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Abstract

We study the asymptotic behavior of a non-autonomous multivalued Cauchy
problem of the form

ou

ot
on a bounded smooth domain € in R" n > 1 with a homogeneous Neu-
mann boundary condition, where the exponent p(-) € C(Q) satisfies p~ :=
min p(x) > 2. We prove the existence of a pullback attractor and study the
asymptotic upper semicontinuity of the elements of the pullback attractor 2
= {A(t) : t € R} as t — oo for the non-autonomous evolution inclusion in a
Hilbert space H under the assumptions, amongst others, that F'is a measur-
able multifunction and D € L*([r,T] x ) is bounded above and below and
is monotonically nonincreasing in time. The global existence of solutions is
obtained through results of Papageorgiou and Papalini.
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1. Introduction

In this paper we study a multivalued Cauchy problem of the form

{ g—%(é)_— div(D(t)|Vu(t)|P@ =2V u(t)) + |u(t)|P@2u(t) + F(t,u(t)) 2 0
(1)

on a bounded smooth domain €2 in R", n > 1 with a homogeneous Neumann

boundary condition, where the exponent p(-) € C(£2) satisfies

p" = maxp(z) > p~ = minp(z) > 2,

zeQ) TES)

and the initial condition u(r) € H := L*(Q2). The terms D and F are
assumed to satisfy:

Assumption D. D : [7,7] x Q@ — R is a function in L*([7,7T] x Q)
satisfying:
(D1) There are positive constants, 5 and M such that 0 < 8 < D(t,x) < M
for almost all (t,x) € [1,T] x Q.
(D2) D(t,z) > D(s,x) for each x € Q and ¢t < s in [1,T].

Assumption F. F : [7,T] x H — P;(H), where
Py(H) :={A C H : Anonempty and closed},

is a multifunction satisfying:
(F1) For all x € H, t — F(t,x) is measurable, that is, for all y € H, the
function

7, T] >t —d(y, F(t,x)) :=inf{||ly — z||g : 2 € F(t,z)} € R

is measurable.
(F2) There exists k € L'([r,T],RT) such that

hE(t, x), F(t,y) < k@)]z -y

a.e. on [1,T], for all z,y € H. Here h denotes the Hausdorff metric on Pr(H)
given by: for A, B € Py(H),

h(A, B) := max{dist(A4, B),dist(B, A)},



where dist(A, B) := sup{d(a, B) : a € A}, d(a, B) := inf{||a — b||y : b € B}
and similarly for dist(B, A).
(F3) There exist a,c € L*([r,T],RT) :

1B )| == sup{l[z|lm : 2 € F(t,2)} < alt) + c(t)||z]a,

a.e. in [, 7], for all z € H.

In [9] the authors proved the existence of a pullback attractor for the
following non-autonomous evolution equation

%(t) = div(D(t)|Vu(t)]"D?Vu(t) + [u(t) O %ult) = B(t,u(t)  (2)

on a bounded smooth domain €2 in R”, B was globally Lipschitz in its second
variable and D was assumed to satisfy Assumption D above. Moreover,
they proved upper semicontinuity of pullback attractors when the diffusion
parameters vary. A similar problem was studied in [15] for a constant expo-
nent p and stronger conditions on the diffusion coefficients D. In [10], the
authors considered B(t,u(t)) = B(u) in the problem (2) and proved that it
is asymptotically autonomous.

The paper is organized as follows. In Section 2 we prove existence of so-
lution for inclusion (1) following Papageorgiou and Papalini [13]. In Section
3 we provide estimates on the solutions. In Section 4 we establish the exis-
tence of a pullback attractor. In Section 5 we prove the asymptotic upper
semicontinuity of the elements of the pullback attractor, i.e., we prove that
the inclusion (1) is, in fact, asymptotically autonomous when F does not
depend explicitily on t.

2. Existence of solution

In this section we present the operator and its properties and we establish
existence of solution for the multivalued Cauchy problem (1).

Let Q C R", n > 1, be a bounded smooth domain, H := L*() and
Y = WHO(Q) with p~ > 2. Then Y C H C Y* with continuous and dense
embeddings. Moreover, the inclusion Y C H is compact (see Proposition
2.1 (ii) and Proposition 2.5 (ii) in [7]). We refer the reader to [6, 7] and
references therein to see properties of the Lebesgue and Sobolev spaces with
variable exponents.



In particular, with
Lp(')(Q) = {u : 0 — R : u is measurable, / |u(:c)|p(x)d:c < oo}
Q

and L°(Q) := {qg € L>=(Q2) : ess inf g > 1}, define

u

= p(@) ‘ =1 o= ) <
p(u) : /Q]u(x)| de,  |ull o 1nf{>\>0 p<>\>_1},

for u € LPV(Q) and p € LT(N).
Consider the operator A(t) defined in Y such that for each u € Y associate
the following element of Y*, A(t)u : Y — R given by

A(t)u(v) ::/QD(t,x)]Vu(a:)\p(I)QVu(x)-Vv(x)dm—i—/Q\u(x)|p(x)Qu(x)v(x)dx.

The authors in [9] proved that:

e For each t € [r,T] the operator A(t) : Y — Y* with domain ¥ =
WLrH) (), is maximal monotone and A(t)(Y) = Y*.

e The realization operator of A(t) at H = L*(Q), ie., Ag(t)u =
—div(D(t)|Vu(t) [P 2Vu(t)) + |u(t)[P®~2u(t), is maximal monotone
in H for each t € [1,T].

e The operator Ay(t) is the subdifferential 3@2(_) of the convex, proper
and lower semicontinuous map ¢}, : L*(Q2) — RU{+o0} given by

D 1
. {/ M|vu|p(ﬂc>dm+/ —|u|p(x)dx} it ueyY
SOp(.)(’IU N o p() o p(z)
~+o00, otherwise.
(3)

As our operator is of subdifferential type, we can obtain existence of
global solution for problem (1) using results in the paper of Papageorgiou
and Papalini [13].

We recall the definition of solution and a result of existence from [13].
Consider a multivalued Cauchy problem of the form

u(0) =&, €H



in a real Hilbert space H, where, for all ¢t € [0,T], 0" is the subdifferential
of a lower semicontinuous proper convex function ¢ from H into (—o0, 0c].

Definition 1. A solution of (4) is a continuous function u : [0,T] — H such
that u(-) is absolutely continuous on any closed subinterval of (0,1") and with
the property
1) u(t) € D(0g"), a.e. on [0,T];
2) There exists f € L*([0,T); H) such that f(t) € F(t,u(t)) and
du

T+ @)+ £(1) 20, ae. onf0, T

3) u(0) = &.

Under the following assumption Papageorgiou and Papalini [13] estab-
lished the existence of solution to problem (4) in Theorem 1 below.
Assumption A. Let T > 0 be fixed.

(A.1) For each t € [0,T], ¢' : H — (—00,00] is proper, convex and lower
semicontinuous.

(A.2) For any positive integer r there exist a constant K, > 0, an absolutely
continuous function g, : [0,7] — R with g. € L?(0,T) and a function of
bounded variation A, : [0,T] — R such that if t € [0, T], w € D(¢") with |w|
< rand s € [t,T], then there exists an element w € D(¢°) satisfying

l9:(s) = g (D)I(#"(w)) + K;)",
(@) < @' (w) + [he(s) = he (D) (" (w) + K;),

=
|

8

IA

where « is some fixed constant with 0 < a < 1 and
2 if 0<a<y,
B = 1

11—«

if

<a<l.

N[

Theorem 1. [Theorem 6 in [13]] Suppose that Assumption (A) and As-
sumption (F) are satisfied. Then for each & € cl(D(4°)), the multivalued
problem (4) has a solution w on [0,T] with u(0) = &.

Let us now return to our particular problem. We already saw that (A.1)
is satisfied. To check condition (A.2) consider a positive integer r and define
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K, =71, g,(t) ==t +r and h(t) == r. For t € [0,T], w € D(¢,,) =Y
with [lw|y <rand s € [t,T], consider the element w := w € Y = D(y;).
Taking o := 1/2, condition (A.2) is then satisfied with g = 2. In particular,
we need Assumption (D2) that D(t,xz) > D(s,z) for each x € Q and ¢t <
s in [0, 7] here. Thus, we obtain the existence of a global solution for the
following problem.

Theorem 2. If Assumption (D) and Assumption (F') hold, then the multi-
valued problem (1) has a solution for every uy € H.

3. Estimates on the solutions

In this section we provide estimates on the solutions in the spaces H and
Y.

Theorem 3. Let u be a solution of problem (1). Then there exist a constant
Ty and a function By : R — R which does not depend on the initial data,
such that

lu(®)||g < Bi(t), Yt>T,+T.

Proof: As u is a solution of (1) there exists f € L*([r,T]; H) such that
f(t) € F(t,u(t)) and

du
Y 0) + Au(e) + £ = 0. )
a.e. on [, T]. Multiplying the equation (5) by u(t), we obtain
1d, B
5 el + (A)u(), u(?)) + {f(t), u(t)) = 0.

We know that if p(z) > g(z) then LF®)(Q) € L4)(Q) with [|ul L) gy <
2(1 4 D)|ul| re @ for all u e LP(Q) (see [6]). Thus

[l < 2(192] + Dllu@)l o @) < 2012 + Dful®)]ly-
If Ju(t)] ooy ) > 1 and [[Vu(t)|| o)) > 1, then by Lemma 2.3 in [9)]

(Au(e) u(e)) = Sy



and then

Ll < —m“;“_f}n By = (F0), ut).

2 dt
Using the Cauchy-Schwarz inequality and (F3), we obtain

Sy < - @l

mm{l B}“ O + (at) + c@)|Ju@)]|m) ult)||z (6)

mm{l B} [ u(t )”1;_ 4 Cl(t)||u(t)\|§/ + Co(t) [|u(t) ||y

< e D
where C(t) := [2(|Q] + 1)]?c(t) and Cy(t) := 2(|Q2] + 1)a(t).
Ifo = 2p 0 := 57 and € > 0, it follows from Young’s inequality

Cl (t)E Cg(t)€

lu()I5 + [[u®)lly

6/

Cr®)u®)[3 + Co(®)lu(®) |y =

—69Hu O (7)

) e ulo)f

Choose ¢y > 0 such that

_ min{1, 5}

1 0 1 P
2(p7_1) - 560 - __60 > O,

p
we have from (6) and (7),

ld > B 20 S B e (A
s Aol < 5 (S) 4 L (ST

€0

% @Y
(¢} Cy X —
Let o(¢) = 2( (t)) t o ( (t)) Y= ey 0 yl) =

o’ €0 @)

lu(t)]|3;. Then



From a slight generalization of Lemma 5.1 in [16], we obtain

= (¥>/+ ("5 <t—r>)”22.
Let 7 > 0 be such that [7< ) } ¥ < 1. Then

futolln < (2 ) 1=K,

for all ¢ > 7, 4+ 7. Observe that K () depends on a(t) and ¢(t) of Assumption
(F3).

Similarly for each of the cases: [[u(t)|| o1 (q) = 1 and [|[Vu(t)|| s ) < 1
[u(®)]| ety ) < Land [[Vu(t)|[ oo ) = 1; (@)l o) @) < 1 and [[Vult)|| oe o)
< 1, we obtain (K»(t), 72), (K3(t),3) and (K4(t), 74) such that

lu)||lg < Ki(t),Yt>1 4+,

for i = 2, 3, 4, respectively. Taking B (t) := max{K;(t), Ka(t), K3(t), K4(t)}
and T := max{7y, 7, 73, 74} we obtain

[u@)|la < Bi(t),V 1> Th +7,

where Bj(t) depends on a(t) and ¢(t) of Assumption (F3). This completes
the proof of the theorem. O

Remark 1. Note that the function By depends on the functions a and ¢ of
condition (F3) in the sense that if a and ¢ are nondecreasing functions then
By (t) in Theorem 3 is a nondecreasing function.

Theorem 4. Let u be a solution of problem (1). Then there exist a constant
Ty and a function By : R — R, which does not depend on the initial data,
such that

Proof: If u is a solution of (1) then, there exists f € L?([r,T]; H) such that
f(t) € F(t,u(t)) and

du
L)+ Awulr) + (1) =

8



a.e. on [, T]. Furthermore, by Theorem 3
Using the notation ¢} (-) := @p()(t,-) and y(t) := ¢, (u(t)) we have

S0 = 00 u(0)) + (Ol (1), Su(0)

Differentiating under the integral sign in (3) and using assumption (D2),
we obtain 2y (t,u(t)) < 0. Therefore

e ult) < (0t ). 0.
Then
Sy < (- f0-50.50)
= ~ro+ G| + (o Go.sn)
< <zl G| +giromn.
Thus )
G+ 0+ G| <ol
and we obtain
atywl®) < SUFOIE < & (@(t) + o) ult) 1)
< 5 (alt) + e B(H) = SMa(r)

for all t > T1 + 7, where M, (t) := a(t) + c(t) Bi(t).
From the definition of subdifferential, we have

oy (u(t)) < (D (ult)), ult)) -



5O + i) < (GO0 + @k o) ut)
= (S FOu0) < IFOlalu®ll - (®)
< My(O)Bi(t), Yt>T -+t

Fixing r > 0 and integrating both sides of (8) over (¢,t +1r) for t > Ty + T,
t+r 1 , ttr
[ aouonas < Sl + [ wns)Bislas
t t

< %Bl(t)z _|_/t ' M, (s)Bi(s)ds =: az(t).

Let y(s) := @5 (u(s)), g := 0 and h(s) := 3Mi(s)*. Then

t+r t+r t+r
/ g(s)ds =0 =: ay(t), / h(s)ds =: as(t), / y(s)ds < as(t),
t t t
s0, by a slight generalization of the Uniform Gronwall Lemma [16], we obtain

ag(t)

r

y(t+r) < ( —|—a2(t)> e =: (), Vt>T)+ 7.

Therefore,
D(¢ x)} p(z) / 1
| Vu(l, x ‘ dx + —‘u (,x
|5t v o pia)
forall ¢ > T} +7 +r. Then
min{1, 5}
p+
for all £ > T} + 7 + r, and hence,

p(x)

dx S 771 (g),

[0 (Vu(£)) + p (u(€)] < 7(0)

o (Vu(0)) + p(ult)) < #ﬁﬁ}mﬂ) (9)

forall ¢ > T, +7+r.

10



If¢>T +7+rand [|[u(?)|y > 1 there are four cases to analyze:

Case 1: If [[Vu(l)| 1re) ) > 1 and [[u(€)]|pe) ) = 1 we know that

Va0 ) < p(Vull)) < [[Vu(l 1} (@)’

and B .
HU(@HZ«)(Q) < plu(f)) < ||“(€>||ZL)p<~)(Q)'

Using (9) gives
[u@®)lly < Ra(t),  t=To+m,

]1/10

where Ry (t) := 2 [.Lr] (t) and Ty :== Ty +r.

Case 2: If [[Vu(l)| 1oy ) > 1 and [[u(f)]|pe) ) < 1 we know that

_ +
HVU(@)HZ)M(Q) < p(Vu(l)) < HVU(@HZ(-MQ)’

and . -
(O o) ) < (l0)) < 1w o0 (-

Using (9) we obtain

[u®)lly < Rao(t),  t=To+T,

4 ~ 1/p_ + ~ 1/P+
where Rg(t) = [mrl(t)} -+ [m7"1(t)] .

Case 3: If [[Vu(l)| o)) < 1 and [[u(f)]| s ) = 1 we know that

IVa(O)70 ) < P(VU() < Va7 0

and N
(O ) < PlO) < (O 10
By (9) it follows that

lu@lly < Rs(t),  t=Ta+T,

where R3(t) := Ra(t).

11



Case 4: If [[Vu(l)| o)) < 1 and [[u(€)||1p0) o) < 1 then we know that

IV a(O) 700y < P(Vu(0) < [[Vu(0)]7,

PO (Q) — Lr()(Q)?

and -
(O gy < P((0)) < (0Ol
Using (9) then gives

lu@lly < Ra(t), t=Ta+m,

1/p*
where Ry(t) := 2 [ﬁlﬂ}fl(t)] :

In summary, defining

we have [Ju(t)||y < Bq(t) for all t > Ty + 7. O

Remark 2. Note that the function By depends on the functions a and ¢ of
condition (F3) in the sense that if a and ¢ are nondecreasing functions then
Bs(t) in Theorem 4 is a nondecreasing function.

4. Existence of a pullback attractor

We start this subsection with some definitions, see e.g., [2, 3, 12].

Definition 2. Let X be a complete metric space, P(X) the set of all nonemp-
ty subsets of X and Ry := {(t,s) € R? : t > s}. Themap U : Rgx X — P(X)
15 called a multivalued evolution process on X if

(1) U(t,t,-) =1 is the identity map;

(2) Ul(t,s,x) CU(t,7,U(t,s,z)), forallx € X, s <1 <t, where

Ut,r,U(r,s,2)= | Ult,7y).

yeU(t,s,x)

The multivalued evolution process U s called strict if

Ult,s,x) =U(t,7,U(1,s,x)), forallz e X, s <1 <t.

12



Definition 3. Let U be a multivalued evolution process on X and t € R.
The set D(t) C X attracts (pullback) the nonempty bounded subset B of X
at time t if

Tgmoo dist (U(t,7)B, D(t)) = 0. (10)
The set D(t) is said to be (pullback) attracting at time t if (10) is satisfied
for any nonempty bounded subset B C X.

For a nonempty and bounded subset B C X and ¢t € R, put v*(¢, B) =
U, -, U(t,7,B) and w(t, B) = (7*(t, B). The set w(t, B) is called the pull-
back w-limit set of B at time ¢ with respect to the multivalued evolution

process U.

Theorem 5. [Theorem 6 in [3]] Suppose that for t € R and B a nonempty
and bounded subset of X there exists a nonempty compact subset D(t, B) of
X such that

lim dist(U(t,s)B, D(t,B)) = 0.

S§——00

Then w(t, B) is nonempty, compact and the minimal closed set attracting B
at time t.

Definition 4. A family of sets {A(t) : t € R} of X is called a pullback
attractor for the multivalued evolution process U if

(1) A(t) is pullback attracting at time t for all t € R;

(2) it is semi-invariant (or negatively invariant), that is,

A(t) C U(t,s, A(s)), for any (t,s) € Ry;

(8) it is minimal, that is, for any closed attracting set Y at time t, we have
Alt)CY.

Theorem 6. [Theorem 18 in [3]] Let us suppose that for all (t,s) € R, the
map x +— U(t,s,x) € P(X) is closed. If, moreover, for anyt € R there exists
a nonempty compact set D(t) which is attracting, then the set A = {A(t) }ier,
with

Ay = |J wit,B)

BeB(X)
where B(X) = {B € P(X) : B is bounded}, is the pullback attractor of U.

Moreover, the sets A(t) are compact.

13



The multivalued evolution process associated with problem (1) is the map
U:Ryx H— P(H) define by

U(t,7,§) = {z : there exists u(-) € D,(&) such that u(t) = z}

where D, (£) denotes the set of all solutions of problem (1) corresponding to
the initial condition u(7) = &.

Theorem 7. Let t € R and let B be a nonempty and bounded subset of
H. Then the w-limit set w(t, B) corresponding to the multivalued evolution
process associated with problem (1) is nonempty, compact and the minimal
closed set attracting B at time t.

Proof: Note that Theorem 4 shows that the family K(t) = By (0, Bg(t))H
of compact sets of H pullback attracts bounded sets of H at time ¢. Hence,
by Theorem 5, w(t, B) is nonempty, compact and the minimal closed set
attracting B at time {. O

Lemma 1. Let £ € H fized. If g, — g weakly in L*([7,T]; H), then the
solution u, of the problem

{ % (t) + Ap(t)un(t) + g,(t) =0 a.e. on[r,T),
un (1) = &.

converges in C([1,T); H) to the solution u of the problem

{ %—?(t) + Ag(t)u(t) + g(t) =0 a.e. on|r,T],
u(r) =¢&.

Proof: If£ €Y = W0 (Q) = D(},.) the result follows from [8, 13].
If ¢ € H\Y, given n € N there exists &, € Y with [|&, — || < 1. Let
vy, ;(+) and v;(-) be respectively the unique solution to

{ 82@”' (t) + A (t)vn,;(t) + g,(t) =0 a.e. on [1, T,
Un,j (T) - 6]7
and )
{ %(t) + Ap(t)v;(t) +g(t) =0 a.e. on [r,T],
Uj(T) = Sj-

14



Since &; € Y we have from [8, 13] that v, ; — v; in C([7,T]; H) as n — oo.
Moreover,

los(8) = u()l < 11§ — €]l < % vielnT)

and v; — v in C([r,T]; H) as j — oo. Hence, the subsequence v, , — u in
C([r,T); H) as n — oc.
Since

[n(t) = Onn ()| + [[onn(8) = u(t) [

[un(t) —u(®)][r <
< ln = Ella + Nlonn(t) = w@)lm,

we conclude that u, — win C([r,T]; H) as n — o0. O

Theorem 8. The multivalued evolution process associated with problem (1)
has a pullback attractor A = {A(t) : t € R}. Moreover, the sets A(t) are
compact.

Proof: By Theorem 4 we have that the family K(¢) = By (0, Bg(t>)H of
compact sets of H is attracting. Therefore, in order to conclude the existence
of the pullback attractor using Theorem 6 we need to prove that for all
(T,7) € Ry the map H 3 & — U(T,7,&) € P(H) is closed. Then, for fixed
(T, 1) € Ry let y, € U(T, 7,&,) be such that

& — € in H,

Yo —y in H.

We have to prove that y € U(T, 7,¢).

There exists a sequence u,(-) € D;(&,) such that u,(T) = y,. As u,(-) €
D, (&,) also there exists a sequence f, € L*([r,T]; H) such that f,(t) €
F(t,u,(t)) a.e. on [r,T] and

{ aLt”(t)j Ag()un(t) + fn(t) =0 a.e. on [1,T], (11)

In view of (F3), we have

[fn Ol < a(t) + c@)flun(®)lz - ae. on[r,T]. (12)

15



Let z(+) be the unique solution to

{ %(t) + Ag(t)z(t) =0 a.e. on [r,T],
z(1) =¢.

As a particular case of Theorem 3.1 in [9] we have that ||z(¢)||z < 7o where
the constant rg does not depend on t, since that we are in the case B = 0.

Subtracting the first equation on (11) from the first equation on (13) and
multiplying by w,(t) — z(t) we obtain

%Hun(t) — 205 < = (fa(t), un(t) = 2(1)) < [l fu@llallun(t) — 2(0)l|z

(13)

a.e. on [1,T|. Integrating the above inequality from 7 to ¢ < T we obtain

) = 2 < 5160 = €l + [ U nln(s) = () s

It follows by the Gronwall inequality that
t
Jun(®) = ()]s < 6 =l + [ Ifalluds, V€ [T

and then by (12),
lun (@Ol < (2@l + 160 = &llm +/ (a(s) + c(s)[[un(s)]| ) ds

T ¢
< T0+7’1—|—/ a(s)ds—i—/ c(8)||un(s)||nds

where 7y is a constant such that ||&, — &||g < for all n € N. So
t
Jun®llr < KTy + [ cls)uns)lds, ¥t € (.7,

where K(7,T,a) = 19 + 11 + fTT a(s)ds. Hence, by the Gronwall-Bellman
inequality we obtain

()|l < K(7,T,a)el <% = r(t), VielrT).
Therefore again using (12), we obtain

()l < a(t) + c(t)r(t) =m(t) a.e. on[r,T].
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Hence, { f,,} is a bounded sequence on the reflexive Banach space L*([r, T]; H),
and we obtain that there exists a subsequence such that

fn — f weakly in L*([7, T]; H).

Let v,(+) be the unique solution to

{ %(t) + Ag(t)v,(t) + fu(t) =0 a.e. on 1,7, (14)

v () = €.
By Lemma 1 we have that v,, converges in C([r,T]; H) to the solution v of

{ %(t) + Ag(t)v(t) + f(t) =0 a.e. on[r,T],
v(T) =¢.

Now, using (11) and (14) we have

[un(t) = vn(®)ll < 160 = &llm, V€[, T].

So we conclude that u,, — v in C([7,T]; H) and y = v(T).
Now, to conclude the proof; it follows by Theorem 3.3 in [5] that f(¢) €
F(t,v(t)) a.e. on [1,T]. O

5. Asymptotic upper semicontinuity

In this section we assume that F' does not depend explicitly in ¢, i.e., we
consider F(t,u) = F(u) and F : H — P;(H) is a multifunction such that
there exists a constant K > 0 such that h(F(z), F(y)) < K|z — y|| for all
r,y € H.

We will prove the asymptotic upper semicontinuity of the elements of the
pullback attractor, i.e., we prove that in fact the inclusion (1) is asymptoti-
cally autonomous.

5.1. Theoretical results

In this subsection motivated by problem (1), we study the asymptotic
behaviour of an abstract non-autonomous multivalued problem in a Hilbert
space H of the form

%(t) L A@ut) + Fu(t) 30, u(r) = b, (15)
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compared with that of an autonomous multivalued problem of the form

%(t) + Av(t) + F(v(t)) 20, ©v(0) = 1o, (16)
where A(t), A are univalued operators in H and F' : H — P(H) is a
multivalued map.

The autonomous problem (16) is thus the asymptotic autonomous ver-
sion of the non-autonomous problem (15). In particular, we establish the
convergence in the Hausdorff semi-distance of the component subsets of the
pullback attractor of the non-autonomous problem (15) to the global au-
tonomous attractor of the autonomous problem (16).

Some definitions on multivalued semigroups are recalled here, see for ex-
ample [4, 11, 14] for more details.

Definition 5. Let X be a complete metric space. The map G : RT x X —
P(X) is called a multivalued semigroup (or m-semiflow) if

(1) G(0,-) = 1 is the identity map;

(2) G(ty + tg, x) C G(t1,G(t2, x)), for allx € X and t1,t, € RT.

Definition 6. Let G be a multivalued semigroup on X. The set A C X
attracts the subset B of X if limy o dist (G(t, B), A) = 0. The set M is said
to be a global B-attractor for G if M attracts any nonempty bounded subset
B C X and it is negatively invariant, i.e., M C G(t, M), Vt > 0.

Suppose that the multivalued evolution process {U(t,7) : t > 7} in H
associated with problem (15) has a pullback attractor 2 = {A(¢) : t € R},
with A(t) compact for each ¢t € R, and that the multivalued semigroup
G : RT x H — P(H) associated with problem (16) has a compact global
autonomous B-attractor A, in the Hilbert space H. The following result
will be used later to establish the convergence in the Hausdorff semi-distance
of the component subsets A(t) of the pullback attractor 2 to A, as t — oc.

Theorem 9. Suppose that C := U,cr A(T) is a compact subset of H. In addi-
tion, suppose that for each solution u of problem (15) there exists a solution
v of problem (16) such that u(t +7) — v(t) in H as 7 — 400 uniformly in
t > 0 whenever ¥, €A(T) and v, — g in H as 7 — +00. Then

lim dist(A(t), As) = 0.

t—-+o00
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Proof: Suppose that this is not true. Then there would exists an ¢y > 0
and a real sequence {7, }nen with 7,, > n for n € N such that dist(.A(7,), Ax)
> 3¢ for all n € N. Since the sets A(7,) are compact, there exist a,, € A(7,)
such that

dist(an, Ax) = dist(A(7,), Ax) > 3€o, (17)

for each n € N. By attraction for the multivalued semigroup we have
dist(G(¢,C), Ax) < € for £ > 0 large enough. Moreover, by the semi-

1
invariance of the pullback attractor there exist b, € A (57'”) C C for n
1
€ N such that a,, € U (Tn, 57'”) b, for each n € N. Since C is compact, there

1
is a convergent subsequence b,y — b € C. Since a,» € U (Tn/, §Tn/) b, there

exists a solution wu,, of

0un/ 1
ot (t) + A(t)un/(t) + F(un/(t)) S0, uy (—Tn/) = b,

2

such that a,, = u,(7,). From the hypotheses, there exists a solution v, of

8Un/
ot

(t) + Aot () + F(op(t)) 30, 0,(0) = b,

1
un/(Tn/) — Up/ (iTn/)

for n’ large enough (since 5T > §n’ is large enough). Hence,

such that

< €
H

dist (an/, Aoo) = dist (un’ (Tn’)7 AOO)

1 1

S Up! (Tn’) — Uy (_Tn’> + dist (Un’ (_Tn’) 7-’400)
2™ [, 2
1 . 1

S Uy (Tn/) — Uy (—Tn/> + dlSt (G (_Tn/, C) 7./400)
2 )|, 2

S 2607

which contradicts (17). O
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5.2. Application to inclusion (1)

The result in Subsection 5.1 is applied here to the nonlinear inclusion
with spatially variable exponents (1) in the Hilbert space H := L?(2).

We assume in this subsection that F' has compact values, i.e., F(u) is a
compact set for each u € H and the coefficient D satisfies Assumption D and
the additional Assumption D3 that follows:

Assumption D3. D(t+7,-) — D*(:) in L>(£2) as 7 — 400 uniformly in
t>0.

Assumptions (D1)-(D2) imply that the pointwise limit D*(x) as t — oo
exists and satisfies 0 < 8 < D*(z) < M for almost all x € Q. Then the
problem (1) with D*(z) is autonomous and has a global autonomous B-
attractor as a particular case of the results in Section 4.

It will be shown that the dynamics of the original non-autonomous prob-
lem is asymptotically autonomous and its pullback attractor converges upper-
semi continuously to the autonomous global B-attractor A, of the problem

{ % (t) — div (D*[Vo(t)[P@=2Vu(t)) + |v(t) PD~20(t) + F(u(t)) 2 0,

v(0) = to.
(18)
In particular, we consider the operators
Altyu = —div (D(#)|Vul@2Vu) + [uf® 2y,
Asv = —div (D7|VoP@72V0) 4 @2,

Applying Theorem 3 for the particular case F'(t,u) = F(u), there exist
positive constants 77, By such that ||u(t)||g < By for all t > T} +7. Moreover,
applying Theorem 4 for the particular case F'(t,u) = F(u) and space Y =
WLr@)(Q), there exist positive constants Th, By such that

[u(t)lly < Bay VE>To+T. (19)

Since, also ||v(t)|ly < Bs for all t > To + 7 and Y C H with compact
embedding, it follows that

Corollary 1. U,cgA(7) is a compact subset of H.

20



Using estimate (19), the proof of the next result follows the same lines as
the proof of Theorem 4.2 of [10], and therefore is omitted here.

Lemma 2. If {¢; : 7 € R} is a bounded set in'Y and ¢, — 1y in H as
T — +00, then for each T € R there ezists a function g, : [0, 4+00) — [0, +00)
given by g;(t) = K||D(t+71,-) — D*(-)|| L (), where K is a positive constant,
such that

(At + 7 )u(t+7) — Av(t), u(t +7) —v(t)) > —g,(t), for allt € RY, 7 € R,

for any solution u of (15) and any uniformly bounded function v with v(t) €

D (Ay) forallt > 0.

Observe that by Assumption D3 the function g, : [0, +00) — [0, +00)
given in Lemma 2 satisfies g,(t) — 0 as 7 — +oo uniformly in ¢ > 0.

In the next result we check the hypothesis of asymptotic continuity of the
non-autonomous flow in the Theorem 9 for problems like (15).

Theorem 10. If vy, € A(1) and ¥, — 1y in H as 7 — —+o00, then for each
solution u of (15) there exists a solution v of (18) such that u(t+ 1) — v(t)
in H as 7 — 400 uniformly int > 0.

Proof: Let u be a solution of (15) then there exists f € L*([r,T]; H) such
that f(t) € F(u(t)) a.e. and

{ Qu(t)+ A(t)u(t) + f(t) =0, aein[r,T],
u(7) = Y.

Using the semi-invariance of the pullback attractor and the estimate (19) it
follows that {¢, : 7 € R} is a bounded set in Y. From the semi-invariance
of the pullback attractor, A(r) C U(r,s)A(s), V (7,s5) € Ry So, there
exists a solution w of (15) with 1, = w(7) and w(s) € A(s). Consider the

concatenate solution
_ ), >,
6:(6) = { w(l), s<l<T

(20)

Using the pullback attracting property, we have that for each given ¢ > 0
thre exists s, € R such that

dist (U(t 47, 8) U erA(r), A(t + T)) <e
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In particular,
u(t +7) =0, (t+7) € O (At +7)) C O (UrerA(T)), ¥V € > 0.

Then,
u(t+7) € [)Oc (UrerA(T)) = UrerA(T).

>0

Considering z,(t) := f(t + 7), we have
2 (t) € Flult +7)) C K = F( R A(T )) (21)

Using Corollary 1 and that F' is Lipschitz continuous with compact values
we have from Proposition 3 p. 42 in [1] that K is a compact set in H. So,
for each ¢t > 0 there exist z(t) € K and a subnet of {z.(¢)},er, which we do
not relabel, such that z,(t) — z(t) as 7 — +00. Let v be the unique solution

of the problem

ew =

{ () + Ascu(t) + 2(t) = 0, (22)
'U(O) = LZJQ.

With similar computations as in Theorem 3 one can show that v is uniformly

bounded. Subtracting the equation in (20) from the equation in (22) gives

d
dt

for a.e. ¢ € [0,7]. Multiplying by u(t + 7) — v(¢) and using Lemma 2, we
obtain

—(u(t+7)—v(t)+ At +1)u(t+7) — Asv(t) + f(t+7) — 2(t) =0

2dt||ﬂ(t+7) — v < g-(6) + 2 (t) — 2Ol allu(t + 7) — v(t) &

Integrating this last inequality from 0 to ¢, gives
Slult+ )= vl < e — ol + T esS subyego e (1)
[ 12e6) = =l + ) = o5 s
Hence, by the Gronwall inequality
lu(t+7) — o)l < (lr — ol} + 2T ess sup,eo4o0)9r ()

+ /0 |2 (s) — z(s)||nds.
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Using (21) and the Dominated Convergence Theorem, we have

/0 12:(5) — 2(s)||ids — 0

as 7 — +00.

Since ¢, —thy in H and ess supe(g 4o0)9-(t) — 0 as 7 — +o00, we obtain
u(t+7) — v(t) in H as 7 — o0 uniformly in [0, 7.

By Theorem 4, u(t 4+ 7) € K for all ¢t > T, where K is a compact set in
H which is independent of ¢ in this case of F'(t,u) = F(u).

Consider € > 0 given. Since K is a compact set we have K C |J!" Be/a(z;),
x1,---x, € K. Then there exists 7 = 71(T3) such that u(T; + 7),v(13) €
Beja(z,) for 7 > 1 for some 1 < ip < n. For t > Ty and 7 > 7 we have
t =15+ s with s + 7 > 7, for some s > 0. Then

w(t+7)=u(To+ 5+ 7) € Beja(ziy).

Once u(t +7) = v(t) in H as 7 — 400 we have v(t) € Be/a(w;,).

We have from the previous part that there exists 7o such that 7 > m
implies supcjo 7y |u(t +7) — v(t)|lg < 5. Taking 79 := max{7, 72} we have
that 7 > 7y implies

sup |lu(t+7) —v()|lz < sup [Ju(t+7) —v(t)lln

t€[0,00) t€[0,73]
+  sup Ju(t+71)—0v)||n
te[Tn,00)
- € n €
5T 5= €.

Therefore, u(t +7) — v(t) in H as 7 — +oo uniformly in [0, o).
From Theorem 3.3 in [5], z € SelF(v) and the result follows. O
The next result gives the desired asymptotic upper semi-continuous con-
vergence.

Theorem 11. lim; ., dist(A(t), As) = 0.

Proof: Suppose that ¢, € A(7) and ¢, — 1 in H. From Theorem 10, for
each solution u of (15) there exists a solution v of (18) such that u(t +7) —
v(t) in H as 7 — +o00 uniformly in ¢t > 0. Corollary 1 and Theorem 9 then
yield limy_, o dist(A(t), As) = 0. O
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