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1. Introduction

Stochastic representations for solutions of elliptic and parabolic equations are well known since the earliest
works by Kakutani [14], Kac [12], etc. They are constructed by Markov processes describing the random
motion of a particle and thus also known as “stochastic solutions”. These two types of PDEs have been
studied intensively and thoroughly. Yet there has not been much progress on stochastic solutions of linear
hyperbolic PDEs. A valuable survey is Hersh [10]. Goldstein [8] and Kac [13] were the first to construct
stochastic solutions of the one-dimensional telegrapher’s equation under some special initial conditions,
using “persistent random walk”. More general results are derived later, see [15,9,19,7,11]. Since most of
those constructions require the solution of the wave equation associated to the telegrapher’s equation, they
cannot deal with the wave equation itself.

Only recently are there advances in stochastic solutions of the wave equation. Dalang, Mueller and Tribe
[5] used the formulae of solutions to wave equations to construct stochastic solutions in one to three di-
mensional Euclidean spaces. Bakhtin and Mueller [1] defined “stochastic cascades” to solve one-dimensional
semilinear wave equation. Pal and Shkolnikov [20] defined “intertwined diffusion processes” and showed their
connections to the hyperbolic PDEs. Yet there is no explicit representation for solutions, and it cannot deal
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with initial value problems. Chatterjee [4] derived a family of functions in bounded domains that satisfy
the wave equation, using Brownian motion and a Cauchy random variable. This is the first result about
bounded domains, although it is still unable to handle prescribed initial and boundary data. Plyukhin [21]
analyzed the inability of single-particle motion, and defined a stochastic process describing the movements
and transitions of a large number particles moving along positive and negative directions of the Cartesian
axes, to use their distributions to solve equations including the wave equation. There is no rigorous analysis
and initial-boundary value problems were not addressed, either. Probabilistic interpretations of the wave
equation still need exploration.

On the other hand, interacting particle systems have been successfully used as models for many differ-
ential equations. Kurtz [17,18] considered Markov population processes with finite types of individual, and
established law of large numbers approximation and diffusion approximation of systems of finitely many
ODEs. Then Kotelenez [16], Blount [3] and many others extended the results to parabolic PDEs by hydro-
dynamic limits. In parallel with those works, stochastic processes describing evolutions with infinite types
of individual are also studied, see Eibeck and Wagner [6] and Barbour [2]. They are related to PDEs or
systems of infinitely many ODEs.

In this paper we start from the wave equation on graphs, which is a system of finitely or infinitely many
second-order linear ODEs. It is an approximation of the wave equation in Euclidean spaces and arises from
many physics and engineering studies including spring networks, LC circuits, etc. An interacting particle
system is constructed as the probabilistic model for this. There are key features distinguishing it from
most existing models for other equations. One is that the particles are located not only on the nodes,
but also on the edges of the graph. This follows from physics interpretations of the problem. Besides, we
have dimension-free estimates for the system, which does not depend on the number of vertices in the
graph. Hence infinite graphs such as Z¢ are easily analyzed. What is more, a phase transition phenomenon
demonstrates the sharpness of the scaling result.

We use quadruple G = (V, E, K, m) to denote a graph to be discussed throughout the paper, where V
and E are sets of nodes and edges, respectively; K = (kyy)z yev is the weight matrix, kyy = kyy > 0, and
kgy = 0 if there is no edge between z and y; m = (my)zev is a function on V' taking values in R.. We
further suppose the graph is embedded in some Hilbert space H, i.e. the nodes are elements in that space,
where the inner product and norm are represented by “-” and | - |”, respectively. In this paper, V is either
finite or countable, and the edges are undirected. There can be at most one edge between any pair of nodes,
and there is no self-edges.

Definition 1. The Dirichlet initial-boundary value problem (IBVP) of the wave equation on G is

mm%(x,t) = Z kgylu(y,t) —u(z,t)], (z,t) € Vo x [0, 400),
yev
u(r,0) = pla), SH(w.0) = v(@), v V: -y

u(x,t) = o(x), (x,t) € V1 x [0, 400).

Here Vj and V; are two disjoint subsets of V and Vo UV, = V. ¢ and 1 are real-valued functions on V', and
Y|y, =0.

Our process is rather natural and easy to analyze. Thanks to linearity of this problem, the expectation
of the process is directly linked to the wave equation through a Feynman—Kac-type formula. Under some
regularity conditions, we can define an interacting particle system {f; : ¢ > 0} whose states are functions on
V U E. The initial state is determined by the initial and boundary data in (1.1). Then Theorem 3.1 states
that
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u(z, t) = p(x) + m—fo(/fs(m)ds) (1.2)

solves the Dirichlet IBVP (1.1).

Besides, the ODE system exhibits “conservation of energy” property, which naturally lead to L? estimates
of the particle system’s fluctuation and a submartingale property. Theorem 4.4 shows that with proper
scaling, the process converges to the solution of the wave equation in Euclidean space. Different limiting
behaviors due to different scalings are also discussed.

The rest of this paper is organized as follows. As preliminaries, in Section 2 we list basic definitions
and results of the wave equation on graphs and the interacting particle system. In Section 3 we show the
Feynman—-Kac formula for the graph case. Then in Section 4 we present limit theorems. Their proofs are in
Sections 5 and 6.

2. Preliminaries
2.1. The wave equation on graphs

We first list some notations and regularity conditions for the graphs we study. For two nodes x and y,
we write y ~ x if and only if there is an edge in E, denoted by (x,y), between them. Let e,, = ‘y L be the

unit vector pointing from z to y. For any finite set S, #S and |S| both refer to the number of elements in
it. Assume

dp = sup {#{y Ty~ x}} < oo, d=max{dy,?2},
zeV

(2.1)
M= max{ sup{m, '}, sup {kzy}} < o0
zeV (z,y)EE
Definition 2. Let Fy/(G) = R and
Fp(G)={veHP :V(z,y) € E,3c € R s.t. v({z,y)) = c(y — 2)}. (2.2)
Each u € Fy(G) is called a scalar field on V, while each v € Fg(G) a vector field on E. Let
F(G) = Fv(G) x Fg(G) = {(u,v) : uwe€ Fy(G),v € Fg(G)}. (2.3)
For f € F(G), define
supp(f) = {z € V'f( ) # 0y U{(z,y) € E: f({z,y)) # O},
1/«
Il = (30 LOE P VLCIDRREETEES
zeV z,y)EE (2'4)
£ lc =max{sup{\f(:v)l}, sup_{[£((@, )} }-
zeV (z,y)EE
Define
Fo(G) = {f € F(G) : [supp(f)| < oo, [f(2)| € Z, Ve €V, [f((2,9))| € Z, V(z,y) € E}, 25)

LNG) ={f € F(G) : |[flla <00}, 1 <a < o0
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For f,g € L*(G), define

1£,9] szf Y k(o w) - 9((m9)). (2.6)

zeV (z,y)EE

The following obvious lemma will be useful for us.

Lemma 2.1. Vf € F(G), a > 1,

LAlS < Ifle - DS (2.7)

Definition 3. For z € V, (x,y) € F and £ € V U E, define

0, otherwise, 0, otherwise,

m):{ e @@,(5):{ Co £ 0 29)

0x(§) = (2.9)

" 1, ¢ =z and z € 1},
0, otherwise.

Obviously Fy(G) is countable and 6, 05y, 5, € Fy Q).

Definition 4. Define L : F(G) — F(G). For f € F(Q),

Lef(x kayemy f{z,y)), v €V,

y~zx

- (L2 1

my My

(2.10)

CGf(<xa >6my7 (a:,y) er.

It is easily seen that [-, -] defines an inner product in L?(G), and L is a skew-symmetric linear operator
since [f,Laglc = —|Lcf,9la, Vf, g € L*(G), which further yields [f, Lo f]e = 0, Vf € L?(G). Besides,
direct computation yields

L2f(x) 2 (,cG Lef) ) ka( o %) zeV. (2.11)

Hence £% can define a discrete Laplace operator on the functions with V' being the domain.

Remark 1. The solution of the IBVP (1.1) is a time-varying scalar field. An example for the wave equation
on graphs is the spring network, where the nodes are balls connected by springs as edges. u(z,t) in (1.1) is
the displacement of node = at time ¢. Then mm%u(:c, t) and [u(y,t) — u(z,t)]es, represent the momentum
of x and the directed deformation of (x,y). This physics interpretation of the wave equation leads us to

define a function v:

du
v(z,t) = mIE(x’t)’ zeV, (2.12)
[

U(<‘T7y>vt) = u(yat) - u(xvt)]eacyv (x,y> SIS
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We have v(-,t) € F(G) for all t. The IBVP (1.1) is now rewritten as:

Cole.t) = Lav(1), (61) € (U E) x 0, +00),
o(E,0) =€), £ VUE, (213)
v(z,t) =0, x € V1 x [0, +00),

where ( € F(G) is defined by

{ C(z) =map(x), €V, (2.14)

C((z, 1) = [p(y) — p(z)]ewy, (z,y) € E.

This is the initial-boundary value problem for a linear system of first-order ordinary differential equations.
2.2. The interacting particle system

The definition of the interacting particle system is guided by the physics interpretation in Remark 1.
The key quantities of the spring network system are the momentum of balls and deformation of springs.
The rate of change of a ball’s momentum is determined by the deformation of springs attached to it. The
rate of change of a spring’s deformation, in turn, is determined by the velocity of the two balls it attaches
to. In other words, a ball can only affect the springs attached to it, and a spring only affects the two
balls it attaches to. Direct contact is the sufficient and necessary condition for interaction, and there is no
interaction between any pair of balls or springs. The following interacting particle system naturally captures
this mechanism.

Definition 5. The interacting particle system (IPS) {f; : ¢ > 0} with state space Fy(G) is defined through
its infinitesimal generator A. For ¢ : F(G) — R,

a0(r) = S TN Lo (5 4 san(r@) Y ,0) - 00}
z€V * Yy~

o (2.15)
+ > kalf ) {e(f +sen(f(@.9) - )@ = 6,)) — (1]

(z,y)EE

Intuitively, given the current state f, the possible transitions and their rates are

= f+sen(f(x)) Z 0yz at rate |f(:r)\7

~ My (2.16)
For J (7)) en)a— ) at rate EalF(m0))

Let 7, be the time of the n-th jump of our IPS, 79 = 0, and &, = 7, — 7,—1 be the inter-arrival time,
n € Zy. Define hy, = f;,, n € N as the skeleton process, n; = sup{n : 7, < t}, t € Ry as the number of
jumps occurred.

For f € Fy(G), Ps(-) and E(-) denote the conditional probability and expectation given fo = f, re-
spectively. We will see later in Theorem 2.7 that the IPS is non-explosive (i.e. making finite jumps in [0, ¢]
almost surely, V¢ > 0) and everything is well-defined.
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2.8. Preliminary results

Lemma 2.2. Recall the definition of M and d in (2.1). Given fo = f, we have ||hplloo < 1+ ||f|leo and
hellh < nMd+ || fll1, a.s. As a result,

[felln < Mdne + [ fl1,
[felloo < e+ 11f oo

(2.17)

Proof. From the definition of our process {fi} we see that |h,11(z) — hy(x)] < 1 and |hyp1({x,y)) —
hn({z,y))| < 1, which imply ||hpt1ll1 — [|helli < Md and ||hpi1lloo — [|Pn]lee < 1, a.s. Induction can be
applied to prove the argument. 0O

For A > 0, U(A) is an exponentially distributed random variable with rate . For two random variables
X and Y supported on [0, +00), we write X > Y if and only if

P(X >t)>P(Y >1), ¥t >0. (2.18)

The relationship X > Y is often written as “X is stochastically larger than Y” in the literature. Simple
propositions in stochastic dominance will be needed to derive useful estimates on random quantities. Their
proofs are straightforward and thus omitted.

Lemma 23. 1. X Y =EX >EY; A<n& U\ > U(n).
2. Suppose we have two sequences of independent random variables supported on [0, +00), {X,}52, and
{Yo,}oo,. If X,, > Y, holds for all n, then

N N o) 0
S Xn= Y Yo, NEZy > Xp- ) Y (2.19)
n=1 n=1 n=1 n=1

We obtain some simple estimates on our IPS by comparing it to the Yule process defined in [22]. Here
we present some of its properties that will be used later. They can be found in Yule’s original paper [22]
and thus we omit their proofs.

Definition 6. The Yule process parameterized by A and r, {X¢(\,7) : ¢ > 0}, is a pure birth process starting
from r € Z4 with jumps from n to (n + 1) at rate nA, ¥n > r. Let 7o(A,7) = 0, 7,,(\, ) be the time of its
n-th jump, &, (X, 7) = 7, (A, 7) — Fu_1(\, ) be the inter-arrival times, and 7j;(\, 7) = sup{n : 7,(A,7) < t} be
the number of jumps occurred.

By definition,

Xf'n()\,'r‘)()‘a T) =n-+ T,

- d (2.20)
£\ 1) < U((n - 1))\>.
Lemma 2.4. Yule process is non-explosive. Furthermore, we have
Efg(\, ) = reM, t >0,
(2.21)

Ef(A\, 1) < 00, Yo >0, t > 0.
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Now we come back to the IPS {f;}.
Lemma 2.5. Vf € Fy(G), conditional on fo = f, we have
& = U(n—1)Md+ ||fll1), ¥t >0, Vn € Z. (2.22)

Proof. From the definition of {f;} we see that &, < U(||hn-1ll1)- Given fo = f, Lemma 2.2 tells us
|hn1ll1 < (n—1)Md+ ||f|l1, a.s. Lemma 2.3 yields &, = U((n — 1)Md + ||f|1). O

Lemmas 2.3 and 2.5 imply the following corollary.

Corollary 2.6. For f € Fy(G) and r > ”MHdl,

&n = En(Md, 1),

o= &= Y &(Md,r)=7,(Md,r), (2.23)
k=1 k=1

ﬁt(Md7 7") b Nt

Theorem 2.7. {f; : t > 0} is non-explosive, i.e.

Pf(ign - oo) =1, Vf € Fy(G). (2.24)

n=1
Proof. By Lemmas 2.3 and 2.5,

oo

Ef(;gn):,;@g”z n—1) Md+|\f||1 = oo (2.25)

Since {£,} are independent exponential variables, this is equivalent to

Pf(ign - oo) -1 O (2.26)

Theorem 2.8. Vt > 0, o > 1, f € Fy(G), we have E¢|| f;||& < 0.

Proof. Choose any r € Z, large enough such that Mdr > ||f||;. By Lemma 2.1, Lemma 2.2 and Corol-
lary 2.6,

Efllfella < Ep(lfells - 1felle™) < Epl(Mdne + [1£110) (e + 1 lloe)* ™)

< By ((Man(Md.r) + |17 (M) + o], 220
Then the proposition follows from Lemma 2.4. O
3. Stochastic representations for the wave equation on graphs
Theorem 3.1. Suppose ¥, ¢ are two real-valued functions on V. Define f € F(G) as follows:
{ f@) =may(a), z eV (3.1)
fUz,9) = oY) — p(@)]eay, (2,y) € E.

Please cite this article in press as: K. Wang, Stochastic representations for the wave equation on graphs and their scaling limits,
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If f € Fo(G) and {f: : t > 0} is the interacting particle system starting from f, then u:V x [0,00) — R,

t

u(z,t) = o(x) + mizEf(/fs(x)ds) (3.2)

0

solves the Dirichlet IBVP (1.1).

Theorem 3.1 provides a Feynman—Kac-type formula for the wave equation on graph G, subject to pre-
scribed initial and boundary conditions. When the initial data ¢ and v are nonzero only on a finite number
of nodes and edges, then the existence of the solution to IVP (1.1), which is a finite or infinite linear system
of second-order ODEs, is proved by direct construction with the help of our interacting particle system
{ft : t > 0}. Generally if ¢ and 1 satisfy

Z mm¢(x,t)2 + Z kxy[@(m7t) - w(yrt)]Q < 00, (33)

zeV (z,y)EE

then we can represent them as sums of finitely supported functions on G, and the solution can be constructed
by superposition principle. Since Euclidean spaces can be approximated by meshes, the solution to the wave
equation can be expressed as the limit of a sequence of expectations.

Now we come to the proof. The forward equations lead to the “master equation” of this IPS. Note that
due to the nature of this system, it is different from ordinary master equations where the transition rates
are nonnegative.

Theorem 3.2. Suppose f € Fy(G) and let f(-,t) =E;f;(-), t > 0. Then

S e = Laf(E0), (61) € (U E) x 0, +00),
f(&,0) = f(¢), E€VUE, (3.4)
fle,t) = f(a), w € Vi,

Proof. The statement in Theorem 3.2 is rewritten in the following form.

d

aEfft(x) = kayEfft(<xay>) “epy, T E W,

y~a (3.5)
d E E
aEfft“xvy» CCry = fT‘Q:y) - f,nf;z(x)v <$,y> S

Suppose z € Vp and (z,y) € E. Define ¢ : Fy(G) = R, f — f(x) and ¢™¥ : Fy(G) = R, f— f({z,y)) - eqy-
A routine procedure will show that the forward equation %E ro(fi) = E;(Ag(fi)) holds for these functionals.
Then the statement follows. O

Comparing with equations in (2.13), the equivalent form of IBVP (1.1), we see that f solves (2.13) as
long as f is defined in the following way:

{ f(a) = mow(a), x € V 56

fUz,y) = [p(y) — p(2)]ewy, (z,y) € E.

The consistency 9|y, = 0 forces f(z) =0 in V4. The first two equations in Theorem 3.2 lead to

Please cite this article in press as: K. Wang, Stochastic representations for the wave equation on graphs and their scaling limits,
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d2 r 7(y7t) f($7t)
— flx,t) = Ky - , (z,t) € Vo x [0, 400). (3.7
o= S (1)

Then it is easily seen that

t

u(et) = ple) + =By ( [ £.(0)ds) (3.5)

‘ 0
solves the IBVP (1.1).

4. L? estimates and limit theorems

Now we are going to present scaling limits of the system, including LLN-type theorems and a phase
transition phenomenon. They are established based on L? estimates, which are a natural choice for hyperbolic
equations, and turn out to be powerful. The proofs will be shown in Sections 5 and 6.

4.1. L? estimates

Theorem 4.1. Suppose f € Fo(G) and flv; = 0. Let {f; : t > 0} be the IPS starting from f and f; = E; f;.
Then

Egllfe = fe3 < Matl|f|ls + (|| £l + Md)e™ ™. (4.1)
Suppose ¢ € L*(G) and C|v, = 0. Let g;(-) be the solution of IBVP (2.15):
d

Egt
go = Ca gt|V1 =0.

=Lagt, in (VoUE) x Ry,

If {en}¥_, is a positive sequence tending to infinity, {f&} is a sequence in Fyo(G) such that limy oo ||C —
& /enll2 =0, and for any N, {f :t > 0} is the IPS starting from fY, then

Madt 1
Ef| Y fen = gell3 < 16— fo Jenllz + CTIIfévlll + cT(IIféVH + Md)eM®, Vi, (4.3)
N N

Therefore, for any fized t > 0,

EfllfN Jen — gill3 = O(ey') — 0,
P( sup ||f£V/cN - gs||§ >0) = O((&cN)_l) — 0, Vé > 0.

0<s<t

(4.4)
The conservation of energy in the wave equation results in sub-martingale property of some random
quantities describing the deviation, which further yields the bound on probability in Theorem 4.1.

Lemma 4.2. Suppose f € Fo(G) and f|y, =0, and {f; : t > 0} is the IPS starting from f. Then {||f; —
Eyfil|3:t >0} is a sub-martingale. As a result,

Py( sup |Ifi —Egfill3 2 8) <57yl fo — Egfil3, 95 > 0. (4.5)
0<s<t

Please cite this article in press as: K. Wang, Stochastic representations for the wave equation on graphs and their scaling limits,
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We have shown in Theorem 3.2 that f; solves IBVP (2.13), an equivalence form of the wave equation
on the graph. Hence this LLN-type theorem states that for fixed graph, as the number of particles go to
infinity, the scaled process converges to the solution of the wave equation on that graph. It should be noted
that the bounds on fluctuations above are dimension-free, i.e. they hold no matter the graph has finite or
infinite number of vertices. Besides, we have better results if the graph G is finite. The time ¢ can also
diverge as long as it goes to infinity slower than cp, indicating that the long-time behavior of the system
can be studied.

Theorem 4.3. Let A =2Md.\/(|V|+ |E|)M. For all f € F(G) and t >0,

Efllfo— foll2 < [IF13(eT7z —1). (4.6)

Recall the notations in Theorem 4.1. Then

At
Efll £ fen = gell3 < IS = £o" Jenl3 + eI/ 13 (e — 1), (4.7)

Therefore,

Ef|l Y /en = gill3 = O(t/en) = 0,

P(sup 17 fex 3 > 6) = Ot/ (Gex) = 0. (4.8)

4.2. Hydrodynamic limit theorems

With the help of Theorems 4.1 and 4.3 we can establish hydrodynamic limit theorems for the wave
equation in Euclidean spaces. The space is approximated by meshes on which IPSs are defined. We will
consider simultaneous scaling of the space n and number of particles N. Interesting phenomena arise in
different scalings: N/n — oo, positive constant, and 0. For simplicity, below we just present results for
periodic initial value problem (Cauchy problem) in one space dimension, which is enough for demonstration.
It can be easily extended to general cases.

To state the results, we need some notations. Let H = L?[0,1) be the Hilbert space of all the square
integrable functions on [0, 1). For u,v € H we define [u,v]g = f[0,1) w(z)v(z)dz and ||ul|?; = [u,u]g.

Consider the Cauchy problem

(4.9)

{ Ou(z,t) = Pu(z,b), (z,t) ER xR,
u(z,0) = p(z), dwu(z,0) =9(z), z € R.

Here ¢ and ¢ are smooth and periodic functions: p(z) = ¢(1 4+ z) and ¥ (z) = (1 + z), Vz. This problem
has a unique classical solution

xz+t
u(z,t) = %[cp(:n +1t) +plx—1t)] + % / P(s)ds, (x,t) € R x Ry. (4.10)
We can easily deduce that
O, ) = 310 + 1) — ¢/ (& — )] + [l +1) + pla — 1), -
4.11
Buu(e, 1) = 1!+ 1) + 'z — )] + 3 [b(a + 1) — vz O]

To avoid trivial situations it is assumed that (¢’)? + 1?2 is not always zero.
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Define a sequence of graphs {G,, = (Vy,, By, Ky, my)}S2 1, where

Vn:{071527"' 77?,—1}7

E,={{kk+1):0<k<n-—1}, (n—1,n)is defined as (n — 1,0), (4.12)
12

,if (z,y) € F, 1
(Kdoy =4 "HEDEE g L e,
0, otherwise, n

For any G,,, we embed it in R. e, refers to the unit vector pointing in the positive direction of R. Let f;" N
be the IPS on G,, with initial state

oY (k) = [Ny(k/n)], k€ Va,

(4.13)
0N (koK + 1)) = [Nn(p(k + 1/n) — o(k/n)) e,
where |z| refers to the largest integer not exceeding x. Define
n,N _ m,N
v (@, t) = f" ([nx]) /N,
1
W (@, t) = LN (), [na) +1)) - e
(4.14)
t
u™N(x,t) = p(z) + /v”’N(x,s)ds, (x,t) €[0,1) x Ry.
0
Theorem 4.4. Define
Err™N(t) = E[o™ N (1) = dpu(-, )7 + Ellw™ (-, 1) — doul )| F- (4.15)
Consider n, N — +o0o. If N/n — 400, then for any fized T > 0,
sup Err™N(t) = 0 (4.16)
0<t<T
and as a result,
E( s [u V(1) = ul, DllE ) 0. (4.17)
0<t<T

If N/n — C € (0,+00), then for any fived t > 0 the sequence { Err™™ (t)} is bounded but does not converge
to zero. For anyne€ H, T >0,

IE( sup [uN (-, 1) — u(-,t),n(-)]%,) 0. (4.18)
0<t<T

If N/n — 0, then for any fized t > 0 sequence { Err™™ ()} is unbounded.

Theorem 4.4 describes a phase transition phenomenon for scaling limits. Roughly speaking, if the number
of particles per site grows faster than the number of sites, the interacting particle system converges in L?
to the solution of the corresponding wave equation; if slower, then the system diverges in some sense. The
critical case is when they grow at the same order: the L? fluctuation neither vanishes nor goes to infinity,
and convergence happens in a weak sense.
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5. Proofs of L? estimates
5.1. Proofs of Theorem j.1 and Lemma /.2

To prove Theorem 4.1 we study the time derivative of E || f;[|3 which is closely related to the energy and
the L? error. First we present a lemma on the conservation of energy.

Lemma 5.1. Suppose v;(-) = v(-,t) solves IBVP (2.13) and ||C||2 < co. Then ||lv¢ll2 = ||¢]|2, V¢ > 0.

Proof. Note that %vt =Lcvy in VgUE, v; =0 in Vi, and L is skew-symmetric. We have

d

d d
&H%Hg T —uvila = 2[v, Lave)a = 0. ] (5.1)

[qut]G = 2[Ut7 dt

Lemma 5.2. If f € Fy(G), flv, =0, then

Sednl =Y PO ) - 3 (R W ) 62)

m m
zeV y~w (z,y)EE * v

where for x € V we define

17 WS %a
]_V xTr) = 5.3
(@) { 0, z € Vi (53)
As a result,
d 2
0< SEASIR < Md-Eflfll, V>0, (5.4

Proof. Define ¢ : Fy(G) — R, f ~ ||f]|3- A routine procedure will show that the forward equation
%Efqﬁ(ft) =E;(A¢(f:)) holds. Note that

1= 3 LS b (1) + sl @)oo = 11 (o))

T

& ome =
- g};e;xyu e (1760) + sn(F () - )Ly () = £2(2)
" mi (1) — sen(F (2. 9) - e 1y, W — )}

;'f m';kry(zsgn DS () - ey +1) "
. ZE bl () I{ - (2 @£ 3) - 0,104 (0) + 1y 2)
i (27 s (. 9)) - exy) 1w ) + 1w (0)) 1

If flv, =0, then f(x) = f(z)1y,(x), and we continue to write
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SR S SIS CAI LCCELy
eV y~z (z,y)EE Y
@) W) (5:6)
22 IO S e e +2 Y by S (D2 - L),
xeV yr~x (z,y)EE - Y

Recall the definition of operator Lg. We see the sum of the last two terms above is exactly —2[f, La fla,
which is 0 since Lg is skew-symmetric. On the other hand, f;]y, = 0 for all ¢ by definition. So A¢(f) can
be computed using the formula above, and the forward equation for E;¢(f;) yields the equation we want.

Since
> ke < #{y iy ~a}- Jnax Lk} < M,
iw ) (5.7)
Vo(x) + Vo(y) <2max{m 1}<Md
My my zeV
we have
d 5
0< ZErIfil} < Md-Eyllfilh, ¥ez0. O (58)

This lemma leads to L? estimates of the solution. From the proof above we also see that the upper bound
in Lemma 5.2 is sharp. Now we prove Lemma 4.2.

Proof. The inequality follows from Doob’s martingale inequality and the conservation of energy in the wave

equation. Here we only show that {||f; — Es f¢||3 : t > 0} is a sub-martingale. First the integrability follows
from Theorem 2.8. Note that for f,g € Fy(G), s,t > 0, the Markov property yields

By (|l fers — By ferall3|f

= 9) =Eylfy = Epforsl} = By fy — By firsl3 (5.9)

By Theorem 3.2, E, f; and Ef f;1 s both solve the system

Llet) = Lau(1), (6.1) € (U E) x [0, 00),
v(z,t) =0, (z,t) € V1 x [0,400),

(5.10)

with different initial data g and Ey fs respectively. Then E, f; — E fi4s solves the IBVP

Llet) = Lau(.t), (6.1) € (U E) x [0, 00),
U(-,O) :g_Eff57 (511)

v(z,t) =0, (z,t) € Vi x [0,400).
Lemma 5.1 implies that

[Egfe —Effrasllz = lg — By fsllo- (5.12)

Let Zi, 9 be o-fields generated by {fs : 0 < s < ¢} and {||fs — Effs[|3 : 0 < s < t}, respectively. Then
gt C ﬁt, and
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v)

Bl firs = Bt firsl3190) = E(B(fots — Epfors312,)
= E(E(Ifers — Erfersl3I0)| %)
>E(If,—Erfil3|%,), by (5.9) and (5.12)

= Hfs - Effs||§7

which completes the proof. O
Now we are ready to come back to Theorem 4.1.

Proof. Lemma 5.1 implies that || f;|l2 = || f||2, Vt. As a result,
Epllfe = fell3 = BpI£ell3 = 1Sl = Ef I £el3 = IFIIE.

By Lemma 5.2 and Lemma 2.2,

d = d
SEgllfo— Fill3 = S FIE < MRyl fill < MdRy(Md, + |1£]1).

Let r be the smallest integer that is larger than or equal to %. By Corollary 2.6 and Lemma 2.4,

E¢ny < Eq(Md,r) = reMdt < <_||]\J;||d1 + 1)eMdt.
Therefore,

— : d _ ¢
Bylfi— il = [ SBAS = RlBds < [ Ma(islh + (0 + Ma)ehe)as
0

0
< Mat|fll+ (Il + Md)e™.

Together with the “bias-variance” decomposition and Theorem 5.1,

ElfY fen = gell3 = lge — B (FY Jen)ll3 + Ef I fen —Ep(fY [en)3
<= 3 el + T U+ (LA -+ M, e

The bound on probability is a direct corollary of the result above and Lemma 4.2. 0O
5.2. Proof of Theorem 4.3

Proof. We first investigate

Efllfelln =Egllfell = Ee(I felli Xy g <cnrizy) + Er (el scirizy), YC > 0.

Since LE| f:||3 > 0, we have

Er(lfellilgysn<cirizy) < ClFII = CEll folls < CEg|lfell3-

YIMAA:20942

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Note that Vf € F(G)

2
£ = (D e Ky “VE
(meV z,y)EE )
(Zm—1+ Z kw) (Z|fm + Z Kyl f( :cy)|)
zeV (z,y)EE zeV z (z,y)€E
< (IVI+ [EDM]|f]3-
When || f¢|l1 > C||f||3, we have
Ifellf _ (VI+IEDM o
fellh < < Ttll2-
Vi = cyig =g M
As a result,
(IV]+|E)M

Ef(”ft||11{||ft|\1>0|\f||§}) < WEf”ftH%
Together with (5.20),

(V] +|E))M

Bl < (C+ g
2

JEIf1. ¥C > 0.

YIMAA:20942
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(5.21)

(5.22)

(5.23)

(5.24)

The right hand side obtains its minimum when C' = /M (|V|+ |E|)/|fll2. By plugging in this value we

derive

d 2Md\/(V]+ |E)M
T EsAAlIE < MdEy | filly < Esll fell3 =

1£12 HfH

Here A =2Md\/(|V| + |E|)M. Gronwall’s inequality forces

E|lfell3 < [I£1I3 exp (an )

Therefore,

Efllfe = fell3 < I 13Tz —1).

Together with the “bias-variance” decomposition and Theorem 5.1,

EffY fen = gell3 = lge — B (£ Jen)l3 + Ef Y fen —Ep(fiY /en)3

< IS = fo' Jen 3 + eIl Fo 112 (eThTE — 1),

Lemma 4.2 yields the bound on probability. O

e Bl fell3-

(5.25)

(5.26)

(5.27)

(5.28)
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6. Proof of Theorem 4.4

By bias-variance decomposition,

Err N (1) = [Bo™N (1) = dyul-, 013 + Eo™N (1) — BN ()13
B0 (1) = eul, O3 + Elw™N (-, 8) — Ew™V (-, 0)[% (6.1)
— BN (-, 8) = Dy, D13 + [Ew™N (1) = pu(, )3 + (02N B — BN e,

From the ODE systems satisfied by Ev™" and Ew™, viewed as semi-discrete schemes for the wave equation,
it is easy to show

sup {JE0" () = dpu(, )3 + [Bw™ () = dyu( )3} >0 (6.2
0<t<T

as long as n, N — oo. This can be done by standard numerical analysis techniques. By Theorem 4.3, we
have

n,Nt

n n n n A
v e 2B - BN < VB oo (o) — 1) (6.3)

N
1o Il2

where AN = 2M,,d\/(IVo| + [En])M,, = 4v/2n%. Note that by definition, ||f3""[2/(n2N2) — ||¢'||% +
1¥1% as n, N — oco. Hence there exist constants C1,Cy > 0, such that

VN (1) < Cn N2 etV — 1), (6.4)
as long as n and N are sufficiently large. On the other hand, Lemma 5.1 yields
VN () = BN - NESVIE = LAY - IESE. (6.5)
Hence V™™ (0) = 0 and by Lemma 5.2,

d n,N _ d n,N |2

n,NI
=Z%(Z(Kn)xy)+ > Kaleo(5 + 7o B () (69

zeV, Yy~x (z,y)€E, Mn (LC) mn(y)

N N
=2nE[ £ [l1 = 2n[[Ef |1

It is easily shown that [|[Ef"Y ||/ (n2N) — fol (|6tu(a?, t)|+|0pu(z, t)|)d:c as n, N — oo, and the convergence
is uniform for ¢ € [0, T)]. Since it is assumed that (¢’)? +? is not always zero, the integral fol <|8tu(:v, )| +

|8wu(x,t)|)dx uniformly bounded away from zero for all ¢ € R,. Hence for any fixed ¢, there exists a
constant C3 > 0, such that

t t
YN (1) = / %V"’N(s)ds > / om||EfN yds > Can®Nt, (6.7)
0 0

as long as n and N are sufficiently large.
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6.1. Case 1: N/n — oo
From (6.4) it becomes obvious that supy<;<p(n?N?)"'V™N(t) — 0 when N/n — co. So
sup Err™N(t) =0 (6.8)
0<t<T

follows from (6.1), (6.2) and (6.4). Note that

sup [N (2, 1) — u(e £)|3 = sup / N (2, 1) — u(z, 1) Pdz

0<t<T 0i<7 )
1ot
Sp/‘/ (z, ) atu(ajs)ds‘ dz
0==Ty e
. , 2 (6.9)
< sup /tda:/ o™ () 5) —8tu(a:,s)’ ds
0<t<T
0 0
T 1 ,
ST/dt/ v t)fﬁ'tu(x,t)‘ dex.
0o 0
The expectation of the upper bound above is
T T
T/]E||v”’N(-,t) — Qu(-,t)||%dt < T/Err"’N(t)dt. (6.10)
0 0
Hence N/n — oo leads to
E( s [N (1) = ul, DllE ) 0. (6.11)
0<t<T

6.2. Case 2: N/n — C € (0, +00)

6.2.1. Reduction to special n

From (6.4) and (6.7) we see that in this case, the sequence {(n2N?2)~1V™N(#)} is bounded both from
above and below, by two positive quantities. So is {Err™™ (t)}.

Foranyne H,T >0,

S
0<t<T 0<t<
t
<T sup / N (- 8) — Bl 5),1()N3ds (6.12)
0<t<T
0
T
<7 / N (1) — By, 1), ()3t
0
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By taking expectation on both sides, we have

T

B sup (1 0) ~ ul ) (Of) < T [ BN () - By, 2) el (6.13)
0<t<T J
Note that
0 <E[™N (1) = Qpul- t),n()]5 < [Inllz Err™N (t) (6.14)

by Cauchy—Schwartz inequality. Also, as N,n — oo and N/n — C € (0, +00), (6.1), (6.2) and (6.4) imply
that for any fixed T' > 0, the array {Err™~ ()}, n is uniformly bounded on [0, 7). If we can show that

E[™ N (1) = dyu(- 1), n()} — 0, Vt, ¥y € H, (6.15)

then the desired result in Theorem 4.4 follows from the estimate in (6.13) and the dominated convergence
theorem. Furthermore, the uniform boundedness of Err™ ¥ (t) implies that we just need to show (6.15) for
n € {cos(2mlx)}72, U {sin(2nlx)}2,, since they form an orthogonal basis in H. Below we consider a special
case n(x) = cos(2mz). The proof can be simply modified for other »’s in the family mentioned above.

6.2.2. Proof for n(x) = cos(2mx)
Define g,, € F(G,,) as follows: g, (k) = cos %, Yk € Vo gn((z,y)) =0, Y{(z,y) € E,,. We have C%ngn =

—AnGn, where X\, = 2n? (1 — cos 2“) > 0.

Define 1, (x) = n(|nz]/n). Since ||n, — n||% — 0 and the array {Err™~ (t)} is bounded, we know that
(6.15) is equivalent to

Ep™N (-, t) — dpu(-,t),ma ()% — 0, Vit (6.16)
The bias-variance decomposition yields
E[w™™ (-, t) = dyul-, 1), ()

= [Bo™ Y (-, 6) — By, ), (Vg + E™N (1) — BV (-, 0), 1 () (6.17)
= [Bo™ N (- 8) = Bou-, 6), ma (g + (N2 BN B g2,

Equation (6.2) and Cauchy—Schwartz inequality imply that the first term above converges to 0. Now it
remains to verify that (n*N?)~!E™N(t) — 0, where

E™N @) =B[N —EfN, gnlE, = BN, anlE, — BN, 90l - (6.18)

First we deal with the second term in (6.18). Since %Eft"’N = La, (Eff"N) and Lg is skew-symmetric,

d n n n n n
GEAY nle, =2 gnlo,  [LaBS" 0] = 2BfN galo, - B Lognle,  (6.19)

By substituting g, for Lg, , we have

d
E[Ef?’NaﬁGngn]én = 2[Ef"N, Lo, gnla, - [BFN, LE gnlc,
(6.20)

n n d n
= _2[Eft ’Nv‘CGngn]Gn : []Eft 7N7 _)‘ngn]Gn = _)\na[Eft ’N7gn}é‘n‘
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As a result,

d
dt ([Ef?7N7£G7zgn]é,L + /\H[Eftnwagn]QGn) =0. (6.21)
Now we come to the first term in Equation (6.18).

Lemma 6.1. Suppose G = (V,E,K,m), Vo =V and Vi = @. {f; : t > 0} is the IPS defined on G starting
from f € Fo(G). Then for any g € L*(G) N L>=(G),

Byl 0l% < ~2E5((for gl - e Laslo) + I£agl%EfL Al (6.22)

Proof. Define ¢ : Fy(G) — R, f +— [f,g]4. A routine procedure will show that the forward equation
LE;¢(f:) = Ef(Ad(f;)) holds. Direct computation yields

I {IREE) S W

zeV gz

+ ) kzy|f<<x,y>>|{[f+sgn<f<<x,y>>-ew><5x—6y>,g}i—[f,g]‘é}

(w,y)EE

w;lfmw {(19.9) - sen(F @) Lag())” 17,012} o
£ hald ) (176~ sen(7 () - ea)Loglln)) - eay) — 1F, 0%}

(z,y)eE

= afdle -1 Logle + 3 T 2@ + 37 kayl ()l 1ol )P

zeV Yy~

=2[f,glc - [f, Lagla + ||£G9||<2>o||f||1~ ]

Taking g = g, and g = Lg,, g in Lemma 6.1, we have

d . 0

—E[f"N, gnle, < —2B([fN gnle, - [N Langnlan) + 1 £c, gnl ZENFN 1
it (6.24)
SBUN Lo, <2VEQSN Lo,oul, - U oule) + Nallgn LB Y

which leads to

d n n n
SEQWLN gall, + Y Lo, 0003, ) < (1£6, 9002 + X2 gal 2B |1 (6.25)

On the one hand, ||g,|lcc <1 and

(EGngn)(k;) = 07 ke V’m

I 6.26
(La,gn)((k, k4 1)) :n<cos%fcos 7)64_ ( )

holds for n € Zy. Also, lim, o, A, = 47%. Hence there exists C5 > 0 such that ||Lg, gnlle < C3 and
An < C3, Vn.
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On the other hand,

NN 0? S BN < (Val + [ BDMGEISNIE, by (5.21)
— 20 7V 3 (6.27)
=202 (V2N (@) + IESNIE), by (65).

Note that N/n — C. By (6.4), 3C4 > 0 such that (E[f/*"[1)? < C4n*N2.
Plugging these estimates in (6.25), 3C5 > 0 such that

d n n
EE()\TL[ ¢ ’N7gn}én + [ t 7N7 CGngn]én) S C5n2N. (628)

(6.21) and (6.28) yield

ME"N () = ME[N —EfN, g%
< MEFY =B g, HESY BN L, g0l

=E(Nlf N gul, + (N Langal?, ) = (MBS 012, + BN, La,onl?,)

]E</\n[f:7Nvgn]é” + [f:7N7 LGngn]én)dS (629)

&l

O\H_ o\Jﬂ

(MESN, galls, + ESY Lo, galE, )ds

&l

S C5’I7,2Nt.

Hence (n*N?2)~1E™N(¢) — 0. This completes the proof for the case N/n — C.

6.3. Case 3: N/n — 0

Inequality (6.7) tells us in this case, the sequence {(n?N2)"1V"™N(#)} goes to infinity. So does
{ErrmN ()}
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