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1. Introduction
One-dimensional isentropic flow in the gas dynamics with a source term can be written as

Pt + (Pu)x = 07

1.1
(pu): + (pu® + P), = Bp, (L)

where [ is a constant, p, u represent the density and the velocity respectively. P = P(p,¢) is the scaled
generalized Chaplygin gas pressure P = ep where € > 0 and

A
p=——,0<a<1, (1.2)
pOL
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where A > 0 is a constant. It is easy to see that lil'I(l) P(p,e) = 0. The model of the generalized Chaplygin
e—

gas explains the acceleration of the universe through an exotic equation of state (1.2) causing it acts like
dark matter at high density and like dark energy at low density [17]. Thus, the generalized Chaplygin gas
allows for an unification of dark energy and dark matter [1,2,15,24].

Sun [25] considered the inhomogeneous generalized Chaplygin gas equations (1.1)—(1.2) and obtained the
non-self-similar Riemann solutions by introducing a new state variable

v(z,t) = u(z,t) — pt. (1.3)

The new velocity (1.3) was introduced by Faccanoni and Mangeney [8] to study the Riemann problem of
the shallow water equations.

When a =1, (1.2) is the equation of state of the Chaplygin gas. For the Chaplygin gas equations with a
friction term, Shen [21] obtained the Riemann solutions. The Riemann problem with delta initial data and
the vanishing pressure limit problem were considered in [9] and [10] respectively.

For the homogeneous generalized Chaplygin gas equations, 5 = 0 in (1.1)-(1.2), Wang [26] studied the
Riemann problem. Sheng, Wang and Yin [23] studied the vanishing pressure limits of the Riemann solutions.

For the Chaplygin gas equations without a source term, there are many results, the readers are referred
to [3,11,12,16,13,28,27].

The limit system of (1.1)—(1.2) as € — 0 formally becomes the pressureless gas dynamics model with a
source term

{pﬁ(m% — 0, L4

(pu)i + (pu®)z = Bp.

We can also obtain system (1.4) by taking the constant pressure where the force is assumed to be the gravity
with 3 being the gravity constant [6]. System (1.4) can describe the motion process of free particles sticking
under collision in the low temperature and the information of large-scale structures in the universe [7,
18]. Shen [20] considered both the Riemann problem and the Riemann problem with delta initial data of
system (1.4).

Li [14] introduced the method of vanishing pressure limit to study the isothermal gases dynamics model.
Chen and Liu [4] identified and analyzed the formation of delta shocks and vacuum states in Riemann
solutions to the Euler equations for isentropic fluids. They made a further step later to generalize the
results to the nonisentropic fluids [5]. For more results on vanishing pressure, we refer the readers to [22,19,
23,29,30].

In this paper, we focus on the vanishing pressure limits of Riemann solutions to the inhomogeneous
generalized Chaplygin gas equations (1.1)—(1.2). Unlike the homogeneous case, the Riemann solutions are no
longer self-similar. Moreover, the generalized Chaplygin gas equations (1.1)—(1.2) differ from the Chaplygin
gas equations. In the present case, the characteristic fields are genuinely nonlinear, while in the latter case,
the characteristic fields are linearly degenerate.

Now, we give our main results.

Theorem 1.1. When the parameter e — 0, Riemann solutions of system (1.1)—(1.2) converge to the Riemann
solutions of system (1.4). There are three cases.

(1) When u_ > uy, the two shock wave solutions firstly converge to a delta shock solution as e drops to
a certain parameter value o which depends on the initial data, then as € goes to zero, the delta shock
wave converges to a delta shock solution of (1./).

(2) When u_ < ug, as € — 0, the two rarefaction wave solutions converge to two contact discontinuities
connecting the states (ux + Bt, p+) with a vacuum state between them.
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(3) When u_ = uy, as € — 0, the Riemann solutions converge to a contact discontinuity connecting the
states (ux + Bt, p+).

The organization of this article is as follows: In section 2 and section 3, we review the Riemann solu-
tions to (1.4), (1.1) respectively. In section 4, we study the vanishing pressure limits of Riemann solutions
to (1.1)—(1.2).

2. Riemann problem for (1.4)

In this section, we give a sketch of the results on the Riemann problem to system (1.4) in [20].
By a change of variable (1.3), system (1.4) can be rewritten as

pe + (p(v+ Bt)), =0,

(2.1)
(pv)e + (pv(v + B)), = 0.
Consider the Riemann problem of (2.1) with the Riemann initial data
(U—7p—)7 T < 07
(v, p)(2,0) = { (2.2)
(v4,p4), x>0.

From (1.3), we obtain v+ = us. We use u+ to denote vy throughout this paper.

A double eigenvalue of (2.1) is A\ = v + St. The corresponding eigenvector is 7 = (1,0)T. It is easy
to know that VA - 7 = 0. This means that system (2.1) is linearly degenerate. The elementary waves are
contact discontinuities.

For a discontinuity o(t) = 2'(¢), the Rankine-Hugoniot conditions hold

—a(t) [p] + [p(v + Bt)] = 0,

(2.3)
—o(t) [pv] + [pv(v + Bt)] = 0,
where [p] = p — p—. From (2.3), we solve for the contact discontinuity J(u_, p_):
o(t)y=v+ Pt =u_+ pt. (2.4)

In the case u_ < uy, the Riemann solution of (2.1)-(2.2) consists of two contact discontinuities with a
vacuum state between them. The solution can be expressed by:

(u—,p_)+ J1 +Vac+ Jo + (us, py), (2.5)
where “4” means “follow by”.
In the case u_ = u4, the Riemann solution can be expressed by:
(u—sp=) +J + (uy, py). (2.6)

While in the case u_ > u4, the Riemann solution contains a delta shock wave. The Riemann solution

can be expressed by:

(u—yp) + 65 + (uy, py)- (2.7)
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The delta shock wave satisfies the generalized Rankine-Hugoniot conditions [20]

dx(t)

= ugs(t),
WO — wste)le) ~ oo + 80, -
AOD) — 45 4) 0]~ [t + ),

where w(t) and us(t) = vs+/5t are weight and velocity of delta shock wave respectively, and (x,w)(0) = (0, 0).
By direct calculations, we have

| Pou- + Jpruy B 1., B
vy = NS z(t) = vst + 5& , w(t) = /p—py(u_ —uq)t. (2.9)

In order to ensure the uniqueness of the Riemann solution, the delta shock wave should satisfy the

generalized entropy condition
uy + Bt < us(t) < u_ + Bt. (2.10)
In summary, we obtain the Riemann solutions to system (1.4) as follows
(1) For u_ > u4, the Riemann solution can be expressed by
(u_ + Bt,p_) + 0S5 + (uy + Bt, py). (2.11)

(2) For u_ < uy, the Riemann solution can be expressed by

(U_+ﬂt,p_)+<]1+V(IC+J2+(U++Bt,p+). (212)
(3) For u_ = uy, the Riemann solution can be expressed by
(u— + Bt p-) + J + (uy + Bt p4). (2.13)

3. Riemann problem for (1.1)—(1.2)
In this section, we summarize results on the Riemann problem of (1.1)—(1.2), see [25] for the detail.

Without loss of generality, we take A = 1 throughout this paper.
Using (1.3), system (1.1)—(1.2) is reformulated as

Pt + (p(v + ﬁt))m = 07

€ (3.1)
(ol + (poto+50- 5) =0,
x
which is a system of homogeneous conservative equations. Notice that ¢ appears in the equations.
System (3.1) has two eigenvalues
A :v—i—ﬁt—\/aep*l%&, /\2=v+6t+\/aap*1+7a (3.2)

with corresponding right eigenvectors
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1= (1, —Vagp )T, Ty=(LVagp )T (3.3)

Direct calculations give VA - 7 #0and VAg- 7y # 0 for 0 < a < 1, which means that both characteristic
fields are genuinely nonlinear. We now solve the Riemann problem for (3.1).

Given a state (u—, p—) in the phase plane, the rarefaction wave curves are the sets of states that can be
connected on the right by a 1-rarefaction or 2-rarefaction wave in the form

— )\1*U+ﬂt—\/ ,OT7

dt N
Ri(up):q oo BVOE —xe | 2V0E “H= p<p, (3.4)
14+« 1—|—a -7

)\l(u—7p—) < )\1('U»P>7
and

d
= =v+pBt+Vazp F,
R5(u—,p-): 2V0E _1ta L 2VOE SHE p>p (3.5)

v+1—|—o¢ U= 1+a_ ’

)‘2( U—,p *) < )‘2(’Uﬂp)'

Let o(t) = 2/(t) be the speed of a discontinuity z = x(t), then the Rankine-Hugoniot conditions read

—o(B)[p] + [p(v + pt)] =

(3.6)
—o(t)[pv] + {pv(v + f5t) — p_} =0.

From (3.6), given a state (u_, p_) in the phase plane, the shock wave curves are the sets of states that can
be connected on the right by a 1-shock or 2-shock wave in the form

[P]\ ?
of(t) =u_+pt — L)
Sc(u_.p_): <"‘ 7 ) > pe, (3.7)

v=u_ — (p;ﬁ)é (p—p-),

and

[N

1P
os(t) =u_+pt+ (L)
S5(u_rp_): <’1 p]) p<p. (3.8)

v=u_+ (L@f(p—p),

pp— o]

In the phase plane, given a state (u_,p_), we draw curves (3.4) and (3.5) for p < p_ and p > p_
denoted by R§ and RS, respectively, see Fig. 3.1. Meanwhile, we draw curves (3.7) and (3.8) for p > p_ and
p < p— denoted by S1 and S5, respectively. Curves Rf and R5 have asymptotic lines: the positive v-axis

_lta
and v = u_ + i@p_ 2 , respectively. Curves S and S5 have asymptotic lines: v = u_ —+/ep_ ? and
negative v-axis, respectively. Through the point (u_ — 2/gp_ =N ,P—), we draw curve

1+

utVEp T =ul —epl * (3.9)

Please cite this article in press as: L. Guo et al., The limit behavior of the Riemann solutions to the generalized Chaplygin gas
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_Ito 2 _1ta e
u_ —\/Ep, 2 u_ + 1\+/€(;lp_ 2 v

Fig. 3.1. The phase plane (v, p).

14+

denoted by S§. Curve S5 has two asymptotic lines: v = u_ —/ep_ 2 and negative v-axis. Thus the phase
plane is divided into five regions, see Fig. 3.1.
When (u4,p4) € TUITUIIIUIV)(u_, p_), the Riemann solutions for (3.1) consist of rarefaction waves
or shock waves. When (u,, p;) € V, we use a delta shock wave to connect states (u_, p_) and (uy,pi).
The detail can be found in [20]. The delta shock wave satisfies the generalized Rankine-Hugoniot condi-

tions:
% = ug(t,e) = v + Bt,
BE) _ o o)~ o+ 80), o
W = us(t,&)[pv] - [po(v + Bt)),

where (z,w)(0,e) = 0, w(t, ¢) and us(t, ) = v5+ Gt are weight and velocity of delta shock wave respectively,
vs indicates the intermediate variable on this delta shock wave curve.
Solving (3.10), we have that

wit.2) = \foope (0 —up e (2= 1) (- %)) e

dw(t,
e e i (3.11)
° Py —p- ’
€ 1 2
x(t,e) = v5t + §6t ,
for py # p— and
.1 1 1,
(t,e) = (p—u— — pruyp)t, v§= §(u+ +u_), z(te) = §(u+ +u_)+ §Bt (3.12)
for py = p_. In addition, the delta shock wave should satisfy J-entropy condition
_1lta _ 14«
ugp + Bt 4+ Vaep, 7 <us(t,e) <u_ + Pt —aegp_ 7 . (3.13)

Therefore, for any given right state (uy, p4), there exists a Riemann solution of (3.1). When (u4,p4) €
(TUITUIITUIV U V)(u_, p—), the configurations of which are as follows:

Please cite this article in press as: L. Guo et al., The limit behavior of the Riemann solutions to the generalized Chaplygin gas
equations with a source term, J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.05.048




Doctopic: Partial Differential Equations YJMAA:21409

L. Guo et al. / J. Math. Anal. Appl. ess (sees) see—see 7

_ 4+ Bt,p_
(v p=) (uy + Bt, py)

O T
(a) The phase plane (b) The (z, t) plane.

Fig. 4.1. Riemann solution when (uy, p4+) € IV(u_, p_).

(ug,p4) €1u—,p-) : (u—,p=) + BRI + (vse; puc) + RS + (ug, py);
(ut,p4) €IMu—, p-) : (u—,p=) + Ri+ (vie, puc) + 55 + (ug, p1);
(usrp) €T ,p )+ (uryp) + 55 + (vacs poc) + B + (14 p1 )
(Ut p4) €IV(u—,p-) = (u—, p=) + ST+ (Vee, puc) + 55 + (ug, p4);
( ) ( )

Uy, pt) € V(uo,p-) 0 (u—,p-) + 08+ (ug, p4),

AN A

where (Vse, p«e) is the intermediate state. If (uy, py) € (R U SS U RgUS5), we use one rarefaction wave or
one shock wave to connect (u_, p_) and (u4, p4). By using (1.3), we obtain the Riemann solutions of (1.1)
as follows

L (us, py) € Hu—, p-) :

(u— + Bt p—) + Ri + (vee + Bt, puc) + RS + (uy + B, p1);
2. (ug,py) € O(u—, p-) :

(u— +Bt,p-) + R + (vse + Bt puc) + S5 + (uy + Bt py);
3. (ug, p4) € IMl(u—, p—)

(u— + Bt, p—) + S5 + (vec + Bt, pue) + RS + (uy + Bt, pi);
4. (ug, p4) € IV(u—, p-)

(u_ + Bt, p—) + S5 + (Vee + Bt, puc) + S5 + (uy + Bt, ps);
5. (ut,p+) € V(u—, p-)

(u_ + Bt,p_) +06S + (uy + Bt, py).

4. Limits of Riemann solutions to (1.1)—(1.2)

In this section, we investigate the limit behavior of the Riemann solutions to system (1.1)—(1.2), that
is, the formation of delta shock and the vacuum states when pressure vanishes, respectively in the case
u_ > u4 and in the case u_ < uy.

4.1. Formation of delta shock wave

In this subsection, we study the limit behavior of Riemann solutions when u_ > uy, see Fig. 4.1(a). We
divide our discussion into two steps:

identify and analyze the formation of delta shock wave when ¢ tends to a certain value, and display how
the strength and propagation speed of the delta shock wave change when € tends to zero.

Please cite this article in press as: L. Guo et al., The limit behavior of the Riemann solutions to the generalized Chaplygin gas
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Lemma 4.1. Assume u_ > uy, then there exist two certain values €1 > g2 > 0, such that (uy,ps) €

IV(u_, p_) when eg < e < e1; (Ut,p4+) € V(u_,p—) when 0 < £ < &3.

Proof. Suppose that u_ > uy and (uy, p4) € IV(u_, p—), we have (see Fig. 4.1(a)),

(PN
Uty < U <p+p[p]> (p+ —p=)s P+ >p—s

Pl N\,
Uy < U— + (p+p_[p]> (p+ p*)?? P+ < p—,

and

_lta _H_a)

U+>u—*\/5(p+ T pl?

If py # p—, we deduce from (4.1)—(4.2) and (1.2) that

oo tor—py | e P <u-—ue
ie.,
P (ul —uy)?
e< o o — .
(% — p2)(p+ — p-)
Let
_ P (e —uy)?

€1 =

)

(p% = p2)(ps —p-)
then (us,py) € IVUV(u_, p_) when € < 1. According to (4.3), we have

1+a 14a 2

2
(- —uy) P oyt (um —uy)
E> | —e  _—1xe = L 1ta

p_? +py 7 p_? +py

2 2

Let

14+ 14+ 2

= (ue —uy)
€2 = Tta Tta )

p_ +py’

then (uy,ps) € IV(u_,p_) when eg < e < ey, and (uy,ps) € V(u_,p_) when 0 < € < &5.
If p+ = p_, this conclusion is also true. The proof is completed. O

Lemma 4.1 implies that there is no delta shock wave when ¢ > e5.

(4.1)

(4.2)

(4.3)

(4.5)

Now we show how the strength and propagation speed of the delta shock wave change when ¢ tends to

Zero.

We first consider the situation (uy,ps) € IV(u—_, p—). In this situation, the Riemann solution to (3.1)

and (2.2) presented in Section 3 is

equations with a source term, J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.05.048
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G-5) %)
Ve = U_ — 4 [E| — — — ==
p— p*E p— p*s
St 1 1 Pxe = P—, (4.9)
R e s
o =Uu_ + pt —A\| ———7~,
' p—(puc = p-)
n ( 1 1 ) ( 1 1 >
Ve = U el — — vl ,
T P+ pee) \ PSP
Ss : Pxe = P+s (4.10)

11
€p+ (p(:a pi)

o3(1) = uy 0 pre(pt = pre)
*E *E

where (Vye, pxe) is the intermediate state, see Fig. 4.1(a). By using the first equation of (4.9) and (4.11), we

have
. ( 1 1 ) ( 1 1 ) ( 1 1 ) ( 1 1 )
lim El — — o + el — — o a
eoves p—  pxe) \PE PR P+ pxe) \PE P (4.11)

=U— = Uy Pre > Pt

It follows that

lim pye = o0o. (4.12)
E—rE2
Lemma 4.2. Let
= e
Uu_p_° +u
us(t,e2) = Lol 4 Bt (4.13)
p72 + p+2
then
lim wse = lim (vie + ft) = lim o (t) = lim o5(t) = us(t,e2), (4.14)
E—E9 E—EQ E—EQ E—E9
Ig(t,s)
tim [ puedo = (us(t, o] = [o(o + B, (4.15)
E—E9g
z1(t,e)
xz(t,&)
€
lim / Prelsedr = <U5(t,52)[pv] - {pv(v +8)— —a]> t, (4.16)
E—E2 P
z1(t,e)
where [p] = py — p—,
t 1 1
gp*.‘.‘ (P_a - po ) 1
z1(t,e :/O'ETdT: U — | — el g B2 4.17
(te) = [ oir) oy (4.17)
0
t 1 1
)
xa(t, €) :/ag(r)drz Uy + | ————L |t — Bt (4.18)
) ’ prec(pr — puc) 2

Please cite this article in press as: L. Guo et al., The limit behavior of the Riemann solutions to the generalized Chaplygin gas
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Proof. Letting € — €5, it follows from (1.3), (4.9) and (4.12) that

lim wye = lim (vee + B8) = i Loy (L 2
A A = e Ve R B ) (4.19)

= us(t,e2).

From (4.9)—(4.10) and (4.12), we get

lim of(t) = lim o5(t) = us(t,e2). (4.20)

e—e2 E—E2

Thus, we conclude from (4.19)—(4.20) that the two shock waves S§ and S5 will coincide when & — e5.
In view of the first equation of Rankine-Hugoniot conditions (3.6) for both S§ and S5, we find

{ Ui(t)(p*s - p—) = P*e(v*s + ﬂt) - pP- (u— + Bt)a <4 21)
05()(p+ — pre) = p+(ut + Bt) — puc(vie + B). .
From (4.20)—(4.21), we have
Jim (03(t) — 01(8))pse = us(t, €2)[p] — [p(v + 5)]. (4.22)
Using (4.22), we get
xz2(t,e)
tim [ pecds = lim (03(0) = o5()pect = (st 22) 5]~ o0 + 50 (4.23)

ivl(t,E)

which proves (4.15).
We can obtain (4.16) similarly. The proof is completed. O

Lemma 4.2 shows that the two shock waves S and S5 coincide as ¢ tends to €3, see Fig. 4.1(b). From (4.12)
and (4.15), we find that p.. possesses a singularity which is a weighed Dirac delta function with speed
ug(t,e2). Now, if p; # p_, we deduce from (3.11) and (4.8) that

i w(t.2) = w(t,2) = (us(t,ea)lp] ~ [p(o + B (4.21)
Eli_}ng2 us(t,e) = us(t, e2) = v5> + Bt. (4.25)

It is easy to see that the quantities w(t, €), us(t, €) and the limits of u.., of and 0§ are consistent with (4.15)
when e arrives at 9. For p; = p_, we can obtain the same conclusion. Therefore, as € — €2, the limit of
the two shock waves of (1.1)—(1.2) is the delta shock solution of (1.1)—(1.2) corresponding to the case of the
Riemann solution of the case (uy,p4) € Ss, see Fig. 4.1(a).

Next, we discuss the situation 0 < € < &g, in which (uy, p1) € V(u_, p—). In this situation, the Riemann
solution to (1.1)—(1.2) is a delta shock wave solution. If p # p_, we deduce from (3.11) that

ow(t,e) dus(t,e)
ge <0 and —5—

<0. (4.26)

Using (4.26), we know that both the strength and the propagation speed of the delta shock wave increase
as € decreases. Furthermore, taking the limit € — 0 in (3.11) leads to
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(vae, pxe)

Y

(a) The phase plane (b) The (z,t) plane.

Fig. 4.2. Riemann solution when (u4, p4) € I(u—, p_).

li_r%w(ta €)= Vp+p,(u, —ug)t, (4.27)
Py + /P
lim us (¢, ) = Pris TVPR- L gy (4.28)
e—

NN

By (4.27)—(4.28), we deduce that the delta shock solution to (1.1)—(1.2) converges to the Riemann solution
of (1.4). The same conclusion holds for py = p_.

Therefore, as € — 0, the delta shock solution is nothing but the Riemann solution to (1.4). Therefore,
we have proved the first part of Theorem 1.1.

4.2. Formation of vacuum states

In this subsection, we will show the limit behavior of Riemann solutions of (1.1)—(1.2), in the case u_ < uy
as the pressure decreases, see Fig. 4.2(a).

Lemma 4.3. If u_ < uy, then there exists €3 > 0 such that (uy,py) € I(u_, p_) when 0 < e < e3.

Proof. If p; = p_, then the conclusion is obviously true. Next, we discuss the situation py # p_. Assume
that u_ < uy and (uy, py) € I(u_, p—), we obtain (see Fig. 4.2(a)):

2v/ e _1lta _1lta
a( : 2), p+ < p-,

P+ P (4.29)

P+ - P

2 _lfa _ lta
x/OéE( 5 5 ) Py > po. (4.30)

According to (4.29) and (4.30), we have

(Lt @)% " p 0 (g — )2

€< lta ltay 2
4a (p+2 _p72 )

(4.31)

Letting

1 2 1+a 14+« —u_ 2
£3 = ( +O{) pP— p+ (U_;,_ U ) , (432>

lta 1tay 2
4o <p+2 _p72 )

we find (uy,pq) € H(u_,p_) whene <e3. O
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As u_ < uy, by Lemma 4.3, for any given ¢ € (0,e3), the Riemann solution of (

1.1)—(1.2) is

(u— +/Bt7p—) + Ri + (U*E + Btap*E) + R; + (u"r + /Btvp"r)

(4.33)
where
dx 1fa
B M) = vt Bt~ Vazp
Ri:{,_2ae —ue | WVae - p<p (4.34)
1+a T 14« ’
/\1(U_,,0_) < )\1(1),[)),
d
= Na(v,p) = v+ Bt + Vage
Ry pg 2Y08 i 2V08 S p<py (4.35)
14+« 1+ a
)‘2(1]7/)) < )‘Q(u-i-ap-‘r)v
(see Fig. 4.2(a)). By (4.34)—(4.35), we have
—e 1+ a e _lia o _lia
N — —u_ _ , 4.36
pre® = = T al+ u-t T af (4.36)
: _ 191
;1_%1} =u_ on Rj, ;1_%7) =uy on RS, (4.37)
and
1— 1 lta
AlzTau ; —Vagp_ ? + Bt
11—« l1+a lia (4.38)
Ay = 5 v+ 5 uy +aep_ ? + fpt.
Combining (4.36)—(4.38), we have
lim p.e =0, lim A =wu_ + 8¢, lim Ay = uy + St. (4.39)
e—0 e—0 e—0

The above identities assert that as € — 0, p« vanishes and two rarefaction waves R and R§ become

1 2
two contact discontinuities connecting the state (ug + S8t, p+) and the vacuum p,. = 0, which is one kind
of Riemann solution of (1.4), see Fig. 4.2

.2(b). Therefore, we have proved the second part of Theorem 1.1

4.3. Limit of Riemann solutions for u_ = uy

In this subcase, we discuss (u4, py) € I(u—, p—) UIII(u_, p_)
If (ug, py) € IM(u_, p_), then the Riemann solution of (1.1)—(1.2) is

(u + Bty p_) + B + (vse + Bt puc) + S5 + (uy + Bt py ), (4.40)

where RS, S5 are given by (4.34) and (4.10) respectively, (vie + 8, pxc) is the intermediate state. From (4.34)
and (4.10) and py < ps«e < p—, we have

lim vee + St = Hm Ay (Vae, pre) = 05(t) = u— + St. (4.41)
e—0 e—0

For (uy,ps) € HI(u—, p—), we can obtain same conclusion
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J:z:u_t-{-%ﬁtQ

(ug + Bt, py)

. (u_ +Bt,p_)
v o] x

(a) The phase plane (b) The (z, t) plane.

Fig. 4.3. Riemann solution when (uy, p4) € II(u_, p_).

Thus, if uy = u_, when € — 0, the limit of the Riemann solution is one kind of the Riemann solution
to (1.4), see Fig. 4.3(b). Therefore, we have proved the third part of Theorem 1.1.

5. Discussion

We have studied the limit behavior of the Riemann solutions to the generalized Chaplygin gas equations
with a source term. We find the formation of delta shock wave and vacuum states in the Riemann solutions
to system (1.1)—(1.2) when pressure vanishes as ¢ — 0. Specifically, for u_ > u,, when € — &9, for some
€2 > 0, the two shock waves S{ and S5 coincide and the Riemann solution converges to a delta shock
wave solution of the same system (1.1)—(1.2). When ¢ continues to drop, both the strength and propagation
speed of this delta shock become stronger. In the end, as ¢ — 0, the delta shock solution is nothing but
the Riemann solution to the pressureless gas dynamics with a body force. For u_ < w4, when ¢ tends to
zero, we find that the two rarefaction waves converge to two contact discontinuities connecting the states
(ux + Bt, p+) and the vacuum. For u_ = u4, the Riemann solutions to system (1.1) and (1.2) converge to
one contact discontinuity with the propagation speed u_ + fBt. The results for the generalized Chaplygin
gas equations with a source term in the current paper are qualitatively similar to those for the Chaplygin
gas equations with a source term in [10].

Acknowledgments

The authors are grateful to the anonymous referee for her/his helpful comments which improve both
the mathematical results and the way to present them. Lihui Guo would also like to thank the hospitality
of Prof. Tong Li, Prof. Lihe Wang and the support of Department of Mathematics in University of Iowa,
during his visit in 2015-2016.

References

[1] L. Amendola, F. Finelli, C. Burigana, D. Carturan, WMAP and the generalized Chaplygin gas, J. Cosmol. Astropart.
Phys. 07 (2003).

[2] M.C. Bento, O. Bertolami, A.A. Sen, Generalized Chaplygin gas and cosmic microwave background radiation constraints,
Phys. Rev. D 67 (2003) 231-232.

[3] Y. Brenier, Solutions with concentration to the Riemann problem for one-dimensional Chaplygin gas equations, J. Math.
Fluid Mech. 7 (2005) S326-S331.

[4] G. Chen, H. Liu, Formation of delta-shocks and vacuum states in the vanishing pressure limit of solutions to the isentropic
Euler equations, SIAM J. Math. Anal. 34 (2003) 925-938.

[5] G. Chen, H. Liu, Concentration and cavitation in the vanishing pressure limit of solutions to the Euler equations for
nonisentropic fluids, Phys. D 189 (2004) 141-165.

[6] Dalal Abdulsalam Elmabruk Daw, Marko Nedeljkov, Shadow waves for pressureless gas balance laws, Appl. Math. Lett.
57 (2016) 54-59.

Please cite this article in press as: L. Guo et al., The limit behavior of the Riemann solutions to the generalized Chaplygin gas
equations with a source term, J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.05.048



http://refhub.elsevier.com/S0022-247X(17)30508-5/bib416D656E646F6C61s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib416D656E646F6C61s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib42656E746Fs1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib42656E746Fs1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib4272656E696572s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib4272656E696572s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib6368677131s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib6368677131s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib6368677132s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib6368677132s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib446177s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib446177s1

ARTICLE IN PRE

14 L. Guo et al. / J. Math. Anal. Appl. sse (seee) ees—ses

[7] W. E, Yu.G. Rykov, Ya.G. Sinai, Generalized variational principles, global weak solutions and behavior with random initial
data for systems of conservation laws arising in adhesion particle dynamics, Comm. Math. Phys. 177 (1996) 349-380.
[8] G. Faccanoni, A. Mangeney, Exact solution for granular flows, Internat. J. Numer. Anal. Meth. Geomech. 37 (2012)
1408-1433.
[9] L. Guo, T. Li, L. Pan, X. Han, The Riemann problem with delta initial data for the one-dimensional Chaplygin gas
equations with a source term, 2016, submitted for publication.
[10] L. Guo, T. Li, G. Yin, The vanishing pressure limits of Riemann solutions to the Chaplygin gas equations with a source
term, Commun. Pure Appl. Anal. 16 (2017) 295-309.
[11] L. Guo, W. Sheng, T. Zhang, The two-dimensional Riemann problem for isentropic Chaplygin gas dynamic system,
Commun. Pure Appl. Anal. 9 (2010) 431-458.
[12] D. Kong, C. Wei, Formation and propagation of singularities in one-dimensional Chaplygin gas, J. Geom. Phys. 80 (2014)
58-70.
[13] G. Lai, W. Sheng, Y. Zheng, Simple waves and pressure delta waves for a Chaplygin gas in multi-dimensions, Discrete
Contin. Dyn. Syst. 31 (2011) 489-523.
[14] J.Q. Li, Note on the compressible Euler equations with zero temperature, Appl. Math. Lett. 14 (2001) 519-523.
[15] M. Makler, S.Q.D. Oliveira, I. Waga, Constrains on the generalized Chaplygin gas from supernovae observations, Phys. B
555 (2003) 1-6.
[16] A. Qu, S. Chen, Two-dimensional Riemann problems for Chaplygin gas, SIAM J. Math. Anal. 44 (2012) 2146-2178.
[17] H.B. Sandvik, M. Tegmark, M. Zaldarriage, I. Waga, The end of unified dark matter?, Phys. Rev. D 69 (2004) 123524.
[18] S.F. Shandarin, Ya.B. Zeldovich, The large-scale structure of the universe: turbulence, intermittency, structures in a
self-gravitating medium, Rev. Modern Phys. 61 (1989) 185-220.
[19] C. Shen, The limits of Riemann solutions to the isentropic magnetogasdynamics, Appl. Math. Lett. 24 (2011) 1124-1129.
[20] C. Shen, The Riemann problem for the pressureless Euler system with the Coulomb-like friction term, IMA J. Appl. Math.
81 (2016) 76-99.
[21] C. Shen, The Riemann problem for the Chaplygin gas equations with a source term, Z. Angew. Math. Mech. 96 (2016)
681-695.
[22] C. Shen, M. Sun, Formation of delta shocks and vacuum states in the vanishing pressure limit of Riemann solutions to
the perturbed Aw—Rascle model, J. Differential Equations 249 (2010) 3024-3051.
[23] W. Sheng, G. Wang, G. Yin, Delta wave and vacuum state for generalized Chaplygin gas dynamics system as pressure
vanishes, Nonlinear Anal. Real World Appl. 22 (2015) 115-128.
[24] P.T. Silva, O. Bertolami, Expected constraints on the generalized Chaplygin equation of state from future supernova
experiments and gravitational lensing statistics, Astrophys. J. 599 (2003) 829-838.
[25] M. Sun, The exact Riemann solutions to the generalized Chaplygin gas equations with friction, Commun. Nonlinear Sci.
Numer. Simul. 36 (2016) 342-353.
[26] G. Wang, The Riemann problem for one dimensional generalized Chaplygin gas dynamics, J. Math. Anal. Appl. 403 (2013)
434-450.
[27] G. Wang, B. Chen, Y. Hu, The two-dimensional Riemann problem for Chaplygin gas dynamics with three constant states,
J. Math. Anal. Appl. 393 (2012) 544-562.
[28] Z. Wang, Q. Zhang, The Riemann problem with delta initial data for the one-dimensional Chaplygin gas equations, Acta
Math. Sci. 3 (2012) 825-841.
[29] H. Yang, J. Wang, Delta shocks and vacuum states in vanishing pressure limits of solutions to the isentropic Euler equations
for modifies Chaplygin gas, J. Math. Anal. Appl. 413 (2014) 800-820.
[30] G. Yin, W. Sheng, Delta shocks and vacuum states in vanishing pressure limits of solutions to the relativistic Euler
equations for polytropic gases, J. Math. Anal. Appl. 355 (2009) 594-605.


http://refhub.elsevier.com/S0022-247X(17)30508-5/bib572E45s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib572E45s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib46616363616E6F6E69s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib46616363616E6F6E69s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib47756F4C6959696Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib47756F4C6959696Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib47756Fs1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib47756Fs1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib4B6F6E67576569s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib4B6F6E67576569s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib472E4C6169s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib472E4C6169s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib6C6A71s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib4D616B6C6572s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib4D616B6C6572s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib412E5175s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib53616E6476696Bs1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib7368616Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib7368616Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib7368656E34s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib5368656Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib5368656Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib5368656E31s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib5368656E31s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib7368656E33s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib7368656E33s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib5368656E6757616E6759696Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib5368656E6757616E6759696Es1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib53696C7661s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib53696C7661s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib53756E31s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib53756E31s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib57616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib57616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib472E57616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib472E57616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib57616E675A68616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib57616E675A68616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib79616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib79616E67s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib79696E31s1
http://refhub.elsevier.com/S0022-247X(17)30508-5/bib79696E31s1

	The limit behavior of the Riemann solutions to the generalized Chaplygin gas equations with a source term
	1 Introduction
	2 Riemann problem for (1.4)
	3 Riemann problem for (1.1)-(1.2)
	4 Limits of Riemann solutions to (1.1)-(1.2)
	4.1 Formation of delta shock wave
	4.2 Formation of vacuum states
	4.3 Limit of Riemann solutions for u-=u+

	5 Discussion
	Acknowledgments
	References


