+ 1) and neighborhoods B, (X) and By (0). Now pick xo and x; in B4(X), then for any x € B;(x) we have

=21 (x —x1 —e1) + A1 p (%1 — x0) | < A1llx = x1 ]l + A lleq ]l + A1 a1 llx1 — Xoll
<M (2a(1 + ) + lleal])
<201+ @) + e ).
Thanks to condition (i) in Theorem 3.6 we have A(2a(1 + &) + |le1]|) < b. Hence,
—A (X=X —e1) +A1i1(x1 — Xo0) € Bp(0). (3.8)
Now we consider the mapping &1 defined by
®1:X3x— T (=A(x— X1 —e1) + A1 1(X1 — X0)) +e1.

We intend to prove that ¢; admits a fixed point x, in some neighborhood of x. To this end, we show that the mapping
@1 satisfies the assumptions of the Banach fixed point theorem (cf. Theorem 3.1). Using (3.8) and the metric regularity of T
at x for 0 we get

d()_(, Dq (}_C)) = d()_é, T~1 (—)q x—x1—e1) +Ap1(x; — Xo)) + 6])

<d(x, T (=1 & —x1 —e1) + A1 (1 — X)) + llex |
<kd(—r (X —x1 —e1) + A1 (x1 —X0), T(X)) + lleq |l
k|| =M E—x1 —er) + 211 (x1 —x0) | + e
SK(MII?_C—M —erll +rplixr —xoll + ”2—”')

Then, setting g := A1||X — x1 —eq]| + 2111 ]1X1 — Xoll + |le1]l/« and keeping in mind that « < 1/(14+X) <1/(1+ A1) we get
d()_(, ¢1()_()) <o1(1 —kKkAq). (3.9
Moreover, we have oy < A(||X — X1 —eq |l + ftllx1 — Xoll) + |le1]l/«. Then,

ar <A(a+2/) + llerl)) + lletll/x.

From assertion (ii) in Theorem 3.6 it follows that 7 <a.
Further, let u, v € By, (x) and remind that, from the very beginning of this proof, we have

=21 (x —x1 —e1) + A1 (x1 —x0) | <b, for all x € Bo(X).
Since o1 < a both u and v are in By (x) thus

=21 —x1 —e1) + A1 (x1 —x0) | < b, (3.10)
and

=21 (v —x1 —e1) + A1 i1 (x1 — x0) | <b. (3.11)
Hence, from relations (3.10) and (3.11) together with the Aubin continuity of T~! at (0, x) we have

e(®1(u) NBy, (X), D1(v)) <kAqllu—v]. (312)
Therefore, from (3.9) and (3.12), there exists a fixed point x; € @1(x2) N Bg, (), ie.,

X2 €By, (X) and Aq(x2 —x1 —e1) — A pu1(x1 —x0) + T(x2 —eq) 3 0. (3.13)
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If x, =X there is nothing more to prove. Otherwise, for any x € B,(x), we have

| —ra(x = x2 — €2) + Aapra(x2 — x1) || < X(2a(1 + ) + [le2]]) < b.

Then consider the mapping ®; : X —> T~ 1(—=A2(x — Xo — e3) + Aat2 (X2 — X1)) + €. By the metric regularity of T at X for 0
one has

d(X, ®2(%) =d(X, T~ (—22(X — X2 — €2) + Aapa (X2 — x1)) + €2)

_ llezl|
<K<A2IIX—X2 —ezll + A2z llx2 — X1l + T

<aa(1—«kha),

where a; 1= Az[|x — x2 —eall + Aoz |IX2 — x1|| + [lezll /k.
Take u and v in Bg, (X). The Aubin continuity of T-1 at (0, %) yields

e(P2(u) NBy, (X), D1(v)) <kAzllu—v]. (3.14)

Hence, by Theorem 3.1, there exists x3 € ®3(x3) N By, (x) and we have

X3 — X <A2l1X — X2 — e2|| + Az puallx2 — X1 1| + lle2l/x.

The induction step is now clear. Starting with two iterates x,_1 and x, in B,(x) we prove that the mapping

@y X3 X T (=2 (X — Xn — €n) + Anfln (Xn — Xn—1)) + €n

admits a fixed point x,41 € By, (X) where

O i= M llX — xn —enll + AapinllXn — Xn—1ll + llenll/ <a,

that is, x;41 is such that

An(Xn+1 — Xn — €n) — Anfn(Xn — Xn—1) + T (Xn+1 —€n) 20 (3.15)

and

Xn41 — Xl < AnllX — Xn — enll + AnpinllXn — Xn—11l + llenll /. (3.16)

Therefore we are able to construct a sequence x, satisfying conditions (3.15) and (3.16). Passing to the limit in (3.16)
when n goes to oo we obtain the strong convergence of the sequence x, to the solution X to the inclusion (1.7). O

The following theorem is of interest since it asserts that, whenever the mapping T is strongly metrically regular at x
for 0, we are able to define explicitly the sequence x,, whose existence is ensured by Theorem 3.6.

Theorem 3.7. Assume that the mapping T is strongly metrically regular at x for 0 with neighborhoods B, (x) and By (0) and is such
that its regularity modulus reg T (x|0) is less than 1/(1 + 1). In addition, we suppose that the graph of T is locally closed at (x, 0) and
that the following conditions are both fulfilled:

(i) 22a(1+ @)+ llenl) <b forn=1,2,...,
(i) A(@@+21) + llenl) + llenll/k <a,forn=1,2,....

Then the conclusion of Theorem 3.6 holds and the sequence xj, is uniquely determined by the following equality
Xn1 = (T + dnD) 7 (AnXn + Anfln(Xn — Xa—1)) +e€n, eventually. (317)

Proof. By repeating the proof of the Theorem 3.6 we get the existence of a sequence x, whose elements are in some ball
centered at x and satisfy (3.1) with the same properties as in Theorem 3.6. It remains to show that the sequence x, is
unique. To this end it suffices to prove that relation (3.17) holds. Since the sequence x, satisfies (3.1) we have

Xn € (T + AnD) ™" (AnXn + Anfn (o — Xn—1)) +en for all n.

Then, to complete the proof, we only need to show that the set-valued mapping (T + A,I)~! has a single-valued graphical
localization in some suitable neighborhoods. For this purpose, we are going to use the same argument that has been used
in [13, Theorem 4.3] to study the stability of strong regularity with respect to single-valued perturbations. Since T is strongly
metrically regular at x for 0, it has the single-valued Lipschitzian inverse property there, i.e., there exist positive constants o
and B such that the graphical localization
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y3Bg(0) = T~ (y) N By (%) (3.18)

is Lipschitz continuous with some positive constant « and single-valued on Bg(0). In the sequel, for any y € Bg(0), we
denote by s(y) the unique element of T~!(y) NB¢ (0). Then we consider the following graphical localization of the mapping
(T +r D71

y3Bs(0) > (T + 2D~ (y) NBs (), (319)

where § is a positive number satisfying § < min{S/3, @}. Now, it is our purpose to show that the mapping defined in (3.19)
is single-valued. To this end we assume that it is not single-valued, i.e., there is an element y € Bs(0) such that there exist
two distinct points x and x’ both of them in (T + A,I)~1(y) N Bs(x). Thus we have in particular x € T~ (y — Anx) N Bs(X).
Moreover, since A, is a non-increasing sequence going to 0, for n large enough, we have

Iy = Anxll < IYI A+ Anllx — X[+ An X < (1 + An)8 + AnllX] <38 < B.
Hence, y — Apnx € Bg(0); then observing that Bs(X) C By (x) and using the single-valuedness of the graphical localization
given in (3.18) we obtain that x =s(y — AX). A similar argument yields X' = s(y — A,X") and it follows

X=Xl = [|s(y = 2n2) = (¥ = 4nX) | <K [[(y = 2nX) = (¥ = 2nX) || S khnlix = X'l| < lx =X,

which is absurd then the graphical localization of (T + A,I1)~! in (3.19) is single-valued. To complete the proof it remains to
show that ApXy + Anitn(Xn — Xp—1) € Bs(0) for n large enough. This is a straightforward consequence of the convergence of
An to zero and the boundedness of the sequence x,. O

4. The perturbed algorithm

In this section we shall show that the inertial proximal algorithm is stable with respect to certain variational perturbations
of the mappings T. By variational perturbations of T we mean a sequence T, : X = X of set-valued mappings converging
to T in some sense. We are thus led to associate to the inclusion (1.7) the following inertial proximal method where the
mapping T has been replaced with Tj:

An(Xn1 — Xn —€n) — Anfln(Xn — Xn—1) + Tn(Xnt1 —€n) 30 forn=1,2,.... (4.1)
Before stating our first result we briefly present the convergence notion we shall use in the sequel. The lower and upper
limits of a sequence A, of subsets of a normed space, with unit ball B, are defined by:

liminf Ay = {x € X | limsupd(x, Ay) = 0} — (X € X | Iy € An With x, — x);
n—oo

limsup A, = {x eX | liminfd(x, Ap) = 0} ={xeX|3n; <ny <--- in N, Ix,, € Ap, with xp, — x}.
n n— 00

Definition 4.1. A sequence of subsets A, is said to set-converge to a subset A, written A, — A, provided limsup, A, CA C
liminf,; Aj,.

Set convergence in this sense is known more specifically as Painlevé-Kuratowski convergence. A sequence A, of subsets
of X is said to be lower set-convergent to A if A C liminf, A, and upper set-convergent to A if limsup, A, C A. Obviously,
a sequence A, set-converges to A if and only if it is both lower and upper set-convergent to A.

The following statement asserts that, regardless of the regularity properties of the mapping T, any cluster point of an
arbitrary sequence satisfying (4.1) is a solution to the inclusion (1.7) whenever the sequence gph T, upper-set converges to
gphT.

Proposition 4.2. Let T, be a sequence of set-valued mappings such that gph T, upper set-converges to gph T and let x, be a sequence
satisfying (4.1). Then any cluster point of x;, is a solution to the inclusion (1.7).

Proof. Let X be a cluster point of the sequence x, defined in Proposition 4.2. Then there is a subsequence x,, of x, converg-
ing to X and satisfying
(Xnk+1 — ene> Am My Xy, — Xny—1) — Any (X1 — Xy — enk)) € gphTy,, for all k. (4.2)

Moreover, the sequence (Xp,41 — en, Angfn, Xn, — Xn—1) — An, (Xny+1 — Xn, — €p,)) converges to (%,0), thus, (%,0) €
lim sup gph T,,. Keeping in mind that gph T,, upper set-converges to gph T we complete the proof. O
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To conclude, we show a result similar to Theorem 3.2, that is, a convergence result for the perturbed inertial proximal
method when the mapping T is strongly metrically subregular. To this end we assume that the sequence T, converges to T
in the following sense:

sup|d(0, To(x)) —d(0, T(x))| — 0, for some neighborhood U of . (4.3)
xeU
Note that relation (4.3) can be seen as a uniform local Wijsman convergence of the sequence T,(x) to T(x). We recall that
a sequence of subsets Ay is said to Wijsman-converge to a subset A if for every u € X, limy_, oo d(u, Ap) =d(u, A) (for details
about the Wijsman convergence and variational convergences in general see, e.g., [7,22]).

Theorem 4.3. Let T;, be a sequence of set-valued mappings satisfying (4.3). If the mapping T is strongly metrically subregular at x for
0 then there exists a neighborhood $2 of x such that any sequence x,, satisfying (4.1) and whose elements are in $2 eventually, strongly
converges to X.

Proof. Let T be strongly subregular at x for 0 with constants x and a, that is,

lx— x|l <xd(0,T(x)), for all x € Bq(X). (4.4)

Adjust a if necessary such that B;(X) C U where U is the neighborhood of X introduced in (4.3). Take a sequence Xx,
satisfying (4.1) and whose elements are in a ball B, (x) where 0 < o < a. Since the sequence e, goes to zero, for n large
enough, x,+1 — e, € By(X) and we have

X041 — en — Xl < kd(0, T (Xn1 — €n)). (4.5)

From property (4.3), we have that for all ¢ > 0, there exists an integer N such that for all n > N one has

|d(0, Tn(n+1 — en)) —d(0, T (xns1 —en))| <.

Hence for all € > 0,

X041 — en — XI| < kd(0, Ty(xa41 —en)) + €, eventually.

Since —An(Xn+1 — Xn — €n) + Anfhn(Xn — Xn—1) € Tn(Xn41 — €n) We get

X1 — en — Xl < K An|—(Xng1 — Xn — €n) + tn(Xn — Xn—1)| + &, eventually.

It follows that x, converges to X. O
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