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Abstract

We consider a parabolic-parabolic Keller-Segel system of chemotaxis model with sin-
gular sensitivity: w; = Au — xV - (£Vv), vy = kAv — v + u under the homogeneous
Neumann boundary condition in a smooth bounded domain Q C R™ (n > 2), with
X,k > 0. It is proved that for any k& > 0, the problem admits global classical solutions,

whenever y € (0, f% + %1 [(k—1)2+ %) The global solutions are moreover globally
bounded if n < 8. This shows a way the size of the diffusion constant k of the chemicals
v effects the behavior of solutions.

2010MSC: 35B40; 92C17; 35K55
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1 Introduction

In this paper, we consider the parabolic-parabolic chemotaxis system with singular sensitivity

ut:Au—XV-(%Vv), x e, te(0,7),

vy = kAv — v+ u, xeQ, te(0,T),

Oou  Ov 9 (1.1)
5—5—0, S 5 tE(O,T),

(u(,0),0(x,0)) = (uo(x), vo(x)), = €,

\

where x,k > 0, Q is a smooth bounded domain in R" (n > 2), 8% denotes the derivation
with respect to the outer normal of 92, and the initial data ug € C°(2), ug(z) > 0 on ©,
vo € WhH4(Q) (g > n), vo(z) > 0 on Q.

The classical Keller-Segel system of chemotaxis model was introduced by Keller and Segel
[6] in 1970 to describe the cells (with density u) move towards the concentration gradient
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of a chemical substance v produced by the cells themselves. Various forms of sensitivity
functions can be chosen to model different types of chemotaxis mechanisms. Among them

¢(v) = X was selected in (1.1) largely due to the Weber-Fechner’s law for cellular behaviors,

where the subjective sensation is proportional to the logarithm of the stimulus intensity [7].

XZ” , which may

With ¢(v) = %, the cellular movements are governed by the taxis flux
be unbounded when v ~ 0. In the model (1.1), the values of the chemotactic sensitivity
coefficient y and the chemical diffusion constant k£ play significant roles to determine the
behavior of solutions.

Recall the known results in the field with £ = 1. At first consider the parabolic-elliptic
analogue of (1.1), where the second parabolic equation in (1.1) is replaced by the elliptic
equation 0 = Av — v + u. It was known that all radial classical solutions are global-in-time
if either n > 3 with y < 25, or n = 2 with x > 0 arbitrary [9]. When 0 < ¢(v) < ¥
with [ > 1, x > 0, there is a unique and globally bounded classical solution if y < % (1=1)
l

or x < % : (l_l)ﬁ'y(kl) (I > 1), with v > 0 depending on Q and wug [3]. Next consider

the parabolic-parabolic case. All solutions of (1.1) are global in time when either n = 1
[11], or n = 2 and x < % under the radial assumption, while y < 1 under the non-radial

assumption [1, 10]. For n > 2, (1.1) possesses global classical solutions if 0 < x < \/g, and

moreover, x < 3’;‘?4 ensures the global existence of weak solutions [14]. In addition, the

global solutions are globally bounded with x < \/% [2]. Refer to [8, 12, 16] for more results
on chemotaxis models with singular sensitivities.

Recently, under somewhat complicated conditions, Wang [13] established classical global
solutions to the problem, a similar model to (1.1),

ut:V~(Vu—ﬂVv), xeQ, te(0,T),
v+ c

vy = kAv — av + Pu, xeQ, te(0,7),

ou  Ov

%—5—0, xG@Q, tG(O,T),

(u(z,0),v(x,0)) = (uo(z),v0(z)), =€,

with x, ¢, k,a, 8 > 0. In the present paper, motivated by Winkler [14] and Fujie [2], we
will prove the global existence-boundedness of classical solutions to (1.1), with simplified
conditions. That is the following theorem.

Theorem 1 Let n > 2, uy € C°(Q), vg € WH4(Q) (¢ > n) with ug > 0, vg > 0 on
Q. Then, for any k > 0, there ewists a global classical solution to (1.1), provided x €

(0, —% + %\/(k: —-1)2+ %) Moreover, the solution is globally bounded under n < 8.

Remark 1 Theorem 1 shows in what way the size of k > 0 (the diffusion strength of the
chemicals v) effects the behavior of solutions to (1.1). It is interesting to observe that when
n = 2 the global existence-boundedness of solutions is independent of the size of k > 0, since

—% + 34/ (k—1)2+ % = 1 with n = 2. Quite differently, when n > 3 the contribution of



k > 0 is significant that the range of x for global existence-boundedness of solutions will be
enlarged (shrunk) as k& > 0 is decreasing (increasing). The arbitrariness of k£ > 0 yields the
“maximal” range with x € (0,1) or the “minimal” range with y € (0, %) That is to say for
any x € (0,1) (close to 1), there is &k > 0 (small) such that the classical solution of (1.1) is
globally bounded. On the other hand, for any k£ > 0 (large), there is x € (0, %) to ensure
the global boundedness. Finally, it is pointed out that if k¥ = 1, the required range of y in

Theorem 1 becomes 0 < x < \/% , which coincides with those in [2, 14].

Remark 2 Now compare our results for the parabolic-parabolic chemotaxis model (1.1) with
those for the corresponding parabolic-elliptic model, which can be considered as a special case
of (1.1) with the diffusion constant of the chemicals v sufficiently large [5]. Just as mentioned
in Remark 1, letting £ > 0 be arbitrarily large results in the “minimal” permitted range with
0<x< % This does agree with those obtained for the parabolic-elliptic model in [3].

2 Preliminaries

In this section we introduce the local existence of classical solutions to (1.1) with required
estimates involving x and k, as well as some technical lemmas for the global boundedness as
preliminaries.

Lemma 2.1 Let n > 2, ug € C%(Q), vo € Wh4(Q) (¢ > n) with ug > 0, vo > 0 on Q.
Then, for any k,x > 0, there exists Tyax € (0,00], such that (1.1) has a unique nonnega-
tive solution u € CO([0, Tinax); CO(Q)) x C%H(Q x (0, Tyax)) and v € C°([0, Tnax); C°(Q)) x
C*HQ x (0, Tnax)) X Llo(fc([O,T); Wl’q(Q)), where either Topax = 00, or Thax < 00 with
limy 7, ([[u(- )| Loo (@) + V(5 D) llwa()) = oo

Proof. For £ > 0, it is known from Lemma 2.2 in [2] that there is > 0, such that
infyequ(z,t) > n > 0 for all ¢ > 0. Consequently, the local existence lemma can be ob-
tained by the classical parabolic theory, refer to [4, Theorem 3.1]. O

The following lemma is crucial to establish the global existence-boundedness conclusions

px(1=k)+2k | 2\/k2—pxk(k—1)—px2k]
p(k—1)2+4k p(k—1)2+4k :

of the paper. Denote r(p) := (p—1)]
Lemma 2.2 Let (u,v) solve (1.1) with k >0 and x € (0, —% + 54/ (k=1)2+ %k) If

HU('7t)HLp_7"(Q) < C, te (OaTmax) (21)

with p < r € (r—(p),r+(p)), and ¢ > 0, then

k
P —x(1-k)]4”

/ uPv™"dr < ¢, t e (0,Thax) (2.2)
Q

with some ¢ > 0.



Proof. It is known via a simple computation with (1.1) that

d

7 uPv™"dx = p/ uP T [ Au — XV(EVU)]dQS - r/ uPv™" " kAY — v 4 u)dx
QO v

Q Q
=— / V(P o) (Vu — XEVv)dm + rk/ V(uPv™ ") - Vodr
QO (%

Q
—i—r/ upv_rdx—r/ wPT o Ly
Q Q

=—p(p— 1)/ P20 |\ Vul*dz 4 [pr + prk 4+ p(p — 1)x] / w1V - Voda
Q Q

- [r(r+1)k+prx]/ upUTZ\VU\de—i-r/
Q Q

_ 2
< /Q [p[(p i();(jl?;+ rhl” _ prx —r(r+ 1)k} wPuT" 2| Vol 2da

+7“/ upv_rdx—r/ wPT o Ly
Q Q

by Young’s inequality. Denote

wPo"dr — 7"/ wPtly Ty
Q

pllp — Dx +r+rk)?
4(p—1)

and rewrite it as the quadric expression in r

f(rip,x, k) = —prx —r(r+ 1)k,

Ap = 1) f(rsp, x. k) = [p(k — 1)* + 4k]r® + [2p(p — 1)x(k — 1) — 4(p — D)k]r + p(p — 1)*x*.
We know

Ay =4(p—1)%[px(k — 1) = 2k]* — 4(p — 1)’px°[p(k — 1)* + 4k
= 16(p — 1)*[k* — pxk(k — 1) — px°k] > 0

whenever p < [

m. Consequently, f(r;p,x,k) < 0 for any r € (r,(p),mr(p)). This

yields

d

— | wPv"dx < 7‘/ uPv™"dx — 7‘/ uP o™ e, e (0, Thay)- (2.3)
dt Jo 0 Q

Due to [ uPv™" < ([q upHU*’”*l)#(fQ vp*”)ril, we obtain (2.2) from (2.3) and (2.1).
U

Lemma 2.3 Let v solve the second equation of (1.1) with uw € L*°((0,T); L)), k,T > 0,

1§q§p§oowith%(%—%)<1. Then

||U('7t)”Lp(Q) < C(l + Stl()pt) ||U(, S)HL‘?(Q))v te (OuT) (24)
se (0,

with some C = C(vo, k,p,q,2) > 0.



Proof. Noticing v(-,t) = et2=Dyq + f JEA=1) (.. s)ds for t > 0, by the standard
smoothing estimates for the heat semigroup under the homogeneous Neumann boundary
conditions [15], we can obtain for ¢ < p that

o t)llzrey < 1€ Voo o) / eI EED (-, 5)|| 1o (@ ds

< Clfvoll () + C2 sup Jul-, 8)] Lo / (1+ [k(t — s)]) " 2la e CatRIR=2)l g
) 0

s€(0,t

02 o0 ,Q(l,l) Mo
< Cillvollpee ) + == sup lu(-,8)l[za) [ (L+a) 2ta »e”%a, te(0,T),
0

k s€(0,t)
where C1,Cy > 0 depend only on 2, and A1 is the first nonzero eigenvalue of —A under the
Neumann boundary condition. This proves (2.4). O
Instead of taking r = Tl in [2], we deal with the more complicated r = (p— 1)%
to describe the effect of the chemical diffusion rate k, and denote h(p;x, k) := %.

With h(p) := h(p; x, k) for simplicity, we have the following lemma.
Lemma 2.4 Let k>0, x € (0,—%52 + 3\ /(k—1)2+ ) and p € (1
h(p) € (0,1).

Proof. We have h/(p) = ZU-REU k)]

[p(1—k)Z+4k]2
Tf k = 1, then h(p) =
If k£ > 1, then W/ (p) <

k
 per ) Then

, and SO
0< X — = Wt = 0) = h(—F 0) < h(p) < h(1+0) = ZXCD o
k-1 = M SEsa= A v ) p — (—k)7+1k
2k <.

(1+k)

Now suppose 0 < k < 1.
If 0 < x < 5%, then I'(p) < 0, and so

1—k)42k 2k+x(1-k .
0< 2% pli%%<h()<h(1+o)=#w<é7
If y = 15& thenh()_2,

If 15k <X<1—k: then h/(p) > 0, and so

2k+x(1—k 1-Fk)+2k
1< 7(13‘&) L — h(140) < h(p) < Jim n B = X

IN

1.

~(k— [(k—1)2+
fl-k<x< Dy )7 thenh’()>0,andso

2

> okiy(l-k
0 < g5 < : (—’iﬁ(kl) )—h(1+0)<h( ) < h(

v X(1 50 =53 <L
The proof is complete. O
Denote ¢g := infpe 1 21 h(p) and A= SUPpe(1,n] h(p) with n > 3. By Lemma 2.4 and

its proof, ¢, € (0,1). The following lemma with cy and ¢? will play an important role for
estimating the bound of u by the involved iteration in the next section.



Lemma 2.5 Letk >0, x € (0, =%t +21/(k —1)2 + 85). Then "[(1_(i)_x2;)c?l__csg;r260x —x>0
for all x € (1, 5], provided n < 8.

Proof. Denote

n[(1 - )z + @ — ¢o] + 2coz .
(n —2x)(1 = co) ’

ﬁ].

f(z) = x € (1, 5

It suffices to show that g(z) := 2(1 — cg)z? + [2c) — n(® — coz + n(® — co) > 0 in (1, Z].

The case of ¢y = ¢ € (0,1) is trivial.

Now suppose 0 < ¢g < ¢ < 1. We have A, = [2¢g — n(c® — ¢p)]*> —8n(1 —¢o)(® — ¢o) =
[n(c®—co)]?+ (4o —8)n(c® —cp) +4c3 < 0, and hence g(x) > 0, whenever 4—2co—4y/T — ¢y <
n(c® —cp) <4 —2cy +4v/1 - cp.

If n(c® — cp) < 4—2co —4v/1—cp, then Ay > 0. Due n(c® —cg) — 2co < 4(1 — cp) —
4y/1 — ¢ < 0, we know that both the two roots of g(x) must be negative. With g(1+0) = 2,
we obtain g(z) > 0.

If n(c® —cp) > 4 — 2co + 4y/1—cg, then A, > 0, and the two roots of g(z) satisfy
xg > x1 > 0. Together with g(1 +0) = 2 and g(5) = ”72(1 — ) + ncy > 0, the positivity
of g(x) for x € (1, %] requires that the minimal point of g(z) satisfies % < 1,
ie., n(c” — cp) +2co < 4, by Vieta’s formulas. This contradicts the case n(c’ — ¢y) >

4 — 2¢o + 44/1 —¢o. So, the case itself should be excluded to ensure g(z) > 0 in (1,3].
(n—2)c0+4+4 1—co é
n

Rewrite the case as ¢” > a(co) with ¢g € (0,1). We get a contradiction
that ¢ > a(cp) > min{a(4+0),a(1 — 0)} = min{%2 8} > 1, whenever n < 8. O

n ’'n

3 Proof of main result

We deal with the proof of the main result of the paper in this section.

Proof of Theorem 1.

We at first show that the local solutions ensured by Lemma 2.1 should be global. For
simplicity, denote T" = T ax.

Assume p > ¢g. By the Holder inequality, we have

pP—q

” a - p—q
/uqda::/(upv’")zvﬁqu < </upfurdx)p</ vﬁdx> "0<t<T. (3.1)
Q Q Q Q

k
Let p < rermeor
(r—(p),r+(p)) that ;

—/ wPv"dx Sr/ uPv™"dx, te€ (0,T),
dt Jo Q

We know from (2.3) in the proof of Lemma 2.2 with r €

and hence

/ uPv"dx < C, te€(0,T) (3.2)
Q



with C = C(t) > 0. Notice that x € (0,551 + 1\ /(k —1)2+ 2) with p <
admits p > 7.

Take ¢ € (%,p) C (1, min{p, [Z(_p;ﬁ }). Then %(% - pT;qq) < 1. By Lemma 2.3, we have
with C7 > 0 that

k
DX (B—1)]+

oll 21, ) < Cr+ s lullzoy), 0<t<T. (3-3)

(€2 s€(0,t)

Combining (3.1)—(3.3) yields

/ ulde < Cg(l + ( sup / uquﬁ), te(0,7),
Q s€(0,t) JQ
and hence [, u?dxz < Cj for t € (0,T), where Cy = Cs(t) = Coe™ with Cy > 0, C3 = C3(t) >
0, and % < ijl < 1 by Lemma 2.4. Thus, we can follow the proof of [14, Lemma 3.4] to
obtain the global existence of solutions for (1.1).

Next, we prove the solutions established above are also globally bounded if n < 8. We
should verify that [, u%dx < C with some ¢ > % and C' > 0 [14].
The case of n = 2 is simple. In fact, take

k
re (b G,
r=(p—1)h(p).

Then 1 — ]ﬁ < 1. By Lemma 2.3 with the L'-conservation of u, there exists Cy > 0 such
that

),

[vllzp-r() < Cay t € (0,T).

By Lemma 2.2,
/ uPv™"dx < Cs, t€(0,7T) (3.4)
Q

with some C5 > 0. We deduce from (3.1), (3.3) and (3.4) that there exists ¢ > 1, such that
||UHLq(Q) < Cg for t € (0,7) with Cg > 0.

Now consider the case of 3 < n < 8 We should prove (2.1) for some p > % with the
constant independent of ¢ there. We will do it via an iteration procedure based of Lemma
2.5.

1° Take

. k n(l — C()) + 200
po (Lmin{ D+ x(k— D3 (n—2)(1 - co) )

o = (po — 1)h(po)-

Then pg — 70 < po — (po — 1)co = (1 — co)po + co < ;5, ie., 5(1 —
2.3 with the L'-conservation of u, we have

(3.5)

1
Po—To

) < 1. By Lemma

vl ro-ro(y < Cr, t€(0,T),

7



and hence
/ WPy T0dy < Cy, £ € (0,7) (3.6)
Q

by Lemma 2.2, with some C7, Cg > 0. We know from (3.1), (3.3) and (3.6) that ||u|| a0 () < Co

for t € (0,7T) with Cg > 0. If pg > %, take g9 € (%,po) C (1 min{po, n’g—?g]oj})

2° Assume pg < 5. Take

k n[(1 — )po + & — o] + 2copo })
X2+ x(k =14 (n —2po)(1 — co) ’
r1 = (p1 — 1)h(p1),

p1E (1007 min { [

where the well-definedness of the interval for p; is ensured by Lemma 2.5. A simple calculation

shows
(po—r0)
n[(1—c)po + ] _ n(po — o) ”nnT
— < — < — 0
P1 > (1 CO)pl +co < n_ 2p0 = 2p0 n_ 2n(po—70) ’
n—2rg
ie.,5( n(pOI;TO) — rl) < 1. By Lemma 2.3 with pg < g, there is o € (1, %17_07;;))) such that
n— 7‘0
H/UHLplfrl(Q) < Cl(), t E (0,T)7
and thus
/ uPto " dr < Cyp, t€(0,T) (3.7)
Q
by Lemma 2.2, with some Cjg, C1; > 0. It follows from (3.1), (3.3) and (3. 7) that [|ul| o (o) <
Chg for t € (O,T) with Ci9 > 0. If p1 > %, take q1 € (%,pl) (1 mln{pl, [n— 2r:]1+)})

3° Assume p;_1 < 5 for some [ € {1,2,3,...}. Take

k n[(1— Co)pl—1 +c0 — co] + 2copi—1 })
X2+ x(k = 1))+ (n —2p-1)(1 — o) 7
= (=1 — Dh(pi—1),

where the interval for p; is well defined due to Lemma 2.5. Repeat the procedure in 2°, we

j2BS (pZ—l,min{ (3.8)

deduce with ¢; € (1, mm{pl, = l2rlr]l+) }) that [ullpa ) < Ci3, 0 <t < T, with some C3 > 0.
Noticing Pl —colt2eopit _y o 5 | - oo by Lemma 2.5, we can realize p; > §

(n—2p;—1)(1—co)
after finite steps. Let ¢ = q; € (§,m) to get [ ulde < Ciy for all t € (0,T) with C14 > 0.

It is mentioned that for any fixed k& > 0, the involved constants C;, ¢ = 4,...,14, are all
independent of ¢ € (0,7") here.
Based on the above estimate |[u(-, )|/ fa(q) with ¢ > 5, uniform for ¢ € (0,7'), we conclude

the global boundedness of u by repeating the related arguments in [14] for the case of k = 1.
O



Remark 3 Notice that py < in (3.5) with x € (O,—% + 4/ (k=12 + %)

admits pg > 4. Moreover, a simple computation shows py < n1—co)+2co
n

(n—2)(1—co)
% > 5 whenever n = 3,4. Therefore, the Steps 2° and 3° in the proof of Theorem

1 are unnecessary for n = 3,4 there. In addition, it should be pointed out that if & = 1,
0

k
D +x(k—1)]+
in (3.5) ensures

then ¢ = ¢y = %, and thus the requirement n < 8 itself can be removed away for the global

boundedness of solutions.
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