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1. Introduction

This paper is concerned with the precise description of the large time behavior of global smooth solutions of the gener-
alized Benjamin-Bona-Mahony-Burgers equations in two dimensions

ur — Aug + f(u), + gy = Au, (t,x,y) eR" xR (1.1)
with prescribed initial data
u(0,x,y) = up(x,y) > ux asx — FooforVy e R. (1.2)

Hereu_ > uy+ are two given constants and the nonlinear flux functions f (u) and g (u) are assumed to be sufficiently smooth
and are genuinely nonlinear in the x-direction, i.e.

ffw)=a>0 (1.3)
holds for some constanta > Oand allu € M = [u4, u_].
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Before stating our main results, we first use several sentences to explain the Benjamin-Bona-Mahony-Burgers equation.
In fact, as pointed out in [1], when attempting to describe the propagation of small-amplitude long waves in a nonlinear
dispersive media, it is frequently necessary to take account of dissipative mechanisms to accurately reflect real situations.
Oftentimes the mechanisms leading to the degradation of the wave are quite complex and not well understood. In such cases
one may be forced to rely upon ad hoc models of dissipation, cf. [3]. One of the equations that have gained some currency
when the need to append dissipation to nonlinearity and dispersion arises in modeling unidirectional propagation of planar
waves is

Up + Ully — VUyy — Uy = 0, (1.4)

where v > 0is afixed constants and u = u(t, x) is a real-valued function of the two real variables t and x, which, in applica-
tions, are typically proportional to distance in the direction of propagation and to elapsed time, respectively. The dependent
variable may represent a displacement of the underlying medium or a velocity, for example.

When v = 0, (1.4) is the so-called regularized long-wave (called RLW in short in the sequel) equation proposed by
Peregrine [10] and Benjamin et al. [2], and is called the Benjamin-Bona-Mahony (called BBM in the sequel for simplicity)
equation. This equation features a balance between the nonlinear dispersive effect but takes no account of dissipation. If
v > 0, since the dispersive effect of (1.4) is the same as the BBM equation

Ur + Ully — Uxe = 0,
while the dissipative effect is the same as the Burgers equation
Uy + Uty — v, = 0,

(1.4) is called the Benjamin-Bona-Mahony-Burgers (called BBM-Burgers in the sequel for simplicity) equation.
The study on the large time behavior of global solutions to the generalized BBM-Burgers equation has been the subject
of numerous investigations (a complete literature in this direction is beyond the scope of the paper; the references cited
in [1-3,5,9,13,15-20] and the monograph [12] can help the interested readers into the literature) and, to the best of our
knowledge, almost all the results are concentrated on the one-dimensional case: For the Cauchy problem of the generalized
BBM-Burgers equations
{ut—uxxt—uuxx—i-f(u)x:O, XeR, t>0, (15)
u(0,x) = up(x) - ux asx — oo, ’

whenu_ =u; =0, f(u) = %uz. by using energy estimates, a maximum principle, and a transformation of Cole-Hopf type,
it is shown in [1] that the unique global smooth solution u(t, x) of the Cauchy problem (1.5) satisfies the following decay
estimate

1
lim t2

t—o00

du, (1.6)

/+°° 4% (vy — 1) /+°° exp (—2u?)

A (t, x)dx =
o0 ’ 2 00 vy— 00 2
7V (1+ Tﬁ] fu+ exp(—sz))

where

1 +o00
vy = exp <_E[ uo(x)dx) .

The estimate (1.6) implies that, if fR up(x)dx # 0, the L2 (R)-norm decay estimate (1.6) is optimal, i.e. there exists a positive
constant C > 0, which depends only on the initial data, such that

“u(t, X) H > CA+0)*. (1.7)
L2(R)
On the other hand, when f(u) = lxﬂll , u_ =uy =0,and fR up(x)dx = 0, it is shown in [9] that, the [?>-norm decay
estimate (1.6) can be improved to
“u(t,x) H <Cc(1+t)73. (1.8)
12(R)

Here p > 1is an integer and C is some positive constant.

For the case of u_ ## u,, it is believed that the large time behavior of solutions to (1.5) is closely related to the structure
of the unique global entropy solution u' (t, x) to the following Riemann problem of the corresponding scalar conservation
laws

Ll; +f(ur)x =0,

u_, x<o,
u'(t, X)|e=0 = up(x) = {

uy, x>0.
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When f (u) satisfies (1.3) and u_ > u,, it is expected that the global solutions u(t, x) of the Cauchy problem (1.5) converges
to the corresponding viscous shock profiles ¢ (&) = ¢ (x — st) (for the higher dimensional case, it is called as planar viscous
shock profiles) which solve

s¢" — ¢" — ¢ +£($) =0,
{as(ioo) = us, (19)

and such an expectation is justified mathematically in [ 15,16] and both the algebraic and the exponential convergence rates
of its global solutions toward a suitably shifted viscous shock profiles ¢(§ + xg) are obtained by the space-time weighted
method developed by Kawashima and Matsumura in [8].

For the following initial-boundary value problem for the generalized BBM-Burgers equations in the half space

Ur — Uxxt — VUxx +f(u)x:O’ X€R+a t> O,
u(0,x) = up(x) > ux as0 <x — +oo, (1.10)
u(t, 0) = Up, t = 05

it is shown in [18,17] that to describe its large time behavior, a new kind of nonlinear wave, the so-called boundary layers,
should be taken into account and the nonlinear stability together with the convergence rates, both algebraic and exponential,
for these boundary layers are obtained in [18,17].

All the above results are concentrated on the one dimensional case, for the higher dimensional case, the only result avail-
able is [19] which deals with the case u_ = u, = 0. For the case u_ # u., to the best of our knowledge, fewer results
have been obtained in multi-dimensional case and the main purpose of our present manuscript is devoted to the nonlinear
stability of the planar viscous shock profiles ¢(x — st) to the Cauchy problem (1.1), (1.2).

We now outline the main results and the main difficulties encountered. Note that for the nonlinear stability of one-
dimensional generalized BBM-Burgers shock profiles, the existence and monotonicity of such viscous shock profiles is
discussed in [15] by the phase-plane analysis method (cf. [ 14]) and the strictly monotonicity of the viscous shock profiles are
enough to yield the nonlinear stability result. But for the two dimensional case, we need to derive the precise information
on the decay of the planar viscous shock profiles as & — 400 and the relations between ¢ (§), ¢'(£¢), and ¢(§) — u plays
an essential role in the analysis. In fact, we can show that the monotonic planar viscous shock profiles to the two-point
boundary value problem (1.9) obtained in [15] satisfies

lu- — ¢(&)] < 0()ne "¢l ve <o,
lp(€) — uy| < 0(1ne™ "l vE >0,
8k _
% < O()n? exp (~Cylel), VE R, n=lu —u,l,
l¢"(&)] < 0(D|¢'(E)], V& eR, (1.11)
o()|o’
6€) —u_| < 2Oy
lu- —uy|
o()|o’
6) —us| < QOO sy,
lu- —uy|

where k > 0 is an integer and O(1) and C > 0 are positive constants independent of 7.
Based on the decay estimates (1.11), we can show by the elementary energy method that if the initial data of the Cauchy
problem (1.1), (1.2) satisfy

bD /f“ﬂz)ﬂ
RJR

a+ay <5

34+ (uy (x, y) — ¢(0)) |?
0Xx%19y“2

dxdy < Don?'*! (1.12)

for some p’ > 1, then we can show that the generalized BBM-Burgers planar viscous shock profiles ¢(¢) are nonlinear
stable provided that 7 is sufficiently small. Here Dy > 0 is some positive constant independent of .

Our analysis is motivated by the method developed by J. Goodman in [4] to discuss the nonlinear stability of scalar viscous
shock profiles in two dimensions. Comparing with the case of the viscous scalar conservation laws considered in [4], the main
difficulties we encounter here are the following

o The first is, as mentioned above, on the derivation of the precise information on the decay of the planar viscous shock
profiles ¢ (&) as & — o0 and on the relations between ¢” (£), ¢'(§), and ¢(£) — u... Notice that for the planar scalar
viscous shock profiles studied in [4], such properties are well-established, cf. [8];

e The second is due to the appearance of the third-order differential operator 9; A. Fortunately, such a difficulty can be
overcome by some delicate energy type estimates.
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Before concluding this section, we give several remarks:

e In this paper, since we are interested in deducing the nonlinear stability result by employing the elementary energy
method, we need to ask that n = |u_ — u.|, the strength of the planar viscous shock profiles, to be small, we are con-
vinced that the arguments developed by Hoff and Zumbrun in [7,6] seems to be adapted to deduce similar result for
general n together with considerable additional details on the decay rates. The study for this case is left for the future.

e We have shown that the compressive planar waves for the generalized BBM-Burgers equations are nonlinear stable, but
it seems quite difficult to deduce the nonlinear stability of the planar expansive (rarefaction) waves and such a problem
is under our current research.

This manuscript is organized as follows. After stating some notations, we reformulate our problem (1.1), (1.2) by consid-
ering the perturbation of the solutions u(t, x, y) of the Cauchy problem (1.1), (1.2) around the planar viscous shock profiles
¢ (&) defined in (1.9) and determine the shift (¢, y) as in (2.26) and (2.32) in Section 2. Also, the decay of the planar viscous
shock profiles ¢ (&) are proved and the local solvability of the reformulated problem is stated in this section. Finally the
proof of our main result is given in Section 3.

Notations: Throughout the rest of this paper, C or O(1) will be used to denotes a generic positive constant independent of
n, t and &. Note that all these constants may vary from line to line. If the dependence needs to be explicitly pointed out, the
notations G; (i € Z) or C(-, ), etc. are used.

Let £2 = Ror R% H'(£2)(I > 0) and [ (£2) stand for the [-th order Sobolev space and the Lebesgue space with the usual
Il - llgt(ey norm and || - |l;p() norm respectively and || - [|;»(1 < p < +00) and || - ||; are used to denote the corresponding
[P(£2) norm and H'(£2) norm. For simplicity, ||f (t)||» denotes |If(t, w2y and [|f (€)|l; denotes [|f (t, -) ||y Especially,
whenp = 2, we denote || - [l ;2(o) = || - II-

For the weight function w(§) = /1 + &2, sz (R?) denotes the space of measurable functions f (t, &, y) satisfying «/w (§)
f(t, &, y) € [*(R?) with the norm || /wf (t) ||2 = [o ow®If (¢, &, y)|? dédy. H, (R*)(I > 1) denotes the space of functions

f(t, &, y) satisfying 3°f(t, &,y) € [ (R®)(la| < I) with the norm ||f(t)||12{£u = Zfa‘:o [ wdef () ||2. Here we used the
notation that for each multi-index @ = (aj003), 0%f(t, &,y) = % Fork € Zandp > 1, W*P(£2) and Wl’j;p(.Q) can
be defined similarly.

Finally, The symbol /[ will stand for the triple integral over [0, t] x R? and [ will represent the integral on R? unless
otherwise stated.

2. Preliminaries and reformulation of the original problem

The main purpose of this section is two-fold: The first is to concentrate on deducing certain decay estimates on the planar
viscous shock profiles ¢ (&) and the relations between ¢” (&), ¢’'(£), and ¢(§) — u4, and the second is to reformulate our
original problem and to state the local existence result.

Firstly, we cite the result obtained in [8,15] on the solvability of the two-point boundary problem (1.9). For the cases = 0,
it is proved in [8,15] that

Lemma 2.1 (The Case s = 0, Cf. [8,15]). Suppose that the smooth nonlinear function f (u) and uy satisfy u, < u_, (1.3), f(u-)
= f(uy), and the Lax geometric entropy condition f'(u,) < 0 < f’(u_), then there exists a stationary solution ¢ (&), unique up
to a shift, to the two-point boundary problem (1.9) and ¢ (&) satisfies ¢'(§) < 0,u; < ¢(§) < u_ forall & € R and for any
positive integer k

lu- — ¢(€)| < 0(me "1, Ve <o,
|6(5) — uy| < O(ne "1, Ve >0, (2.1)
|00(&)| < O(Dn?e™ ¥l ¥& eR.

Here n = u_ — uy, 0(1) and C are some positive constants independent of 7.

For the case s # 0, it is shown in [15] that

Lemma 2.2 (The Case s # 0, Cf. [15]). Suppose that u, < u_,s and the smooth nonlinear function f (u) satisfy (1.3), the
Rankine-Hugoniot (R-H) condition s(u_ —u) = f(u_) —f (uy), the Lax geometric entropy condition f'(uy) < s < f'(u_), and

s> 0,
{452 —4sf'(u_)+1>0 (2.2)

or

s <0,
{452 —4sf'(up) +1>0, (2.3)
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then there exists a solution ¢ (&), unique up to a shift, to the two-point boundary problem (1.9) and ¢(§) = ¢(x — st) verifies
@' (&) <0anduy < ¢p(§) <u_forallx e R

For the corresponding decay estimates on the planar viscous shock profiles ¢(£) for the generalized BBM-Burgers
equation obtained in Lemma 2.2, motivated by the analysis in [ 11], we have the following result
Lemma 2.3 (Decay Estimates on ¢ (&) ). Assume that the conditions listed in Lemma 2.2 hold, then the planar viscous shock profiles
¢ (&) for the generalized BBM-Burgers equation obtained in Lemma 2.2 satisfy the estimates (2.1).

Proof. We only deal with the case of s > 0 in details since the other case can be treated similarly.
For the monotonic solution ¢ (£) obtained above, Lemma 2.1.1 in [ 14] tells us that

lim ¢"(§) = “Tood’/@)=°' (2.4)

E—>+o0

Let (&) = 282" we get from (1.9); that

Uy—u—

,
@ —f+F(so) =0, (2.5)

where F(p) = [U=tee—u)—fu)=spue—u2) Thep jt js easy to see that ¢(§) — 0as & — —oo and F(0) = F(1) = 0.

s(uy—u_)
From (2.5), we can deduce that

" ¢ ffus) —s

— = —F0)=—-—"—"— as& - —o0. (2.6)
(72 S
If we differentiate Eq. (2.5) with respect to & once, we obtain
i ” "(u_) —s
F_ —F'(0) = fwo) =s as& — —oo. (2.7)
¢ sy s

Now setting ¢; (&) = Z((g)) pE) =15 @) , we can deduce that
o"&) e @)

/ _ _ — 2 .
1) = o) P1(8). ¢ (8) o) @ (8)
(2.6) together with (2.7) yield
o© " e > PO =TT we s iz (28)
Then we claim that ¢;(§) — X as § — —o0o, where A is a solution of the following algebraic equation
2t +L”‘) S o (2.9)
S s

We show first that |¢;(£)| cannot tend to infinity as € — —oo. Indeed, let |¢;(£)| — oo as & — —oo. Then ¥/ (£) = ¢; ' (£)

— 0as& — —oo. Dividing (2.8) by ¢?(£), we obtain limg_, _o, %f) = 1, which is impossible.

Now we show that ¢;(£) has a finite limitas & — —oo. Let us assume the contrary. We can then choose strictly decreasing
sequences {x,}, {yn}, xn =& —00,¥yn = —00, ¥i(xn) — A1, 9i(¥n) — Az, A1 < A Let Ag satisfies the inequality A; <
Ao < Ay and not be a solution of Eq. (2.9). For example,

A "(u) —s
ot fu)=s
s s
Without loss of generality, we assume x, < y, < x,_1 and ¢;(x;) < Ao < ¢i(yn) for any n € N. By the continuity of ¢;(§)
and ¢; (&), we can choose {z,}, z, — —oo such thatx, < z, < yn, ¢i(zn) = Ao and ¢](z,) > 0. Then we obtain
/ @i(zn) Ao fllus) —s
Ol(zn) — = 4+ @l (z) = Mg — — > —————,
S s s
which contradicts (2.8).
Thus, ¢;(§) — A as & — —oo, whence

Pl(E) — A2+ & _M.
s s

This limit must be equal to zero in view of the boundedness of ¢;(&). This completes the claim above.
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P'E @)

From the expressions of ¢;(§) (i = 1, 2), we see that O 7O

has a finite limit as £ — —oo. Similarly, let p(§) =

2E-U+ e can prove that 9 ¢ pag 4 finite limit as & — +oo. Therefore, we divide (1.9); by ¢'(¢) and get that

u_—uy ¢@E)—uy’ @' (&)

limg _, 1o, (EENTU SOOI exist and are finite. Noticing that ¢/ (£) < 0, V& € R, (f(¢(&)) —f (us)) — s(p(&) — us) <

'€
0, V& € R and both of them are continuous with respect to &, we can thus deduce that
F@) —fux) —s(d(&) —uz) -
@'(§)
holds for all fixed & € Rand
i F (@) —f(ux) —s(@&) —uz)
im - > 0.
§— 00 @' (&)
On the other hand, we have from (2.5) that

0

I f(@E) —flug) —s(@&) —ux) . f@E) —fu_) —s(pE) —u_) . 9"(®)
im = lim =1-—s lim ,
£>—00 @'(§) £>-—00 '(§) £>—oc0 ¢'(§)
i f(@E) —flug) —s(@&) —ux) . f(@E) —fluy) —s(@pE) —uy) . 9"(®)
im = lim =1-—s5 lim .
£—>+00 @'(§) £—+o0 '(§) £>+o0 ¢'(§)

Since } is not a solution of (2.9), we can deduce that

- f(@§)) — fug) —s(p(§) —uy) -
E—>+o0 ¢,(‘§)

The above analysis implies that there exists a constant m > 1 such that

_f@@) —flus) —s(@&) — us)
B ¢'(§)

0.

<m, V&eR.

3=

Namely

1
- [f(@(E) —flux) —s(@@E) —ux)] < —¢'(§) < —m[f(#(&)) — f(uzx) — s@() — ux)].
Thus for any £ < 0, we obtain from the assumption (1.3) imposed on f (u) that

fu) —fu)  f@E) —f(u)]
Uy —U- d(E) —u-

1 1
o ¢(§))/0 [f'(u- 4+ 0@y —u)) = f'(u- +0($(&) —u-))1do

(u- — (&)

%

L @y [
m

v

.l 1
-~ GEN@E) —u) fo F(En6 do

v

ziw_ — EN(G0) — 1),
m

where &; is between u, and u_.
Consequently

a !/
[ @O 5w~ g(e))] = 0.
Integrating (2.13) with respect to & over [£, 0] yields

U —p(E) < (u — $(0)em PO vg <.
This gives (2.1);. On the other hand, for any £ < 0, (2.11) implies that
19" (&) = (u- — ¢(&)) < mls@(&) —u-) — F@E) —fu-)NI,

and similar to that of (2.12), we can obtain

(u- —¢E) <

SIE

a(u- — (&) (u- —uy),

where @ = maxy, <p<u_ f" ().

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

dimensions, J. Math. Anal. Appl. (2013), http://dx.doi.org/10.1016/j.jmaa.2013.04.054
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Putting (2.14) and (2.16) together, we finally arrive at
|¢/(€)] < 0()ne” 2w @O—5 Vg <. (2.17)
By employing similar arguments used above, we can prove that
$E) —uy < (B(0) — uy)e ImE-9OE  vg >0 (2.18)
and
¢/ (6)] < O(1)nPe” 3 @OUDE v > 0, (2.19)

Thus (2.1) with k = 1 follows immediately from (2.17) and (2.19). Finally the case k > 1 can be obtained by differ-
entiating (1.9); with respect to £ and by exploiting the principle of mathematical induction. This completes the proof of
Lemma2.3. O

To deduce the nonlinear stability of the planar viscous shock profiles ¢ (&) constructed above, in addition to the decay
estimates (2.1), we need also the relations between ¢”(§), ¢'(¢), and ¢(¢§) — us+ which are obtained in the following
corollary:

Corollary 2.1. Assume that the assumptions listed in Lemmas 2.1 and 2.2 are satisfied, we can deduce that

l"(E) <= 0(D)I¢'(€)], V& €R,

0(1)|¢"(§)I
—u_| < ——=—, VE<O,
(&) | < P £ < (2.20)
0(D)]¢' ()]
#@) —uy| < ————, VE=0.
[u— —uy]
Here O(1) is some positive constant independent of £ and n = |u_ — u,|.
Proof. We only deal with the case s > 0, the other cases can be treated similarly.
The analysis in Lemma 2.3 implies that
1"
976 _ A (2.21)

lim =
E—>—o0 ¢'(§)

where A is a solution of the algebraic Eq. (2.9) which is bounded by and such a bound is independent of 7.
On the other hand, the analysis in the proof of Lemma 2.3 together with the assumption (1.3) imply that

142|f (u_)s|+2s2
Is

0 <= tim TOOV ) OO 20 _ iy g tim P81
§>—o0 ¢'(&) fomco /(&)
and
s —fu) = (L ) —f’(u)‘ _|Ou- A=) = T g e 0,1,
u_—uy 2 2

Putting the above estimates together, we can easily deduce that (2.20) holds for & < 0. The case & > 0 can be proved
similarly and thus the proof of Corollary 2.1 is completed. O

Now we turn to reformulate our original problem and to deduce the local solvability of the reformulated problem. To
this end, following the idea of [4], we first preform some normalizations as in the following:
e Normalization 1: Letting tV =t, £ = x —st, yV =y,
e Normalization 2: Letting t@® =t x@ =& y@ =y 4 pg,
e Normalization 3: Letting t® = t@ x® = x@ yO® = y@ _ 5¢@),
Y 4 1())) _ glu)—guy)
Here p = 60D and o = —
but the convexity of f (1) does not change.
After the normalizations given above, we have from Corollary 2.1 that

f)y=fwy), f'@l=00u-—uy), gu)=guy),
8" (@) =0 (u- —uy), g @I =0MDu-—up)?  |g@) <0 u- —up)l'.
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Without loss of generality, we suppose that g(u_) = g(u,) = 0. For simplicity, we remain write t® = t,x® = £ and

y® = y. Then the Cauchy problem (1.1), (1.2) can be rewritten as
Up + [Stees + p1tigey + Patleyy + P3tlyyy | — (Ueer + 20Uy + (14 PPy ) +f (W) + g (),
= Uge +2pugy + (1+ p*)uyy,
u(0,&,y) =ug(€,y) > uy, asé — tooforanyy € R.
Here p; = 3ps+ 0, p, = 20p 4 350%, p3 = (ps + 0)(1+ p?).

(2.23)

Since the solution u(t, x, y) of (2.23) is expected to approach the planar viscous shock profiles ¢ = ¢(£)(E = x — st), if

we define the perturbation as

ut,§,y) = +48(t,y) + Us(t, 5, ),
then we have from (2.23); and (2.24) that

Use + [sUseee + piUeeey + 02Ussyy + 03Usyy ] — (Ueeer + 20Ueeye + (14 p*)Usyye)
+ [010"8y + 02(¢"'8; + ¢"8yy) + p3(¢"'8; + 3¢"8,5,,)]
— [ +20(¢"8y8 + ¢"8ye) + (1 + p*) (@828, + 20”88y + ¢"8:8yy)]
+ (f@+U) —f(#), +8@ + Us)y +¢'[8 — (1+ ")y — (14 p*)8yy + p3dyyy]
= Ugge + 20Uy + (1+ p")Usyy +209"8, + (1+ p*)¢"5],

where we have used (1.9).
To guarantee that

/(u(t, £, y) — (€ +4(t,y))ds =0,

we need to define the shift function §(t, y) with given initial data §(0, y) = 8o(y) which satisfies

/(uo(x, y) — p(x + 8o(¥))) dx = 0.
Thus
So) =—n"" f(uo(x, y) — ¢(x)) dx.

With §(t, y) chosen as above, we can define U(t, &, y) and Uy (x, y) by

3
u(.§.y) =/ (ult,z,y) — ¢z +4(t.y))) dz

and

Upo(x,y) = / (uo(z,y) — ¢z + 80(¥))) dz,

respectively.
Moreover, due to

f@@+Us) =f(®) +F (@Us +a(d, UDU;, g+ Us) = g(9) + 8 ($)Us + (¢, Us)UZ,

we define the decomposition
- (/g”(qﬁ)aﬁ'UdE) + (/ r(¢. U)UZ dé)
y

(feo+ ug>ds)y y
( [ a0 ds)y + ( [ 8o ds)y

= —U(Oly + ,By),

namely
—g" (@) (€ +8(t, y)U(t, &, y) = a(t,y)¢'(E +8(t,y) +V(t, &, Y,
r(e, Us)ng(t, £,y) = B(t,y)P'(E +5(t,y) + W(t, &, y)e,

where V, W € [*(R?).

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

dimensions, J. Math. Anal. Appl. (2013), http://dx.doi.org/10.1016/j.jmaa.2013.04.054
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Then it is easy to see from integrating (2.25) with respect to £ that §(t, y) verifies
8 — (14 pH8yye — (14 p»)8yy + p38yyy + ay + B, = 0. (2.32)
Inserting (2.29) and (2.30) into (2.25) and integrating the resultant equation with respect to & over (—o0, &) yield
Ue + [sUsee + p1Usey + 02Uy + p3Uyyy — (Usee + 20Uy + (14 p*)Uyye) ]
+ [219"8y + 02(8"8) + ¢'8y)) + p3(8"5) +30'8,8)]
— [978: +20(0"8,8c + ¢'8y0) + (14 p*) (@878 + 2¢'8,8y + ¢'8:8y) ]
+f (@)U + 9, U UZ +2(9)3y + (' (U)y + ag'sy + V, + B9's, + W,
= U +2pUgy + (1 + p))Uyy + 209’8y + (1 + p*)9'55. (2.33)

Now we give some elementary estimates on «, 8, V, and W which will be used frequently later. The first two lemmas
are borrowed from [4] (Notice that to simplify the notation, in the rest part of this paper, we use ¥ (£ + §) to denote

19’ +8)| = —¢'(5 +9))

Lemma 2.4 (Cf. [4]). Let I (t, §,y) = m(t, &, y)¥ and assume that for any fixed t,y, I(t, &,y) € H'(—00, 0), then

0 0 0
| <[ e [ mva (2.3
Lemma 2.5 (Cf. [4]). Let [ (t, &, y) = rm?(t, &, y) and assume that for any fixed t, y, I(t, &, y) € [*(—o0, 0), then
0 0 0
[ Pde<swpie [ jemde [ e (2.35)

Based on Lemmas 2.4 and 2.5, we can deduce the following estimates on « (t, y), B(t,y), V(t,&,y),and W(t, &, y):

Lemma 2.6. The following estimates hold

/a2 dy < O(l)nf/ U?y dedy, (2.36)
/fﬂ dy < 0(1) [n7%sup |Ug |* + 1]§25/u§ d& // UZ dédy, (2.37)
/aj dy < 0(1) (sup [8,1> +n) 1 // (U*y 4 U}) ddy, (2.38)
/,3y2 dy < 0(1) [sup |8,]* + n~* sup |Ug|> + 1] i'lélll::/ U7 dg // (UZ + UZ) dédy, (2.39)
faf dy < 0(1) (sup [8:1* + 1) n // (Uy + U}) dedy, (2.40)
/;33 dy < 0(1) [sup [8:* + n~2 sup |Ug |* + 1] Syﬁ}f/ UZ dé // (U2 + UZ) dédy, (2.41)

A

fayzf dy < 0(1) [sup [8:|* + sup [U[* + sup |8,]* + n*]

x [ / (U} + U2 4+ U}) dedy+ € (8] + 82) dy] , (2.42)

IA

/ Bix dy

0(1) [(sup 18y1% + 0~ sup |Ug|*) sup/Ué, dé + sup |8, | sup/ Uz dé] // UZ, d&dy
yeR yeR
+ [1+sup8|* + sup [8,|* + sup |8, + 0" sup |Ug|’]

x sup / Ug d& f / (U2 + U2, + UZ,) dédy, (2.43)
ye

J[ v deay <o [retw e [[ vv asay (2.44)
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// W2 dedy < 0(1) (/ €| d& + 1) [n~"sup |Us|* + 1]?615/1011; de // UZ dgdy, (2.45)

[[ videay <o [rtwas w2+ 07] [[ v+ 0h dsay (2.46)

// W, d&dy < O(1) [14 sup |8y|* 4+ n~ " sup |Ug|*] x iﬁ.‘f/wug de f/ (UZ + UZ) dédy. (2.47)

Here O(1) is some positive constant independent of 1.

Proof. We only prove (2.36), (2.37) and (2.45), the remainders can be treated similarly.
To show that (2.36) and (2.37) hold true, we first have from (2.31) that

wt.y) =7 / SGPUdE, Bty =i / U2 de. (2.48)
Moreover, (2.22) and (2.29) imply that

1
Ir(@, Ue)l = 3 " (¢ + 6Us)|

IA

1
Elg"(¢>)| + O0()|Ue|
O0(Mn +0(MIUg|, 6 €(0,1), (2.49)

IA

we can then deduce (2.36) and (2.37) immediately from Lemma 2.3.
For (2.45), we get from (2.31),, Lemmas 2.4 and 2.5 that

/W2 dy

I A

/IEII//dS ﬂzdy+sup|rIZSUP/|§IU§d§ // UZ dédy

yeR

IA

O(l)/|§|1ﬁd§ supIUglz—l—l sup/Ug dé // Us dédy

+0(1) [sup |U§|2 + n? sup/ |S|U&. dé // Ué:‘ dédy, (2.50)

which gives the desired estimate (2.45). Here we have used (2.37) and (2.49). This completes the proof of Lemma 2.6. O

Now we continue to show the local existence of solutions U(t, &, y) and §(t, y) to the Cauchy problems (2.33), (2.28),
(2.32) and (2.26) respectively. To this end, we define the following solution spaces for U(t, &, y) and 6(t, y)

U(t, &, y) € C([t1, L]; H(R*) N C'([t, 1]; H*(RY)),
Ue(t, £,y) € C([t1, B]; HY (R)) N C'([tr, &]; HY (R?)),

Xu(t, ) = UL, §,y) t ) (2.51)
sup <|IU(t)|I§ + U117 +/ ‘ dt) <M
telty.to] v Jo
with the norm
t 2
JUIZ = sup (nU(r)né v + [ [Vive) dr) (2552)
tefty,ta] w 0
and
8(t,y) € C([t1, ] H*(R) N C'([ty, t2]; H*(R)),
Yu(t1, ) = 18(t,y) sup |82 <M (2.53)
telty,ta]
with the norm
8y = sup [I8()Ils (2.54)

telty, ]

respectively. Then the local existence result of the Cauchy problems (2.33), (2.28), (2.32) and (2.26) can be stated in the
following proposition.
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Proposition 2.1 (Local Existence Result). Consider the following Cauchy problems

Ue + [sUsee + p1Usey + p2Usyy + p3Uyyy] — (Ueee + 20Usye + (1+ 0*)Uyye)
+ [010"8) + p2(@"5] + ¢'8,y) + p3(¢"8; + 3¢'8,8,)]
- [¢//8t +2p(9"8,8; + ¢'8y0) + (1 + pz)(¢//5§3t +2¢'5,8, + ¢/8[8yy)] (255)
+f (@)U + 9@, U U +2(9)3y + (' (U)y + ag'sy + Vy + B9's, + W,
= Ugg +2pUgy + (14 p*)Uyy +20¢'8y + (1+ p*)¢'8y,
U(t,§, Y=o = Uo(§,y)
and
8 = (14 Pyt = (14 P08y + padyyy + oty + By = 0, (2:56)
8(t, Y=o = So(¥).

If Up(&,y) € H(R?), Ugs (£, y) € H2(R?), 8o(y) € H(R), then there exists ty > 0, which depends only on ||Up|s, [1Uo¢ Il 5 »
1805 and is chosen sufficiently small such that there exist a unique solution U(t, &, y) to (2.33), (2.28) in Xoum, (0, to) and a unique
solution §(t, y) to (2.32), (2.26) in You, (0, to), respectively. Here

Mi = [|Uoll5 + [IUo¢ II7 Mo = (|03

H3’
Proof. We construct the following sequence of iterating approximate solutions:
Ut &,y =%y =0

and forn > 1, U™(t, &, y) and 8™ (t, y) are the unique solutions to the following linear Cauchy problems

U+ [SUég)s + UL, + ;U + pguy(;)] - (Ugg)t +2pUf) + (1+ pZ)U;;[)>

+¢' (€ + 8V [ 02807 + 338" VIV — 2807V

— (4% (28)(,"’1)8;’:’” +8t(n])8}(/;1))> (& 480D (,0153(,'171) + s (BY(”*”)Z
b pn (B) 00— 280 080 L (1 ) (500 50 @257)

2
@ + 5O +q (906 + 50, U ) (U
+g(p(E + 5(n—1)))5}§n—1) + (g/(¢(€ + 8(n—1)))U(n—l))y + (V(U(”_]), 8(n—1)))y
+¢'(E+ S(nfl))(gj(/n—l) (a(U(n—l)’ S(nfl)) + ,B(U("q), 5(”71))) + (W(U("”), a(n,l)))y
- _ _1)2
= Ué(g) + ZpUS(;) +(1+ pz)U}f;) + @/ (E +80D) (Zpéy(" D4 (14 p?) (S;n D) ) ’
U™(t.6.9)l=0 = Uo(§.9)
and
57 = (14 p)8yyl — (14 p)8Y + padliy + (ay + BHUTD, 807D) =0,
8 (t. Y=o = So(y).-

By employing the standard method, it is easy to show that there exists a sufficiently small positive constant to > 0, which
depends only on ||Up]ls, [|Uos ||Hg), and ||8o]|s, such that the approximate sequences {U"(t, &, y)} and {§"(t,y)} are Cauchy
sequences in Xy, (0, to) and Yoy, (0, to) respectively. The unique limits U(t, &, y) € Xom, (0, to) and §(t, y) € You, (0, to) are
then the desired local solutions. This completes the proof of Proposition 2.1. O

(2.58)

3. Nonlinear stability of planar viscous shock profiles ¢(£)

This section is devoted to deducing the nonlinear stability of the planar generalized BBM-Burgers shock profile ¢ (£) and
our main results can be summarized as in the following

Theorem 3.1 (Nonlinear Stability Result). Suppose that the assumptions imposed in Lemmas 2.1 and 2.2 hold, Uy(¢,y) € H®
(R?), Ups (§,y) € H> (R?), and 8o(y) € H>(R). If we assume further that there exists a positive constant do > 0 independent of
t,&,y,n =u_ —uy > Osuch that

1Uol13 + IUoellfs +nlidollz < don” (3.1)
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holds for some p’ > 1, then there exists a sufficiently small no > 0 such that if 0 < n < 5y, the Cauchy problems (2.33), (2.28),
(2.32) and (2.26) admit unique global solutions U(t, &, y) and §(t, y) which satisfy

U115 + IIUs(t)IIi,IsU +nl8®)13

t
+ / (IIVU(t)IIi + VU@ + U113 + [Uee (17 + 0118y ()13 + nIISr(T)IIi) dr
0 w

< Co (11UolI2 + U 125 + 3012 (32)
for some positive constant Cy independent of t, &,y and any t > 0.
Consequently
tll)nolo (||u(t, £,9) — d@)llwsorwey + UL, & M wsore + ||8(tsy)||W4~°°(R)) =0. (33)

Theorem 3.1 will be proved by the continuation argument which is based on the local existence result and certain energy
type a priori estimates. The local existence result has been established in Section 2 and consequently we need only to derive
certain energy type a priori estimates on U(t, £, y) and 4(t, y). To this end, suppose that the local solutions U(t, £, y) and
8(t, y) obtained in Proposition 2.1 has been extended to the time step t = T, then to prove Theorem 3.1, all that we need to
do is to deduce certain energy type estimates on U(t, £, y) and §(t, y) based on the following a priori assumption

NT) = sup (IUOIE + U O12; +nlsO12) < i (34)
05[57- w

Here p’ > 1 is some positive constant and C; > 0 is independent of T and 7.
Letp = p’ — 1 > 0, we have from the a priori assumption (3.4) and the Sobolev inequality that

IUOI 502y + VWU O [5.002) < G

sup {1U(E, ) e ey, + 10 € 92 g } = G (35)
yeR wRg

1812400 ) < Co”
hold for all 0 < t < T, where C, is some positive constant independent of T and 7.
Based on the a priori assumption (3.4), we can deduce the following a priori estimates on U(t, &, y) and §(t, y)

Proposition 3.1 (A Priori Estimates). Suppose that U(t, €,y), Us(t,£,y) € Xcznp/ ([0, TD, o(t,y) € YCZ,]ﬁ([O, T1). Then there
exists a sufficiently small constant n; > 0 such that if 0 < n < 5y, the estimate (3.2) holds for all t € [0, T] and some positive
constant Cy > 0 independent of T and n.

Proposition 3.1 will be proven by the following a series of lemmas. The first one deals with the basic energy estimate on
uit, &,y

Lemma 3.1. Under the assumptions given in Proposition 3.1, there exist a constant C3 > 0, which is independent of T, &, y and
n, and a sufficiently small constant n, > 0 such that forany 0 < n < n,andt € [0, T], U(t, &, y) satisfies

t 2
ol + [ (HNU@)H +||VU(r>||2> dr <G (||uo||%+n/0

t

(18,117 + 18:(2)1I17) df) : (3.6)

Proof. Multiplying (2.33) by U(t, £, y) and integrating the resulting equation with respect to £, y, t over R? x [0, t] yield

//m(r,s,y) dsdy+/ //Az<r,s,y)dsdydr
0

t
+ / // Ug' [pz(syy + 3038ydyy — 2pdy — (1 + ,02)(23y3yt + 6t‘syy)] dédydr
0

Iin

t
+ / / / UG [p1dy + p28; + p3dy — 8 — 2088, — (1 + p*)8)8:] dédydr
0

h2
+ / / f(¢)UUg dedydt + / / / U(qU§+g(¢>)ay+(g’(¢)u)y) dedydr
0 0

I3 I1,4

Please cite this article in press as: Q. Xiao, H. Zhao, Nonlinear stability of generalized Benjamin-Bona-Mahony-Burgers shock profiles in several
dimensions, J. Math. Anal. Appl. (2013), http://dx.doi.org/10.1016/j.jmaa.2013.04.054




Q. Xiao, H. Zhao / . Math. Anal. Appl. 1 (1REN) ERR-HEN 13

/ //u¢>5 @+ B) dsdydr—/ /[Uy(v+W) dedydr

ff 100, £, y) dgdy+/ // (2098, + (14 p*)¢'8]) dédydr . (3.7)

Iz

Here

_1 2 2 2 2 712 2 2
A1_2(U + U2 +2pU:Uy + (14 pHU]) . Ay = UZ +2pU:Uy + (1+ p*)U;.

Noticing that U&? +2pUeUy + (14 pZ)Uj is a positive definite quadratic form, there exists a positive constant0 < b < 1
such that

UZ +2pUsUy + (14 p*)Uy = b (U +Uy)
then it is easy to get that
1
A > = (U + b (U2 +U?)),
A= b(UZ+U)).

We are now turning to estimate I; 1-I 7 term by term. Firstly, we have from Corollary 2.1 and some integrations by parts
that

it = 55 | dr+—/ 1, (212 de
t
+0(1)3 (sup 18 2 + sup |82 + sup |UJ? + 1) f (18, (DI + 18,0 (1)) dx. (3.9)
0
For the terms I ; and I 3, it is easy to see that
t
IthSE/ [Viue| ar +om(swpis i+ 1) [ (1,1 + 18,0017 dr (3.10)
0

and

ha=—1 / [[ @0 @ = " dr. (3.11)

Here we have used the assumption (1.3).
Secondly, from (2.22) and the a priori assumption (3.4) and its consequence (3.5), we can estimate I 4 as follows

t
4l = SUPIUISUPIQIf IUg (0)1? de
0
t 1 t )
+0(1)77/ / |U5yw|d$dydf+5/ / [U"g" (¢)8yy| d&dydt
0 0

t t 2
< suplulsuplal [ 1001 ¢ + 0 (1+swlsl)n [ (1007 + [ rueo]) e (312
0 0

And from Lemma 2.6, I 5 and I; ¢ can be controlled as

t 2
sl < (77_15UP|U5|2+'))5U113{/ngdé'}f <HNU(I)H +||Ug(r)||2) dr
S 0
t
+ sup U2 / 18,() 1 %dr. (3.13)
0
b t t 2
hel = o / 1, (0112 de + 0(1yn de
0 0
t
+0(1) (n™ " sup |Ug|* + 1) sup{/wugdg}/ |Ug ()| %dz. (3.14)
YeR 0
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Finally, similar to the estimates above, we have

a t
7] < 7./
20 J,

Inserting (3.8)-(3.15) into (3.7), (3.6) follows immediately from the a priori assumption (3.4), the Sobolev inequality
provided that we choose n > 0 sufficiently small and this proves Lemma 3.2. O

2 t
\/EU(r)H dr+0(1)n(l+sup|8y|z)f 16,(2)|12 dr. (3.15)
0

To control the terms appeared in the right hand side of (3.6), we have the following estimates on §(t, y)

Lemma 3.2. Under the assumptions given in Proposition 3.1, there exist a positive constant C4 > 0, which is independent of
T, &,y and n, and a sufficiently small constant n3 > 0 such that forany n < nsand t € [0, T], §(t, y) satisfies

2 ' 2 2 2 ' 2 2
s+ [ 15,1 < <||50||1+77 | (H\/‘””(”H +||Us(f)||)df)- (3.16)
0 0

Proof. Multiplying (2.32) by 2§(t, y) and integrating the resulting equation with respect to t, y over [0, t] x R, we can get
that

t t
||5<t>||%+/ 18,1 dr < ||ao||%+f /(a2+ﬁ2) dyde
0 0

¢ 2
<0(1) (||ao||%+ (77+n‘2 sup U *sup [ U7 dé) | (H\/wU(r)H +||ug<r)||2> dr). (3.17)
ye 0

Here we have used (2.36), (2.37) in Lemma 2.6.
Now the a priori assumption (3.4) and its consequence (3.5) tell us that

n~?sup |Ug|2sulg / wUZ d& < 02U (151U (02, < 0(1)n. (3.18)
ye w

Inserting (3.18) into (3.17) yields (3.16) and this completes the proof of Lemma 3.2. O

Combining Lemma 3.1 with Lemma 3.2, we have

Lemma 3.3. Under the assumptions listed in Proposition 3.1, there exists a sufficiently small constant n4 > 0 such that for any
n<ngqandt €[0,T],U(t, §&,y),d(t,y) satisfy

t 2
w1 + i@ + [ (H\/EumH +||VU(r>||2+n||8y(r>||2) dr
0

t
=G (IIUoH? + 77/ I8¢ (D113 df) ; (3.19)
0

where the constant Cs > 0 is independent of T and n.

Next we turn to deduce the desired higher-order energy type estimates on U (t, £, y) and §(t, y). To this end, we have
from (2.25), (2.29) and (2.32) that

Use + [sUssee + p1Useey + p2Ueeyy + 03Ueyy] — (Uesee + 20Ueeye + (14 p*)Usyye)
—¢'(y + By) + [019"8, + p2(¢"'8] + &8yy) + p3(¢"8; + 30" 8,8y)]
— [0"8c +2p(¢""8,8: + ¢"8y0) + (14 p*) (@878 + 2¢" 8,8y + ¢"8:5y)]
+ (F@Us), + (qUF), +& @98y + (8'@)Us), + (1UZ),
= Ugge + 20Uy + (1+ p")Usyy + 209”8y + (1+ p)$"5;. (3.20)

And we can obtain the following estimate on Ug (t, £, y)

Lemma 3.4. Under the assumptions stated in Proposition 3.1, there exist a positive constant Cg > 0 and a sufficiently small
constant ns > 0 such that foranyn < nsand t € [0, T], U(t, &, y) satisfies

t t
IIUs(t)IIf+/ IVUe(0)1* dT < Go <||U0I|§+ ||Uos||%+n||50llf+77/ |I5r(f)||?df)~ (3.21)
0 0

Here Cg is independent of T and 1.
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Proof. Multiplying (3.20) by U (¢, &, y) and integrating the resulting equation with respect to &, y, t over R? x [0, t] yield

// As(t, £ y) dedy + f // Aq(r. £.y) didydr + / // (678,Usy + ¢/ Us(c + B)) dedyde
0 0

I

t
+ / // Ueg” [p18y + p28; + p3d, — 8 — 2p8,8: — (1+ p*)5,8;] dédyde
0

L

t
+ f / / Us@” [ 028yy + 3038,8yy — 208y — (14 p*)(28,8yc + 8:8yy) | d&dydr
0

L3

t t
- / / / Uge (f'(¢)Us + qUZ + g()8,) dédydr — / / / Uey (¢'(9)U; +1U2) dédydr
0 0

Ipa Is

t
=ffA3(0,$,y) d“g‘dy+/ // Ue (209”8, + (1+ p*)¢"87) dédydr . (3.22)
0

X3

Here
1
A= (U2 + U2 + 2pUgeUsy + (1+ pHUZ)
Ay = Uz + 20Uz Ugy + (14 p*)UZ,.
Similar to that of (3.8), we can obtain that
1.5 2 2
A= 5 (UZ +b(UZ, + UZ)) . (323)

Az b (U +UE).

Now we estimate the terms I ; — I, ¢ term by term. Firstly, by Lemma 2.4, (2.36), (2.37) and the Cauchy-Schwarz
inequality, we have

b t t
ol < 2 / 1Uey (D)2 d + 0(1) / / / (W2 + B + n(U2 + 18,(0))) dédyde
0 0

- 20
b t t 2
< 2—0/ Uy (T)II? dT + O(1) ('H—suplUglz)/ (HWU(r)” + |Us () ||* + ||5y(r)||2> dr. (3.24)
0 0

And it is easy to see that

t
2| < 0(1)77/ (10 ()12 + 18,1 + 18 (D)%) dz. (3.25)
0

Here we have used the a priori assumption (3.4) and the Sobolev inequality sup |8, < ||5]]>.
As for I 3, by the Cauchy-Schwarz inequality, we can get by integrating it by parts that

b t t
sl < 25 / 1Uey (T) 1 dT + O(1)n / (10 @12 + 18, (O + 118, (D)%) dz. (3.26)
0 0
On the other hand, I, 4 — I ¢ can be controlled as follows
b [t 2 2 2 ‘ 2 2
|4 < 20 [Uge (011> dz + 0(1) (n* +sup [Ug*) | (I8,(DNI* + IUs (D)II?) dr, (3.27)
0 0
b [ 2 2 2 ‘ 2
sl < 20 [Ugy (D)11* dT + 0(1) (n* + sup |U¢|*) | 1Us ()| dr, (3.28)
0 0
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t
sl < 0(1)77/0 (I8, (1 + Uz () ]1?) dr. (3.29)

Putting (3.22)-(3.29) together, (3.21) follows from the a priori assumption (3.4) and (3.19). Lemma 3.4 is proved. O

The next lemma is to bound sup |§,| and we can get the following result

Lemma 3.5. Under the assumptions stated in Proposition 3.1, there exist a T and n independent positive constant C; and a suf-
ficiently small constant ns > 0 such that forany n < ns and t € [0, T], §(t, y) satisfies

t 2
OO + 10O + 112 + [ (HNU(r)H +||VU<r)||2+n(||8y<r>||%+||8t(r)||%)> dr
0
= G (nlldoll3 + 1Uoll3 + [1Uoz I5) - (3.30)

Proof. Multiplying (2.32) by —24,,(t, y) and integrating the resulting equation with respect toy, t over R x [0, t], we have
from the a priori assumption (3.4), (2.38) and (2.39) that

t t
18, ()12 + f 18,y (D) I1>dv < [I80yllF + / / (ap + ;) dydr
0 0

< 0(1) <||50y||3 n "25/0 (HNU(r)HZ VU@ + ||U§y(f)||2> dr). (331)

Similarly, we multiply (2.32) by 26, (t, y) and integrate the resultant equation with respect toy, t over R x [0, t] to get

t t t
||5y<t>||2+/ ||8[(r)||%drs<1+p2)||80y||2+p§/ ||8yy<r)||2dr+/ /(a5+ﬂ§) dydr
0 0 0

_ [t 2
50(1)(||30y||f+n2p / (HW’”(”H +||VU(r)||2+||Ugy<r>||2+||6yy<r>||2) dr>, (332)
0

which together with (3.19), (3.21) and (3.31) derives (3.30) if we choose 7 sufficiently small. This completes the proof of
Lemma 3.5. O

On the other hand, we multiply (2.33) by —2U,,(t, &, y), integrate the resultant equation with respect to £, y, t over
R? x [0, t] and obtain by exploiting similar arguments used in Lemma 3.4 that

t
Uy 117 + / IVU,(@)|* dz
0

t 2
so<1>(||U0y||%+/ [VIU@| + IV + 10 W @I + 0 (18,1 + 18:(0)I) dr)
0

< G (IUol13 + nlioll3) . (3.33)

where we have used (2.46), (2.47) and (3.30).
The combination of (3.30) and (3.33) yields

t 2
0@+ nlo+ [ (HWU(r)H +||VU<r>||%+||ny(r)||%> dr
0

t 2
so<1>(||U0y||%+/ (Hﬁmw” +||vum||%+n||8y<r)||%+n||6f<r>||%) dr)
0
< Go (I1Uoll5 + nlioll3) - (3.34)
Having obtained the above estimates, it is easy to get by multiplying (2.33) by U, (t, &, y) that
t t 2
/ 1U()I}dr < 0(1) / (nvumn% + [Vwu@| +n s, + ||at(r>||%)> de
0 0

< Cio (IUoll3 + nl1oll3) - (3.35)

In order to bound sup,cg fR wU§ d&, we need to estimate || JwUg (t) ||2 and the following lemma is concerned with the
estimate on ||Ug () ||H&.
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Lemma 3.6. Under the assumptions given in Proposition 3.1, there exist a positive constant Cy; and a sufficiently small constant

ne > 0 such thatif n < ne, we have forany t € [0, T] that U(t, &, y) verifies

t
1 @12, + / IVU (01 de < iy (1Une 12 + U3 + nll30l13)
w 0 w w

(3.36)

Proof. Noticing that |w’(§)| < 1, |w”(§)] < 1, we have by multiplying (3.20) by wUe (t, &, y) and integrating the resulting

equation with respect to £, y, t over R? x [0, t] that

b t
SO, + fo / / w (¢"8,Ue + ¢'Ugy) (o + B) dédydr

I3

t
+ / // [Usw (sUgese + p1Ussey + P2Useyy + P3Usyyy) — Use (pweUgy + (welUe)e) | dédydr
0

I3

t
+ / // wUeg" [p18y + P28 + p38) — 8 — 2p8,8; — (14 p)878; ] dédydr
0

I33

t
+ / / / wUsd" [ p28yy + 30388y — 208y — (1+ p*)(28,8yc + 8¢8yy) | dEdydr
0

I33

+ /0 /f wUe ((g/(d))Us)y + (f/(¢)Ug +g(¢)5y)é) dedydt

134
t t
+ f // wUg (qU?)E d*;‘dydr%—/ // wUg (rug)y dedydt
0 0
I35 [EX

1+/02 t
=— 1Uoe 117, —/ //w[ugS + 2pUeeUsy + (14 p*)UZ, ] dédyde
w 0

t t
— / / / wgUg [Uge + pUsy | dédydr + / / / wUg (209”8, + (1+ p*)¢"8]) dédydr .
0 0

I37 I3g

Now we deal with I3 ; — I3 g term by term. From Lemma 2.3 and the a priori assumption (3.4), we get
b t t
il = 55 / IVU: (D)1 de + sup (wy/¥) sup 3| f ( f V(o + p)*dsdy + ||UE(T)||2> dr
0 w 0
t
+0(1) / f wir2de f (o + B°) dydr
0

b t t 2
< o [ VU1 ¢+ o [ (Hﬂumu +||U£(T)||2+||5y(f)||2> dr.
0 0

For I5 ; — I3 4, we get by integrations by parts and the Cauchy-Schwarz inequality that
t
2] < 0(1)/ (U5 + Uee(11?) dr,
0
t
531 < O(1) / [1U: 12, +n(I8,@1E + 181D dr.
0 w

t t
|4l < O(l)nf IIVUs(r)IIfz dr +O(1)/ (U @II* + nllsy (D)%) dz.
0 w 0

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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We will use the same method as in [4] to control the term I5 5. Firstly, it is easy to see that

t t
Ls = —/ // weUZq dédyde —/ // wU;Ugeq dédydt. (3.42)
0 0

To estimate the second term on the right hand side of (3.42), we set Q (¢, Uz) = foUs q(¢, v)v? dv. Then Qu, (¢, Ug) = qUEZ,
|Qy (¢, Ug)| < O(1)|Ug|* and consequently

t t t

/0 ff wU2Ugq dédydt /0 // wQ: (¢, Ug)d&dydr—/(; // wQy (¢, Us )’ d&dydt
t t

/0 // weQ (¢, Ug)d“g‘dydt—l—/o ff wQy (¢, Ue)¢p' d&dydr

t
< 0 sup Uel [ 10 (o)1 (3.43)
0
which together with (3.42) gives
t
5] < O(l)suplUslf |Ug (0)]? dz. (3.44)
0
Similarly, I5 g can be estimated as
t
I3,6] < O(1) sup |Ug| SUP|8y|/ U (D)% dr. (3.45)
0
Finally, for I3 7 and I5 g, we can deduce that
t
bl <000 [ Uz, (3.46)
0
t
58] < 0(1)/ (10 (@I1* + nlldy (D)%) dr. (3.47)
0

Substituting (3.38)-(3.41) and (3.44)-(3.47) into (3.37), (3.36) follows from the a priori assumption (3.4), (3.34) and
Lemma 3.5. Lemma 3.6 is proved. O

Now we continue with the estimates on ||Ug (t) ||H&,

Lemma 3.7. Under the assumptions given in Proposition 3.1, there exist a positive constant Cy, and a sufficiently small constant
n7 > Osuch that foranyn < n; and t € [0, T], U(t, &, y) verifies

t
U )12, +/ IVUee (0)112, do
w 0 w
t
<Cp (||U0§||,2_,z + 1 Uoll3 + 11813 +/ (IVUge (II” + 1Ugec (D)1I7) dr)- (3.48)
w 0

Proof. Differentiating (3.20) with respect to &, multiplying it by wUg, (¢, £, y) and integrating the resultant equation with
respect to &, y, t over R* x [0, t], we have

b t
§||U$$(f)||i,l1u —/0 // wUe@" (oty + By) dédydt

Ig1

t
+ /O / / [Usew (sUgeeer + p1Usseey + paUsseyy + p3Uesyyy) — User (pweUgey + (weUge )i ) | dédyde

Is

t
+ / f/ wUeed™ [p18y + 0287 + p38) — 8 — 2p8y8; — (1+ p?)828,] dEdydr
0

Ig3
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t
+ / / / wUge®"” [ 28yy + 3038y8yy — 208y — (1 + p°)(28,8yc + 8¢8yy) | dEdydr
0

I3

t t
+ / / / wUee (f'(@)Us + qU + 8()3y),, dédydr + / / / wUes (8'(9)Ug +1UZ),, dédydr
0 0

Ig 4 Iy s

4 p? ¢

= 1 Uoge I7, —/ //w[nggg + 2pUgeeUsey + (1 + p*) U, | dEdydr
w O

t t
- / // we Uge [Uggg + ,()Uggy] dédydr +/ /f wUgg (2,0(,{),”8}, + 1+ ,02)¢W83) dédydr . (3.49)
0 0

14,6 lg7

From Lemma 2.3, Lemma 2.6 and the a priori assumption (3.4), we can obtain

t t
laal < O(1) / 1Uee (o) dz + 0(1) / / whyde / (o2 + 2) dyde
0 0

t 2
< 0(1)/ (H\/EU(r)H + ||VU(r)||$) dr. (3.50)
0
By integrations by parts, we can bound I ; by
t
a2 < O(1) / (1Ueee (1 + IUee (0)17) dr. (351)
0
Similarly, I4 3 — I47 can be controlled as follows
t
la3] < O(l)/ (IIUss(r)llfz + (I8, (DI} + ||8f(r)||%)) dr, (3.52)
0 w
t
lla.al = O(1) / (U@ + 10 (DI, + 1l )I1) de. (3.53)
0 w
b t t
llasl < 25 / lwUsey ()| dT + O(1) f (U@ + Vg (@13 ) dr, (3.54)
0 0 w
t
sl < 0(1) / 1Uee (o) de. (355)
0
and
t
lla7| < 0(1) / (1ee I, + 0118, (0)1) dr. (3.56)
0 w

Then the desired estimate (3.48) can be derived from (3.30) and substituting (3.50)-(3.56) into (3.49). This completes the
proof of Lemma 3.7. O

To control the terms appeared in the right hand side of (3.48), differentiating (3.20) with respect to &, multiplying it by
Ug¢ and integrating the resultant equation with respectto &, y, t over R? x [0, t], we have by employing similar arguments
used in Lemma 3.7 that

t
1Uee 0117 + fo IVUee (0)1%dT < Cis (10015 + 1Uoll3 + nlldoll3) - (3.57)

Similarly, we have the following estimates on Uy,

t
1012, + [ 19U IR, dr
w 0 w
t
<Cu <||Uog 12 + 013 + 0180l + [ (IVU5 (017 + 19U (011 dr) , (3:58)
v 0

t
[Uey ()13 + f [VUgy (0)1I?d7 < Cis (1Uo¢ 13 + I1Uo13 + nllSoll3) - (3.59)
0
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Moreover,

t t
/ 1Use(0)|2dx < Cro / (U@ + 1 (18,12 + 18:(0)12)) de. (3.60)
0 0
Putting (3.48), (3.57)-(3.60) together, we get the following lemma

Lemma 3.8. Under the assumptions given in Proposition 3.1, there exist a positive constant C;s > 0 and a sufficiently small
constant n; > 0 such that foranyn < n; and t € [0, T], U(t, €, y) verifies

t
IVU (117, + f (IV2U: 1, + 10 (0)1}) de < Crr (100125 + U3 + 18013) - (361)
w 0 w w

With the a priori assumption (3.4) and the estimates above in hand, we can further derive the following estimates:

2 t 2
Ha§1+1a;<zu(t)Hl+/0 HV3§1+13)’,<2U(-5)H dr

2
<o0(1) “a;‘l*laykzuo“l+C(N(t), n| Y / Hva"l“a" U(‘L’)H dr

K 4k, <kq+ky

t t K 2
]|ay"U(r)||f+/ [Vaku@|*de < 0(1) 850> + v (o), m) {Z/ Jaeayruc] de
0 0

kK <k

I<2+1

S )H n Ha 28t(r)H >dr L k<4 ky+k <5, (3.62)
k/ <ky

n/(;t <H 3yk/+13(f)H2 n ‘ 3yk/3t(f)Hj> d,} , k<4, (3.63)
/ Haklakzu[(f)deT < C(N(D), 1) / (‘va 3, U(r)“ H\/JU(,)HZ) de
K +k/ <ki-+ky
. Z / ( I<2+16( )H +H325f(f)H )dr k<3, ki k<4, (3.64)

Hak1+1

/ HV8k1+18k2U(r)H dr

2 t 2 /
<o(1) Hagl“afzuoul +CNG®), ) f (Hagl“aj‘zut(r)u + Y vetaue) )
0

k/l +k/2 <kq+ky

||a;<za<r>||? + / Jaf 1500 do

<cNO.) Y / ( (Ha U(r)H “aga"ZU(r)H2>+Haﬁs(r)Hz) dr, 2<k <4, (3.66)

1<k <ky

k2+1

S(r)H n Ha St(r)H ) L 2<ki+k <4, (3.65)

and

t
/0 laf28: (o)} dr < cvee), m) / (laer1s]7) ar

k, <ky

o [ (Jatvol] + [abveo] + o] )ar | 1s0s3 o)

1<k <k;
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Here O(1) denotes some positive constant independent of T and n and C(N(t), n) stands for some polynomial of N(T) and
n satisfying C(0, 0) = 0.

A suitable linear combination of (3.62)-(3.67) together with (3.34), (3.36) and (3.61) yields that there exists a sufficiently
small constant g > 0 and a positive constant C; > 0, which are independent of T such thatif 0 < n < ng and the a priori
assumption (3.4) holds, then U(t, &, y), §(t, y) satisfy (3.2). This complete the proof of Proposition 3.1.

Now we turn to prove Theorem 3.1. In fact, based on Propositions 2.1 and 3.1, we can exploit the continuation argument
to extend the unique local solutions U(t, &, y), 8(t, y) of the Cauchy problems (2.33), (2.28), (2.32) and (2.26) constructed
in Proposition 2.1 step by step to global solutions provided that the initial perturbation Uy (&, y) and &y (y) are sufficiently
small such that (3.1) holds.

As a by-product of the above argument, we can deduce that the global solutions satisfies (3.2) for all t > 0.

To complete the proof of Theorem 3.1, we only need to show that (3.3) holds. For this purpose, we have by Gagliardo-
Nirenberg’s inequality that

1 1
ltaeum| <o |atapue|” |[viarauo|’. k+ie <4k <3, 68)

ois0] . < 3501 [3280] . 1<k <4
On the other hand, we see from (3.2) that

4
S (IVU@[; + [V U + [VUo | + [V o]) e LR,
k0 i i (3.69)
> (las s + [aks]) e '@,

k=0
which together with (3.68) implies that

lim  sup Z VKUt €. )| + [V Ut . )| + |58 (e.y)| + [0 18(t. y)|) = (3.70)
T (6.y)eR? =

Furthermore, from (3.70), we can deduce that

lim sup Z|V"(u(t £,y) — ()]

t—00 *, y)€R2

< lim sup Z (V5 (u(t, £,y) — $(& + 8t )| + |05 + (6. y) — $(E))])

7% wyer? ko
< 0(1) lim supZZ (|V (. &.9) = ¢& + 8. )| +[3y5(.)])
(x.y)eR
=0 (3.71)

and (3.3) follows from (3.70) and (3.71). This completes the proof of Theorem 3.1.
Finally, we show that if (1.12) holds, then the assumptions imposed on Uy(&, y) and §¢(y) in Theorem 3.1 holds. In fact,
let p’ > 1 be some constant, we see from (2.26) that

2
/ 0080 dy < 7>y / ‘ f (3¢ (o (x, y) — $(x))) dx
a<5 a<5

A

dy

< ”Z//(szw (3 (wo(x. ) — $(x))) dxdy/<1+x2>
a<5
<Y [+ 3oy - 600)° d. (3:72)

a<5
On the other hand, for ||Uog ||f15 , we can deduce from (2.24) and (3.72) that

> [[ wiorvaandy <2 Y [ [ [wlo aty) = 600 P + wia® 60 = gt~ da) 7] dcy
lae|<5

| <5

<2y // w|d* (uo(x. y) — ¢()) |* dxdy + 0(1) > /wwz(x+950)dx/|ay‘“‘50(y)|2dy

loe|<5 || <5

Please cite this article in press as: Q. Xiao, H. Zhao, Nonlinear stability of generalized Benjamin-Bona-Mahony-Burgers shock profiles in several
dimensions, J. Math. Anal. Appl. (2013), http://dx.doi.org/10.1016/j.jmaa.2013.04.054




22 Q. Xiao, H. Zhao / J. Math. Anal. Appl. 1 (RER) IRE-RNN

<0 Y [ wio® wotxy) — p) P axay +on? Y- [ 15500 ay

la|<5 lae|<5

<Gw) Y. / / (1439513 (o(x, y) — $(0) [ dcy, (373)

Jer|<5

where 0 € (0, 1).
Finally, for ||Up||2, we have from Lemma 2.3 and (3.72) that

MZ:S // |89 Up|? dxdy
23|I
=M}

I

0 X ’
<Ce) Y / / f (14297 [0°Up. (2, y)I dzdxdy

2 2

f 0% (up(x,y) — ¢p(x)) dz| dxdy

/ 0% (up(x,y) — ¢ (x)) dz

—0o0

dxdy + //
0

2
dxdy

f 0°(B(x) — S(x+ 80)) dz

2
dxdy

/ % (p(x) — P(x + ) dz

|| <5
+f(p/)2/f / (14257 [0°Up, (2, y)I? dzdxdy
laj<5¢/ /O Jx
0 X 00
+o<1)/f (/ n2e2Cn| dz+/ n?e 2kl dz) dxdyZ/w;aode
—0Q —0Q X 0155
<Gom' ) // X1 (14 %)% 3% (o (. y) — (x)) [ dxdy. (3.74)
|| <5

Have obtained (3.72)-(3.74), it is easy to see that if (1.12) hold true, then Uy(&, y) and 8y(y) satisfy all the assumptions
listed in Theorem 3.1.
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