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1. Introduction and main results
In a pioneering paper [14], Brezis and Nirenberg studied the problems of the type

—Au = |u\2*72u+ Au? in Q, (L.1)

u=20 on 0f, .
where 2* is the critical exponent for the embedding of HE(Q) to LP(12). By developing some skillful techniques
in estimating the Minimax level, the authors were able to prove the existence of nontrivial solutions for
the equation under linear or subcritical superlinear perturbation. To complement the results in [14], the
sublinear case was studied by Ambrosetti, Brezis and Cerami in [6]. There the authors investigated the
combined effects of the critical term and the sublinear term on the existence of solutions and established
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the existence and multiplicity results depending on the parameter A. Ever since then, the elliptic equations
with critical exponents have been a hot subject. For example, [7,11,18,20,21,29,31,48] studied the critical
problems on bounded or unbounded domains, [26,32] investigated the quasilinear critical growth problems
driven by p-Laplacian, [19] studied the regularity of stable solutions of elliptic problems on Riemannian
manifold, [17,24,27,32,33,44,45] considered the Hardy—Sobolev type inequalities with remaining terms and
the Hardy—-Sobolev singular critical exponent problems, while [8,9,46] investigated the critical problems
driven by the fractional power of the Laplacian (—A)® (0 < s < 1).

In the present paper we are going to study the existence and multiplicity results for the following critical
nonlocal equation:

Jul

|z — gy~

—Au = ( dy) lu|?72u + Af(u) in Q,

(1.2)
u € HE(Q),

where 2 is a smooth bounded domain of RN, A >0, N >3,0<u <N, 25 = (2N — p)/(N —2) and f(u)
is a nonlinearity satisfying certain assumptions. This type of nonlocal elliptic equation is closely related to
the nonlinear Choquard equation

1
—Au+V(r)u= <|x|“

. For p =2 and p = 1, the problem goes back to the description of the quantum

*|u|p)|u|p_2u in R3, (1.3)

2N— u<p<2N

where
theory of a polaron at rest by S. Pekar in 1954 [42] and the modeling of an electron trapped in its own hole
in 1976 in the work of P. Choquard, as a certain approximation to Hartree—Fock theory of one-component
plasma [34]. In some particular cases, this equation is also known as the Schrodinger—-Newton equation,
which was introduced by Penrose in his discussion on the selfgravitational collapse of a quantum mechanical

wave function [43]. For p = 2=L and p = 1, by using the Green function, it is obvious that (1.3) can be

regarded as a generalized version of Schrédinger—Newton

—Au+V(r)u= u%qb in RY,
2N -1 A N
—Ap=unN-2 in RY.
And thus equation (1.2) can be viewed as a generalized Schrodinger—-Newton restricted on bounded domain
with Dirichlet boundary condition.
The starting point of the variational approach to the problem (1.2) is the following well-known Hardy—

Littlewood—Sobolev inequality, see [35], which leads to a new type of critical problem with nonlocal
nonlinearities driven by Riesz potential.

Proposition 1.1 (Hardy-Littlewood—Sobolev inequality). Lett,r > 1 and 0 < p < N with 1/t+u/N+1/r =2,
f e LYRYN) and h € L"(RN). There exists a sharp constant C(t, N, u,r), independent of f,h, such that

// o — |Md zdy < C(t, N, p,7)| flelhlr (1.4)

RN RN

where | - |, for the LY RN )-norm for q € [1,00]. If t =7 = 2N/(2N — p), then

N Ny ) LR
C(t,N,p,7) = C(N, ) =”5§Efv Zi {EE%} '
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In this case there is equality in (1.4) if and only if f = (const.)h and
h(z) = A(Y* + |z — af*)"GN=0/2
for some A€ C,0#~€R and a € RV.

The Hardy-Littlewood—Sobolev inequality plays an important role in studying nonlocal problems and
we’d like to mention that other nonlocal version inequalities are considered in some recent literature, for
example, the authors in [25] studied the Hardy—Littlewood inequalities in fractional weighted Sobolev spaces.

Notice that, by the Hardy—Littlewood—Sobolev inequality, the integral

u(z)]?|u(y)|?
— 22 dxd
/ / o=yl
RN RN
is well defined if

2N—M§q§2N—M.
N N -2

2N —p
N-2

Hardy-Littlewood—Sobolev inequality. In this sense we can call the problem (1.2) a critical nonlocal elliptic

Here, 2NN7 £ is called the lower critical exponent and 2, =

is the upper critical exponent due to the

equation. In a recent paper [41] by Moroz and Van Schaftingen, the authors considered the nonlinear

Choquard equation (1.3) in RY with lower critical exponent 2NN £ if the potential 1 — V should not decay
to zero at infinity faster then the inverse square of |x|. However, nothing is known about the upper critical
exponent case and how the behavior of the potential will affect the existence results.

The existence and qualitative properties of solutions of Choquard type equations (1.3) have been widely
studied in the last decades. In [34], Lieb proved the existence and uniqueness, up to translations, of the
ground state. Later, in [36], Lions showed the existence of a sequence of radially symmetric solutions. In [22,
37,38] the authors showed the regularity, positivity and radial symmetry of the ground states and derived
decay property at infinity as well. Nowadays the existence and asymptotic behavior of the solutions of
the Choquard equations under different assumptions of the potentials and the nonlinearities attract a lot
of attention and interest. We refer the readers to [1,16] for the strongly indefinite case with sign-changing
periodic potential V', where the existence of ground state solutions and infinitely many geometrically distinct
weak solutions were obtained by critical point theorem; [39] for the existence of ground states under the
assumptions of Berestycki-Lions type; [3] for the existence of multibump shaped solution for the equation
with deepening potential well; [23,30] for the existence of sign-changing solutions; [4,5,40,47] for the existence
and concentration behavior of the semiclassical solutions.

To the best knowledge of the authors, there are not so many papers considering the Choquard equation
with critical growth, for problem set on R? the second author and his collaborators in [2] considered the case
of critical growth in the sense of Trudinger—-Moser inequality and studied the existence and concentration

of the ground states. For the problem set on a bounded domain of RN, N > 3, the authors of the present
2N—p
N—2
under a linear perturbation term and established the existence results corresponding to the well-known

paper considered in [28] the critical Choquard equation (1.2) with upper critical exponent 27, =

results in [14].
The aim of the present paper is to continue to study the existence and multiplicity of the critical Choquard

equation (1.2) with upper critical exponent 2, = 25__2“ on a bounded domain of RV, N > 3. We are
interested in the problem that how the subcritical superlinear or the sublinear perturbation term will affect
the existence and multiplicity of the critical Choquard equation (1.2). In [28], Sy, 1, denotes the best constant

defined by
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/|Vu| dx

Su,L = P . (1.5)
ueDb 2(RN)\{O} [u(z)|*m |u(y | N—2
/ / — = dady)2~N-»
|z —y|*
RN RN
Proposition 1.2. (See [28].) The constant Sy 1, defined in (1.5) is achieved if and only if
b N;Z
O
“ b2 + |z — al?
where C' > 0 is a fived constant, a € RN and b € (0,00) are parameters. What is more,
S
Surp=———%5>5:
C(N,p)>~=x
where S is the best Sobolev constant.
N—-2
Let U(z) := % be a minimizer for S, see [48] for example, then
14|z
2_ ) N(N —2)]"%
U(l‘) = S(4(7VM(;L+2) C(N /’L) 2(N u+2) % (16)

(L + |22

is the unique minimizer for Sy that satisfies

2. *
—Au:( ful dy)|u\2u 20 in RN
ol
with
7 U ()] () [ s
|VU\2dx=// dxdyzS nEE
R[ RN RN =gl o

Moreover, for every open subset € of RV

/|Vu|2dx

SH,L(Q) = mf N72 - SH,L; (17)

ueDy*(2)\{0} [u(z
// Iw—yl“ d dy)

and Sp. 1,(Q) is never achieved except Q2 = RY, see [28].
Through this paper we will assume that  is a smooth bounded domain of R, the main results of this

paper are the following Theorems.
For the critical Choquard equation (1.2) with a subcritical local term f =u?, 1 < ¢ < 2* — 1,

—Au— /|z |u|2 “2u4 Ml in Q,

u € HO(Q),

we have the following existence result.
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Theorem 1.3. Assume that 1 < ¢ < 2* —1, N >3 and 0 < u < N. Then, problem (1.8) has at least one
nontrivial solution provided that either

(1). N > max{min{22t3) 24 & 3y @} and A >0, or

g+l 7 q+1
(2). N < max{min{ qujf’) 24+ 25t @} and X is sufficiently large.

We are also interested in the critical Choquard equation (1.2) with a subcritical nonlocal term, that is
to consider the following equation,

q
—Au= / |u|2 T2+ )\ / |u| >|u|q_2u in £,
|z — yl“ |z — (1.9)

uEHO(Q

For this case, we establish the following existence result.

Theorem 1.4. Assume that 1 < g < 2, N > 3 and 0 < p < N. Then, problem (1.9) has at least one
nontrivial solution provided that either

1

(1). N>2(q;ri Eand A >0, or
+1)—p
q—1

(2). N < 2a+D=1 gnd A s sufficiently large.

Analogously, we have the existence result for the Choquard equation with Sobolev critical exponent and
subcritical nonlocal perturbation.

Theorem 1.5. Assume that 1 < q <2, N >3 and 0 < pu < N. Then, problem

/ dy [ul? 2+ |u* 2u inQ,
|z — (1.10)

u € Hi(Q)

has at least one nontrivial solution provided that either

(1). N> 2(q;-ji Eand X >0, or
(2). N < 2(‘1;# and X is sufficiently large.

As observed by Ambrosetti, Brezis and Cerami in [6], the combination of a critical term and sublinear
term influence the existence and multiplicity of the equation (1.1) greatly. Here we can also establish a
similar result for the critical Choquard equation under the perturbation of both sublinear and suplinear

subcritical terms. Consider the following equation
Jul
|z —y|*
Q
u € Hy(9),

—Au = ( dy) Ju?e 720+ uP + Aud  in Q,

(1.11)
we can draw the following conclusions.

Theorem 1.6. Assume that0 < q¢<1,1<p<2*—1, N>3 and 0 < u < N. Then, there exists 0 < A < oo
such that
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(1). problem (1.11) has no positive solution for A > A;

(2). problem (1.11) has a minimal positive solution uy for any 0 < A < A and the family of minimal
solutions is increasing with respect to A;

(3). problem (1.11) has at least two positive solutions if 0 < \ < A.

From the statements above, we had completely studied how the different perturbation will affect the
existence results. In fact, Theorem 1.3 states the existence under a superlinear perturbation while Theo-
rem 1.4 and Theorem 1.5 focuses on the nonlocal perturbation both for the critical problem in the sense
of the Hardy-Littlewood—Sobolev inequality and the classical Sobolev inequality. Finally Theorem 1.6 says
that how the appearance of sublinear perturbation will lead to the existence results.

Next we are going to investigate the existence of infinitely many solutions for the critical Choquard
equation (1.8) under the effect of only a sublinear local perturbation.

Theorem 1.7. Assume that0 < q <1, N >3 and 0 < u < N. Then, there exists \* > 0 such that, for every
0 < XA < \*, problem (1.8) has a sequence of solutions {u,} C H}(Q) such that Jx(u,) — 0, n — .

We would like to point out that, for the convex and concave problem with subcritical growth, it is standard
to apply the Fountain Theorem to obtain an unbounded sequence of solutions. We state the multiplicity
result here for the completeness of this paper.

Theorem 1.8. Assume that 0 < g <1, N >3, 0<pu< N and1 <p< 2;,. Then, for every A > 0, the

problem

P
Au— / il |u|p 2u+ M in Q,
|lx — y|“ (1.12)

ueHO(Q

has an unbounded sequence of solutions {u,} C H}(Q) such that Jy(u,) — o0, n — 0o.

The main results will be proved by variational methods. For this, we introduce the energy functional
associated to equation (1.2) by

In(u) = /\Vu|2dx —

Q

2.2 |z — y|#

(@) u(y)* W,
/ [u(@)Pelu@)l® ) )\Q/F( )d

where F(u fo t)dt. Then, under the assumptions in the theorems above, the Hardy-Littlewood—
Sobolev 1nequahty 1mphes that J belongs to C1(H}(Q2),R) with

(@) PP fu(y) > uly) (y) oo
(J4(u) /Vqupda: // |x—y|“ dxdy—/\ﬂ/f(u)goda:, Yo € C5°(2).

And so u is a weak solution of (1.2) if and only if u is a critical point of functional Jy.

We need to point out the main features of the present problem are two-fold: the first is the loss of
compactness due to the appearance of the Hardy—Littlewood—Sobolev upper critical exponent which makes
it difficult to verify the (P.S) condition. The second is the nonlocal nature of the critical Choquard equation
where the convolution type nonlinearities, no longer locally defined, are totally determined by the behavior
on the domain w. This feature not only makes it difficult to verify the geometric conditions of the critical
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point theorems, but also causes a lot of trouble in applying the well-known Brezis—Nirenberg type arguments
and showing the regularity of the solutions.

For the proof of the main results, we will show that the energy functional J) satisfies a compactness
property and has suitable geometrical features of some critical point theorems. Frequently, we will apply the
Mountain Pass Theorem to study the critical Choquard equation with subcritical superlinear perturbation
and obtain the existence of at least one solution for (1.2) for suitable values of A, the space dimension N
and the order of the Riesz potential . As in [14], the key step is to use the extreme function of the best
constant in Proposition 1.2 to estimate the Mountain Pass value. By showing that the Minimax value is
below the level where the (P.S) condition holds, one can easily obtain the existence results. The proof of
Theorem 1.5 is similar to that of Theorem 1.3 and the proof of Theorem 1.4 will only be sketched. For
the critical Choquard equation with only sublinear perturbation, we will use the Dual Fountain Theorem
established in [11] to prove that the problem (1.2) has a sequence of solutions {u,} C Hg(f2) such that
Jx(un) — 0, n — oo and we also write some lines for the subcritical nonlocal case for the completeness of
the paper. For the critical Choquard equation with both sublinear and superlinear perturbation, we will
follow the idea in [6] to prove the existence of at least two positive solutions for an admissible small range
of A. Firstly, we can obtain a positive solution that is a local minimum for the functional Jy by sub- and
supersolution techniques. Secondly, in order to find a second solution of (1.11), we suppose that this local
minimum is the only critical point of the functional Jy and then we prove a local Palais—-Smale ((PS) for
short) condition for ¢ € R below a critical level related with Sy, defined in (1.5). Finally, we apply the
Mountain Pass Theorem and its refined version in [31] to get the conclusion. In order to overcome the
difficulties, we need to adjust the arguments in [6,14] to suit the new environment.

Throughout the paper, we will use the following notations:

e We denote positive constants by C,C1,C5,Cs,--- and A > 0 is a real parameter.

1
e We denote the standard norm on H}(Q) by |jul| := (/ |Vu|2dx) * and write | - | for the L9(Q2)-norm

Q
for g € [1, 00].

e We always assume (2 is a smooth bounded domain of R with 0 € Q.
e Let E be a real Hilbert space and I : E — R a functional of class C'. We say that (u,) C E is a
Palais—Smale ((PS) for short) sequence at ¢ for I if (u,,) satisfies

I(up) — ¢ and I'(u,) — 0, as n — oo.
Moreover, I satisfies the (P.S) condition at ¢, if any (P.S) sequence at ¢ possesses a convergent subsequence.

This paper is organized as follows: In Section 2, we investigate the Hardy—Littlewood—Sobolev critical
Choquard equation perturbed by a subcritical superlinear local term. In Section 3, we consider the critical
Choquard equation perturbed by a subcritical superlinear nonlocal term. In Section 4, we investigate the
combined effects of the superlinear and sublinear nonlinearities on the existence and multiplicity of the crit-
ical Choquard equation. Finally, we study the existence of infinitely many solutions of the critical Choquard
equation under the effect of a sublinear term.

2. Perturbation with a superlinear local term

In this section we will study the existence of solutions for the critical Choquard equation with superlinear
local perturbation, i.e.
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|u|2 “2u 4+ du?  in Q,

|
uéHo(Q

where 1 < g < 2% — 1.
By introducing the energy functional by

1 A |u(z |2*|u( )2*
Ja(u) = = [ |[Vul]?de — — [ vitd //—d d
)\(u) 2/| u| X , l/u X — 2 2:: |1‘—y|“ Y,
Q Q

Q Q

we check that the functional Jy satisfies the Mountain Pass Geometry, that is
Lemma 2.1. If 1 < ¢ < 2* —1 and X > 0, then, the functional Jy satisfies the following properties:

(1). There exist o, p > 0 such that Jx(u) > a for ||u]| = p.
(2). There exists e € H}(Q) with |le|]| > p such that Jy(e) < 0.

Proof. (1). By the Sobolev embedding and the Hardy-Littlewood—Sobolev inequality, for all u € H}(Q)\ {0}
we have

A

1 2N _p
In(u) > = |jul* = ——=Cy|jul|?T* - Collul?F=2).
Au) = S luf ) 1] oflul

2.2r

Since 2 < ¢+ 1 < 2.2}, we can choose some p small enough such that J (1) > a > 0 for all u satisfying
[ull = p.
(2). For some u; € H}(Q)\ {0}, we have

At |u1 |2 |u1 )|2:
t Vu|?dz — g 1d // dxd
J(u1 /| u1| T / 2 2* | y\l‘ zdy <0

for t > 0 large enough. Hence, we can take an e := tyu; for some ¢; > 0 and the conclusion (2) follows. O

Lemma 2.2. Let 1 < ¢ < 2* —1, A > 0. If {un} is a (PS). sequence of Jx, then {u,} is bounded. Let
ug € H} () be the weak limit of {u,}, then ug is a weak solution of problem (1.8).

Proof. It is easy to see that there exists C7 > 0 such that

U,
)| < O

K2 (A

[ Tx(un)] < C1, (T3 (un),

Then we have

1

J)\(Un) — m

<J£(Un)7un>

1 1 1 |t ( (y)|*
=(z - — nl?d dxd
(2 q+1)/|vu| gl e q+1 S 2.2% 2y // \:c—y|“ rey
Q

< Ci(1+ [funl)-

Since 2 < ¢+ 1 < 2-2%, we know that {u,} is bounded in H ().
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Up to a subsequence, there exists ug € Hg(Q) such that u, — ug in H}(Q) and u,, — ug in L () as
n — +o00. Then

2. in LQJ%’JXM(Q)

2; N |u0

|y,

as n — +oo. By the Hardy-Littlewood—Sobolev inequality, the Riesz potential defines a linear continuous
2N 2N
map from L2N-x(Q) to L'+ (), hence

I I e e P R A (0)
as n — 4oo. Combining this with the fact that

22y, — \uo\zz_Quo in L ¥z (Q),

|un,

as n — 400, we have

(2] 74 5 Juan ) [ | 2 =200, — (|| 7H % 22y in L¥17(Q)

2*)

as n — —+00. Since, for any ¢ € H}(Q),

e (T (un), /Vunvwdx_/ 9 oy — //Iun z) | u|x ()~ n(y)w(y)dxdy.

— y|l"

Passing to the limit as n — 400, we obtain

)2 2% -2
/VUOVgodJ:—)\/uogodm // [uo(@)I™ uo (W)™ ~"uo () (y) dzdy =0

|z —y[*

for any ¢ € H}(Q), which means ug is a weak solution of the problem (1.8).
Finally, taking ¢ = ug € H}(Q) as a test function in equation (1.8), we have

2,
/\Vu0|2dx:)\/ AR +//|u0 “uoly)| dxdy,
) |z =yl

and so, for 1 < ¢ < 2* —1,

A A N+2—pu U U 2,
JA(uO):(§_m)/ug+1dx+ v //' 0 |x_| T# vl drzdy >0. O
Q

The following Brezis—Lieb type lemma for the nonlocal term is proved in [1] (the subcritical case) and [28]
(the critical case).

Lemma 2.3. Let N > 3,0 < pp < N and (2N — p)/2N < p < 27. If {un} is a bounded sequence in L%(Q)
such that u, — u almost everywhere in € as n — oo, then the following hold,

St b lualrde ~ [l e = g — alPdo =5 [ (ol 2 ) ulde

Q Q Q

as n — Q.
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In the next Lemma we prove a convergence criterion for the (PS). sequences which will play an important
role in applying the critical point theorems.

Lemma 2.4. Let 1 < ¢ <2*—1 and A > 0. If {un} is a (PS). sequence of Jx with

NA+2—p #525
< i 2.1
c AN — 2/,L H,L ( )
then {u,} has a convergent subsequence.

Proof. Let ug be the weak limit of {u,} obtained in Lemma 2.2 and define v,, := u, — ug, then we know
v, — 0 in H}(Q) and v, — 0 a.e. in Q. Moreover, by the Brézis—Lieb Lemma in [13] and Lemma 2.3, we
know

/|vun\2dx:/\vun|2dx+/|vu0|2dx+on(1),
Q Q Q

/|un|q+1da::/|vn|q+1da:—|—/|u0|q+1dx—|—0n(1)

Q Q Q

and

|un |un ) // |Un |vn )2 // |u0 ‘UO )|2:i
dxdy dxd n(1).
// |:c—y|u |:c—y|u * \x—yw vdy + on(1)

Consequently, we have

_ _ qg+1 d d
¢+ Ja{un) /'V“"| o q+1/“ oy 2// \x—y|“ o
Q

1
= —/|an|2dm— L/vqﬂdx—k /\Vuo| dx — L/ udtdz
qg+1 qg+1

Q Q

[on (2) % |on () //|u0 2 Juo (y)

dzd drdy + op(1) (2.2

T 9. 2// |z — y|n T lz — | wdy+on(1) (2:2)
2

1 n (@) [P [0 (y) |
+§/|an|2d:ch—/vq+1d:c 23, // [vn (2 |$_ ) ,dzdy+0n(1)
Q

1 |vn (2 |Un )|2;
> = |2dx — dxd n(l),
_2/|Vv|da: 22*// |x7y|ﬂ zdy + 0 (1)
Q

since Jy(ug) > 0 and /v?fldx — 0, as n — 4o0. Similarly, since (J§(uo), uo) = 0, we have
Q
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On(l) = <J/l\(un)7 un>

2 2:1

Ix— I“

Il
—
3
S
3
&
8

q+1d:c+/|Vu0\2dx—A/ ud ™ da

| ()2 [0n (1) | 25 o ()] [uo (y)| 2 (2.3)
// P dxdy |x—y|# dxdy + o0, (1)
o

= (J (uo), uo +/|an|2dxf>\/vq+1dx // [vn (@ Iw:ZT“ W Gy + on (1)

/|an| do — // [vn (2 2 _|UTH Ol Hda:dy—|—0n(1).

From (2.3), we know there exists a nonnegative constant b such that

Il
A

<

s

&

=

| |

>
{O\ ;o\

/ |V, |?dz — b

and

//'”” “on(w)I? " dady — b
|z — y|»

as n — +oo. Thus from (2.2), we obtain

N+2-— oy

> 2.4
= UN — 24 (24)

By the definition of the best constant Sg 1, in (1.5), we have

25
[on (@) o (y)]* dxdy |an| dz,
Ix —yl

2N —pu

- 2N—p 2N—p_
which yields b > Sy, b*¥-#. Thus we have either b = 0 or b > S /">, It b > S ***, then we obtain
from (2.4) that

N+2 1% Nu+2<N+2_:ub
AN —2pu ~ 4N —2pu

which contradicts with the fact that ¢ < 4;;22“5””2 " . Thus b =0, and

lter, — upl] = 0

as n — 4o00. This completes the proof of Lemma 2.4. O
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Lemma 2.5. There exists u. such that
N+2—p 155; L
_ " 2.
212118 I (tue) < IN 2 (2.5)
provided that either
(1). N> max{min{2(q:13)72+ 251 2(q+1)} and X >0, or
(2). N < max{min{ 2(q—:»13)72 + 25k Q(qH } and X is sufficiently large.
Proof. From Theorem 1.42 in [48], we know U(x) = M is a minimizer for S, the best Sobolev

(1+]z]?)

constant. By Proposition 1.2, we know that U(z) is also a minimizer for Sy . Assume that Bs C {2 C Bas

and let ¢ € C§°(€2) be such that

1 if € Bs,
Y =1 if zeRV\Q,
0<(x)<1 Ve e RV,
|Dyp(x)| < C = const vz € RY

We define, for € > 0,

From [28], we know that

[ 1Vucds = cv, ) ¥ 7 4 0N )
Q

and

"

2}, 2N —u u
// Juc(z Ix—ZTﬂ D ey > o(N ¥ 85T — 0ENH).

(g+3)

2(q+1)
g+l » ﬁ}’q—}'

Case 1. N > max{mln{

(2.6)

(2.7)

First, by the proof of Lemma 4.1 in [26], since ¢ > 1 and N > @ we know N < (N —2)(q + 1), thus

we have

/ungldx _ O(gN,LN—z%(qH)) I O(6<N72%(q+1)) _ O(ngwa%(qH))7
Q

for € > 0 sufficiently small.

(2.9)



1018 F. Gao, M. Yang / J. Math. Anal. Appl. 448 (2017) 1006-1041

Using the estimates in (2.7), (2.8) and (2.9), we have

2 9 Attt a+1 |ue (x |us )|2:1
In(tue) = 5/|Vu€| da:f /|u5| dx — 22 // |x_ dxdy
Q

t2 N—-2 N o
S 5(C(N7H)m 2 Sz —|—O( )) _ )\tq+10(€]\77w)
22, v o
72,2* (C(N,,LJ,)7SHL *O({—: 75))
m
=g(1).

It is clear that g(t) — —oo as t — 4o00. It follows that there exists t. > 0 such that sup,. g(t) is attained
at t.. Differentiating g(¢) and equaling to zero, we obtain that

2N —p

Sui —OEV %) =0

w2

)) . N— (N=2)(a+1) 2-2271(

t.(C(N, p)av=rn"% 52 L +0@EN AIO(e R C(N, p)

and so

N—-2 N N
5 Q2

C(N,p)2v=i282  + O(eN72)\ 5t
t5<(( 1t) H,L ( )) A

= SH,L(E>

and there exists tp > 0 independent of € such that for € > 0 small enough

te > to.
Notice that the function
t2 N-2 N N N—2 22 N 2N—p N
tH;(C(Nvﬂ)zN’“ ZSH,L_'_O(E ))—2_2* (C(Nnu)ZSHL UG 2))

is increasing on [0, Sy, (€)], we have

2N —p

S + 0 gN—2 Ntzon N—2)(q+1
fr+0E" ) ) PR (el - g

N+2-— C(N, p)2v=r
max Jy (tue) < - M( &V, 1)

t>0 — 4N -2 . - =
2 H (C(N’M)%SH,E —O<5N72)> 2N
N +2 2N—pu . ) )
- ﬁs G O(EINTENT R o
N+2—p gty
AN —2u )

thanks to to < t. < Sg (), (2.9) and N > min{2¥ (@t3) 94 25t

PRSI
Case 2. N < max{min{2 qu),g + q+1)}

For any fixed € in (2.6), from
Iy (tue) = —o0

as t — +oo, we have that max;>o Jx(tu.) is attained at some ¢y > 0 and ¢, satisfies
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. 27 27
tA/|VuE|2dx:At§/|u€|q+1dw+ti'2’ // Jue (= || |u5# vl dxdy,
-y
Q Q

that is
q—1 +1 22— |ue (2 |u€ )‘2:
|Vu5\ dx = Xt} |u8|q dx +t, | e dzdy,
Tz —
thanks to %ﬁ"f)h: , =0. Thus ¢ty — 0 as A — 4o0. Then,
q+1 2 2* 9%
u U "
magc.])\ tue) = /|V <|? dx— /| |9 de — 2 2 //| £ 2 _| T” vl dzdy — 0
as A — +oo, which easily yields the desired conclusion for the case N < max{min{ 2(‘1:13) 2 + qil}

2(q+1)
. O

Proof of Theorem 1.3. By Lemma 2.1 and the Mountain Pass Theorem without (PS) condition (cf. [48]),
there exists a (PS) sequence {u,} such that Jy(u,) — ¢ and J}(u,) — 0 in H3(Q)~! at the minimax level

= inf
= Jaf g, B0 >0,

where

I = {y € C([0,1], H5 () : 7(0) = 0, Ja(~(1)) < 0}.

From Lemma 2.5 and the definition of ¢, we know ¢ < {4\7;; 2 5 5 Sy N” “, provided that either

(1). N > max{min{ Q(q:f’), + 5t 2(q+1 }and A > 0, or

(2). N < max{min{ Q(qu 2+ 251 2('1“ } and \ is sufficiently large.

Applying Lemma 2.4, we know {u,} contains a convergent subsequence. And so, we have Jy has a critical

N+2—p
» AN—2p

2N—p
value ¢ € (0 Sgp ") and thus the problem (1.8) has a nontrivial solution. O
3. Perturbation with a superlinear nonlocal term
In this section we will study the existence of solutions in the case of a nonlocal perturbation,
2" . q
—Au = (/'uiudgou|2u_2u+>\(/Ldy)|u|q_2u in Q,
|z =yl |z —yl»
Q Q
u € Hy(Q).

Since the problem is set in a bounded domain, the Sobolev embedding and the Hardy—Littlewood—Sobolev

() ]y
// |x—|~ sy

inequality imply that the integral
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is well defined if

Thus, associated to the equation (1.9), we can introduce the energy functional

/| ul*dx — 5 2*// \x—yl“ |w_y|u zdy,

which belongs to C1(Hg(£2),R), and so u is a weak solution of (1.9) if and only if u is a critical point of

functional J).
Similar to the proof of Lemma 2.1 and Lemma 2.2, we have the following conclusions.

Lemma 3.1. If 1 < ¢ <2}, and A > 0, then, the functional Jy satisfies the following properties:

(1). There exist o, p > 0 such that Jy(u) > a for ||u]| = p.
(2). There exists e € H}(Q) with |le|]| > p such that Jy(e) < 0.

Lemma 3.2. If 1 < ¢ < 2j, and A > 0 and {u,} is a (PS). sequence of J, then {uy} is bounded. Let
ug € H(2) be the weak limit of {uy}, then ug is a weak solution of problem (1.9).

Since 1 < g < 2j it is easy to see that

[uo(2)|?|uo(y)|? N+2—p // Jug ()% uo (y) |+
J = (= 2 dady dxdy > 0.
Aw) =5~ 5 // =yl TN PR

A >0 and {u,} is a (PS). sequence of Jy with

Lemma 3.3. If 1 < ¢ < 2%

w2

N+2—p  #545
_ ® 1
c< IN o Sgr ", (3.1)

then {un} has a convergent subsequence.

Proof. Let ug be the weak limit of {u,} obtained in Lemma 3.2 and define v,, := u, — ug, then we know
vp, — 0 in H}(Q) and v, — 0 a.e. in Q. Moreover, by Lemma 2.3, we know

Similar to the proof of Lemma 2.4, we have

|[vn (2 ‘Un y)| i
— 1
¢+ JIa(up) > /|an| dx 73, // \x— dxdy + 0, (1),

y[H

since Jy(ug) > 0 and

Un vn
//' |x|_| m g, dy < C(N, m)lvi|2 a0 =0,

Q Q
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as n — 4o00. Repeating the same arguments in the proof of Lemma 2.4, we have
|, — upl] = 0
as n — 4o00. This ends the proof of Lemma 3.3. O

Lemma 3.4. Let 1 < ¢ <2}, and u. as defined in (2.6). If one of the following conditions is holds:

(1) N Mand)\>0

>
(2) N< % and X is sufficiently large,

—_

then there exists € such that

N+2_’u 2N —p
Ja(t < 8 3.2
ilzlg A(tue) AN —2p H,L (3:2)

Proof. Case 1. N > (QL%M

To estimate the convolution part, we know

//'“5 |“€ dd>//|u5 |“E D 1y
|z =yl |z =yl
|Ue () |*]U: (y)|*
i
// ey

Bs Bs
NE NE
//|U D gy [ [ PO g, 53
|z =yl |z — y|#
Q\Bs Bs
z)|Ue (y)|
-] B e
Q\Bj O\ Bs
=A—-2B - C,
where
W— M— W
Q\Bs Bs
and

c- [ [ BTOr,,

x—ylr
Q\Bjs O\ Bs

We are going to estimate A, B and C. By direct computation, we know, for ¢ < 1,

- 1
A = eV (N - 2)) S / / e —
(Lt 122) ™ o — (1 + [£2)

. 1
~(V=2a (N - 2)) T // ~m g dady
x _ <z
L O T e a2
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- 1
67(N72)q[N(N—2)]%€2N7”// o (=7
s s (1+ [z[*) 2

dxdy
(N—-2)q
|z —yl#(1+[y[*) =
O(2Nu (N— 2)q //

(1+|z]?)

Bs Bs
_ O(EQN—/L—(N—Q)(])7

B=c V-24N(N - 2)](N - //(1+|£|2) :

dxdy
(N—2)q (N—-2)q 2)q
Y Yi|2

) Pyl (1+ |22)

dxdy
N— 2)q
yl“(1+|y\ )

a 1
= cWN=2N(N - 2)] e / / 20 N—2)q z)qd xdy
o R T e )
_ 1 2N “ o
SO(Z':(N 2)q)( / 5 5 (N—Z)qN / 9 (N72)qN dy)
o, (€4 o) e Y

(3.5)
= O(am%) (/E A o

2N
(N—2)qN dz)
(14 22) 28w

v (N S
S 0(5 2 )( / Wd?ﬁ) .
oy (L422) 2

SmceN>M>2+

PIeE) 1) 1f,u<4andN>2+ =D 1fu>4 Weknow(g];;i)j]v>N, therefore

B<O( "),

(3.6)
<N ~2)g / / 1

C= 6*(1\’*2):1[ (N

dxdy
T 2 (N—2)q _ Y2 (N—2)q
o, s, (LI 0 — gl (L+ [22) 7
_ (V_2)q 1
— N Q)Q[N(NfQ)] / / - ; — e dxdy
o oty (2 212 o = (e + ) 57)
N—2 (N_2)q 1
<l =25 [ e ey
Q\Bs Q\Bs

= 0(eWN=29),

It follows from (3.3)—(3.7) that

2N —p

// |u5 |$ |_|Z|€ | dzdy > O( 2N7u7(N72)q) *O(E 5 )70(6(N72)q)

(3.8)

— O(EQN—,u—(N—2)q) _ O(Emin{ 2N2_“’,(N—2)q}).
y (2.7), (2.8) and (

3.8), we have

_ |ue (x |u€ )2*
A(tue) = /\Vug\ dx 27, // |x—

' )\t2q )2

_|u
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t2 N-2 N N t2'2; N 2N-—p _
< SO, E 8, + 06N 2) — S (CN, ¥ S — O 1))
o
_ 752_(1(0(521\/*#7(1\/*2)(1) _ O(gmin{ QN’“,(N%)q}))
2q
=g(1)

It is clear that g(t) = —oo as t — 4o0. It follows that there exists t. > 0 such that sup,., ¢(t) is attained
at t.. Differentiating g(t) and equaling to zero, we obtain that

N - 2.9% _1 ﬂ 2N—p u
SpL+0ENT) =t (C(N,p)> Sui - 0(eN72))

B t2q—1(O(E2N—u—(N—2)q) _ O(Emin{w—;&,(N—Q)q})) =0,

N-2 N
2

le (C(N, ,u) N

since N > 2('1;# and N > 3 we know

IN —
2N — = (N = 2)q < min{ ——F, (¥ - 2)q}, (3.9)
which means
(O<E2N—u—(N—2)q) _ O(Emin{w—{’i,(N—Z)q})) >0

if £ is small enough. And so

CN,w¥Sy1" —OEN—k) =S L(e)
and there exists tg > 0 such that for € > 0 small enough
te > to.
Notice that the function
e g(C(N, )P S L +0(ENT?) ;22; (C(N, u)%S,jT;E —0(EN4))

is increasing on [0, Sg,1(¢)], thanks to tg < te < Sy (€) and (3.8), we have

N-2 N
2

N+2-— C(N, p)2n=r
max Jy (tue) < + ad ( . ) o
t>0 AN —2u N Nk N_u\\2N—k
(CV.wEsyi —0(EN%))
— O(e2N—1=(N=2)a) | O(gmin{* 5 (N-2)a})

< %Sﬁﬁz e + O(Emi“{2N_2_LL’N_2}) _ O(€2N—#—(N—2)q) + O(Emin{w_z_&v(N—Q)Q}).

N
Sp +0(EN?) ) Nt
2

The assumptions N > 2((1;711 and 1 < g < 2, together with (3.9) imply that

N+2—p 2

N+2—n

macxJ(tue) < AN —2p THL

if € is small enough.
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2(q+1)—p

Case 2. N < ="
For any fixed ¢ in (2.6), assume that max;>o Jx(tue) is attained at some 5 > 0, repeat the arguments in
the proof of Lemma 2.5, we know ¢ty — 0 as A — 400 and max;>o Jx(tus) = 0, as A — 400, which leads to

the conclusion for the case N < %. =]

Proof of Theorem 1.4. By Lemma 3.1, Lemma 3.4 and the Mountain Pass Theorem without (P.S) condition

2N —p
(cf. [48]), there exists a (PS). sequence {u, } of Jy with ¢ < 4§22“SN+2 # if one of the following conditions
is holds:

(1). N > 2=t and X > 0,
(2). N< % and A is sufficiently large.

Applying Lemma 3.3, we know {u, } contains a convergent subsequence. And so, we have Jy has a critical

2N —p
, 22 24Spp ") and problem (1.9) has a nontrivial solution. O

value ¢ € (0

Proof of Theorem 1.5. The proof of Theorem 1.5 is similar to that of Theorem 1.4 and the main difference
is that the (PS). condition holds below the critical level S z. From Lemma 1.46 of [48], we know that

/|Vu5|2d:c = 5% 4 O(eN~2) (3.10)

and

ul? dr = ST + 0(N). 3.11
[ |

For the Case 1 of Lemma 3.4, we have

vz

N-—-2 N
+ O(E ) 2 O(€2N_M_(N_2)Q) + O(Emin{ 2N{",(N—2)q})

max Jy (tu.) < %( ° T O(sN))

>0

*I"’

S
vfz

< %S% + O(EN—2) _ O(€2N—u—(N—2)q) + O<Emin{2N—2_E,(N—2)q})

thanks to N > 2t 11 £, The rest of the proof is omitted here. O
4. An Ambrosetti-Brezis—Cerami type concave and convex result
In this section we discuss the problem (1.11) with both suplinear and sublinear local perturbation, i.e.

Juf

—Au = ( dy) Ju|? 720+ uP + Aud  in Q,

|z —y[*
ue Hy(Q),

where 0 < g < 1and 1 < p < 2" — 1. Then we may define
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1 2"
u) = 5/|Vu|2d:v— /uq+1dx 1/up"'ld;v 72 // fu(z iz _|u|(#)| dxdy.
Q

Q

The proof of the main results in Theorem 1.6 will be separated into several Lemmas. We begin with a
standard comparison method as well as some ideas given in [6, Lemma 3.1]. Let A be defined by

A = sup{\ > 0 : problem (1.11) has a solution}.
Lemma 4.1. 0 < A < o0.
Proof. To prove that A > 0 we use the sub- and supersolution technique to construct a solution for any
small A by using some ideas from [6,29]. Let (A1,e1) be the first eigenvalue and a corresponding positive
eigenfunction of the Laplacian in ). We can obtain a subsolution by taking a small multiple of e;. We

denote it as geq. Let function v denote the solution of

—Av=1 in Q
v=>0 on 0f.

Since 0 < ¢ <1 <p <22, —1, we can find A9 > 0 such that for 0 < A < Ao there exists M) >0
satisfying

* 2.2% —1
M > AMo|%, + MP[v[% + coM> 2 oo,

where ¢y = fQ—&-ﬂ |y|“dy, Q+Q:={r+yeRY:2,y € Q}). As a consequence, the function Mv verifies

M = —A(Mv) > AN(Mv)? 4+ (Mv)P + M*2 _1/||1]7 dylv(x) % 20(z)

and so Mwv is a supersolution of (1.11). It follows that (1.11) has a positive solution ee; < u < Mwv for
0< A< X andso A >0.
Using e; as a test function in (1.11), we have that

2: 2;—2
Al/ueldx:// |U,($)| |U(§)| |#u(y)el(y)dxdy+)\/uqeldx—i-/upeldx
)

Q Q Q Q Q

> )\/uqeldx—l—/upeldm.

Q Q

Since there exist positive constants ¢, co such that A\t? + t? > ¢ A“2¢, for any ¢ > 0, we obtain from (4.1)
that ¢1 A2 < A\; which implies A < co. O

Lemma 4.2. For all 0 < A\ < A, the equation (1.11) has a minimal solution.
Proof. Let vy be the unique positive solution of

—Av = 1 in Q,
v=20 on 0N.
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We already know that there exists a solution u > 0 of (1.11) for every 0 < A < A. Since —Au > Au? we can
use Lemma 3.3 of [6] with w = u to deduce that any solution u of (1.11) must satisfy u > vy. Clearly, vy is
a subsolution of (1.11). The monotone iteration

—Atpt1 = Aul +ul + (/ —|un( dy>|un( )\2**2un(x), Uup = Uy,
T —
Q

satisfies u, ,* wuy, with uy solution of (1.11). It is easy to check that uy is a minimal solution of (1.11).
Indeed, if w is any solution of (1.11), then u > vy and w is a supersolution of (1.11). Thus u, < u, Vn, by
induction, and u > uy.

Moreover, this minimal solution is increasing with respect to \. In fact, if uy, is a minimal solution
of (1.11) with A = X, then we have

" ) (@)~ (o)

—Auy < )\H'Ug\/ + UI;\/ + (/ ﬁ
Q

for 0 < X < A" < A, that is uys is a subsolution of (1.11) with A = A”. So uy < uy» and uy # uy~ for

0<N <N <A DO

The solutions for equation (1.11) are classical in fact. First let us recall an important inequality for
nonlocal nonlinearities by Moroz and Van Schaftingen [39] which complement the results by Brezis and
Kato in [12].

Lemma 4.3. (Sec [39].) Let N > 2, i € (0,N) and 6 € (0,N). If H,K € L¥u2(RN) + L5 (RV),
1— &)< < (1+4£), then for any € > 0, there exists C. g € R such that for every u € H' (RN
(1-% N) y ; , Y )

t/(mr#*uﬂm%)KmF4wxge2/ﬁvm%m+wgﬂ/ﬂm%x
RN RN RN

We have the following regularity Lemma and L estimates for the solutions.

Lemma 4.4. Let u be a solution to the problem

{ —Au=g(z,u) inQ, (4.2)

u € Hy (),

and assume that |g(z,u)| < C(1+|ulP)+ (fsz \LH‘ZT” dy)|u\2;_2u, 1<p<2*~1andC >0, thenu € L>(Q)
and u € C?(9Q).

Proof. Let us define the truncation: Q — R, for 7 > 0 large,

-7 if u<-—r,
ur(z) =< u(x) if —7T<u<m,
T if u>r.

Since |u,|*"2u, € H}(Q) for s > 2, we take |u,|*"2u, as a test function in (4.2), we obtain
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4(s —1) s
o [Wipa
Q
=(s—1) /|u7\3_2\VuT\2dx
<// ||u ‘% w(@) |2 g ()] 1d:v—|—C/\uT|S 2u7updx+0/|ur\s Yu,de
xr — L
Q Q
« 1
< // :Z(g)il;dym(x) " T(x)|571dx+20/(1 + u?) Ju, |52 111; dz.
QQ Q
We denote a(u) := 111’5) and have 0 < a(u) < Cy(14+uP~1) e L2 (Q). If2 < s < %, using Lemma 4.3
with 0 = %7 there exists Cy > 0 such that

U;T 2% _ s— 2(s —1 s s
/ / A o5 e < ) 19003+ [
Q

Q

Since |u,| < |u|, we have

—1 s—1
/|v uy)3 Pde < 02/|u| dx—i—// @) ) 2 da

—ylr

Lac / a(u)(1 + ) u [ de,

Q

where A, _{a:EQ lu| > 7}

Since 2 < s < == applylng the Hardy-Littlewood—Sobolev inequality again,

uly) e uly)" ! 1y pemipr % %
//' 'W)' dylu(a) % dr < G /||u|2 ) /||u|2u|d:c

)

with 2 = 14 8= Lapg 1= Moy

. T 5N By Holder’s inequality, if u € L*(2), then |u|?
ul?Huls~t e L7(Q , whence by Lebesgue’s dominated convergence theorem
Y g g

. |uly 1|U yI! 2 _
TILH;O// i dylu(z)|+dz = 0.

» e LY) and

On the other hand,

/a(u)u2|u7\5_2daj§7'o / w?|u, |* 2 de + / a(u)u?|u,|*~2dx

Q

a<To a>T1o
§C4TO+(/ a(u)%daz)%(/(u|u7\%)2*dx)%
aZTo aZT(J

and
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[atwlurl e < Com+ ([ atw¥anb [ ul ) o)

Q a>T1o a>T1o

where, since |u,|2, Cy; and Cs can be taken independent of 7. Hence, by a(u) € L% it follows that

(/ a(u) > dz)¥ — 0

a>To

as 79 — 00. Therefore, choosing 7y large enough such that

b

DN | =

C’(/ a(u) > dz) ¥ <

a>To

by Sobolev embedding theory, we obtain that there exists a constant K (79), independent of 7, for which it
holds

2

sN 17W
</|uT|N_4dx> < C’g/|u|sdx+K(To).
Q Q

Letting 7 — oo we conclude that u € L¥2 (©2). By iterating over s a finite number of times we cover the

range s € [2, ﬁ—l_vu) So we can get weak solution v € L*(Q2) of (1.11) for every s € [2 L) Thus,

2(N—-2) N2 2(N—2) N N2 )
— 2 : - 2
N (NN = ) Since ox= < xop < (vmpyan—)» We have

|u% € L(Q) for every s € |

Jul o
PRI
Q

and so
l9(z,u)| < Co(1+ [u* 7).
From Theorem 1.16 of [7], we have the weak solution u € L>(Q) and u € C?(Q). O

Lemma 4.5. For all 0 < X\ < A, there exists a positive solution for (1.11) which is a local minimum of the
functional Jy in the C-topology.

Proof. Let 0 < X <X < X' < A and uy and wuy~ be the corresponding minimal solutions to (1.11), A = X
and )\’ respectively. Denote u := uy» — uy. Then, since minimal solutions is increasing with respect to A,
we have

—Au>0 in Q,
u=20 on Of).

In order to obtain the existence of positive solution, we may assume that

.
U=+ 5
Faw) = ( |x|_|y|udy)lu2u2u + x4 P,

for u > 0 and fy(u) =0, for u < 0. We set
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Falux) if u<uy,
f;(u): f}\(u) lf uy’ <’U,<UA//’
f/\(uA”) lf u Z Uux",

u

F(u) = / £ ()ds

0

and
* 1 2 *
Jy(u) = 3 |Vu|“de — | Fy(u)dx.
Q Q

Standard calculation shows that J3 achieves its global minimum at some ug € H () satisfying

—Aug = f(ug) in Q,
ug =0 on Of)

and
Ji(up) < Ji(u), Yu € HY(Q).

By the Maximum Principle, we get that uy < ug < uy» in 2, as well as
g(u —uy) <0 g(u —uy) >0, x€d
o 0 A ) v 0 A ) 9

where v is the outer unit normal at 0. If ||u — ug||c1 () < € for € small enough, then uy < u < uyr and
so we have J5(u) = Jx(u). Then

Ia(w) = JX(u) = JX(uo) = Jx(uo)
for any u € C3(Q) with [u—uollci () < €andso ug is a local minimum for Jy in the sense of C* topology. O

Lemma 4.6. Let ug € H}(Q) be a local minimum of the functional Jy in CL(Q), by this we mean that there
exists r > 0 such that

Ix(ug) < Ja(ug +u), Yu€ CHQ) with lulloa ) <
Then ug is a local minimum of Jy in H(Q), that is, there exists g > 0 such that
In(uo) < Ia(ug +u), Yu € HYHQ) with |ul| < eo.
Proof. Arguing by contradiction, we may suppose that for any € > 0 small we have

in J < J ,
opin A(u) < Jx(uo)
where Be(ug) = {u € H}(Q) : [Ju — uo| < e}
Following Brezis and Nirenberg [15], we sketch the proof here. Applying a standard argument of weak
lower semi-continuity, we may take ug. such that min,ecp_(uy) Ja(v) = Ja(uoc). We need to prove that
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Up,e — Up in C(Q) as € \, 0. Note that the Euler-Lagrange equation satisfied by ugp,c involves a Lagrange
multiplier (. such that

<J§\(UO7E)7 <P> = (e <u0,ea <P>H§(Q)7 Vo € H01<Q) (43)
From ug ¢ is a minimum of Jy in B.(ug), we have

<J$\ (UO,E)> UO,E>

¢ = <0. 4.4
T ol P )
By (4.3) we easily get that ug . satisfies
1 .
—Aug e = ﬁf,\(uo,s) = faeluoe) in €
- Le
uge =0 on Of).

Since up. € Hg(Q2) and (4.4), by Lemma 4.4, there exists a constant C' independent of e such that
||u075||02(§) < C. By Ascoli-Arzeld Theorem there exists a subsequence, still denoted by ug ., such that
ug . — ug uniformly in C}(2) as e N\, 0. This implies that for ¢ small enough,

J)\(U,O,E) < J)\(U,o)
for any ug . with |lug,. — u0||Cé(Q) < e. This contradicts our hypothesis. O

From Lemmas 4.5 and 4.6, we know there exists a local minimum wuy in Hg(Q). For 0 < A < A, we
consider the translated nonlinearity defined by

) F(u) if u>0,
“w_{o if w<0,

where

F(u) = Muo + uw)? — Aud + (uog + u)? — ub)

+ 2 i 2% i
+ (/ [up + ul* dy)|u0+u\2”72(uo+u)* (/ g | dy)|u0|2“72u0-
|z — y|# |z — y|~
Q Q
We consider the translated problem
—Au=g(u) in 9,
4.
{ u =0 on Of). (4.5)

The Hardy—Littlewood—Sobolev inequality implies that
- 1 )
Ii(u) = 3 [Vu|“de — | G(u)dz,
Q Q

is well defined, where
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Therefore if 4 # 0 is a critical point of Jy then it is a solution of (4.5), by the Maximum Principle, % > 0
and u = ug + u will be a second solution of (1.11). In order to finish the proof the Theorem 1.6, we are
going to investigate the existence of nontrivial critical points for J,.

Lemma 4.7. u = 0 is a local minimum of Jy in HZ(9).

Proof. We only need to show that u = 0 is a local minimum of Jy in C! topology. Let u € C}(2), by direct
computation, we know

Aw=§mW—/aww

1
= —||uH2 /|u0+u\q+1dx+—/\u |q+1dx+)\/u0uda:— —/|u +ulPtdzr

2

/|u0|p+1dx+/u0udx— . // |(uo + ) () %] (uo + u) (y) “dxdy
p+1 2.2y | — y|#

|U0 ;L ’uO )|2M / / |U0| M 2% _9
dzd ( d ) , dz.
by 2// \x—yl“ v o — gy ™Y ol uoudz
Q Q

On the other hand,

Ix(uo + u)
1 , A / . 1 /
= —lug +ul|* — —— [ |uo +u|"dr — —— [ |ug + u|PTdx
sluo+ulP = 25 [luo+uttido - o +u
Q
L/:/’|Uo4-u o + 0P,
2.2 |z — y|#
1
_ —Hu0||2+—||u||2+/VuVuodx— —/|uo+u|q+1dx +1/\u0+u|p+ldm
Q
(w0 + )@ P o + W
2 2* Ifc—yl"
= §Huo||2 _|| 12— —/|uo+u|q+1dx——/|uo+u\p+1dx+)\/uouda:+/u0udx

Q Q

|(uo + w) (@) 2#] (uo + w) (y)|* / g% 2" o
dad ( d ) ' da.
~ 3. 2* // |:Jc—y|l‘ xdy + o=yl y ) |uo|** " “upudz

Q Q

Since ug is a local minimum of Jy, we have that

1 A
J)\(’u):JA(U0+U)—5HU0||2+m/|U0|q+1d$
Q

/|u0|p+1dx—|— //|Uo |u0 )l dedy
|z —yl*
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Ix(uo 4 u) — Jx(uo)

v
o

A(0)
provided [[ufci) <e. O

Lemma 4.8. Ifu = 0 is the only critical point of Jx in HL(Q) then Jy satisfies a local Palais—Smale condition

2N — I3
below the critical level MS”” "

AN—2u
Proof. If {w,} is a (PS). sequence of Jy, then

_ N 2 2N —p _
J)\(wn) —c< ﬁsl\]+2 " J;\(U)n) — 0. (46)

Since the fact that wq is a critical point implies jA(wn) = Jx(un) — Jx(wo), where u,, = w,, + wp, we have
that

Ia(un) = ¢+ JIn(wo), Ji(un) — 0. (4.7)

Similar to Lemma 2.2, we have, if {u,} is a (PS). sequence of Jy, then {u,,} is bounded, if u,, € H}(Q)
is the weak limit of {uy,}, then u, is a weak solution of problem (1.11). Let v, := up — U0, then we know
vp — 0 in H}(Q) and v, — 0 a.e. in . From by the proof of Lemma 2.4, we can assume there exists a
nonnegative constant b such that

/ |V, |*de — b

as n — 400 and we obtain

N42—p 22

lim Jy(un) > “5N+2 P4 Iy (to) (4.8)

or b= 0. If (4.8) holds, then by (4.6) and (4.7), we have

N 42— o N +2- ot
IV g Se |+ Il < R SR+

U}O).
Note that u = 0 is the only critical point of Jy in H} () then, us = wp. Thus we have

NA2-p &35t _ N+2-p 35505
AN —2p ~HL AN —2p “HL

This a contradiction. Then b = 0, this is
ltn — tool] — 0

as n — 4o00. This ends the proof of Lemma 4.8. 0O
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Lemma 4.9. Let 0 < g <1, 1 <p <2*—1, A > 0 and u. as defined in (2.6). Then, there exists € > 0 small
enough such that

_ N+27ILL 2N—7;L
Fi(t SNTEn 4.9
i;lg )\( uf) < 4N—2M H,L ( )

Proof. Since

(a4 b)P > aP 4+ WP + paP~'b

for every a,b > 0 and p > 1, then

z) % 2,

Ix*yw

2 2 2 2:—1
=y T =y -y

Q

u ,A

2, -1 2% —1
Jr2*//|U0 ug ()| |Us( d dy Jr2*//|U0 u( ) ! |u€(y)|dxdy
|z — y|n |z —yl»

Jue () 2 [ue (y) [ //\UO IuO (y)|*
// |x7 m dxdy + vy dxdy

2% -1 )2 25 -1
coe [ [ ) )BT 2*//|uo D @) @),
x

—ylr |l —y|»
Bs Bs

thanks to ug > C7 > 0 on Bs. On the other hand, since for every u > 0

Ug + U U i
o2 ([0 by i+ / 0l )l
|z — yl» |2
Q
we have
2u 2*
j)\(ue) <z /\Vua\ dx — //| e + uo) ()] |(ue + uo) (y)| “da:dy
225 |x — y|#
Q Q

Jug () 1% |uo ()| / / 2
dxdy d
2 2* // |x—y|“ + | |u |u0| uoug T
luc(z H|u€ )‘2 // |ue(z |“s( )|2:71
\Y% dx dxd Cy dxdy.
/\UA 22*//~ P rdy — |m—mu rdy

Bs Bs

I /\

By a direct computation, we know
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|ue (v |2 #ue( )|2‘*‘_1
// 7=y dxdy

Bg B,§
U ()| |Ue ()|
// o — g dxdy

Bs Bs
B B !
_ 2 3N 2[N(N 2 3N— 2+2// z — N7“+2d.13dy
J g ylr L+ 1E2) = (4.10)
p—=3N— — 1
= N - g [ / — g oy
s B (1+]z2)= ylr(L+yl2) =
—z drdy
1+ [2?) yw(l + [y[2) T
=0z )

provided € < 1. Therefore, by (2.7), (2.8) and (4.10), we have

)2 o .
2 |ue ()] [ue (y)| 2.2 -1 |ue (@ |u5 y)|
A(tue) < /|Vu€| dx— 23, // P dxdy — Cot |x—y|“ dxdy

t2 N-2 N N . t2'2: N [ 2N-p Y 2% _ N—2
< Lo A sE, 10 ) - Lo FspEt - 0N ) - 2510 )
n
=g(t)

It is clear that g(t) — —o0 as t — 4o00. It follows that there exists ¢t > 0 such that sup,. g(t) is attained
at t.. Differentiating g(¢) and equaling to zero, we obtain that

N-2 N N _ 2.2% —1 N 2N-—p —u 227 -2 N-2
te(C(N,p)2=r 2S5 | +OEN2) =t (C(N,p)2Sy; —O0EN"2))—t" 0@z )=0
and so
C(N, 1)1 582 4+ OEN2)\ pies
ta < ( ~ 21\/7;{1711 . ) " = SH,L(€)
C(N,w¥Sy 7 —O@EN%)

and there exists ty > 0 such that for € > 0 small enough

te > to.
Since the function
t2 N-2 N N N_2 t22%u N [ Eou N_&
tor SO FE ST 4 0N ) - SO T S g - 0N )

is increasing on [0, Sy 1.(¢)], we have
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N-2 N N
Tty < N+2-p C(N,p)=nr"255
max Jx(tue) < 4N—2,u(

+ o) 6N72 zNzipu L
L ( )72 )N+ —O(EN2 )

(Cvm¥ ST — 0N -4) "

BH2 gt L o(emniv-2N=4)) _ o7

)

— AN —2pu
N2y i
AN —2u ’

thanks to ¢y < t. < Sg,r(¢) and (4.10). O
Proof of Theorem 1.6. For every u; € H}(Q)\{0}, one easily checks that
j)\(tul) <0

for t > 0 large enough. Combining with Lemma 4.7, we have .J, has the Mountain Pass Geometry. Then
there exists a (PS) sequence {u,} such that Jy(u,) — ¢ and J4(u,) — 0 in H}(2)~! at the minimax level

= inf J > 0,
¢ = inf max Ji(v(t))

where
I :={y € C([0,1], Hy () : 7(0) = 0, Jx(+(1)) < 0}.
From Lemma 4.9, we know there exists € > 0 small enough such that

. N+2-p 2
sup J (tu _ a
>0 ( 5) 4N7 H,L

2N —

LN =p
Therefore, by the definition of ¢*, we know ¢* < JZ;—QEL%S o 27+ This estimate jointly with Lemma 4.8 and
the Mountain Pass Theorem if the minimax energy level is positive, or the refinement of the Mountain Pass

Theorem [31] if the minimax level is zero, gives the existence of a second solution to (1.11). O
5. Infinitely many solutions in the case of a sublinear perturbation

In this Section, we will study the existence of infinitely many solutions for the critical Choquard equation
with sublinear local perturbation, i.e. the equation (1.8) with the exponent of the perturbation satisfying
0 < ¢ < 1. By applying the Dual Fountain Theorem in [11], we are going to prove that the energy functional
J has infinitely many critical values.

We denote the sequence of eigenvalues of the operator —A on €2 with homogeneous Dirichlet boundary
data by

O<)\1</\2§...S/\j§/\j+1§...

Moreover, {e;};en C L*°(€2) will be the sequence of eigenfunctions corresponding to A; which is also an
orthogonal basis of H{}(£2). Define X; := Re;, we will use the following notations:

Vi i= 850X, Z) = 82, X,
By = {u €Y : ||’LLH < pk}7Nk = {’LL € 7y : ||u|| < ’I“k}

where pp > 1 > 0.
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Definition 5.1. (See [48].) Let X be a Banach space, I € C*(X,R) and ¢ € R. The function I satisfies the
(PS)* condition (with respect to (Y;,)) if any sequence {u,} C X such that

Un, € Y, I(un,) = ¢, and  I|y. (un,) =0, as n; = +oo
J
contains a subsequence converging to a critical point of I.

Theorem 5.2 (Dual Fountain Theorem). (See [11].) Let X be a Banach space, I € CY(X,R) is an even
functional. If, for every k > kg > 2, there exists px, > rr > 0 such that

1) ag = infueZk,HuH:Pk I(u) >0,

2) bk = MaXyeYy, |lull=rk I(U,) < O,

3) dy = inquZk,lluHﬁpk I(u) = 0, k — oo,
)

B
B
B
By) I satisfies the (PS)* condition for every [dy,,0),

(
(
(
(
then I has a sequence of negative critical values converging to 0.

We are ready to establish the following convergence criteria for the (PS). sequences.
Lemma 5.3. Let 0 < q < 1. If there exists My > 0 such that, for any A > 0 and

N+2—yp 1312 a .
i e o M ATT 1
c < 4N—2 S 0 L 9 (5 )

then Jy satisfies the (PS)% condition.
Proof. Consider a sequence {u,,} C Hg(€2) such that
Un, € Yo, Ia(un;) = ¢, and  Jy|y, (un;) =0, as n; = +oo,

where ¢ satisfies (5.1). As in the proof of Lemma 2.2, we have ug is a weak solution of problem (1.8) with
0 < ¢ <1, where ug € Hg () is the weak limit of {uy, }. Taking ¢ = uy € Hg(Q) as a test function in (1.8),

we have
/\Vu0| d:z:—)\/ q+1dm+// [uo (@) o () “da:dy,
Ix*yl“

and so

A A N+2—p lug () |2 |uo ()| 2
In(ug) = (5 — c]—l——l)/ug+ldx + IN — 2 // |ac . dzdy.
Q

By Holder inequality and 0 < ¢ < 1, we have

g+1

A A A A 2" g |uo (z u\u )|2; 2
A B L CAREAR T g+l S C)\ // 0 0 dd) i
( ) [ e > (G- 195 ol LD ey
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N+2-—p |uo (@) [+ |uo(y)| // o (2) |2 [uo (y) |2 o
> dzd A dzd . 2
Ia(ug) > AN — 2 // ] xdy — C P xy) (5.2)
Q

We define My > 0 by

(N A2 = oo a+1) _ Tzi‘éﬁ
rtn>151<4N_2'ut Ot )_ MATZ—a T, (5.3)

Denote by v, := un; — uo, then we know v,; — 0 in H}(Q) and vp; — 0 a.e. in Q. From the proof of
Lemma 2.4, we have

[0, (@)% vn, () >
. — J 1 4
¢ < Jx(un,;) = Jx(uo) /|anj| dx 77 // |$7y|“ dxdy + 0,(1) (5.4)

and

on(1) = /|an1| dz — // [on, ( I:E|2|ZT;( y) [ ddy. 55)

From (5.5), we know there exists a nonnegative constant b such that
/|anj\2dx —b
Q

and

)% 2,
//Ivn x)[*# v, (y)] dedy > b,
|z —y[*

Q Q

as n; — +00. By the definition of the best constant Sy, in (1.5), we have

2% N—2
O, ( U, u =
//| | | |/J W)l dxdy) e < |V, |*dz,
T —yH 7
Q

2N —p 2N —p

which yields b > Sy, Lb2N . Thus we have either b = 0 or b > SN EOIf D > SN #*2 then we obtain
from (5.2), (5.3) and (5.4) that

— MHJA( 0)

AN — 24
N+2-p iz N+2- u//mo )25 g ()2 //|u0 )P o)\ 5
> D T2 Hgn dady — O\ dad ) 2
= AN o UHL AN — 2 z— yl» v z—yp Y
N+2 p‘SN u+2 MO/\2;2Q 17

~ 4N —2u
which contradicts with (5.1). Thus b = 0, and
l|tn,; —uo|l — 0

as nj — +oo. This ends the proof of Lemma 5.3. O
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Proof of Theorem 1.7. Denote by

Br = sup |u|g41,
UWEZy,||ul|=1
by Lemma 3.8 of [48], we know
Br — 0,k — oo. (5.6)

From the Sobolev embedding theorem and the Hardy—-Littlewood—Sobolev inequality, exists R > 0 small
enough such that, for any ||ul| < R,

|u(x \ pIEET) 2
dxdy < —C < -
2. 2* // |QZ— |# 9. 1l ||’LL||

Thus we get, for all u € Z;\ {0}, ||lu|]| < R,

1 A 1
. / Vade = = [ ul*de = 3l
Q

et

J)\(u>

Y%

(5.7)

\ \/

— 2 _
el = =

ANBIFL 1 , .

We choose py, := (= 35—) ™. From (5.6) and 0 < ¢ < 1, we have p, — 0,k — oo and so there exists ko

such that for every pr < R when k > ko. Thus, for every k > kg, there exists pr > 0 such that a; =

infy,ez, |jul|=px Jx(u) > 0. Condition (B;) is thus proved.

Since Y} is a finite dimensional subspace of H}(2), we have all norms on Yj are equivalent and so
condition (Bs) is satisfied for every ry > 0 small enough when A > 0.
By (5.7), we know for all u € Z;\ {0}, |u| < pk, k > ko,

A

Bl > g g
q+1

JA(U)E 7+ 1 e Pk

Then condition (Bs) is satisfied from 8 — 0, pr — 0, k — 0.

We know that there exists A* > 0 such that, for every 0 < A < A* and ¢ < 0, J satisfies the (PS)}
condition from Lemma 5.3. By Theorem 5.2, we have there exists A* > 0 such that, for every 0 < A < \*,
problem (1.8) has a sequence of solutions {u,} C H}(Q) such that Jy(u,) — 0,n — oco. O

To obtain the multiplicity results for the subcritical nonlocal case, we need to recall the famous Fountain
Theorem in [10] which states as

Theorem 5.4. Let X be a Banach space, I € C*(X,R) is an even functional. If, for every k € N, there erists
pr > T > 0 such that

(A1) ap = maxyey;, juf=p, 1(u) <0,
(A2) by :=infyez, |ulj=r, {(w) = 00, k — o0,

(As) I satisfies the (PS). condition for every ¢ > 0,

then I has an unbounded sequence of critical values converging to co.
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Proof of Theorem 1.8. We denote the energy functional associated to equation (1.12) by

|u(@)|Plu(y)|” a+1
Tt /|vu| do // o ‘H /|u| da.

It is standard to prove the (PS) condition (Ajs) holds everywhere and we only need to check the conditions
(A1) and (Az) hold. In fact, similar to the proof Lemma 2.3 in [28], we have

- (f [ )
Q Q

defines a norm on L2N-7 (). Thus

L2
[ 1vuds = ol

Q

DN | =

Iap(u) <

Since Y}, is a finite dimensional subspace of H}(Q2), we have all norms on Y are equivalent and so rela-
tion (A;) is satisfied for every p, > 0 large enough when A > 0.

We denote
Bk :=  sup  |u| 2np
weZy,|lul|l=1
and have
Br — 0,k — o0 (5.8)

by Lemma 3.8 of [48]. By the Hardy—Littlewood—Sobolev inequality, we obtain

u(x)|Pluly
//| |x|—| i d dy<C’1|u| 22

Thus we get, for all v € Z;\ {0},

l\D\F—‘

2N—u

/|Vu| dmf—/\mq“dﬂc C’2|u| Np

N =

> Sl — Gl _H/MWM

We choose ry, := (2p025,§p)ﬁ and get, for all u € Zx\ {0} and |ju|| = r,

1

1
AMZS—%WWﬁz%_——/MWW

From (5.8), we have that relation (Ag) is proved. O
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