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HIGHLIGHTS

We obtain a new Steckin inequality for the combinations of Bernstein operators.
This inequality gives the optimal approximation rate.

We give the strong converse result for the combinations of Bernstein operators.
This result covers the direct estimate, the converse result and the saturation.
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1. Introduction and main results

Bernstein operators on f € C[0, 1] are given by
n
Ba(f.X) = ) pui(f (’f) . Pk = (n) X1 —x"k
pard n k
The relation between their rate of approximation and the smoothness of the function approximated has been investigated
in many papers. In many cases, such investigations lead to the so-called direct estimate, the converse result and the
saturation. Among these investigations, the Berens-Lorentz theorem [2] is an early influential converse result. M. Becker [1],
Z. Ditzian [3-5], and V. Totik [ 12] later proved this type of converse results for various cases. In 1992 D.X. Zhou [19] proved
the final case by confirming the conjecture of Z. Ditzian [5]. In 1994, Ditzian [6] obtained the upper pointwise estimate for
approximation by the Bernstein operators. The saturation for these operators was found in [11,18]. In 1994, V. Totik [13],
H.B. Knoop and X.L. Zhou [10] obtained the strong converse inequality for approximation by the Bernstein operators
respectively. In other words, for some constant C > 0 independent of f and n, one has

Cll (F.n™'?) < |IBof —fIl < Ca (f.n™ /%), Vf eclo,1]. (1.1)

Here a)é(f, t) denotes the second order modulus of smoothness with weight function ¢ (x) = (x(1 — x))'/? (see [7, pp. 7-8]
for details), and |If |l = [If llcfo,11-
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Because of the Korovkin theorem (see e.g. [11]), the optimal rate of the convergence for a positive operator cannot be
faster than that of C? functions. Therefore, in order to obtain more efficient approximation operators one has to consider
non-positive operators. To this end, in [7, p. 116] the following combinations of Bernstein operators were introduced for
r > 1by

r—1

Bur(f, %) =) ci(mBy(f, %),
i=0
where n; and ¢;(n) satisfy

r—1
@n=no<--<n_y<Kn; (b)) lc(m] < C;
i=0

r—1 r—1
(C)ZQ(H)Z]; (d)Zc,-(n)nf:O, p=1,2,...,r—1
i=0 i=0

It was shown by Z. Ditzian and V. Totik [7, p. 11] in 1987 that

[Bar(F) — fII < C (2 (F.n7 %) +n7"|IfF]). (1.2)
and for0 < o < 2r
IBrr(F) = fll = 0(™*?) & 2 (f. 1) = O(t%), (1.3)

where a)if (f, t) is the 2r-th modulus of smoothness with the step-weight function ¢(x) = /x(1 — x) (see [7, pp. 7-8]).

The results above are the so-called norm direct and converse results. In [7, p. 122] they also obtained a strong type of
Steckin inequality for the combinations of Bernstein operators. In 1995, D.X. Zhou [20] extended the Berens-Lorentz theorem
to higher order of smoothness, by proving pointwise direct and converse results for these combinations by the r-th classical
modulus of smoothness w;, (f, t), where r is the number of terms in the combinations. In 1999 and 2000, L.S. Xie [17] and
S.S. Guo et al. [8] respectively obtained similar results as mentioned above for the combinations of Bernstein operators by
the 2r-th Ditzian-Totik modulus of smoothness w? (f, t). The similar results on pointwise simultaneous approximation by
the combinations can be found in [15]. However, tla')ne saturation problem for all r > 1 was first solved in [16]. It is necessary
to mention some notations here.

Fork=1,2,...let

ajk = jaj -1+ (k — Daj_1,k2 (1.4)
with

apr =0, a =1, ar2k = 2k — 1,
where 1 < j < [k/2] if kiseven and 1 < j < [k/2] otherwise. The differential operators needed are given by

~ Gjryj j iy

P,(D) = ; g 1 = 0Y (= 29hD,
where §; = 0if j is even and §; = 1 otherwise. We use these differential operators to define the K-functional, namely,

K(f,r.t)= igf{llf — gl + P (D)g | + > gD

where as usual p(x) = 4/x(1 — x) and g € C2*+1[0, 1]. We proved in [16, p. 87] the following

Theorem 1.1. For fixed r > 1 the following statement is true:
[Bnr(F) — fll = O(n™") & K(f, 1, t) = O™).

In [16] we also studied the problem of whether one can replace K(f, 1, t) = O (t*") by o' (f, t) = O(t*"). Thus, let

ar,r41 3 i1, r+j+1 .
o(x) = + - xx—1)---(x—j+1).
= Z(r+]+1)!( )X =i+ D

We have (see [ 16, p. 88])

i=1

Theorem 1.2. Let r > 1 be fixed. If —1 & {Rex : o (x) = 0}, then there holds for f € C[O0, 1]
K(f,r.0) = 0(t") <= o (f, 1) = 0().

Let IT,, be a set of algebraic polynomials with degree n, and
Ey(f) = inf |If —P|.
Pelly
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In this paper we will prove a new strong type of Steckin inequality for B, ; (), i.e.,
Theorem 1.3. For fixed r > 1 there is a constant C > 0 such that for f € C[0, 1]andn =1, 2, ...

IBrr (F) = Fll < C(K(F,r,n™ %) + n7"Er(f)) (1.5)

and

k=1

K(f,r,nV?) <c (n”“ D KB () — fIl + anr(f)) : (16)

Remark 1. Theorem 1.3 implies the saturation for the combination of Bernstein operators. We know that the classic Steckin
inequality for operators does not give an optimal approximation rate, while (1.5) and (1.6) imply the result of Theorem 1.1.
In fact, if K(f, r, t) = O(t¥), by (1.5) we have

B+ (f) = fll = 0(n™").
On the other hand, if ||Bx - (f) — fIl = ©O(k™"), by (1.6) we get

n
K(f,r,n7% < (nrl/2 Zqu/z kT + anr(f)>
k=1

<Cn,
which implies K(f, r, t) = O(t%").
The following theorem gives the so-called strong converse result for approximation by By, , (f).

Theorem 1.4. Let r > 1 be fixed. If —1 & {Rex : o (x) = 0}, then there holds for all f € C[0, 1]andalln = 1,2, ...

max B (f) = f1l +n7"E(f) < o (F.n~ %) + n7"E(f), (1.7)
k>n

where the symbol X < Y means that there exists a positive constant M independent of n and f such that M~'Y < X < MY.

Remark 2. The equivalence (1.7) covers the direct estimate (1.2), the converse result (1.3) and the saturation (see
Theorems 1.1 and 1.2) for norm approximation by these combinations. In fact, from (1.7), we have

1Bnr (1) = FIl < max|iBer (1) = fIl < C (@ (F,n™"2) + 0771,

which is the direct norm estimate for B, - (f). Secondly, if wé’(f, t) = 0(t%) for 0 < o < 2r, by the above inequality we
have

1B, (f) = fIl < Cn=e/2. (1.8)
On the other hand, if ||B, - (f) — f|| = 0 (n=*/2) for 0 < o < 2r, by (1.7) we have

o (fon?) =cC (r,nax IBer(F) = f1l + n—fEr(f)) :

Setting [|By, r (f) — fll = maxysn ||B,r (f) — f |l withng > n,
w;r (f’ n71/2) C (”Bnom(f) —fll+ nfrEr(f))

< Cn™?,

IA

which, combining (1.8), implies the norm converse result (the case 0 < o < 2r) and the saturation (the case « = 2r) for

B ().

Remark 3. The so-called Berens-Lorentz type theorems are the pointwise converse results for the operators. The complete
characterization given by D.X. Zhou [19] is a case in point. However, as the simple example f (x) = x?, with B,(f, x) —f (x) =
M0 put o} (f,n~?) = 5., shows, it is impossible to have pointwise lower estimate like (1.1) for Bernstein operators.
The same is true with the combinations of these operators.

Theorems 1.3 and 1.4 will be proved in Section 2. Throughout this paper, C denotes a positive constant independent of n
and x, whose value may be different in different situations.

2. Proof of Theorems 1.3 and 1.4

We begin with the following
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Lemma 2.1. For P, € IT, satisfying
1P — fII < CEx(f),
we have

If = Pall +n 2" |PA(D)Py [l + n~ 2 M@ TPV < K(F, r,n7 ). (2.1)

Proof. Clearly, we need only to verify the following three inequalities:

If = Pall < MK(F.ron™h), @ PRV < MK (f ron T
and

IP-(D)Pall < M*'K(f, 1, n7"). (22)
The first two are evident as

0N ) S (L), E(f) < ColT(fnTT)
and

||(p2r+lpr$2r+l) ” < Cn2r+1w;r+l(f, Tlil),
which can be deduced immediately from the definition of K(f, r, t), (7.2.2) and (7.3.1) in [7]. To prove (2.2) we choose
g € C¥+10, 1] such that

If —gll +n~> IP-(D)gll + n~> |9 gV < 2K(f,r,n 7). (2.3)
We may assume n = 2™, P,j € I1,;, j=m+1,...,and

1Py —gll = Ey(g), j=m+1,....

Thus we have

o0

g—Pm = Z(sz+1 — Py).

j=m
From Theorem 7.2.1 in [7] and (2.3), we conclude
_i\2r+1
Py — Pyl < € (279) g 1@
< CRHFHIQMIFIKE, r,27™), j=m+1,....
Obviously, this estimate holds also for j = m. Hence, by using the Bernstein inequality, we get finally
IP(D)(g — Pym)[| < C ) 22027 207922m4mK (£ 1 27

Jj=m
< C2°™MK(f,r,27™),
which implies (2.2). O
Denote E, = [a/n, 1 — a/n] for fixed a > 0. For the moments of the operator B, , we have shown in [16, p. 89]:
Lemma 2.2. Let x € E,,C(n) = Zf;ol ci(myn;" and a;  given by (1.4). Then for some €, € Lip1 satisfying €,(0) = &(1) =
0, €2;,_1(x) = 0 and €,,(x) = 0, we have
Brr((- =201 %) = Cox(1 =0 (1 = 207+ ay 14,
andforr+2 <k <2r

nr+1

2(k—r—1)
Bur ((- — %)%, %) = C)(x(1 — %) (1 — 20 (@_r  + (X)) + O (@700) .

Moreover, following the notations of Lemma 2.2 we have (see [16, p. 92])
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Lemma2.3. Let P € [], withm < /1, then the following inequality is true for all x € [0, 1]:

*(1 = x))'

By (P, X) — P(x) — C(n) ; !

(1= 207 (a1141 + €r44(0)) PTH ()

< C‘] (n—r—l/2 ||(p2r+lp(2r+l) ” + n—r—l ”P”) ,

where Cy is a positive constant independent of P and n, and €,11(x) = 0.

619

(2.4)

Let g be a given algebraic polynomial, and ¢ = {Rex : q(x) = 0}. We need also the results concerning the following

differential operator (see [14]): let
I
P(D) =Y ai(®)(x(1—x))'D"",
i=0
whereo; € Lipé, i=0,1,...,], forsome0 < § < 1and ¢(x) # 0 for x € [0, 1]. Let further

I
00(x) = g(0) + ) oi(Ox(x — 1)+ (x — i+ 1)

i=1

and

1
01(%) = ap(1) + Y _(~Dio(Dxtx = 1)+ (x =i+ 1),

i=1
We have (see [9, pp. 80-81] and [ 14, p. 251])

Lemma 2.4. Let @ > 0 be fixed. Then there is a constant A > 0 such that forallP € IT, and alln = 1, 2, .. ., there hold

l* 2 P | < An(]l@**P(D)P]| + [l9**P])
and lf — ¢ ooUo,
lp* 2P| < ACl9**P(D)PI| + l|9**PI).
Moreover, if oo(x) = X00,0(x), 01(x) = x01,1(x) and 0 € 599 U 01,1, then (2.5) also holds for « = 0.

We are now in the position to verify Theorem 1.3.
Proof of Theorem 1.3. Let P, € I, with m = [/n] satisfy

IPm = fll = Em(f).
By (7.2.2) and (7.3.1) in [7] we have
IPn — fIl < CaZ*'(F. 071/
and
o> +1PCr+)| < Cm2r+1wér+1(f’ n=172y.
As (see (2.1.4)in [7])
W L0 = inf (I — gll + g )
we conclude by the definition of K(f, r, t) that
a)(f,'“(f, n~ %) < CK(f, r,n"?).
By (2.6) and (2.8), we have
[Bn,r (F) = Il < 21l — Pmll + [IBn,r (Pm) — Pl
< CK(f, r,n""?) + [[Bor (Pm) — Pnll.
Using (2.4), (2.7) and (2.8), we obtain for x € [0, 1]
~ ¢*(x)
— (r+1i)!

|Bnr (Pm, X) — Pm(®)| < |C(n)] (1= 2%+ (@,r4i + €4:(X)) PUT (x)

+C(KG r,n )+ 0 Pyll)

(2.9)

(2.10)
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We know that €3,_1(x) = €:(x) = 0, and €,4; € Lip 1 with €,4;(0) = €,,;(1) = 0fori = 1,2,...,r — 2. Thus, there is

C > 0 such that |e,;(x)| < Ce?(x)forx € [0, 1]andi= 1,2, ..., r — 2.In what follows we should prove
lp? 2PV < € (IP(D)Pwll + IPnl)  fori=1,2,...,r =2, (211)

Indeed, we may assume m = 2*. The set 5o U & for P,(D) has only finite elements. We have 0 < « < 1/2 satisfying
—a €ooUo . LetPy € I,;,j=0,1,...,k— 1, be the best approximation of P, with the weight ¢2*. Then, we have from
Theorem 8.2.11in [7]

9 (P — Pl < C27F (> PEVN| + |Pul), j=0,1,....k—1.
Consequently, we conclude from (8.1.4) and (8.1.3) in [7]

k—
||(p2i+2Pr("T+i) ” 5 Z (p2i+2 (sz+1 _ sz)(H—i) ”
Jj=

< C) 2@V g(Pysr — Py
< €)Y 27(|9** PG| + ||Pmll)

1
Il
0
k—1
j=0
k
=0

IA

CAlg* 2 PE0 | + (1Pl
On the other hand, as —o ¢ o9 U o1 we get by (2.5)withl =r
l** 2 PEON + (1Pl < ACIP-(D)Prll + [[Pmll)-
Thus, (2.11) follows from the last two displays. From (2.11), we obtain
~ ¥ ()
— (r +1)!

(1 =224 (@41 + €4i(%)) PY T (x)| < CUIPH(D)Ppll + [Pl

Therefore, as C(n) =< n™", we conclude from (2.10) and (2.1)
I1Bar(Pm) — Parll < Cn ™" (IPr(D)Pyall + [IPmll) + CK(F, 7, ™ 1/%)
< C(KE r,n ) +n7"|f). (2.12)
Combining (2.12) and (2.9) we have finally
IBor(F) = fIl < C(K(F,r,n™ ) +n7"|f1]).
This inequality implies (1.5), since for any P € [T,
IBus(f =P) = (f = P)| = 1Bar(F) = fIl and K(f —P,r.n™"%) =K(f,r,n"?).

To show (1.6) we notice that if we define

5y T %(x) (1-2 )sm-( e ))DT-H
»(D) = ; r +0)! — X Qi i+ €rpi(X )

then the set o U &, for P, (D) is the same as for P, (D). Consequently, (2.11) holds also for P, (D) instead of P, (D). Thus,

kA Bri (r+) 5
— (1= 29" (OPY (0| < C (IPDPall + IPull)
= (r+1)!
Therefore,
1P )Pl = € (I DIPul + 1Pl 2.13)

On the other hand, we have

K(f.r,n™ ") < C(IIf = Pull +n""[IPA(D)Py || + 07"~ o® 1P HD) .
We already know from (2.6) and (2.7)

”f _ Pm” 4 nfr—1/2||¢2r+11)'512r+1) ” < Cw;r+](f’ n*l/Z)7
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and from (2.13), (2.4), (2.6) and (2.7)

"I, (D)Ppl| < C (I1Bnr (Pm) = Pall + 2 (f, 0™ 2) +n7"|If]) .
Hence, there holds

K. 1,07 %) < C(IBnr(Pn) — Pall + ) ' (F. 0~ %) + 07" |f]]) .
Following from Theorem 9.3.6 of [7]

n
N (fon ) < Cn T (Z K2 1Ber (F) — f1l + ||f||)

k=1

and from (2.6)
IBn.r (Pm) = Pull < (I1Bor (F) — fIl 4+ Ca2 1 (f, n™"72)).

Consequently, we obtain

n
K(f,ron™ = ¢ (lanw(f) —Fl TN T B () — £ + nrllfll) .
k=1
Multiplying by n"~1/2
of K(f,r,n"/?)

on both sides of the above inequality and taking the sum from N to 2N, we obtain by the monotonicity

2N
N2K(f,r, @N) V) < € (Z K12 1B (F) = fIl + N‘“IIfII) :

k=1
which obviously implies (1.6). O
Next we should apply Theorem 1.3 and Lemma 2.4 to verifying Theorem 1.4.

Proof of Theorem 1.4. It is easy to see that for P, (D) the functions oq(x) = xo(x — 1) and o1(x) = (—=1)"x0(x — 1). As
—1 & {Rex : o(x) = 0}, the operator P, (D) satisfies the condition of Lemma 2.4 for « = 0. We obtain from (2.5) that there
isaconstantA > OsuchthatforallP € I[T,andalln=1,2, ...

lg* P71 < ACIP (D)P]| + [IPID. (2.14)
On the other hand, if P,, € IT,; with m = [/n] is such that ||f — P,|| = E(f), then
@ (F,m™") < C(If = Pall +m~* 9> PS7])) .
Thus, we have from (2.14) and (2.1)
@ (F, m™") < CIf = Pull + m™2"|P-(D)Py| +m~2"|If]])
C(K¢E.rom™) +m~f]),
which obviously implies
ol (f.m™) +mE(f) < CK(f.r,m™") + m > E ().
Therefore, it follows from (1.6) that

IA

IA

X (f. ) +nE() < C (n‘r‘”2 Xn:kr_l/ZHBk,r(f) —fll+ n‘rEr(f)> :
k=1
Consequently, for 7 = 0, 1/4 we obtain from the last display
o (%) T EAP) < O max KT (B () — Il 4+ E ).
On the other hand, let J(f, t) = w?/ (f, t) 4+ t*E.(f), then J(f, At) < CA*'J(f, t) for 1 > 1. We conclude from (1.2)
T max K (B () = Fll + 07 E () < G 0.
Combining the last two displays, we obtain finally for r = 0 and 1/4

=TT max K (B (F) = fIl 4 T E (D) < J(F, n ). (2.15)
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Hence, there holds

n™" max K (1B (F) = fll 4 n7"E (1) = ™" max KVAIB () = Fll + 7 E ().
Assuming 1 < ko < n satisfies

max K VAIBe () = fll + 7 E (D) = ko™ (Bigr (1) = 1l 4 nTEA),
we have for some Cy > 0

ko (IBky,r (F) — FIl + n""Er (f))

IA

n’ max K" (I1Bir (f) = fIl + n"E-(f))

< Gon ™"V A Bl (1) — FIl + nTTE(F)),
which gives kg > nCy 4 Therefore we have from (2.15)

J¢ ) < eV max KB () = fIl + n 7 ER(F)

IA

Cn Ak A (1Bry  (F) — Il + nTEA(f))

IA

C | max |IBe,(f) = fll +n~"E(f)

k>nCy”

The property of J(f, n~/?) implies

JE. (nCgH™V?) < €| max_[IBer () —fIl +n""Ex(f)

k=nCy

The desired assertion follows from this estimate and (1.2). O
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