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1. Introduction

In [24], we introduced the definition of generalized convex operator and considered the nonlinear operator
equation on ordered Banach spaces ©x = Az + zg, where A is an increasing, generalized concave operator,
and we established some existence and uniqueness results of positive solutions for such equations. Further,
we also studied the operator equation Az = Az, where A is an increasing, generalized concave operator and
the parameter A > 0, and we give an existence and uniqueness result of positive solutions for any given
A > 0. Moreover, we present some clear properties of positive solutions for the operator equation, see [23].
These results can be applied to study nonlinear differential and integral equations, see [8,10,12,16,18,19,21,
22,26,28,29] for example. By using the fixed point results of generalized concave operators, [8] presented
the existence and uniqueness of positive solutions for a singular Lane-Emden—Fowler equation; [12] gave
the existence and uniqueness of monotone positive solutions for an elastic beam equation with nonlinear
boundary conditions; [19] studied the existence and uniqueness of positive solutions for a nonlinear perturbed
fractional two-point boundary value problem; [18,22,26,28 29] also get the existence and uniqueness of
positive solutions for a three-point boundary value problem of second order impulsive differential equations
([18]), a Neumann boundary value problem of second order impulsive differential equations ([22]), an optimal
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control problem of second order impulsive differential equations ([26]), two classes of nonlinear perturbed
Neumann boundary value problems for second-order differential equations ([28]) and two-point boundary
value problems for second-order impulsive differential equations ([29]). In [10], the authors also considered
the operator equation x = Ax + zo and gave a fixed point theorem for decreasing and convex operators
in a probabilistic Banach space partially ordered by a normal cone, and then disscussed the existence and
uniqueness of positive solutions for a two-point boundary value problem. Based upon the results in [24], we
studied the operator equation Ax + Bx + Cx = x on ordered Banach spaces, and then utilized the fixed
point results to get the existence and uniqueness of positive solutions for two classes nonlinear problems:
fourth-order two-point boundary value problems for elastic beam equations and elliptic value problems for
Lane-Emden—Fowler equations. Similarly, [16] studied a class of operator equation A(z,z)+ Bz = x, and
proved the existence and uniqueness of positive solutions for a nonlinear integral equation of second-order
on time scales.

In fact, in [24,23], the existence and uniqueness property is local, and the operators which we considered
are defined in a special set P, where P, is a subset of a cone P. Stimulated by our works [24,23], in this
paper, we introduce a new set P, . which includes the set P}, and needs not be a subset of a cone P. Further,
we define a new concept of ¢ — (h, e)-concave operators which extend generalized concave operators. Without
requiring the existence of upper and lower solutions, we prove the existence and uniqueness of solutions for
¢ — (h, e)-concave operators. So our results in essence extend the corresponding ones in [24,23]. And then,
we use our main fixed point theorem to study the following new form of fractional differential equation with
integral boundary conditions:

(1.1)

D u(t) + f(t,u(t) =b, 0 <t <1,
u(0) = u/(0) =0, u(l) = B f, u(s)ds,

where 2 < a < 3,0 < < a, b>0isa constant, f:[0,1] x (—o0, +00) — (—00, +00) is continuous, D, is
the Riemann—Liouville fractional derivative of order o which is given as the following:

t

o _ 1 da” u(s) B

Dgiu(t) = T —a) dr / md& n=[a] +1,
0

here T" denotes the Euler gamma function, [«] denotes the integer part of number « provided that the right
side is point-wise defined on (0, +00), the concept of fractional derivative can be seen in [15]. And we get a
new result on the existence and uniqueness of solutions for the problem (1.1), which is not a consequence
of the corresponding fixed point theorems in [24,23]. Here we should point out that this paper presents a
new method to study nonlinear equation problems.

For the discussion of our main results, we list some notations, concepts in ordered Banach spaces. For
the convenience of readers, we refer them to [7,11,24] for details.

Let (E, |- ||) be a real Banach space which is partially ordered by a cone P C E, i.e., x < y if and only if
y—x € P.If z <y and = # y, then we denote x < y or y > x. 6 denotes the zero element of E. P is called
normal if there exists M > 0 such that, for all z,y € E, § < 2 <y implies ||z|| < M]||y||; in this case M is
the infimum of such constants, it is called the normality constant of P. We say that an operator A: E — E
is increasing if x < y implies Ax < Ay.

For any x,y € F, the notation x ~ y means that there exist A > 0 and g > 0 such that Az <y < px.
Clearly, ~ is an equivalence relation. Given h > 0 (i.e., h > 6 and h # 6), we define the set P, = {z € F |
x ~ h}. It is easy to see that P, C P.

Definition 1. (See [24].) Let A : P — P be a given operator. For any © € P and r € (0,1), there exists
o(r) € (r,1) such that A(rz) > p(r)Az. Then, A is called a generalized concave operator.
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2. Main results

Let e € P with 6 < e < h. We define a new set
P,.={x € Elxr+e€ P}
Then we can see that h € P}, . and
Py, . = {z € E| there exist p = pu(h,e,z) >0, v =v(h,e,x) >0 such that ph <z +e <vh}.

Remark 1. If e = 0, then P} g = Pj,. Moreover, P, C P, .. But P, . is not a subset of P for some e, so P},
and P, . are different.

Lemma 1. If v € Py ., then Az + (A — 1)e € Py for A > 0.
Proof. If x € P, then there are p1, v > 0 such that
ph <z +e < vh.
For A > 0, we get Az + (A —1)e + e = Az + de = A(z + ¢) and then
Aph <Xz + (A=1)e+e < Avh.
Hence, A\ + (A —1)e € Py.. O
Lemma 2. If x € Py, , then Ax € Pp, . for 0 < A < 2.
Proof. For 0 < A < 2, we have
Am+e=Xr+(A—1)e+ (2— Ne.
From Lemma 1, we have Az 4+ (A — 1)e € P, .. Note that
0<(2-=XNe<(2=MNh,
we can get
A+ (A—1)e+(2—-Nee P
That is, \e +e € P,. So A\x € P, .. O
Lemma 3. If z,y € P, ¢, then there exist 0 < pp < 1, v > 1 such that
py+ (p—1e<z <vy+v—1e
Further, we can choose a small r € (0,1) such that

ry+(r—De<z<rly+ (' —1e
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Proof. If z,y € Py ¢, there exist 0 < py1, po < 1, v1,5 > 1 such that
wh<z+4+e<vh, ph<y+e<nh

So

v+e>mh="un>B 410,
Vo 1%

x+e§u1h=ﬂu2h<ﬂ(y+e).
u u

Let,u:‘;—;,y:%,then0<u<1,y>1.So

ply+e) <z+e<v(y+te),

and thus py + (1 — 1)e < z < vy + (v — 1)e. Further, we can take r € (0,1) such that » < p < v <r~1, and
then

rlyte)<uly+e)<zte<v(yte) <ri(y+e),
and in consequence, ry + (r — e <z <r~ly+ (r~! —1)e. O
To obtain our main results, we first give the definition of ¢ — (h, e)-concave operators.

Definition 2. Let A : P, . — E be a given operator. For any « € P, . and A € (0,1), there exists p(A) > A
such that

Az + (A= 1)e) > (V) Az + (p(X) — 1)e. (2.1)
Then A is called a ¢ — (h, e)-concave operator.

Remark 2. If e = 0 in (2.1), then A(Az) > ¢(A)Az. That is, A is a generalized concave operator. So a
generalized concave operator can be said to be a ¢ — (h, #)-concave operator. In addition, from (2.1), we
obtain

1 1
Az < WA()@‘ + (A —1)e) + <m - 1) e. (2.2)

Theorem 1. Let P be normal and A be an increasing ¢ — (h,e)-concave operator with Ah € Py .. Then
A has a unique fized point x* in Pp, .. Moreover, for any wy € Py, making the sequence w, = Aw,_1,
n=1,2,..., then we obtain ||w, — z*|| = 0 as n — oo.

Proof. Because Ah € Py, ¢, h € Pj, ¢, from Lemma 3, we can choose a small ¢y € (0,1) such that
toh 4 (to — e < Ah < tg'h + (tg* — 1)e. (2.3)

Since ¢(tg) > to, we can find a positive integer k such that

(MY > % (2.4)

to

Put
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Tn = thh+ (8 — e, yn=1t5"h+ (5" —1)e, n=1,2,....
Then we easily get
T =toxn1+ (to—1)e, Yn =ty yn_1+ (g  —1e, n=1,2,.... (2.5)

Set ug = xk, vo = Yk, then ug,v9 € Py and ug = t3¥vy < vy. Further, by the definition of A and
(2.3)—(2.5), we have
Aug = Az, = A(toxg—1 + (to — 1)e)

> o(to)Azp—1 + (p(to) — 1)e

= p(tg)A(tozg—2 + (to — 1)e) + (p(to) — 1)e

> o(to)p(to) Azr—2 + (p(to) — 1)e] + (p(to) — 1)e
= (p(t0))* Az—2 + [(¢(t))* — 1]e

> (p(to))" A+ [(¢(to))* — 1e

((t0))*[toh + (to — 1)e] + [(io(t0))* — Le
> 5 toh + (to — 1)e] + (t67" — 1)e
= thh + (tf — 1)e = uo.

\/

v

Also, from (2.2)—(2.5), we obtain

Avg = Ay, = A(to_lyk—1 =+ (tal —1)e)

1 1
S St (m - 1) ‘

= L —1 -1 e 1 — e
= oty Vo w2 (" — Do) <<P(t0) 1)
1 1

IA

2(to) [ﬁAyH * (ﬁ - 1) ] i (so(to) - 1) ‘

1 1
= Ttz 2t ((@(%))2 B 1) ‘
1 1
) («a(to))k - 1) ‘

1 1 1 1
Gtz o 1t o = Del + <<ﬂ(to)’“ 1)6

[toth+ (tg "t — 1)e] + <t’g% - 1) e

IN

IN

\ /\

Jk—1
0
1 1
:_kh+ (-k—].>€:’l)0.

124 Lo
So we have
ug < vg, Aug > ug, Avg < vg. (2.6)

Let u, = Aup_1, v, = Av,—1, n=1,2,.... From the monotonicity of A and (2.6), we can obtain that
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g <up <<y <<y <12 < g < . (2.7)

Since ug, v9 € Pp.e, from Lemma 3, we also choose a 71 > 0 such that
ug > Tivo + (11— 1)e,
and from ug < vg, we get 71 € (0,1). By using (2.7), we have
Up >ug >mvg+ (m—e>mno,+ (1 — e, n=12....
Denote
t, =sup{t > 0:u, >tv, + (t —1)e}.
Then from (2.7), we get
€(0,1), wup > tpv, + (b, — e (2.8)
So, by (2.7), (2.8),
Upt1 = Up > tpUp + (En — 1)e > tpvny1 + (E, — 1)e

and in consequence, t,1 > t,. That is, {¢,} is increasing. So we can set t,, — t* as n — oo. Then t* € [0, 1].
Next we prove t* = 1. If 0 < t* < 1, we need to consider two cases:

Case one: there is an integer N such that ty = t*. So t,, = t* for all n > N. Then for n > N,

Upt1 = Auy > A(tyv, + (6, — 1e)
= A(t"vy, + (" — 1)e) = o(t") Avy, + (p(t") — 1)e
= @(t")vpt1 + (p(t") — Le.

From the definition of ¢,1, we get t* = t,,41 > @(t*) > t*, this is a contradiction.

Case two: for all integers n, t,, < t*. Then we have

Upt1 = Auy > A(tpv, + (6, — 1e)

— A <i_jj(t*vn (= 1)e) + (i—” - 1) ¢

)
o <Z—") At vn + (t* — 1)e) + (90 (t—"> - 1) ¢
+

o (32) lete)du, + (o) - el + (o

t*

— o (7)ol + (o (F) et -1

Also, from the definition of ¢,,41, we get

Y

Y

tn
).
= — (")

tn "
tny1 2@ ™ e(t") >

Let n — oo, we obtain t* > ¢(t*) > t*, this is also a contradiction. Hence, t* = 1 and thus lim,, o ¢, = 1.
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Next, we prove the sequences {uy}, {v,} are Cauchy sequences. For any natural number p we get

0 < Uptp — Up < Uy — Uy < Uy — tyuy — (B, — 1)e

=1 —ty)vp + (1 —tn)e < (1 —t,)vo+ (1 —ty)e.
So
0 <y — Vnigp < Uy — Uy < (1 —1tp)vo + (1 —ty)e.
Note that P is normal, we also get
[tntp — unll < M1 —tn)lvo+ell,  [[on = vngpll < M(1—tn)l[lvo + €|, (2.9)
where M is the normality constant. Let n — oo in (2.9), we obtain
iy — tall = 0, ([0 = vyl = 0. (2.10)

From (2.10), we can claim that {u,}, {v,} are Cauchy sequences. Since E is complete, there are u*,v* € F
such that u, — u*,v, — v* as n — oco. From (2.7),

uy < u, <ut <v* <o, <wvg.
Thus, u*,v* € Py and
0 <v*"—u* <v, —up < (1—1t,)(vo+e).
Also, by the normality of P,
[lv* —uw*|| < M1 —tp)||lvo+€|| =0 (n— o0).
Therefore, u* = v*. Set * = u* = v* and we get

Upy1 = Aup < Az™ < Avy = Unga.

Let n — oo, we obtain Az* = z*. That is, 2* is a fixed point of A in P} ..
Now we show that z* is the unique fixed point of A in P .. Suppose that y* is any fixed point of A in
P, .. By Lemma 3, there exists 7o > 0 such that * > my* + (12 — 1)e. Set

t = sup{t > O|z™ > ty* + (t — 1)e}.
Next we prove t > 1. If 0 < ¢ < 1, then z* > ty* + ( — 1)e and thus

¥ = Ax* > A(ty™ + (t — 1)e)
> p(H)Ay" + (p(f) — e
=o(O)y" + (p(t) — e

By the definition of 7, we get t > o(f) > , this is a contradiction. So ¢ > 1 and thus
>ty + (- 1)e>ty" > y*.

Similarly, we also obtain y* > x*. Therefore, z* = y*.
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Finally, for any given wo € Pp, let w, = Aw,_1, n = 1,2,..., we prove w, — z* as n — oco. Since
z*,wo € Py, from Lemma 3, there exists 73 € (0,1) such that

T+ (13 — e <wo <75 ' + (1571 = De. (2.11)
Let
g = 73" + (73 = e, vh = 7 'a” + (13 — e,
ul = Aul, vl =Av, | n=12 ..
Then,

uh < wo < v, up < xF <y, vy > Ty tat > Ty Rug > uy,

From the monotonicity of A, we have
u, <wp, < vl un, <zt <o, n=1,2.... (2.12)
Further,

uy = Aug = A(7sz”" + (13 — 1)e) = o(73)Az™ + (¢(73) — 1)e

> 73z 4 (13 — 1)e = ug.

By (2.2), we obtain

In a general, we have

Similar to the above proof, we can prove that {u],}, {v/,} have the same limitation. From (2.12), the limitation
is z*, and thus w,, - 2* asn — oco. O

Corollary 1. (Theorem 2.1 of [23]) Let P be normal and A be an increasing ¢ — (h,8)-concave operator
with Ah € Py,. Then A has a unique fixed point x* in Py. Moreover, for any wg € Py, making the sequence
Wy, = Aw,—1, n=1,2,..., we get ||w, —x*|| = 0 as n — oco.

Corollary 2. (Theorem 2.1 of [2/]) Let P be a normal cone and h > 0. Assume that:
(D1) A: P — P is increasing and Ah + xo € Py, with xo € P;

(D3) for xz € P and X € (0,1), there exists o(X) € (A, 1) such that A(Az) > ¢(N\)Az.
Then the operator equation x = Ax + xg has a unique solution in Py.

Proof. Let Bx = Ax + xg, then B : P — P is increasing and Bh € P,. Morover, for A > 0, we can get
B(Az) = A(Ax) + z¢ > p(M) Az + zo > o(N)(Az + x¢) = p(\)Buz.

That is, B is a ¢ — (h, 8)-concave operator. By Theorem 1, the conclusion holds. O
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Remark 3. Under the conditions of Theorem 1, from the proof, we can obtain the existence of upper and
lower solutions for the ¢ — (h, e)-concave operator A. If we assume that A : P, . — P, ¢, then Ah € Py, . is
automatically satisfied. So we also get the following conclusion.

Corollary 3. Let P be normal and A : P e — Pp, . be an increasing ¢ — (h, e)-concave operator. Then A has a
unique fized point =* in Pp, .. Moreover, for any wo € Py, making the sequence w, = Aw,_1, n=1,2,...,
we obtain ||w, — z*|| = 0 as n — 0.

3. Application

Integral boundary value problems have various applications in applied fields which include chemical en-
gineering, blood flow problems, thermo-elasticity, underground water flow and population dynamics, see [5].
Recently, fractional integral boundary value problems have been extensively studied, see [1-6,9,13,14,17,
20,25,27,30] for example. The existence of solutions for integral boundary value problems is an important
problem. In literature, most of the authors have studied the existence and multiplicity of solutions. In [3],
Cabada and Hamdi considered a class of fractional equations involving the Riemann-Liouville fractional
derivative with integral boundary value conditions

{ DS u(t) + f(t,u(t)) =0, te(0,1), 51)
uw(0) =u/(0) =0, u(l)= Bfol u(s)ds. ’

The authors established the existence of one positive solution for problem (3.1) under sublinear case or
superlinear case. The method used there is Guo—Krasnosel’skii fixed point theorem. However, there are few
papers reported on the uniqueness of solutions for fractional differential equations with integral boundary
conditions. In this section, we will use Theorem 1 to study the fractional integral boundary value prob-
lem (1.1).

Lemma 4. (Theorem 2.1 of [3]) Let 2 < ae < 3 and a # 3. Assume y € C[0,1], then the following fractional
differential equation with integral boundary conditions

Dgiu(t) +y(t) =0, te(0,1),
u(0) =/ (0) =0, u(l) =4[ u(s)ds,

has a unique solution u € C*[0,1], given by

1
u(t) = [ G(t,s)y(s)ds, (3.2)
/

where

@@ ’
¢ (1z;15)F((z;ﬁ+ﬂS)7 0<t<s<1l

(3.3)

7 (192 Na=pBs) —(a=B)(t=9)" ! (o< p <
Glt,s) = T

Lemma 5. (Lemma 3.2 of [23]) Let 2 < a < 3 and 0 < 8 < a. The function G(t,s) given as in (3.3) has
the following properties:

1—s)"183s 1—s) Ha- s
ut“*1 < G(t,s) < ( )" a— B+ P )t“’l, t,s € [0,1].
(a —B)I'(e) (a —B)I'(a)
Please cite this article in press as: C. Zhai, L. Wang, ¢ — (h, e)-concave operators and applications, J. Math. Anal. Appl.
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In the following, we will work in the Banach space C[0,1], the space of all continuous functions on [0,1],
the norm is ||z|| = sup{|z(t)| : t € [0,1]}. Evidently, this space can be equipped with a partial order

z,y € Cl0,1], z <y z(t) <y(t) fort €[0,1].

Set P = {z € C[0,1]|z(t) > 0, t € [0,1]}, the standard cone. We know that P is a normal cone in C[0,1].
Let
b a_ﬁta—l ﬂ ta—l Oé—ﬁ @

(=BT () | « +a(a+1) — ], te[0,1].

e(t) =

Theorem 2. Suppose that

(Hy) f :]0,1] x [—e*,400) — (—00,+00) is increasing with respect to the second variable, where e* =
max{e(t) : t € [0,1]};

(Ha) for any X\ € (0,1), there is ¢(X) > A such that

FE A+ (A =1y) > N f(t,z), VE€[0,1], 2 € (—oo,+), y € [0,€"];

(H3) f(t,0) > 0 with f(¢,0) £ 0 fort € [0,1].
Then the problem (1.1) has a unique nontrivial solution u* in Pj, ., where h(t) = Ht*"', t € [0,1] with

H > % Moreover, for any given wy € P, ., making a sequence

1
B bla—p+1) o b, B

wp(t) = O/G(t, 8)f(s,wp—1(s))ds — TR l)F(a)t 14 af—m)t ,n=1,2,...,
we have wy,(t) = u*(t) as n — oo.
Proof. Firstly, for ¢t € [0, 1],

B b a—f B o
O o T a2
That is, e € P. Further, for ¢ € [0, 1],
_ b(Oé B B + 1) a—1 b «@ b(a - 5 + 1) a—1 a—1 __
O @ ferl@  ~al@ =@-gesor@ =00

Hence, 0 < e(t) < h(t). In addition, P, = {u € C[0,1]jlu +e € P}.
From Lemma 4, the problem (3.1) has an integral formulation given by

u(t) = /G(t,s)f(s,u(s))ds—b/G(t,s)ds
0

|:O‘_Btocl 6 tafl O‘_B «
(a— B)(«) ! ala+1) !

/G(t,s)f(s,u(s))ds -

= /G(Ls)f(s,u(S))dS —e(?).
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For any v € P}, ., we consider the following operator of the form

Au(t) = /G(t7 s)f(s,u(s))ds —e(t), t €[0,1].
0

So u(t) is the solution of the problem (1.1) if and only if u(t) = Au(t).
First, we show that A : P, . — E is a ¢ — (h, e)-concave operator. For u € Py, ., A € (0, 1), from (Hy) we
have

AQu+ (A= 1e)(t) = /G(t, s)f (s, u(s) + (A —1e(s))ds — e(t)
0
A) / G(t,s)f(s,u(s))ds — e(t)
0

1
VL[ 60,9 (s, u(s))ds = el6)] + [p(Y) = 1Je(t)
0
= p(N)Au(t) + [p(A) — 1e(?).
Hence, we obtain
Adu+ (A —1)e) > p(MN)Au+ [p(X) — e, u € Ppe, A€ (0,1).
Therefore, A is ¢ — (h, e)-concave operator.
Secondly, we prove that A : P, . — E is increasing. For v € P} ., we have u + e € Pj. So there exists
w > 0 such that u(t) + e(t) > ph(t), t € [0,1]. Hence,
u(t) > ph(t) —e(t) > —e(t) > —e*.

Therefore, from (H;), A: Py — E is increasing.

Next, we prove that Ah € Py .. So we need to prove Ah + e € P,. By Lemma 5 and (H1), (Hs),

1
Ah(t) +e(t) = | G(t,s)f( /G (s, Hs* ')ds
0

(1—s)*"Ha—p+ps)
(a—=p)(e)

IA

O\H O\H

t*1f(s,H)ds
1
/ Y (s, H)ds -t 1
0

1
. /1—so‘lsz)ds h(t)
0

and
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Ah(t) +e(t) = | G(t,s)f(s, Hs* ')ds

(1—5)*16s

a—1
@ P 10

O\H O\H

1
/s —8)* 1 f(s,0)ds -t
0

——ﬁ 18 —8)* (s 5 -
- T / (1= 51 £(5,0)ds - h(t).
Let

alfSH)

1
l]_: /S — alfSO)dS lg—(
0

O\H

Because o > 8, I'(«) > 0 and from (H,), (Hs),

1

1
/1—3“ Lf(s, H)ds /s(l—s)o‘flf(s,O)ds>0
0

0

and thus ls > [; > 0. So this shows that Ah + e € P,.
Consequently, by using Theorem 1, the operator A has a unique fixed point u* in P . and thus

u*(t) = /G(t,s)f(s,u*(s))ds —e(t), t€[0,1].
0

Evidently, u*(t) # 0, ¢ € [0,1]. Therefore, u*(¢) is a nontrivial solution. Moreover, for any wg € Py, the

sequence w, = Aw,_1, n =1,2,... satisfies w,, — u* as n — oco. That is,
i b( B+1) b
a—fB+
t)y= [ G(t —1(s))ds — o — Y n=1,2,...
wn(t) = [ G(t.8) (5,1 (0))s = G P e st L2
0

and w,(t) = u*(t) asn — oo. O

Remark 4. For some differential equation boundary value problems, we can find two functions e(t), h(t) and
we can also construct functions which satisfy the conditions of Theorem 2. For example, let f(t,2) = [ee(f)
e(t)]?, where 0 < e(t) < h(t), e* = max{e(t) : t € [0,1]} > 0. Then f : [0,1] x (o0, +00) — (—00, +00) is
continuous and increasing with respect to the second variable, f(t,0) = [e(t)]3 > 0 with f(¢,0) # 0. Next
we show that the condition (Hy) is satisfied. Let ¢(X) = A3, A € (0,1). We have ¢(\) > A for A € (0,1).

For A € (0,1), € (—o0,400), y € [0,€e*],

1
3

e(t
fE e+ (N=1)y) = { e*) Az + (A= 1y + e(t)}
L [ e(t) 1 1 ®
= A5 1— = —e(t
{4 o]+ je0]
Please cite this article in press as: C. Zhai, L. Wang, ¢ — (h, e)-concave operators and applications, J. Math. Anal. Appl.

(2017), http://dx.doi.org/10.1016/j.jmaa.2017.05.010




Doctopic: Functional Analysis YJMAA:21371

C. Zhai, L. Wang / J. Math. Anal. Appl. ess (ssee) see—see 13
_ 1 fe®) 1. e(t) 1 3
=A _e*x—i—(l )\) e*y—i-)\e(t)
1 [e(t) L) , 1 3
> \3 |~Z J—
> A ~ x+ (1 )\) » )\e(t)
1 |e(t %
3 W] = ost,0)

Remark 5. If b = 0, we can get the uniqueness of positive solutions for the problem (1.1) by using Corollary 1
(see Theorem 3.1 with A = 1in [23]). If b > 0, we can not obtain the similar results by using the corresponding
fixed point theorems in [24,23].
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