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1. Introduction

Early in the 19th century, Poincaré [10] presented a simple criterion on nonexistence of analytic first integral for au-
tonomous differential equations

dx

—=fkx), xeC" 1

g =@ (1)
where f(x) is a vector-valued analytic function satisfying f(0) = 0. He showed that if the eigenvalues Aq,..., A, of the

Jacobi matrix A = Df(0) are non-resonant, i.e., they do not satisfy any condition of the form

n n
ij)»j:(], kjEZ+, ij;ﬁ(),
=1 =1

then system (1) does not have any nontrivial analytic first integral in a neighborhood of x = 0.

Along Poincaré’s idea, many works have been done in this field. In 1983, based on the monodromy properties around
particular solutions, Ziglin [16] studied the nonexistence of first integrals for Hamiltonian systems. Yoshida [13] derived
some necessary conditions for quasihomogeneous systems to have first integrals. In 1996, Furta [3] provided an elementary
proof of Poincaré’s result, and furthermore, he studied the nonexistence and partial existence of analytic first integrals for
semi-quasihomogeneous systems. Recently, the authors in [5] extended the Furta’s result. Li et al. [6] generalized Poincaré’s
result to the case that an eigenvalue of the matrix A is zero and the other eigenvalues are non-resonant. In [4], Goriely
investigated the partial integrability, i.e., the existence of a certain number of first integrals less than the number required
for the complete integration. More concrete relation between the number of first integrals of a given differential system and
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its corresponding linear system was given by Zhang [15]. And in [2], the relation between resonance and the number of first
integrals for quasi-periodic differential systems was also considered. More related works can be found in [7-9,11,12,14].

In this paper, we will present some criteria about nonexistence and partial existence of first integrals for the periodic
differential system

x=f(tx), (2)

where (t,x) € ST x C" with S = R/(NT), f(t,x) is C" in S' x C" with r >1 and f(t+ T, x) = f(t, x). Here, a non-constant
function & (t,x) defined on S' x U, with U an open subset of C", is called a first integral of system (2) if it is T-periodic
with respect to t and constant along every flow defined in U. If @ (t, x) is differentiable, then this definition can be written
as the condition

D (t, x) AP (t, x)
+ ,ft,x))=0. 3
o < o [ 3)
If @(t,x) is a formal series in x and satisfies equality (3), then @ (t, x) is called a formal first integral of system (2).
Suppose that x =0 is a constant solution of system (2), i.e., f(t,0) =0, then system (2) can be rewritten as
x=A(t)x+g(t,x) (4)
near some neighborhood of x =0, where A(t) = %(t, 0), A(t+T,x) = A(t, x), and g(t,x) = O(||x||?) is T-periodic in t.
By Floquet’s theory [1], there exists a T-periodic function Q (t) such that under the transformation
x=QW)y, (5)
system (4) is transformed to
y=By+h(t,y), (6)
where B is a constant matrix, and h(t, y) = O(||y||?) is T-periodic in t. The eigenvalues A1,..., A, of B are called the
characteristic exponents (or Floquet exponents) of system
x=A(t)x (7)
and the eigenvalues of eTB, ie., w1 =exp(A\iT),..., un = exp (A,T), are called the characteristic multipliers of the sys-

tem (7).
In 2003, by using the theory of linear operators and normal forms, Li et al. [6] obtained the following result.

Theorem 1. Assume that x = 0 is a constant solution of system (4). If the characteristic multipliers of system (7) do not satisfy any
resonant equality of the type

n n
[Iwi=1 kezt, Y kz1. (8)
i=1 i=1
then system (4) does not have any nontrivial formal first integral in a neighborhood of x = 0.

In this paper, firstly, we give an elementary proof for Theorem 1. Secondly, we present a criterion about partial existence
of formal integrals for periodic differential system. Finally, we give some examples to illustrate our results.

2. An elementary proof of Theorem 1

Suppose that system (4) has a nontrivial formal first integral @ (t, x) in a neighborhood of x = 0. Evidently, we know that
w(t,y)=®(,Q(t)y) is a formal first integral of system (6) and ¥ (t + T, y) = ¥ (t, y), from the definition of first integral,
it requires that

ow(t,y) ow(t,y)
ot +< 9

,By+h(t,y)>50. (9)
Expanding the considered function ¥ (t, y) in the formal power series with respect to y, we get

v, y)=%O +E y) + ¥ y) + -, (10)

where | € N and ¥;(t, y) is a homogeneous polynomial of degree i in y with T-periodic coefficients in t. Substitute (10)
into (9) and equate all the terms in (9) of the same order with respect to y zero. For y°, we get

oW (t)
ot

)
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that is to say, ¥o(t) = ¥o(0). Without any loss of generality, we set ¥y(t) = 0. Equating the terms of y' we obtain

oY (t, Y (t,
i( J’)+ i( y),By _o. (11)
at ay

this implies that ¥i(t, y) is an integral of the linear system

y = By. (12)

Since matrix B can be changed to a Jordan canonical form under a nonsingular linear transformation, for simplicity, we
assume that B has been a Jordan canonical form, i.e.,

Ja Ao 1
J2
B= . ) Jr= . s
N . . . 1
Jm A
where J; is a Jordan block with degree equal to iy, i1 +---+if =n.
Make the following transformation of variables

C1 1
C= . s G = . ,
Cm 81‘,—71

C; is a Jordan block with degree equal to i, i1 +---+in =n, and € > 0 is a constant.
Under the transformation (13), system (12) can be rewritten as

7=(D+¢D)z, (14)
where
D1 Ar
D Ar
D = ’ DT = )
Dm Ar
D 0 1
. D> -
D= , D, =
) 1
Dy, 0

Obviously, ¥ (t, z, ) = ¥(t, Cz) is an integral of the linear system (14). Thus

£ £ N
—(t,z,&) +{ —(t,z,¢),(D+eD)z)=0. (15)
ot 0z
Since
ky Kk kn
UE =Y, Yk OY] Y2V
k1+--+kn=I

¥ (t,z, €) has the form
W(t,z,8) =¥(t,Cz)

k k i1—1,, \ki k; ki ip—1 kiy +i
= D Ydy O@) (€22)2 (6" 1 21,) N (@i 1) 1 (620, 42) 192 (827 iy ) 1T
kq+--+kn=l

Kis goti Kiy oot im—1,, \k
(Ziy oty 1) 1T (8 Zg ) et (gl Tz )

=t )+l (t,2)+---+ "W (¢, 2), (16)
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where
j j k k ;
W= Yy W o0z, 0< i< (17)
ki+-+kn=I
I* € Z* is a certain constant and lllkjlmkn t+T)= ng‘]-..kn (©).

Now substitute (16) into (15) and equate all the same order with respect to & zero. Suppose llllo(t, z) = lI/ll t,2)=---=
eM1(e,2) =0, 9M(t,2) £ 0 (0 < M <I*). Then ¥M(t, 2) has to satisfy the following equation

awMit,z)  [owM(t,2)
l ’ l ’
,Dz)=0. 18
ot +< 0z > (18)
Substituting (17) into (18), we obtain
deM . (t)
Ky -+-kn k Ky _
Z [“T + (A,l<)v,lfk"1”,__kn(t)]zl‘1 sz =0,
ky+-+kn=1
where A =(A1,...,An) and k= (kq, ..., k). For any monomial z’;‘ ~~-zl,f,", we have
deM (6
k1---kn M _
L (ALK, (0 =0.
From the above equation,
M O =M (e R (19)

Since the coefficient lI/k"l/’N_kn (t) is a T-periodic function in t, we get

e—(A,k)T =1.

Then
n n n
l—[Miﬁ — l_[ (ek,'T)ki _ Hex,»kﬁ —elAlT _q
i=1 i=1 i=1
Thus, a resonant condition of (8) type has to be fulfilled for any nonzero coefficient lPk"]/f e (t), which contradicts the condi-

tions of Theorem 1. The theorem is proved.
By the above proof, we can obtain the following result.

Corollary 1. If system (2) has a nontrivial formal first integral @ (t, x) in a neighborhood of the constant solution x = 0, then ¥ (t, y) =
@(t, Q(t)y) is a formal integral of (6) in the vicinity of y = 0. Moreover, there exists a homogeneous function ¥;(t, y) of degree | with
respect to y which is an integral of system (12) in a neighborhood of y = 0. In fact, it is the leading term of the formal power series of
W (t, y) with respect to y.

3. Partial existence of formal first integrals
In this section, we are concerned with the partial integrability of periodic system (2). According to the proof of Theo-

rem 1, we know that if system (2) has a nontrivial formal first integral @ (t, x), then there exists a nonzero vector k € Z/}
such that

n
@:{k:(kl,...,kn):]‘[Mﬂ‘f=1,k,-ez+ (20)
i=1
is a nonempty subset of Z} . We say k1, ..., ks € © are the least generating elements of @ if both of the following conditions
hold:
(1) For any k € ®, there exist ay, ..., as € Z such that k¥ = Zf aiki.

(2) s e N is the minimal number satisfying the first condition.

Suppose that system (2) admits s nontrivial formal integrals @'(t, y), ..., @5(t, y), then according to Corollary 1, linear
system (12) has s nontrivial homogeneous formal first integrals lI/,} &, y,..., lI/l:(t, y) with respect to y. Here, we assume
that B is diagonalizable, just for simplicity, B has already been a diagonal form.

Now, we can state our main result of this paper.
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Theorem 2. Assume system (2) has a constant solution x = 0 and admits s (1 < s < n) nontrivial formal integrals ®1(t,x), ...,
D5(t, x). If LI/I} &, y),..., ll/l:(t, y) are functionally independent in y and the number of the least generating elements of set ® is s,

then any other nontrivial formal integral & (t, x) of system (2) must be a function of (¢, x), ..., ®5(t, x), i.e.,
D(t,x) =D(@(t,%), ..., P(t, %)),
where D is a formal series.

We remark that Theorem 2 is, in some sense, a generalization of Theorem 3 of [6].
In order to prove Theorem 2, we will get the help of the following two lemmas.

Lemma 1. Suppose that the number of the least generating elements of set ® iss (1 <s <n), and let k1 = (K11, ...,K1n), .-, Ks =
(Ks1, ..., ksn) be the least generating elements of set ©. Then the following statements hold:

() pi(t, y) =eAmtylit . ylin fori=1,...,s ares first integrals of the linear system (12).

(b) Any nontrivial homogeneous formal first integral ¥;(t, y) of (12)is a polynomial function of p'(t, y), ..., p(t, ¥).

Proof. (a) It follows easily by a direct calculation.
(b) If

k k
UE = Y Pk OV Y
fey - +kn=l
is a nontrivial homogeneous integral of linear system (12), from the definition of first integral, it requires that

it y) | [0, y) W, -k, (1) :
e Tl BY)= > T o (ALK W (O Yk =o. (21)
y ki +--+kn=l

Therefore, any nonzero coefficient ¥, ..., (t) should satisfy

Wiy -k ()
— A (ALK, () =0,

at
S0
Wiy dy (£) = W, (0 A1 (22)
Since for any nonzero coefficient ¥, .., (t), geometric point k= (k1, ..., ky) € ®. Therefore there exist ag,...,as € VA
such that

k=aik1 + -+ asks,
or equivalently
ki=aikqi+ - +asksi, i=1,2,...,n.

Thus we have

e*(/\,kﬁy’]ﬁ . y’én —eailAk) e*ﬂs(A,Ks)yqlkn+-"+05Ks1 o yﬁ1/<1n+---+asl<sn
= (67<A’K1)tyl1(“ ...ygm)“l ...(e*</"'<s>fy’1(s1 ...ygsn)“s
=p' e, M- P’ . (23)
Clearly, we can conclude that ¥(t, y) is a polynomial function of p'(t, y),..., p(t, y). The lemma is proved. O
Lemma 2. Assume system (6) has s (1 < s < n) nontrivial formal integrals W 1(t, y), ..., WS(t, y) which are functionally independent

in y. If any nontrivial homogeneous integral ¥, (t, y) of the system (12) is an analytic function of llfl} t,y),..., lI/,f(t, y), then any
other nontrivial formal integral W (t, y) of system (6) must be a function of W1 (t, y), ..., ¥S(t, y), ie.

W, y)=HW (. y)..... ¥t y)).

where H is a formal series.
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Proof. System (6) is transformed to

il = Bu + eh(t, u, &), (24)

under the transformation

y=¢éu, (25)
where h(t, u, &) = 0(|[ul?) and h(t + T, u, &) = h(t, u, &).
The integral ¥'(t, y) (i=1,...,s) of system (6) can be rewritten as follows

o0
Wit u,8) =Wt eu) = Wi(t, eu) + Y W, i(t, eu)
j=1

ot (v 3o ), -
j=1

where lI/,fH(t, u) is a homogeneous function of degree I; + j in u with T-periodic function in t as coefficients.
Similarly, other nontrivial formal integral ¥ (t, y) of system (6) reads

o0
W(t,u,8) =Wt eu)=Wy(t, eu) + Y ¥y (t, u)
j=1

=gl (lllq(t, u)+Z£ijq+j(t,u)>, (27)
j=1

where ¥, ;(t, u) is a homogeneous function of degree q + j in u with T-periodic function in t as coefficients.
Evidently, lf/l(t, u,e),..., lfls(t, u, &) and l17(t, u, €) are integrals of the system (24), therefore lI’,} (t,u),..., llflf(t, u) and
W, (t, u) are homogeneous integrals of linear system

it = Bu. (28)
By the assumption of the lemma, there exists an analytic function G such that
We(t, ) =G(H (€, y). ... ¥ (L, ), (29)
under the transformation (25), we have
eIy (t, u) = Yy (t, eu)
1
=G(¥ (t,eu), ..., ¥i(t, u))
=g("ylt ), ... 5 w). (30)
By (29) and (30), we obtain
Gyl (tu). ... RSt w) = TG (W) (tu). .. Wi ). (31)
Let G© = G. Then the function
G u, ) =0t u,e) GO ue),... ¥t u,e)

is obviously an integral of system (24).

By (26), (27), (29) and (31), it is easy to see that the function ¥V (¢, u, &) is at least of ¢+ 1 order with respect to ¢,
and it can be rewritten as

o0

7 (1 1) iy (D

Dt u e)=geh (wa (t,u)+§ U AR u)),
i=

where q; > q+ 1 is an integer, ‘I/q(]lij (t,u) is a homogeneous form of degree q1 + j in u with T-periodic coefficients in t.
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It is not difficult to prove that llfq(f)(t, u) is a homogeneous integral of the system (28). According to the assumptions of

the lemma and by a direct computation, we have llfq(ll)(t, u) = g(l)(llfl} (t,u), ..., ¥} (t, ). So the function

T u,e) =0Vt u,e) - gV (P (tu,e), ..., Tt u,8))

is also an integral of the system (24) which is at least of q; + 1 degree with respect to &.
By repeating infinitely this process, we obtain

F(tue)=>Y V@t ue)..... 0%t u,e),
j=0

which is equivalent to the fact that

wt.y)=Y ¢Vt y).... o5t y)=HT €. y)..... ¥ . y).
j=0

for a certain formal series H(¥1(t, y), ..., ¥(t, y)). This completes the proof. O

With the help of Lemmas 1 and 2, we give the following proof of Theorem 2.

Proof of Theorem 2. According to Corollary 1, if system (2) has s (1 < s < n) nontrivial formal integrals ®1(t, x), ..., ®5(t, x)
in a neighborhood of a constant solution, then system (6) admits s nontrivial formal integrals w(t,y),..., w5(t,y) in a
neighborhood of y = 0. In order to obtain the result, we just need to prove that for any nontrivial formal integral @(t, x)
of system (2), integral ¥ (t, y) = ®(t, Q(t)y) of system (6) is a formal series of ¥(t,y),..., ¥5(t, y). From Lemma 2, if
we already have that any nontrivial homogeneous integral ¥,(t, y) of the linear system (12) is an analytic function of the

integrals lI/l} & y),..., llllj(t, y), then the proof of the theorem is completed.

By Lemma 1, any nontrivial homogeneous integral of the linear system (12) is a polynomial function of p'(t, y), ...,

pS(t,y), so there exist polynomial function 7 and F; such that

Ye(t, y) =T (0. ), ... p°(t. ),
Wit =Fi(p' €. y).....p°ty), i=12,...5.
Since '1/,} & y),..., llflj(t, y) are functionally independent in y, the matrix

OWy W) a(FL.F) AP, pY)
W1, yn) Y. 0% IV, V)

is full-ranked, therefore, the matrices

apl, ..., 0%  A(F1,....Fs)
(Y1, yn)” AP, ..., %)

are full-ranked (nondegenerated). By the Inverse Function Theorem we get from (32) that

Py =T(H .y, ... ¥ t.y). i=12.. s,

where 7; is indeed an analytic function. So we have

Yt, ) =T (p'(t, y),.... p°(t, Y))
=TEA ) ). B Y. )
= g(‘l’l} €.y, ... . (. y).

The theorem is proved. O



J. Jiao et al. / J. Math. Anal. Appl. 366 (2010) 128-136 135

4. Examples

Example 1. Consider the following periodic system

. 3
x=[(-1+ Ecost X1+ fi(t, %),

. 3 . 33
Xy = (—l —Esmt)xz—i-fz(t,x), (33)
X3=2x3 + f3(t, %),
where x = (x1, x2, x3) € C3, fi(t,x) (for i =1, 2, 3) are 2m-periodic functions in t and fi(t, x) = O (||x||?).
We obtain easily that the characteristic multipliers of system (33) are

= o327 o = o327 s = o221

Since there is no resonant condition of the type

eki—katV2)2T _ 1 ko ks € ZF, |ky| + lka| + k3] %0

is fulfilled, according to Theorem 1, then periodic system (33) does not have any nontrivial formal first integral in a neigh-
borhood of x = 0.

Example 2. To illustrate Theorem 2, we consider the following periodic system

X1 = (o + 3sint)xy + f(t, x),

X3 = (B —2cost)xy + g(t, x),

x3 = (1 + sint)xs, (34)
X4 = (—1 — cost)xg,

X5 = (—1+ 2sint)xs,

where x = (X1, X2, X3, X4, X5) € C3, f(t,x) and g(t, x) are 2m-periodic functions in t and f(t, x) = O (||x||?), g(t, x) = O (||x||?).
It is not difficult to know that the characteristic multipliers of system (34) are

ﬂn’ 3 = 6271, g = efzn’ s = 67271’

and @ = eOsi*sintyax, and @, = e3ix3x5 are two nontrivial formal integrals of system (34) and they are functionally
independent. According to Theorem 2, we can conclude that any other nontrivial formal first integral of system (34) is a
smooth function of @ and &, if the rank of the set

w1 = eZom’ Uy = 6‘2

O = {k= (k1. kz. k3, ka, ks) € Z7.: p,’l“ ugz . ~~/LI§5 =1}

is equal to 2. Obviously, this is equivalent to that for any k, ko, k3 € Z*,
627'[(01121 +}3’22:|:/~(3) ;ﬁ 1,

since (0,0,1,1,0) and (0,0, 1,0, 1) are two generating elements of set ®.
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