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1. Introduction

Let X be a separable infinite dimensional Banach space. A bounded linear operator T : X — X is called hypercyclicif there
exists avectorx € X whose orbitorb(T, x) = {T"x : n > 1}isdense in X. For example, if Bis the backward shift on ¢2(N), then
any multiple AB, |A| > 1, is hypercyclic [1]. This phenomenon appears in separable spaces, and it is connected with the in-
variant subspace problem, dynamical systems, and approximation theory. For references on hypercyclic operators see [2,3].

In the last decade, the concept of hypercyclicity has been generalized in various directions. Considering density in the
weak topology instead of the norm topology, we can discuss weak hypercyclicity [4,5]; abounded linear operator T : X — X
is called weakly hypercyclic if the orb(T, x) is weakly dense in X for some x € X. Quantifying the frequency with which an
orbit meets any nonempty open set, we can study the frequently hypercyclic operator [6,7]; a bounded linear operator
T : X — X is frequently hypercyclic if there exists a vector x € X such that for every nonempty open subset U of X, the set
of integers n such that T"x belongs to U has positive lower density.

Considering the density of the orbit in a nontrivial subspace instead of whole space, the hypercyclicity on subspaces has
been recently discussed by Madore and Martinez-Avendano [8]:

Definition 1.1. A bounded linear operator T : X — X is called subspace-hypercyclic for a subspace M of X if there exists a
vector x € X such that orb(T, x) N M is dense in M. The vector x is then called a subspace-hypercyclic vector for T.

It is easy to see that T is subspace-hypercyclic for M if and only if it is so also for M.
The following examples provide some subspace-hypercyclic operators (not necessarily hypercyclic):

(i) Let T be a hypercyclic operator on a Banach space X and let I be the identity operator on X. Then, the operator T @ I is
subspace-hypercyclic for the subspace M := X & {0} of X @ X; whereas it cannot be hypercyclic on X & X, since the
identity operator is not hypercyclic on X.

(ii) Let D be the open unit disk in C and ¢ : D — D be an analytic function. Let T, denote the analytic Toeplitz operator on
H?(D) defined by T,(f) = fo, and C, denote the composition operator on H?(D) defined by Co(f) =f op.Nowifgis
a non-identity inner function with ¢(0) = 0, then

T'C, = C,B,
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where B is the backward shift operator on H?(D). Since AB is hypercyclic on H?(D) for |A| > 1, it can easily be checked
that AT* is subspace-hypercyclic for the subspace ran(Cq,) if [\] > 1 (see Examples 2.3 and 2.4 in [8]). On the other
hand, o(gserve that AT; is hypercyclic, by the characterization given by Godefroy and Shapiro [9].

(iii) Let H be a separable Hilbert space, B(H) be the algebra of bounded linear operators on H,and T € B(H). Since B(H) is not
separable with the norm operator topology, the left multiplication operator Lt : B(H) — B(H) defined by Lt (S) = TS
is not hypercyclic with this topology while Ly : Bo(H) — Bo(H) is hypercyclic with the norm operator topology [10].
Here, By(H) is the algebra of compact operators on H. Thus there exists an operator S € By(H) such that orb(Lr, S) is
dense in By(H) with the operator norm topology, i.e.,

OTb(LT, S) n Bo(H) = OTb(LT, S) = BO(H)
So Lt is subspace-hypercyclic for the subspace By(H) of B(H).

Besides, there are also examples of hypercyclic operators which are subspace-hypercyclic on proper subspaces. For
example, let M be either the subspace of ¢2 consisting of all sequences with zeros on the even entries or the subspace
consisting of all sequences with zeros on the first m entries. Then AB is subspace-hypercyclic for M where B is the usual
backward shift on £2 and A is any scalar with |A| > 1.

Subspace-hypercyclic operators share many properties with hypercyclic operators. We state some of them in the
following theorem which has been proved in [8]:

Theorem 1.2. Let T : X — X be a bounded linear operator which is subspace-hypercyclic for a subspace M of X. Then the
following statements hold:

(i) the spectrum of T intersects the unit circle,
(ii) ker (A — T*)" € M™ for any scalar A and integer n > 0,
(iii) X and M are infinite dimensional.

Our main goal in the present paper is to show that if a bounded linear operator T acting on a Banach space X is subspace-
hypercyclic for some subspace M of X and p is a real or complex polynomial, then ker (p(T*)) € M-, which provides an
affirmative answer to the question (v) of [8]. We prove as a consequence, extending a result on hypercyclic operators [11-13],
that, at least in some cases, every subspace-hypercyclic operator T for a subspace M of X has a dense linear manifold of M
consisting entirely, except for zero, of vectors that are subspace-hypercyclic for T.

2. The main results

In what follows, X will be a separable infinite dimensional Banach space and L(X) will denote the algebra of bounded
linear operators on X. Since subspace-hypercyclicity for a subspace and its closure are equivalent, all subspaces of X may be
assumed to be closed. If T € L(X), the orbit of a subspace M of X under T is defined by

orb(T, M) = _JT"M.

n>0

Proposition 2.1. Let X be a real or complex Banach space, T € L(X) be subspace-hypercyclic for a nontrivial subspace M of X,
and My := orb(T, M); then for any scalar A,

[0.—DMp)]" < M.

Proof. Let x € M be a subspace-hypercyclic vector for T. Assume that A is a nonzero linear functional that annihilates the
subset (A — T)(Mrz). Since My is an invariant set under T,

A(T"X) = A"A(x)

for every x in My and for every positive integer n. If A is not zero on My, considering the above relation, the definition of My
and the fact that My contains the nontrivial subspace M, we see that A is not zero on M. Thus, A(M) is the whole complex
plane C (or the real line R) and the same is true for A(Mr). Since x is a subspace-hypercyclic vector for T, orb(T,x) "M = M
and so M C orb(T, x). Hence,

+00 -
My = |_JT"M < orb(T, x),
n=0
and so the closure of {A(T"x) : n > 0} contains A(Mr) = C (or R) while the closure of {A"A(x) : n > 0} does not. This
contradiction shows that A annihilates the subset M7 and the proof is completed. O
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It is worth mentioning that the above proposition may be restated: if T is subspace-hypercyclic on M, Mr = orb(T, M)
and [Mr] denotes the linear span of My, then,

[Mr] € (A = T)(IMrD. (1)
This is the key point for proving the next theorem.

Theorem 2.2. Let X be a complex Banach space, T € L(X) be subspace-hypercyclic for a nontrivial subspace M of X, and
Mz = orb(T, M). Then for every nonzero complex polynomial p,

[Mr] € p(T)(IMr]). (2)
Proof. We may express p as a product of linear factors;
p@) =t —2) (A2 —2) -+ (An — 2)
where A; is a complex numbers for 0 < i < n. Then p(T) is a scalar times a product of factors of the form A; — T, that is,
p(M) =ro(h1 —=T)(A2 =T) -+ (Ao — T).
By the last proposition, each of the factors A; — T satisfies the relation (1) for M and p(T) is written as a product of such

operators. Hence (2) holds and this completes the proof. O

Corollary 2.3. Let X be a complex Banach space, T € L(X) be subspace-hypercyclic for a nontrivial subspace M. Then for every
nonzero complex polynomial p, p(T) has a dense range in M, or equivalently, ker (p(T*)) € M~.

Given a real Banach space X, we denote by X the complexification of X. That is, X is the product space X x X endowed
with the complex scalar product given by

(a+1ib)(x,y) := (ax — by,ay + bx) (x,y € X,a,b € R).
Furthermore, given T € L(X), we denote its complexification by T € L(X). That is,
T(xy) = (xTy) xyeX).

Lemma 2.4. Let X be a real Banach space, and T € L(X). If T is subspace-hypercyclic for a subspace M of X, then T eLX)is
also subspace-hypercyclic for the subspace M=M x {0} of X.

Proof. It is enough to note that if x € M is a subspace-hypercyclic vector for T then (x, 0) € Misa subspace-hypercyclic
vector forT. O

Theorem 2.5. For a real Banach space, the conclusions of Theorem 2.2 and Corollary 2.3 remain true.

Proof. Let X be a real Banach space, and T € L(X) be a subspace hypercycllc operator for a subspace M of X. Pick a real
nonzero polynomial p, and put My := orb(T M), and My := orb(T, M) Consider the complex polynomial p with the same
coefficients as p. Now by Lemma 2.4, Tis subspace-hypercyclic for M and applying Theorem 2.2, we see that the relation
(2) holds for T, My, and p p. Hence the same is true for T, M, p and hence Theorem 2.2 and Corollary 2.3 remain true for real
Banach spaces. O

Herrero and Bourdon proved an important result on the algebraic structure of the set of hypercyclic vectors:
Proposition 2.6. If x is any hypercyclic vector for T, then

{p(T)x : pis a polynomial } \ {0},

is a dense set of hypercyclic vectors. In particular, any hypercyclic operator admits a dense invariant subspace consisting, except
for zero, of hypercyclic vectors.

For the complex case, the above theorem is due to Herrero [13] and Bourdon [12]. The real case was pointed out by
Bes [11].

Applying Corollary 2.3 and Theorem 2.5, we can extend the above theorem to subspace-hypercyclic operators in the
following way:

Theorem 2.7. Let T € L(X) and M be a nontrivial subspace of X such that

+00
M1 = T*"(M)

k=0

is a subspace of X for some n € N.If T is subspace-hypercyclic for M, then there is a dense invariant linear manifold of X
consisting entirely, except for zero, of vectors that are subspace-hypercyclic for T with respect to My, r.
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Proof. Let x € M be a subspace-hypercyclic vector for T and
A = {p(T)x : pis a polynomial};

then A is a nontrivial subspace of X. We show that every nonzero element of A is a subspace-hypercyclic vector for T with
respect to M, 1. Let M, = T"(M); then

+00
Maz = | T*(My).
k=0

Since x € M is a subspace-hypercyclic vector for T,
M =orb(T,x) "M

and so

M, =T"(M) C orb(T, T"x) N M, = orb(T, x) N M.

Moreover,

+00
Mn1 = | T*(Mn) S orb(T. %) N My 7.
k=0

Hence T is subspace-hypercyclic for both M, and M, r. Let p(T)x be an arbitrary nonzero element of A; then Theorem 2.2
and the fact that M, r is a T-invariant subspace of X imply that

M1 = P(T)(My 7).
Thus

My = p(T) My, 1) = p(T)(orb(T, ) N My 1)
p(T)(orb(T, X)) N p(T)(My,r)
orb(T, p(T)x) N My 1,

IN

N

and hence p(T)x is a subspace-hypercyclic vector for T with respect to M, r. Finally, it is easy to see that A is T-invariant
and dense in M. Now the proof is completed. O

To the best of our knowledge, all examples of subspace-hypercyclic operators T for nontrivial subspaces M given in [8]
are either of kind (i) or kind (ii) in the following corollary which forces the set My, r in Theorem 2.7 to be a subspace.

Corollary 2.8. Let T € L(X) be subspace-hypercyclic for the nontrivial subspace M of X and My r be as in the previous theorem.

(i) If T*(M) < M for some integer n > 0, then M, 1 = M and so there is a T-invariant linear manifold A of X which is dense
in M and every nonzero vector of A is subspace-hypercyclic for T with respect to M.
(ii) If M € T"(M) for some integer n > 0, then M, r is a subspace of X and so there is a T-invariant linear manifold A of X
which is dense in M and every nonzero vector of A is subspace-hypercyclic for T with respect to Mp, .
(iii) If T"(M) = X for some integer n > 0O, then M, t = X, and so there is a dense T-invariant linear manifold A of X such that
every nonzero vector of A is hypercyclic for T.

Example 2.9. Let A € C with |A| > 1 and consider the operator T := AB where B is the backward shift on £2.
(i) Let M be the subspace of X := ¢ consisting of all sequences with zeros on the even entries; that is,
M = {(ay) € X : ay = Oforall k > 1}.

Then by the previous theorem there is a T-invariant linear manifold of X which is dense in M consisting entirely, except
for zero, of vectors that are subspace-hypercyclic for T with respect to M.
(ii) Let m € N and M be the subspace of X consisting of all sequences with zeros on the first m entries; that is,

M = {(a,) € X : ay = Oforn < m}.

ThenM C T(M),T™(M) = X and so by the previous theorem there is a dense T-invariant linear manifold of X consisting
entirely, except for zero, of vectors that are hypercyclic for T.

The following proposition is implicitly proven in [8]. It shows that bounded linear operators on a Banach space with a
sufficiently large supply of eigenvectors are not subspace-hypercyclic. Here we state it as an application of Proposition 2.1.
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Proposition 2.10. Let T € L(X), and let there exists a nonempty subset A C C such that the vector space spanned by the kernels
ker(hA — T*) with L € A, i.e,,

span (U ker(n — T*)) ,

LeA

is dense in X. Then T is not subspace-hypercyclic.

Proof. Applying Proposition 2.1, we see that ker(. — T*) € M~ for every scalar A € A. Thus

span (U ker (A — T*)) cM*

reA
and by density of the vector space spanned by the kernels, M+ = X and hence M = {0}. O

As in the case of hypercyclicity, multiplication operators on Hardy spaces can never be subspace-hypercyclic. This is
explicitly proven in [8]; here we state it as an application of the above proposition:

Example 2.11. Let ¢ be a bounded holomorphic function on the unit disk D; then M, the operator of “multiplication by
¢”, defined on the usual Hardy space H?(D) by (Myf)(2) = ¢(2)f (2) is clearly a bounded linear operator on H?(D). We
want to prove that M, is not subspace-hypercyclic on H?(D). First suppose that ¢ is a non-constant holomorphic function
and let k, € H2(D) be the reproducing kernel for z € D, i.e,, k,(f) = f(z) for every f € H?(D). Then, it is well known
that M (k,) = ¢(2)k,, i.e., k, € ker(p(z) — M}). Since, the reproducing kernels have a dense linear span in H(D) (see
Theorem 4.42 in [3]), the vector space spanned by the kernels ker (A — T*) with A € rang(¢) is dense in H%(ID). Hence by the
previous proposition, M, cannot be subspace-hypercyclic on H (D). Now suppose that ¢ is a constant function; then M, is
a scalar multiple of the identity operator on H?(D). So for some scalar A, the orbit of M, under any vector f is of the form
{A"f : n > 0} which is not dense in any nontrivial subspace of H? (D). Hence M, is not subspace-hypercyclic in this case and
the proof is completed.

The paper is ended with several questions on subspace-hypercyclic operators.
Bourdon and Feldman [14] proved that any orbit that is somewhere dense is (everywhere) dense. A similar question for
subspace-hypercyclicity can be posed as follows:

Question 1. Let M be a nontrivial subspace of a Banach space X and x € M. Does orb(T, x) N M being somewhere dense in
M imply that it is everywhere dense in M?

Ansari [15] showed that powers of hypercyclic operators are hypercyclic with the same hypercyclic vectors. A similar
question for subspace-hypercyclicity can be given:

Question 2. Let M be a nontrivial subspace of a Banach space X and T be subspace-hypercyclic for M; is T" also subspace-
hypercyclic for M for every integer n > 1?

From the definition of subspace-hypercyclicity, we find that if an operator is subspace-hypercyclic for a subspace M, it
must have a dense orbit in M. Hence, it is natural to ask the following question:

Question 3. Let T € L(X), M be an infinite dimensional subspace and x € M. Does the density of orb(T, x) in M,
i.e, M C orb(T, x), imply that T is subspace-hypercyclic for M?

As far as we know, all the subspace-hypercyclic operators T for the nontrivial subspace M satisfy either T"(M) C M or
M C T"(M) for some integer n > 0. Now, we are interested in proposing the following question:

Question 4. Does there exist a subspace-hypercyclic operator T for a nontrivial subspace M such that we have neither
T"(M) € M nor M C T"(M) for any integer n > 0?

In view of Theorem 2.7 and Corollary 2.8, it would be interesting to answer the following question:

Question 5. If T is subspace-hypercyclic for a nontrivial subspace M, must there be a dense linear manifold consisting of
subspace-hypercyclic vectors for M?
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