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1. Introduction

Let D be the unit disk in the complex plane C. The Sobolev space .7 is the completion of the space of all smooth functions

f on D for which

2

/fdA +/< )dA < 00
D D

where dA denotes the normalized Lebesgue measure on D. The space . is a Hilbert space with the inner product

of 8g Bf og
/fdA/gdA+/ (82 dz 0z 82) aa

The Dirichlet space 2 is the closed subspace of .7 consisting of all holomorphic functions f € .7 with f(0) = 0.Let Q denote
the orthogonal projection from .# onto 2. Put

zl'”:{uef:u,au ou
3z’ oz
where the derivatives are taken in the sense of distributions and LP(D) = LP(D, dA) denotes the usual Lebesgue space on D.
By Sobolev’s embedding theorem [1, Theorem 5.4], each function in £ can be extended to a continuous function on the
closed unit disk D. We will use the same notation between each function in .#!* and its continuous extension.
Given u € £, the Toeplitz operator T, and the (little) Hankel operator H, with symbol u are defined on 2 respectively

by

2

0z

|z

0z

€ L*(D) }

Lf=Q@f), HSf =QWf)
for functions f € 2. Here J is the flip operator defined by Jf(z) = f(z). Then, it is easy to see that T, and H, are bounded
linear operators on 2.
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In several recent papers, some algebraic properties of Toeplitz and Hankel operators on the Dirichlet space have been
studied. The (semi-)commuting Toeplitz operators have been characterized by the author with harmonic symbols in [2].
Also, results in [2] were later extended in [3] to the class of operators which are finite sums of products of two Toeplitz
operators with harmonic symbols. Later, the results in [2] have been extended in [4] to more general symbols satisfying a
certain absolute continuity condition and in [5] to general symbols in #!**°. At the same time, the product problem of when
the product T, T, equals another Toeplitz operator has been studied. Also, finite rank (semi-)commutators of two Toeplitz
operators have been characterized in [6] and commuting Hankel operators have been studied as in [5] or [7].

Very recently, a more general class of operators including (semi-)commutators and products of two Toeplitz operators
or two Hankel operators has been considered. More explicitly, the author and Zhu [8] considered operators L of the form

N
L= AB.
j=1

where each of A; and B; is a Toeplitz operator or a Hankel operator. Then, they gave characterizations of when such operators
are equal to 0 on 2.

Motivated by these results, in this paper we study more generally the problem of characterizing when an operator of the
form L has finite rank on the Dirichlet space. The corresponding problems on the Hardy space or Bergman space have been
studied in [9-12] or [13].

In Section 2, we collect some preliminary results which will be used in our characterizations. In Section 3, we consider
operators of the form L where A;, B; are all Toeplitz operators and then give a characterization for the operators to have
finite rank in terms of certain boundary conditions and harmonicity of a function induced by the symbols; see Theorem 3.5.
In addition, we study the finite rank product problem of when a product of several Toeplitz operators has finite rank. Our
result shows that a product of several Toeplitz operators can have finite rank only in an obvious case; see Theorem 3.10. In
Section 4, we study the corresponding problem in case when A;, B; are all Hankel operators and obtain a characterization; see
Theorem 4.2. Specifically, in the case of rank 0, our results not only give complete different characterizations from results
in [8] but also recover several known results mentioned above concerning (semi-)commutators and products of Toeplitz
operators or Hankel operators. In Section 5, we consider operators which are sums of any two of the form T,H,, or H, T, and
characterize such operators to have finite rank; see Theorem 5.4 and Corollaries 5.5 and 5.6.

2. Preliminaries

Each point evaluation is easily verified to be a bounded linear functional on 2. Hence, for each a € D, there exists a unique
rq € 2 such that f(a) = (f, r,) for every f € 2. It is known that the function r, is given by

1
ra(z):log<1_az>, zeD.

Using the explicit formula for r,, one can see that Q can be represented by

d
merzfl ©_W wydAw), aeD (1)
p1—aw dw

for functions ¢ € .. Specifically, for a function ¢ € .# with series expansion

0
v (re®) = Z ajrlle”
j=—00

we see from a simple calculation using (1) that
> . .
QY (z) = Zajzf, z=re? eD. (2)
j=1

The Bergman space Lﬁ is the closed subspace of L?(D) consisting of all holomorphic functions. Let P be the Bergman
projection which is the orthogonal projection from L?(D) onto Lﬁ. It is known that P can be represented by

PW®=/WMMMMWLaeD
D

where k, denotes the Bergman kernel for Lg given by
1
k = eD.
a(w) (1 — aw)? w

For each a € D, we put

—, z€D.

pa(2) =
1—az
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Since p;, = kq and p,(0) = 0, we have

oy — oy
, = | —p/dA=P| —
oo = [ 22 <3w> @
for every ¥ € .. In particular, we have (v, p,) = ¥’ for ¢ € 2. See [2] or Chapter 4 of [ 14] for details and related facts.

3. Sums of Toeplitz products

In this section, we consider operators which are finite sums of products of two Toeplitz operators and characterize such
operators to have finite rank.
We first recall the notion of Lipschitz spaces. Let 0 < o < 1. Given a complex function f on D, we say f € A, if

If @) — f(w)]
up —————— < 0
Iz —wl*
where the supremum is taken over all z, w € D with z # w. It is known that for a function f holomorphicon D, f € A, if
and only if (1 — |z]?)'"%f’(2) is bounded on D and each holomorphic function in A, is continuous up to the boundary dD.
Also, note that each function in .#!* belongs to A, and the projection P maps A, into A,; see [5,15] or Chapter 7 of [16]
for details.

Lemma 3.1. Let u, v € £ and fix a point z € D. Define a function ® on D given by & (a) = T,T,p4(z) for a € D. Then & is
bounded on D.

Proof. Fixz € D and recall p, = k, for a € D. Using (1), we first have T, o, = ¥1,¢ + Y2, where

w()—f YO ) 0u¢) dAG)
1) = | S SO0 A,

Vaa(w) = / 1 Y b(0)ka(2) dAE)
D

Y

for every a, w € D. Hence @ = F; + F, + G; 4+ G, where
Ju
+—(w i w
Fi(a) =z / a3 )
D

1—zw
Gi(a) = z/ w dA(w)
D 1—zw

forj = 1,2 and a € D. Now we show F;, G; € L®(D) for eachj = 1, 2. Since u, v € £, we see by Lemma 3.10 of [ 14]

|F1(a)] Z// ‘%(w)wg%m; dA(2) dA(w)
= p— w
! bJo (1—zw)(1 —wl)(1 —ag)

1
<C _— —dA dA
= /D/Du—aml—wu (W) dA©)
1
C —dA
< [Dn—au ©
<C

for some constants C independent of a € D. Hence F; € L*°(D). Also, by an application of Fubini’s theorem, we obtain

F(a) = / vhk, dA = P(vh)(a)
D

where

h() =2 L, D
(§)—Z/Dm (w), ¢ eDb.

On the other hand, using again Lemma 3.10 of [ 14], we can see (1 — |¢|?)1=*}/(¢) is bounded on D and hence h € A, for all
a € (0, 1).Since v € Ay, we have P[vh] € A, foralla € (0, 1) and thus F, € L*°(D). Also, by a similar argument, we have

v

Bew
i@ = / =PI dA)
D

—ca
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where

k(w) =

u(w), weD.

Then similarly we can see P[k] € A, forall @ € (0, 1) and hence P[k] € L°°(D). Now, by Lemma 3.10 of [ 14] again, we see
Gy € L*°(D). Finally, using a similar argument, we see

Gy(a) = / vP[k]kq dA = P[P (k)](a).
D

Also, using vP[k] € A, forall@ € (0, 1), we see G, € L°°(D). Therefore @ is bounded on D. The proof is complete. O

Given a Hilbert space K with an inner product (, ) and a, b € K, we let a ® b be the rank one operator on K defined by
[a ® b]x = (x, b)a for x € K. Recall that each finite rank operator S on K can be written in the form

N
S= Za]‘@bj
j=1

for someaq,...,ayand by, ..., by inK.In case S is an operator which is a finite sum of products of two Toeplitz operators
on 2, we will need some more information on the functions b;. To do this, we first need the following lemma which is taken
from Lemma 2.4 of [17].

Lemma 3.2. Let {g]} , be a linearly independent set in 2. Then there exist points zi, ..., zy € D such that the matrix
gi@z) - gilan)
en(z) -+ gn(zv)
is invertible.
Proposition 3.3. Let uj, vy € " forj=1,...,Mandx;,y; € 7 for j = 1,..., N. Suppose {x;}}., is linearly independent
and

M N
2Ty =) %8y
j=1 j=1

holds. Then yjf is boundedon D forallj=1,...,N

Proof. Since (pq, ;) = y]f(a) for each j, we first have

N

N
Z X ®Yjlpa = Z Pas Yj)Xj = ijyj(a)
j=1

j=1
for every a € D. Thus, letting

M
F(a) =Y TyTypa2), z,a€D,
we have

N
F(a) =) x@yj@, z,aeD

i=1

and hence

F (@) x1(z1) - vz [(yi(@

FZN (a) X1 (ZN) o0 XN (ZN) y;\] (a)
for all pointsa € D and zy,...,zy € D. Now, since the functions X1, ..., xy are linearly independent, Lemma 3.2 shows
that the N x N matrix in the above displayed equation is invertible for some points zq, ..., zy € D. Thus, each y]f is a linear
combination of functions F, (a), . . ., F;, (a). On the other hand, by Lemma 3.1 F; is bounded for each z € D. Thus each yJ/- is

bounded on D. The proof is compete. O

In the course of our proofs, we will use some known results on the Hardy space. Thus we need to introduce the well
known Hardy space.
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For 1 < p < oo, welet [P(dD) = LP(9dD, o) denote the usual Lebesgue space on aD where o is the normalized Lebesgue
measure on dD. For 1 < p < oo, the Hardy space HP consists of all holomorphic functions f on D such that

sup If (ro)IP do (¢) < oo.
0<r<1JaD
It is well known that HP can be identified with a closed subspace of [? (dD) via boundary values. We use the same notation
to denote a function in H? and its boundary value in P (aD).

We let C : [?(dD) — H? be the orthogonal projection from L*(3dD) onto H?. Given y € L°(dD), we let t;, : H> — H?
be the (Hardy space) Toeplitz operator with symbol v defined by t, f = C(yf) for functions f € H2. Then, ty is a bounded
linear operator on H2. See Chapter 10 of [ 14] for more information. _

Recall that each function in .#1**° can be extended to a continuous function (with the same notation) to D. We sometimes
call the restriction to dD of u the boundary function of u. In particular, when we write t, with u € 2>, the symbol of t,
should be understood to be the boundary function of u.

The1 following connection between Toeplitz operators on the Dirichlet and Hardy spaces has been known for any
ue -

Tf =2, (%f) . few 3)

see Lemma 3.2 of [6].

For iy € L*°(dD), we recall that v admits a unique decomposition { = f 4+ g where f, g are analytic, all negative Fourier
coefficients of f and nonnegative Fourier coefficients of g vanish. In this case, we call f the analytic part and g the co-analytic
part of 1. Also, we then use the same notation between the (co-)analytic part on 9D and its (anti-)holomorphic extension
to D via Poisson extension. Moreover, we have f, g € HP for all p. For details, see Chapter 9 of [ 14] for example.

The following lemma taken from Corollary 4.3 of [ 10] will be useful in our characterization of finite rank sums of products
of two Toeplitz operators.

Lemma 3.4. Let ¢j, Y, p € L°(@D) forj=1,...,Mand o, Bj € H%*forj=1,...,N.Let €j, 6; be the analytic parts of ¢, %
respectively. Then

M N
dDotyty =t + ) G®p
j=1 j=1

holds on H? if and only if the following two conditions hold.

(@) Y1, @ = p on dD.

(b) >, &8 — (1 — |z1%) Y[, ef; is harmonic on D.

Given two functions f, g holomorphic on D, put u = f + g and suppose

O<r<1

sup /a (o) dor(£) < oo. (@)
oD

Then, we see f, g € H? from the boundedness of the Riesz projection C, since f = Cuand § = (Id — C)u on dD. In the
following, we will use

0. V)2 :/ oV do
oD

for functions ¢, ¥ € L*(3D).
Now we are ready to prove the main result of this section which characterizes finite rank sums of products of two Toeplitz
operators.

Theorem 3.5. Let uj, vj, T € Lb® forj = 1,...,M and fi» ki be the analytic parts of the boundary functions of u;, vj
respectively. Let x;, y; € 9 forj=1, ..., N. Then
M N
ZTujTuj =T +ij®yj (5)
=1 =1

holds on 2 if and only if the following two conditions hold.
(a) Z]Nil ujv; = T on dD.
(b) >0, fiki — (1 — 1z1) Yo/, 2y} is harmonic on D.
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Proof. For simplicity, we put

M M
T= ZT“J'TU; -, S§= Zt“jtvj — L
j=1 j=1

First suppose the set {xj}j’-\’= 1 is linearly independent. Assume (5) holds. Using (3), we have
h 1 K Xj
s(=)==THh = h,y) 2
<Z> ; (h j§:1< yJ>Z

for every h € 2. Since z712 is dense in H?, it follows that

Syr = Zw y]

j=1

for every ¢ € H2. Note yjf € H? for each j by Proposition 3.3. On the other hand, a simple calculation shows that (zz", y;)
= (", y;)z for each j and integer n > 0. Hence (zy, y;) = (w,y]’-)z for eachjand ¥ e H?. It follows that

sy = Zwy] ﬁj[ ®y|v

=1

for every ¥ € H? and thus

ENL

Now, by Lemma 3.4, we have (a) and (b).
To prove the converse, assume (a) and (b) hold. First, we show ny € H? for each;j. To do this, we will use a similar argument
as in Proposition 3.3. By (b), we can write

M N

— Xi— —
D fki— (=) Cy=F+GC
j=1 j=1

for some functions F, G holomorphic on D. Since y} € Lﬁ, we see (1 — |z|2)yjf is bounded on D by Theorem 4.14 of [ 14]. Note

®y; onH”. (6)

N\><

z‘]xj € H? for each j. Also, since fis kj € HP forall p > 1, we see f,F, satisfies (4) for each j. Thus F + G also satisfies (4) and
hence G € H2. On the other hand, by the complexification lemma (see [18, Lemma 2]), we have

Zf,(z)kj(a) -— Zx,(z)yga) =F(2) +G(@)
j=1 j=1
for every z, a € D. Letting
Ay(a) = [ZE(Z)k (@) —F2) - c@}
for a, z € D, we have
xi1(z1) -+ xn(z)\ (Vi@ Az (a)
X1 (ZN) oo XN (ZN) y;\] ((1) AZN ((1)
for all points a € D and z;, ..., zy € D. Now, since X1, ..., Xy are linearly independent, as in the proof of Proposition 3.3,
each y]f is a linear combination of A;, (a), ..., Az, (a) for some points zy, ...,zy € D.Note A, € H? for each z € D because

G, ki H? for each j as observed above. Thus y} € H? for each j. Now, (a) and (b), together with Lemma 3.4, imply that (10)
holds. Since (zyr, y;) = (¥, y]) for each j and ¢ € H? as observed above, we have

N

Syr = Zwy] Zzwy,
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for every Y € H2. Since Th = zS(z~'h) for h € 2 by (3), we obtain

N N

Th=" (h.y)x =Y [%®yjh

j=1 Jj=1

for every h € 2; thus (5) holds on 2.
Now suppose the set X = {xj}’.": 1 is linearly dependent and choose a maximal subset Y of linearly independent

elements in X so that each function in X \ Y is a linear combination of functions in Y. Without loss of generality, we may

assume Y = {xq,...,xx} for some K < N.Foreachx; € X\ Y, writex; = Z};] a;x; for some constants a;;. Putting

Y; =Y+ Y @yiforj=1,...,K, we note

N K
ZX] ®y; = ZX] ®Y;.
j=1 j=1

Thus, by the result what we have proved in the previous case, we see (5) holds if and only if (a) holds and Zj‘i] f]F] - (1=
1z|?) Z};l x;’?/ is harmonic. But, since

K K N N

Xj* Xj — — Xj*

=35+ 3 | - 2%,
j=1 j=1 i=K+1 j=1

we have the desired result. The proof is complete. O

Now we obtain several immediate consequences of Theorem 3.5. First, we have a characterization for finite rank sums
of semi-commutators as in the next corollary. Given Toeplitz operators T, and T,, we let [Ty, T,) = T,T, — Ty, denote the
semi-commutator.

Corollary 3.6. Let uj, vj € L% forj=1,....M and f;, k; be the analytic parts of the boundary functions of u;, vj respectively.
Let xj,y; € Zforj=1,...,N.Then

M N
DMy Ty) =D %y,
j=1 j=1

holds on 2 if and only if

M N
E fiki— (@ — 1z|>) E ;’y]’ is harmonic on D.
= =1

To obtain more concrete descriptions, we have the following characterization of harmonicity of functions which are finite
sums of products of holomorphic and antiholomorphic functions. The following is taken from Theorem 3.3 of [9].

Lemma 3.7. Let f1, ..., fy and g1, . . ., gy be holomorphic functions on D. Then Z]'.V:ﬁj-g- is harmonic on D if and only if

N
> 1~ £0)]lg — g(©)] =0 onD.

=1

Taking x; = y; = 0 for all j in Theorem 3.5 and using Lemma 3.7, we obtain the following consequence which extends
Theorem 1.1 of [3] where harmonic symbols u;, v; and certain special T have been considered.

Corollary 3.8. Let u;, vj, T € L forj=1,..., M. Let f;, k; be the analytic parts of the boundary functions of u;, v; respec-
tively. Then the following conditions are equivalent.

@ Y2, TyTy =T
(b) >, ujvy = ton dD and Y}, [f; — £(0)1[k; — k;(0)] = 0 on D.

Also, as another application, taking x; = y; = 0 in Corollary 3.6 and using Lemma 3.7, we characterize zero sums of
semi-commutators which extends Corollary 3.7 of [8] where a complete different argument was used for the case M = 1.
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Corollary 3.9. Let uj,vj, T € LY forj = 1,...,M. Let fi» ki be the analytic parts of the boundary functions of u;, v;
respectively. Then Z]Ai 1 [Tuj, ij) = 0ifand only if

M
>1f — £k — k(0)] =0 onD.
=1

Let us consider some examples concerning Theorem 3.5. Note T,T; = T; — z ® z by a straightforward computation;
see [8, Lemma 2.1] for example. More generally, for any positive integer N > 2, since

N—1
2PN+ 1=z Iz =1,
j=1

we have
N j
.z
TaTx=Ti—) 7@
=2

by Theorem 3.5. Foru € #'*, note T, = 0 if and only if u = 0 on 9D; see Proposition 3.1 of [8]. It follows that
M N i
I j
ZT%.ZNT%_ZN =Ty — MZZ ® H
j=1 j=2

for any integer M > 1 and ¢, ¥; € .21 with ¢; = ¥ = 10n aD.
In conjunction with Theorem 3.5, we consider the finite rank product problem of when a product of several Toeplitz
operators has finite rank on 2. In the case of rank zero, the following theorem was proved in Theorem 3.10 of [8].

Theorem 3.10. Let u; € £V® forj=1, ..., N. Then the following statements are all equivalent.

(@) Ty, - - - Ty, has finite rank on 2.
(b) Ty = 0 for some j.
(c) uj = 00on 9D for some .

Proof. By Lemma 3.3 of [6] (or Proposition 5.1), we see that (a) holds if and only if t,,, - - - t,, has finite rank on H?, which is

equivalent to u; = 0 on dD for some j by Corollary 4.1 of [19]. Now, the result follows from the fact that foru € L1 T, =0
if and only if u = 0 on dD; see Proposition 3.1 of [8]. This completes the proof. O

4. Sums of Hankel products

In this section, we consider operators which are finite sums of products of two Hankel operators and characterize such
operators to have finite rank.

We first prove the following proposition showing that a product of two Hankel operators can be written as a semi-
commutator of two Toeplitz operators. Such a result is well known in the Hardy space setting; see [20, Lemma B4.4.3] for
example. In what follows, we put ii(z) = Ju(z) = u(z) for z € D for simplicity.

Proposition 4.1. Let u, v € £, Then
HH, = Ty, — TaTz
holds on 2. In other words, H,H, = [T_z, T,,) holds.
Proof. By Proposition 5.1 of [8], we first note H;;H;, = Ty, — T, T, holds. Replacing u, v with zil, zv respectively, we obtain
HppyHz2, = 120, — TaTz- (7)
On the other hand, for ¢, ¥ € .#"* such that ¢ = ¥ on 3D, we note T, = Ty and H, = Hy; see Propositions 3.1 and 4.1
of [8]. Hence H|,;2,H,2, = HyH, and T, 23, = Ty, holds. Now, (7) yields the desired results. The proof is complete. [

Given a function ¥ = f + g € L*°(dD) where f is the analytic part and g is the co-analytic part of ¥, we note that the
Poisson extension of the analytic part of zyr is z~'g. Also, z~'g is the Poisson extension of the analytic part of zi/.
The following is the main result of this section.

Theorem 4.2. Let u;, v, T € L% forj =1,...,M and g, hj be the co-analytic parts of the boundary functions of u;, v;
respectively. Let x;, y; € 2 forj=1,...,N.Then

M N
> HyHy =T + ) x®y (8)
j=1 j=1
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holds on 2 if and only if the following two conditions hold.
( ) T= 0on dD. B
) o Sl ghi+ (1 —1z) Y, Ly is harmonic on D.

Proof. By Proposition 4.1, we see (8) holds if and only if

M N
Z Tf'IJTZ”j = TfﬁLZjI\i] Zhizv; ij ®Yj
j=1

=1

holds. Note z~'g; and z~'h; are Poisson extensions of the analytic parts of zu; and Zv; respectively. Now, the result follows
from Theorem 3.5. The proof is complete. O

Foru € 2%, recall that T, = 0 if and only if u = 0 on dD. So Theorem 4.2 shows that Z —1 HyHy, is a finite rank
perturbation of a Toeplltz operator only when it is a flmte rank operator.

As a consequence, taking x; = y; = 0 in Theorem 4.2, we obtain a characterization on when a sum of products of two
Hankel operators equals a Toeplitz operator. The corresponding result is stated as Theorem 4.2 in [8] in case T = 0 below.

Corollary 4.3. Let uj, vj, T € LV®forj=1,...,Mand g, hj be co-analytic parts of boundary functions of u;, v; respectively.
Then the following two statements are equivalent.
ZJM 1 H“J v = Ir.
w)r_OOnMdezj]g g/ (0)z][h; — b (0)z] = 0 on D.
Proof. By Theorem 4.2, we see (a) holds if and only if T = 0 on 0D and

M ~
h]

|z|22g“ Zzz

is harmonic on D. Since ‘%(0) = g/(0) and %(0) = E/(O) for each j, the result follows from Lemma 3.7. The proof is
complete. O

Note that if the co-analytic part of the boundary function of u € #'* has the form of aZ for some constant a, we see
H, = 0 by Proposition 4.1 of [8]. Thus, as a consequence of Corollary 4.3, we have the following characterization which
extends Corollary 4.4 of [8] where a completely different argument has been used.

Corollary 4.4. Let u, v, ¢, ', T € £, Then H,H, — H,Hy = T; on 2 ifand only if T = 0 on dD and one of the following
two conditions holds.

(a) Hy or H, is 0, and H, or Hy, is 0.
(b) H, = BH, and H, = BH, for some constant B.

Proof. Let g, h, f, k be co-analytic parts of the boundary functions of u, v, ¢, ¥ respectively. By Corollary 4.3, H,H, —
H,Hy = T; holds if and only if = 0 on dD and

[ -2 (0)zIh — 1 (0)z] = [f - F (0)z][k — K (0)Z] 9)
holds on D. Ifg = g’(0)z on D, then H, = 0, andf = f/(O)z ork = ?(0)2, which implies H, = 0 or Hy, = 0 by the remark
just before this corollary, so (a) holds. Similarly, if k = k’(0)z on D, we see H;, = 0, and H, = 0 or H, = 0. So (a) holds. Now
we assume neither g — g’(0)z nor k — k'(0)z is identically 0 on D. By (9), we have

f-Foz _h-H©z
g-80z  k-k(0):z

at all points of D except the countable set consisting of zeros of g — E’(O)\z][k — ’lz’(O)i]. Thus the above must be equal to a
constant 8 on D. So f — f'(0)z = B[g —g'(0)z] and h — h'(0)z = B[k — k'(0)z] on D. Hence H,_g, = 0 and H,_gy, = 0, so
(b) holds. The converse implication is clear because T, = 0 if and only if ¢ = 0 on dD. The proof is complete. O

Corollary 4.4 implies that H,H, = 0 if and only if H, = 0 or H, = 0, which is already noticed in Corollary 4.3 of [8]. In
view of Theorem 3.10, one might ask whether this property can be extended to products of arbitrary many Hankel operators.
The answer is no. Using (2), one can easily check that Hy2H;3H;> = 0 but none of them equals zero.

Let us consider some examples concerning Theorem 4.2. For any integer N > 2 and k > 0, we note

1 —
| |Zz"+N+1zN+l +(1— 1z Y7 =2~
z —
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Thus, by Theorem 4.2, we have

_ k+j
HinaHym = — E z ® -

and also
M

Y&, 7 21—z Z
S 3) AT LI Lt P
k=0 j=2 —Z ]

foreveryM > 0and N > 2.

k=0

5. Products of Toeplitz and Hankel operators

In this section, we characterize operators which are sums of any two of the form T,H, or H,T,. We first need some
notations. The notation & denotes the set of all nonzero analytic polynomials. Also, given a function u € .#*, we say
u € « if there exists p € & such that pu* is analytic on dD where u* is the boundary function of u. Also, for a bounded
operator S on K where K = H? or 2, we write S € .#(K) if S has finite rank on K.

The following proposition will be useful when we apply the Hardy space results to derive some results on the Dirichlet
space. The idea comes from Lemma 3.3 of [6] where sums of products of Toeplitz operators have been considered.

Proposition 5.1. Let T be a bounded operator on % and S be a bounded operator on H2. Suppose Tf = zS(z~'f) forevery f € 2.
ThenT € #(2) ifand only if S € #(H?).

Proof. Let A, B be ranges of T, S respectively. Note that z~'7 is in H2. Since Tf = zS(z~!f) for every f € 2, we have A C zB,
which implies that the rank of T is less than or equal to the rank of S. Also, since S(z='%) = z7'Aand z~'2 is dense in H?,
we see that the rank of S equals the rank of T by the boundedness of S. This completes the proof. O

Given ¢ € L*°(dD), the (Hardy space) Hankel operator hy, with symbol v is a bounded linear operator on H? defined by
hyf = @ f) for functions f € H?2. See Chapter 4 of [21] for details. As before, the symbol of h, withu € #* should be
understood to be the boundary function of u.

The following lemma gives a useful connection between Hankel operators on the Dirichlet space and Hardy space.
Lemma 5.2. For v € £, we have H,f = zh,,(z"'f) forevery f € .

Proof. Let V be the Poisson integral of the boundary function of v and write
V@) =) azi+) a7, zeD
j<0 j=0

for the series expansion of V. Using (1), one can see that

k—¢ ;
ksey _ |20 0, ifk>€+1,
Q(”)_{o, itk < ¢+1

for all nonnegative integers k and £. Then, for any integer £ > 1, since

J[Vzl](reié) — Z ajr—j+lei(—j—£)9 + Z ajrj+£ei(—j—/é)9

j<0 j=0
for re” e D, it follows from (10) that

Hylz'l =) qQ@72) + ) aQ@™)

Jj<0 j=0
= Z Cl_j_ng.
j=1
On the other hand, since v(e”) = }°° _ a;e’” on 8D, one can also check
O e .
hyzz [Zﬁ—l](z) =C Z aje—l(/+€+1)9 — Z—] Z ai’;[Z]
j=—o0 =1

for every z € D and integers ¢ > 1. Thus Hyf = zh,,2(z7'f) for every f € 2. Now the result follows from the fact that
H, = Hy on 2; see Theorem 2 of [5]. The proof is complete. O
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A well known Kronecker theorem [21] says that for ¥ € L*°(dD), hy, € Z(H?) if and only if py is analytic on dD for
some p € 2. Using this result, we characterize finite rank Hankel operators on the Dirichlet space as shown in the next
proposition.

Proposition 5.3. Let u € .#"*®. Then H, € .Z(2) ifand only if u € .
Proof. By Proposition 5.1 and Lemma 5.2, H, € .#(2) if and only if h,2, € #(H?), which is in turn equivalent to z%u € o
by Kronecker’s theorem. Now the result follows from the fact that z>u € « if and only if u € . The proof is complete. O

Now, we give a characterization of when a sum of two operators of the form H, T, is a finite rank perturbation of a Hankel
operator. But, we were not able to give a characterization for general finite sums of the products.

Theorem 5.4. Let u, v, ¢, ¥, T € £, Then H,T, + H,T, — H; € #(2) ifand only if one of the following statements holds.

a) U, p, T € .

(a)

(b) u, v, oy — 1 € &.

() v,p,uv — 1t € .

(v, Y, uv+oy¥y —1 € .

(e) There e>l<ist P1, P2, q1, Q2,7 € & With p1q1 + paga = O such that piu + pag, q1v + 23 and r[p2¢(q1v + q2¥) + p1ga7]
are analytic.

Proof. Put
T =H,T, + HwT,/, — Hq, S=hp,t, + hzz(ﬂtv, — l’lzzt

By (3) and Lemma 5.2, we have Tf = zS(z~'f) for every f € 2. Thus, by Proposition 5.1, we see T € .#(2) if and only if
S € #(H?). On the other hand, using Theorems 4.2 and 3.1 of [ 11], we see that S € . (H?) if and only if one of the following
conditions holds.

(1) hy2ys hpay, hy2 Z(H?).

(ll h 2205 h,/,, hZZ((B‘// 7) < Q(H )
(iii) hy, hy2,, hp2y o) € F(H?).

)

)
(iv) hy, h% 2(uvtgy—1) € Z(H?).
(v) There eiﬂstpl, P2, q1, 42, T € P With p1q1 + p2qz = 0 such that pju + p2¢, q1v + g2 and r[p2¢(q1v + @2¥) + p1q17]
are ana yth

Forg € £, note that Hy € .#(2) if and only if hg2 € F(H?) by Proposition 5.1 and Lemma 5.2. Now, by Kronecker’s
theorem and Proposition 5.3, we have the desired result. The proof is complete. O

Also, we characterize sums of two operators of the form T, H,, in the corollary below. In the proof, we will use the following
connection between Toeplitz and Hankel operators:

TuH, + Hz T,y = Hy, U, v 631'002 (11)

see Proposition 5.2 of [8].

Corollary 5.5. Let u, v, ¢, ¥ € .#>*. Then T,H, + T,Hy € #(2) if and only if one of the following statements holds.

) 4, g, v + ¢y € .

b) 4, ¥, v € .

) v, P, oY € o.

Yv, ¥ € .

e) There exist p1, P2, q1, G2, T € 2 With p1q1 + p2g2 = 0 such that pizii + pZ@, q1zv + 2z and r[p,@(q1v + ) +
p1qq(ftv + @)] are analytic.

Proof. By (11), we have
—[T,H, + TtpHn//] = Hz; T,y + Hi(ZJTZW - HﬁU—Hf)!//'

Note zZ = 1 0n aD. Also, given ¢ € £, we note ¢ € « if and only if zp € <, which is equivalent to Zg € . Now,
Theorem 5.4 gives the desired result. The proof is complete. O

By (11), we have
HyT, — T,Hy = HyT, + HzpT,y — Hyy
foru, v, ¢, ¥ € 2. Thus the following characterization is a consequence of Theorem 5.4.
Corollary 5.6. Let u, v, ¢, ¥ € .. Then H,T, — T,Hy € #(2) if and only if one of the following statements holds.

(a) u, @, oY € o.
(b) u, ¢ € .



514 YJ. Lee /J. Math. Anal. Appl. 397 (2013) 503-514

(c) v, o, uv — QY € .
(d) v, ¥, uv € &.
(e) There exist p1, p2, q1, G2, T € & With p1qq + p2qz = 0 such that piu + pz2®, q1v + g2z and r@v are analytic.

In the cases of ¢ = v and ¥ = u in Corollary 5.6, we characterize finite rank commutators of Toeplitz and Hankel
operators as shown in the following.

Corollary 5.7. Let u, v € #"*, Then H,T, — T,H, € .#(2) if and only if one of the following statements holds.

(Q) ue «.
(b) v, D, uv — VU € .
(c) There exist p1, p2, q1, 42, T € & with p1q; + p2q2 = 0 such that pju + p,z0, v + qozu and rov are analytic.

Finally, taking ¢ = ¢ = O oru = v = 0 in Corollary 5.6, we characterize finite rank products of Toeplitz and Hankel
operators.

Corollary 5.8. Let u, v € V. Then the following statements holds.

(a) HyT, € #(2) if and only if either u € </ or v, uv € .
(b) T,Hy € Z(2) if and only if either € o/ or §, Py € .
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