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Abstract

Given a nondecreasing function f on [—1, 1], we investigate how well it can be
approximated by nondecreasing algebraic polynomials that interpolate it at +1.
We establish pointwise estimates of the approximation error by such polynomials
that yield interpolation at the endpoints (i.e., the estimates become zero at 41).
We call such estimates “interpolatory estimates”.

In 1985, DeVore and Yu were the first to obtain this kind of results for mono-
tone polynomial approximation. Their estimates involved the second modulus
of smoothness wy(f,-) of f evaluated at v/1 — 22 /n and were valid for all n > 1.
The current paper is devoted to proving that if f € C"[—1,1], » > 1, then the
interpolatory estimates are valid for the second modulus of smoothness of f("),
however, only for n > N with N = N(f,r), since it is known that such estimates
are in general invalid with N independent of f.

Given a number « > 0, we write « = r + [ where r is a nonnegative integer
and 0 < 5 < 1, and denote by Lip* « the class of all functions f on [—1, 1] such
that wo(f("),t) = O(t#). Then, one important corollary of the main theorem in
this paper is the following result that has been an open problem for o > 2 since
1985:

If & > 0, then a function f is nondecreasing and in Lip* a, if and
only if, there exists a constant C' such that, for all sufficiently large
n, there are nondecreasing polynomials P,, of degree n, such that

”1_:62) . zel[-1,1].

n

|f(z) — Pa(z)| < C <
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1. Introduction and main results

Given a nondecreasing function f on [—1,1] and a set = := {§}7, C [-1,1]
(& # & if i # j), is there a nondecreasing algebraic polynomial that not only
approximates [ well but also interpolates f at the points in Z7 For a general set
=, the answer is clearly “no”. If m > 3, then the nondecreasing interpolating
polynomial may not exist at all (consider f which is constant on [{1, &3] and
such that f(€3) > f(£2))-

If m = 1, then the case for interpolation at either —1 or 1 (but not both)
was considered in [4], and we leave the discussion of the case when —1 < ¢ <1
for another time.

Finally, if m = 2, then the nondecreasing polynomial interpolating f at &;
and & exists, but it does not approximate f well at all if [£1,&] # [—1,1]
(again, consider f which is constant on [¢1, &) and is strictly increasing outside
this interval). Hence, for m = 2, the only non-trivial case that remains is when
the nondecreasing polynomial interpolates f at the endpoints of [—1, 1]. We call
the pointwise estimates of the degree of approximation of f by such polynomials
that yield interpolation at the endpoints (i.e., the estimates become zero at +1)
“interpolatory estimates in monotone polynomial approximation”.

We also note that the situation with strictly increasing functions is rather
different (see e.g.[5,15] and the references therein), since for any strictly increas-
ing function f and any collection of points =, there exists a strictly increasing
polynomial of a sufficiently large degree that interpolates f at all points in =.
How well this polynomial approximates f is an interesting problem but we do
not consider it in this manuscript.

More discussions of various related results on monotone approximation can
be found in our survey paper [10].

For r € N, let C"[a,b], —1 < a < b < 1, denote the space of r times
continuously differentiable functions on [a,b], and let C°[a,b] = C|[a, b] denote
the space of continuous functions on [a,b], equipped with the uniform norm
”"Hab}

For f € Cla,b] and any k € N, set

k Ik |
Ak (f 2 ]a,b]) = Z(—l) (Z-)f(ff +(k/2=0)u),  wt(k/2u e [a,b],
) otherwise,

and denote by

wi(f.t:[a, b)) == sup [IAL(F, 5 [a,0)|fay

0<u<t



its kth modulus of smoothness. When dealing with [a, b] = [—1, 1], we suppress
referring to the interval, that is, we denote || - || := || - [|[=1,1) and wi(f,t) :=
wr(f,t5[~1,1).

Finally, let

x 1
(1.1) o) :=+v1—2%2 and p,(z):= # + per
and denote by A(Y) the class of all nondecreasing functions on [~1, 1], and by
I1,, the space of algebraic polynomials of degree < n.
In 1985, DeVore and Yu [1, Theorem 1] proved that, for f € C[—1,1] N AM)
and any n € N, there exists a polynomial P, e II,, " A such that

x
(12 @) - Pl < (120, we o)
where c is an absolute constant.
In 1998, it was proved in [13, Theorem 4] that there exists f € C[~1,1]NAM)
such that

— P,
(1.3) limsup  inf 1/ (@) = Pa(@)] _ ’
n—oo Pa€l,NAW ze[=11] ws(f, pn(2))

which implies that wy in (1.2) cannot be replaced by ws even if the constant ¢
and how large n is are allowed to depend on the function f.
If the function f is smoother, then the following is valid (see [16]):

For any k,7 € Nand f € C"[-1,1]N A" there exists a sequence of
polynomials P, € IT, " A® such that, for every n > k4 — 1 and
each x € [—1,1], we have

|f (@) = Pu(@)] < e(k, 7)pp, ()i (f7, pu(2)).

A natural question now is whether (1.2) may be strengthened for functions
having higher smoothness. More precisely, the following problem needs to be
resolved: find all values of k € N and r € Ny such that the following statement
is true, and investigate whether or not the number N in this statement has to
depend on f.

Statement 1.1. For every f € C"[-1,1] N AW ¢ > 1, there exist a number
N e N and a sequence {P,}>° . of polynomials P,, € II,, N AW such that, for
every n > N and each x € [—1, 1], we have

(1.4) f(z) = Po(@)] < clk,r) (@)T% (fm, ﬁ) .

n

In view of (1.2) and (1.3), Statement 1.1 is true if k +r < 2 (with N = 1)
and is not true for » = 0 and k > 3.



Using the same method as was used to prove [4, Theorem 4] one can show
that, for any » € N and each n € N, there is a function f € C"[—1, 1]ﬁA(1), such
that for every polynomial P, € II, N A(Y) and any positive on (—1,1) function
¥ such that lim, 41 ¥(z) = 0, either

15)  limsup L@ =@ g @ = Pl

z——1 ©* ()Y (z) z—1 ©* (@)Y (z) 4
In particular, this implies that Statement 1.1 is not valid with N independent
of f if K+ r > 3. However, in this paper, we show that this statement is valid
for k =2 and any r € N provided that N depends on f. Namely, the following
theorem is the main result in this manuscript.

Theorem 1.2. Given r € N, there is a constant ¢ = ¢(r) with the property that
if f € CT[-1,1]1N AW, then there exists a number N = N(f,r), depending on
f and r, such that for every n > N, there is P, € II,, N A1) satisfying

)\ x
1) 1@ - Rl <a) (22w (7. 22), aepora)
Moreover, for x € [—1, -1+ n*Q] U [1 —n~2 1] the following stronger estimate
18 valid:

(1.7 ) = Pafo)] < ) (e (100, 250

Given a number « > 0, we write a = r + [ where r is a nonnegative integer
and 0 < 8 < 1. Denote by Lip” « the class of all functions f on [—1,1] such
that wo (f) 1) = O(t?).

An immediate corollary of Theorem 1.2 and the classical (Dzyadyk) converse
theorems for approximation by algebraic polynomials is the following result on
characterization of Lip* a.

Corollary 1.3. If a > 0, then a function f is nondecreasing and in Lip* a, if
and only if, there exists a constant C' such that, for sufficiently large n, there
are nondecreasing polynomials P, of degree n such that

V1 —x2>a

—1,1].
- , e [=1,1]

|f(x) — Pu(z)| < C (

Note that, for 0 < o < 2, Corollary 1.3 follows from (1.2) (and was stated
in [1]).

In order to state another corollary of Theorem 1.2 we recall that W" denotes
the space of (r — 1) times continuously differentiable functions on [—1, 1] such
that f("=1 is absolutely continuous in (—1,1) and Hf(T)HOO < oo, where |||
denotes the essential supremum on [—1, 1].

Corollary 1.4. For any f € W™ N AW, r € N, there exists a number N =
N(f,r), such that for every n > N,

f_Pn
SD’I‘

e(r)

nT

inf
P,cll,NnAM)

<

‘f(r)

oo




Note that, for » < 2, Corollary 1.4 follows from (1.2) with N = 1.

The paper is organized as follows. In Section 2, we introduce various nota-
tions that are used throughout the paper. Several inequalities for the Chebyshev
partition are discussed in Section 3, and Section 4 is devoted to a discussion
of polynomial approximation of indicator functions. In Section 5, we prove
several auxiliary results on various properties of piecewise polynomials. We
need those since our proof of Theorem 1.2 will be based on approximating f
by certain monotone piecewise polynomial functions, and then approximating
these functions by monotone polynomials. In Section 6, we discuss approx-
imation of monotone piecewise polynomials with “small” first derivatives by
monotone polynomials. Section 7 is devoted to constructing a certain partition
of unity. Simultaneous polynomial approximation of piecewise polynomials and
their derivatives is discussed in Section 8 and, in Section 9, we construct one
particular polynomial with controlled first derivative. Finally, in Section 10,
we use all these auxiliary results to prove a lemma on monotone polynomial
approximation of piecewise polynomials that is then used in Section 11 to prove
Theorem 1.2.

We conclude this section by stating the following open problem.

Open Problem 1.5. Find all pairs (r,k) with r € N and k > 3 for which
Statement 1.1 is valid (with N dependent on f).

2. Notations

Recall that the Chebyshev partition of [—1,1] is the ordered set X, :=
(z4)7_, where
xj =Ty = cos(jm/n), 0<j<n.

We refer to x;’s as “Chebyshev knots” and note that x;’s are the extremum
points of the Chebyshev polynomial of the first kind of degree n. It is also
convenient to denote x; := x;, := 1 for j < 0 and z; := z;, = —1 for j > n.
Also, let I; = [.’L‘j,l‘j_l], hj = |IJ| =x;_1 —x;, and

1, ifz; <z <1,
0, otherwise.

)

X (@) = X[z, 1) (@) = {

Denote by X := Xy ,, the set of all right continuous piecewise polynomials of
degree < k — 1 with knots at ;, 1 < j <n — 1. That is,

S € ¥y if and only if S|[ elly_1,2<j<n, and S|[I1)1] e ;1.

TjTj-1)

Throughout this paper, for S € X, we denote the polynomial piece of .S inside
the interval I; by pj, i.e.,

pj = 0i(8) =S, 2,0, 257 <n, and pi:=pi(S) = S, )



For k € N, let ®* be the class of all “k-majorants”, i.e., continuous nondecreas-
ing functions v on [0, 00) such that ¥(0) = 0 and ¢~*%(t) is nonincreasing on
[0,00). In other words,

F = {4 € C[0,00) | ¥ 1, ¥(0) =0, and t;"(t2) < ;" (t1) for 0 <ty < t5}.

Note that, given f € C"[—1,1], while the function ¢(t) := t"wy(f),t) does
not have to be in ®**", it is equivalent to a function from ®*+7. Namely,
B(t) < ¢*(t) < 2Fp(t), where ¢*(t) := sup,~, t""u""""¢p(u) € PFT" (see, e.g.,
2, p. 202]).

For 1 <i,5 <mn, let

max{i,j}
I; ;= U I, = [xmax{i,jbxmin{i,j}—l}
k=min{i,j}
and
max{i,j}
hi,j = |Ii,j\ = Z hy = Tmin{i,j}—1 — Tmax{i,j}-
k=min{s,j}

In other words, I; ; is the smallest interval that contains both I; and I;, and
h; ; is its length.

For ¢ € ®*, which is not identically zero (otherwise everything is either
trivial or of no value), and S € X, denote

i — p;llz, ( h; )k .
2.1 bij(S,¢) = —7—|-— ), 1<i,j<n
(2.1) 1.5 (5, 0) o)\,
ote that b; ;(5,¢0) = a; 4 i) with a; ; defined 1n , (6.1)].
N hat b; ; (S, ¢ i (8)/o(h;) with a; ; defined in [14, (6.1
Also, for S € ¥y and an interval A C [—1, 1] containing at least one interval
1,,, denote

bi(S, ¢, A) := 127%”{1)@]-(5,@ | ,CA and I; C A},

and

bk(sa ¢) = bk(Sa¢7 [_171]) = inax bi,j(sa ¢)
<i,j<n

1

Throughout this paper, we reserve the notation “c¢” for positive constants
that are either absolute or may only depend on the parameter k (and even-
tually will depend on ). We use the notation “C” and “C;” (the latter only
in Section 10) for all other positive constants and indicate in each section the
parameters that they may depend on. All constants ¢ and C' may be different
on different occurrences (even if they appear in the same line), but the indexed
constants C; are fixed throughout Section 10.



3. Inequalities for the Chebyshev partition

In this section, we collect all the facts and inequalities for the Chebyshev
partition that we need throughout this paper.

It is rather well known (see, e.g., [2, pp. 382-383, 408]) and not too difficult
to verify that

(3.1) #(@)

o < pn(@) <hj <5pa(z), zel; 1<j<mn,

hjt1 <3hj;, 1<j<mn,
and

(32) pr(y) < 4pn(x)(|z — y| + pn(x)) and
(lz =yl + pnl(2)/2 < (lz =yl + pu(v)) < 2(lz — y[ + pu(z)), =,y €[-1,1].

(We remark that the inequalities on the second line in (3.2) immediately follow
from the estimate on the first line.)
Also, we observe that

(3.3) pn(x) <|r—xzj|, forany 0<j<n and xz¢ (z;4+1,2;—1).

Indeed, (3.3) holds for = ;11 by (3.1), and for all other z ¢ (xj41,2;-1),
it follows from the inequalities = + p,(z) < zj41 + pp(xj+1) if © < xj41, and
x — pn(z) > xj_1 — pnlxj_1) if > x;_1, that can be verified directly or using
the fact that = + p,,(z) increases on [—1,n/vn? +1| D [-1,21] and = — p,,(x)
increases on [—n/vn? +1,1] D [z,-1,1].

Now, denote

111

Y = 1(x) = m and 0, (z) ;== min{l,np(z)}, = <€l-1,1],

and note that
on(z) =1 if z€[xy_1,21]

and
on () <mnp(z) <o, (z) if z€[-1,ax,-1]U][z1,1].

It follows from (3.1) and (3.2) that

(3.4) Pi(l’) < 4pn(ff]) (Jz — ICj‘ + pn(x])) < 8h; (Jlx — xj| + pn())
and thus

pn(x) ’ Shj ci(x
> (Pn(x) + |a le) - pn(z) + |2 — 25] < ().

Similarly, (3.1) and (3.2) imply (see, e.g., [8, (26)]) that

(3.6) i (@)pn(x) < pulz;) < ey ()pa(z), 1<j<n and =ze[-1,1],



where ¢ are some absolute constants.
It is not difficult to see that, for all 1 < j <n and z € [-1,1],

(3.7) pn(x) +dist(z, I;) < pp(x) + |z — 2] < 16 (p,(x) + dist(z, [;)) .
Indeed, the first inequality in (3.7) is obvious, and the second follows from
|z — x;| < 4dist(z, I;) + 15p,(x),

which is verified using (3.1) and separately considering the cases x € I;_1 UI; U

Iijyiand o € I;_; UI; UIj (in the latter case, there is at least one interval

I;, i # j, between x and I;, so that |x — x| < h; + dist(z, [;) < 4dist(z, I;)).
Also, it is straightforward to check that

(3.8) 21/1]2(:13) <e¢ ze[-1,1],

and so, by virtue of (3.7) and (3.5),

- pn () '
(3.9) > ( pn () + dist(z, Ij)> =

j=1

In order to quote several results from [8] in the form used in this paper we
need the following observation. First, it is known (see, e.g., [8, Proposition 4])

that
1— a2

(I+2;-1)(1 — ;)

<2 %(x), 1<j<n and —1<z<L

Now, since
min {(1 + J?j_l)(l - 3}‘])} Z 1-— T Z 2/n2,
1<j<n

we have )

1—x - n?¢%(z)
Atz ) —z) — 2

and hence, for all 1 < j <n and z € [-1,1],

1—a?

(L+zj—1)(1 — ;)

(3.10) < 2min{1,n2902(x)}1ﬁ;2(x) = 253(@1/)]72(@.

Conversely, by (3.6)

1 — 22 CQDz(x) > Cw?(x)w > CQ/)?((E)(;?L({EL

(3.11) Atz )02 > n2p2 (z;) (np(z) +1)

where the first inequality is valid since

(L +aj)(L—aj) = 1—af + hy(1 - ;) <n?pj(z5) + palz;) < 20°p; (a;).



4. Awuxiliary results on polynomial approximation of indicator func-
tions

All constants C' in this section depend on « and 3.

Lemma 4.1. Given o, > 1, there exist polynomials 7;, 1 < j < n —1, of
degree < Cn satisfying, for all x € [—1,1],

(4.1) 7i(x) > O 105 ()" (),
(4.2) 7@ < s el @), 1<q<a,
and

(4.3) X (@) — 7(2)| < C82 ()0 (x).

Proof. First, estimates (4.2) and (4.3) immediately follow from [8, Lemma 6]
taking into account (3.10) and setting p := [10« + 1057 and £ := [3«] in that
lemma. Estimate (4.1) was not proved in [8], and so, even though its proof
is very similar to that of (4.2) and (4.3), we adduce it here for the sake of
completeness.

Recall the definition of polynomials 7;:

(4 7(z) = d; / 1(1 — %)t (y) dy,
where
2 ° in?2 2
(4.5) M@:<915§?ﬁ>+(EL@EE£)7
T —T; T — T,

Zj := cos((j =1/2)m/n) for 1 <j < m, 23 := cos((j — 1/4)7/n) for 1 < j < n/2,
29 := cos((j —3/4)m/n) for n/2 < j < n, and the normalizing constants d; are
chosen so that 7;(1) = 1.

It is known (see, e.g., [8, (22), Proposition 5]) and is not difficult to prove

that
(4.6) ti(x) ~ (lz —zj| +h;)"%, ze€[-1,1] and 1<j<n,

and
dj ~ (L ay0)*(L—ay)Shy it p> €+ 1.

Here and later, by X ~ Y we mean that there exists a positive constant c
(independent of the important parameters) such that ¢7!1X <Y < cX.



Hence, using (3.11), we have

Ti(x) = d; (1 — 2°)%t (x)
th,u—l ¢
> J 2 o N2
—C(1+zj_1)§(17:€j)5(1 € ) (l!E xj|+hj)
—1¢2¢ 2u+2¢
> Chy 162 ()2 (2)

Z Ch;léia(m)wio(a-ﬁ-ﬂ) (ZL’)

O

Lemma 4.2. Given a, > 0, there exist polynomials 75, 1 < j < n —1, of
degree < Cn satisfying
(4.7) Ti(x) <0, for we[-1,z;]U[z; q,1],

and, for all x € [-1,1],

(4.8) 7)(2)] < CL| 1o (@)l ()
and
(4.9) Ix;(x) = 75(x)] < CO8 ()¢ (x),

Proof. We let
7 () = a5 / (=) (w1 = )= )0 ) dy

with ¢; defined in (4.5) and d; is so chosen that 7;(1) = 1, and where ¢ and p
are sufficiently large and will be prescribed later. Clearly, (4.7) is satisfied.

It is possible to show (see, e.g., [7, Proposition 4] with m = k = £ + 1,
a1 = " = Qm—-1 = —1, b1 = :bk,1 = 1, G = Tj, bk :{Ejfl) that

dj ~ (1 +aj-1)5(1—2)Sh; 273 if 0> 10¢ + 15.
Hence, using (4.6) we have

7i(@)| = d;'(1 -2 e — a1 — ||t ()]

¢ ((1 - xigﬁ - xJ.))g hy e (@),

We note (cf. [8, (25)]) that, for all x € [—1,1],

1+
1+2; 4

<cpy Y(z) and

10



Now, if x < z;, then

)~ Bl =) = | [ 7o)

x 3 ) 2p—§-2
ot [ () (rmaem)
T\l + i ly — x| + h;

3 x
1+z 9 _5_3/ 9
< O B2 ¢ A h. wtE+2 g
- (1+$j_1) J _Oo(xj J j) J

1_1:2 ¢ 2u—§&—3
= O((1+$j1)(1—$j)> v; '

Similarly, for > x;, we write
1
@) = B0l =1 =) = | [ Ay
x
1=y h; 2
Ch; dy
T Je \1—z; ly —x;[ + hy
Lo\ oues [ —2utet2
< C h; (y —xj + hy) ~ T2 dy

1— 22 > .2 —¢-3
= C((1+f€j—1)(1*l’j)) it

Finally, using (3.10), we conclude that

IN

IA

Ti(@)| < C(sgﬁh;wj?#*?é*?(x)

and
~ _ 2, —3¢6—
G (@) = 75 (x)| < COXh; 223 (),

and it is enough to set & := [«/2] and p:= [8 + 5] 4+ 25 in order to complete
the proof. 0
5. Auxiliary results on properties of piecewise polynomials

All constants ¢ in this section depend only on k.
The following lemma is valid (compare with [3, Lemma 1.4]).

Lemma 5.1. Let k€N, ¢ € &%, f € C[~1,1] and S € Sy, If
wi(f, 1) < (1)

and

(5-1) [f(x) = 5(@)] < dlpn(z)), @ e[-1,1],

then
bi(S, ¢) < c.

11



Proof. Recall that ¢ is not identically zero, so that ¢(x) > 0, z > 0. For
1 <i,j <n, we have

Ipi = fllr (B \" W =il [ By k_,
o(hy) (hé) o) (h_> IR

Now, we note that, for any 1 < v < n, inequalities (5.1) and (3.1) imply

o = £z, < le(on)lly, < d(hu).

Hence, o1 < 1, where we used the fact that if h; < h;, then ¢(h;) < ¢(h,), and

In order to estimate o, we first recall the following estimate (see [2, (6.17),
p. 235]). For any g € C[-1,1], k € N, a € [-1,1] and h > 0 such that
a+ (k—1he[-1,1],

bi,j (Sv ¢) <

|z —al

k
s < (1+ 5 0) (o) + ol angon) . o€ 11

Setting ¢ := f — pj, a := z; and h := h;/ max{1l,k — 1}, and observing that
wi (g, h) = w(f — pj, h) = we(f, h) < (h), we get

|z — 2]

k
1@ -ml<e (14 52 (o< 1r-nil,). aelonal

and so

Il f—p;

e\
<o) om,
I; h] J
Hence, 02 < ¢, and the proof is complete. O

The next lemma, although claims a different inequality than [3, Lemma 2.1],
is proved along the same lines. We bring its proof for the sake of completeness.

Lemma 5.2. Let k€N, ¢ € ®* and S € %y, N C[-1,1]. Then

pnS'
¢(pn)
Proof. We note that in the case k = 1, the statement of the lemma is trivial

since ¥, NC[—1,1] = Iy, and so both sides of (5.2) are identically zero. Hence,
we assume that £ > 2, and we may also assume that

F
¢(pn)

(5.2) bi(S,¢) < ¢

oo

(5.3) =1

’ oo

Since

pi() = S(~1) + / S/ (u)du + / Piwdu, 1<j<n,
—1 Tj

12



it follows that

p)=p(o) = [ aus [yt [ g

xj i

and hence,

||Pj — Di

Lo< / 1" (u) du + / 19 u0) s+ / 1p, ()t

(3 i,J

IN

2h; 115"

Li + hlaJ”p; I;; = 01 + o9.

We first estimate oo. If v € I;, then it follows by (5.3) that

/ o / ¢(pn(v)) ¢(hj)
()] = 18w < EL < S,

and since p; is a polynomial of degree < k — 1, this, in turn, implies that

o(hy) (hij>k2 hig\"
1, < ey 20 (R EE gy (Rea)
s J hj hj J hj

We now estimate 0. First, note that it follows from (3.2) (with y := z; and
any u € I; j) that b5 < ch; jpn(u). If pp(u) < hyj, this implies

P(pn(u)) < C¢(hj) he o < ¢(hj)hl_c—1

(5.4) oy = hi j|p}

i\ s L j.
pu(w) =gz M S OTE g wE i
If p,,(u) > hj, then
P(pn(w)) _ o(hy) ¢(h) k-1
pn(u) — h/? Pn (u) — hég 2,7 u € 5J
and so using (5.3) again we have
o1 :2}7%7]”5/ I §2hz,j ¢(p ) §C¢( kJ)hicJ
h n 1, . hj ’
i,j
Combining this with (5.4), we obtain
hi;\"
Iy =l < ot (522)
J
and the proof is complete. O

6. Monotone polynomial approximation of piecewise polynomials with
“small” derivatives

All constants C' in this section may depend on k and a.

13



Lemma 6.1. Let o > 0, k € N and ¢ € ®F, be given. If S € Xp,, N AWM s
such that

¢(pn())

(6.1) 15" (z)| < @) %€ [n—1, 2] \ {51520,
(6.2) 0 < S(a;+) — S(a;-) < dlpalzy)), 1<j<n—1,
and

(6.3) S'(z)=0, ze€[-1,2p_1)U(21,1],

then there is a polynomial P € AWM NI, such that
(6.4) |S(z) — P(2)| < Coy(2) ¢ (pn(x)), =€ [-1,1].

Note that, clearly, condition (6.2) is automatically satisfied at all knots z;
where S is continuous.

Proof. Let

se= {5 Lepy e
Clearly, (6.1) and (6.2) imply

(6.5) 9(z) = S1(2)| < chlpn(x)), =€ [-1,1],
and (6.3) yields (recall that S is right continuous)

(6.6) Si(x)=58(x), zelhUIL,.

We may write,

= S+ Y (5~ S, we L]

Let
P(z) = 5(-1) + Z(S(xj) = S(zj41))7j(2), @€ [-1,1],

where 7; are the polynomials from Lemma 4.1 with the same o and 3 = k + 2.

Then, P is a nondecreasing polynomial of degree < Cn and, in view of (6.5)
and (6.6), we only need to estimate | Sy (2) — P(z)|. First, note that (3.6) implies,
forall 1 <j<mnandxe€[-1,1],

d(hy) < ¢ (ct; (2)pn(x)) < C ;7% (pn(2)) .

14



Now, since (6.1) and (6.2) imply that
IS(z;) — S(xj+1)| < Ch(hy), 1<j<n-—1,
using (4.3), we conclude that, for all 1 < j <n—1and z € [-1,1],
15(x;) = S(xj0)lIx; () — 75 ()] Co(hy)8y, ()9 2 (x)
C¢ (pn(2)) 07, ()95 (2).

IN N

Therefore, by (3.8), we have

191(x) = P(z)] < i 1S(x5) = S(zj41)lIx; (@) — 75(2)]
j=1
< Ch(pnle)) 52(2) U3 ()
j=1
< Co(pn()) 65 (2).
Combined with (6.5) and (6.6), our proof is complete. O

7. On one partition of unity

Lemma 7.1. Let a1, 31 > 0, and let n,ny € N, ny > n, be such that ny is
divisible by n. Then, there is a collection {Tjn, }j_; of polynomials Tj,, €
¢ (ay 8y, 5 such that the following relations hold:

(7.1) Y Tjm(@) =1, ze[-1,1],
j=1
(7.2) T{, (2)>0 and T,, (z)<0, z€[-1,1],
b1
o Prny (.T)

. Tin < Cso :
(73 (o)) < 0831 (0) (et
for all

[_17371]7 Zf j = 1a
x e Dj = [mn—lvl]a if j=n,
[717”7 Zf QS‘]STI*].,
and
. Q) () B
(q) ny Pny

4 T <

(4 el < S G )

1<¢<ay and z € [-1,1],

where all constants C' depend only on «q, 81 and are independent of the ratio
ny/n.

15



Proof. Let 7; ,,, 1 <7 < ny — 1, be the polynomials from Lemma 4.1 with o
and /3 to be prescribed, and denote 79,, =0 and 7, », = 1.
Set
Tin, == Tins — Ticin, 1 <4< ng,

and note that
ny

(7.5) > Tim, =1
i=1

Let d :=ny/n and define

(76) Tj»”l = Z rfiﬂll = Z :Fimla 1 S] S n.
i=d(j—1)+1 Liny CIj

Then (7.1) readily follows by (7.5), and (7.2) is evident.
We now note that, for all z € [-1,1],

Yitin, () <Ain, (x), 1<i<n,
(recall that g ,, (x) = 0 and ¥y, 41,5, (z) = 0) and
Xi,n1 (z) - Xi—1,n1 (z) = X[@ing Tiz1 nl)( z) = 651 (m)x[xi,nlvxifl,nl)(x)
< O8, (@)U, (@),

for2<i<ng;—1.
Hence, by (4.3),

Ty ()]
< i () = Xiona (@) + X () = Xi—1,00 (2)| + [Xim1,00 (%) = Tim1,0, ()]
< 0o (@), (x), 2<i<ni—1, ze[-1,1].

If ¢ = 1, then, for x € [-1,21,,) D [-1,21.,],
T ()] = |71, ()] = 1710, (@) = X1 ()] < COF ()87, (),

and similarly, for i = ny and = € [zp,—1,ny5 1] D [Tny—1,n, 1],

|T7l1,’ﬂ1 (.’L‘)| b |1 — Tni—1,m (.’L‘)' = |Xn171,n1 ($) — Tni—1,n (.’E)‘ < C(Sn ( ),(/11 nl( )

Hence, for z € Dy,

(7.7) | Tjons (@) < CO3 () D W], (@

Liny Clj

Similarly, it follows from (4.2) that, for all z € [—1,1],

(7.8) T\ ()| < Co2 (x) Y hifwl, (x), 1<q<a.

J,m1
IH,ICI_

16



Therefore, we may treat (7.7) as a particular case of (7.8) for ¢ = 0, keeping in
mind that x is assumed to be in D; in that case.

We are now ready to prove (7.3) and (7.4). First, we note that (3.1) and
(3.2) imply that

2
w?,nl(x)=(|x i ) <o o (©)

= iy |+ hin, — Ty |+ pny ()
Hence,
7(q) h. a+1
79 ()] < C62 () I~ ( iy ) .
o 1 L‘,,?CIj "\ o — Tiny | + pn, ()
—gq—1)/2
X ( Py () >(ﬁ a=1)/
|7 — Zin, | 4 ooy ()
1y
= C¢ (B—q—1)/2 iy
n1 ('T)pnl (l’) . ZcI, (‘x o xi7n1‘ + pnl (z))(ﬁ+q+1)/2
2,11 J
<

> du
o5 (B—q—1)/2 /
m (®)om, (@) dist(a, ;) (UF pny (2))PHath/2

@) pur (&) e
o szl (z) <dist(m,lj) + Py (33)> .

It remains to set « := [a | and 8 := 201 + @1 +1, and the proof is complete. O

In the proof below, we need estimates (7.3) and (7.4) for € D; with 6, (z)
replaced by 6,,(z) which is smaller near the endpoints of [—1, 1].

Corollary 7.2. Let az, B2 > 0, and let n,n;_ € N, ny > n, be such that ny
is divisible by n. Then, there is a collection {T} ., }}—, of polynomials Tj,, €
e (as,82)ns s Such that (7.1) and (7.2) are valid, and

ey B2
7(a) 6n2(‘r) Pny (‘T)
. T. < <qg<
(79) T ()] < Op%l (z) <pn1(ac) + dist(z, 1) » 0sasa

for all x € D;, where all constants C depend only on o, B2 and are independent
of the ratio nq/n.

Proof. Since

5n1(x)< %, if o(x) <1/n,
on(x) = |1, if p(x) > 1/n,

we only need to prove (7.9) for x € @j = D;N{z | o(x) <1/n} (for all
other # € D, it is an immediate corollary of (7.3) and (7.4) with a; = a2 and
B1 = B2). Note that for all 1 < j <n and z € D,

dist(z, I;) > dist(@j, I;) > dist(zy, /1 —n=2) > n~ 2

17



Hence, it follows from (7.3) and (7.4), that for all 0 < ¢ < a3, 1 < j < n and
x € D;, we have

~( 091 (x) /mp\™ ny (2) .
0@l < oS (™) (pm( (e, ,)>

x) + dist(z, I;

G ) <pn1<x>pf§i)t(x,fj>>ﬁlal

<pn1 ufféi)m, ]j))ﬁlal ;

mpn (1) _pla)+1/m
", (@) + 1/n = (@) fn1 + 1/n =

for n; > n and p(z) < 1/n. It remains to set ay := as and B ;= as + fo. O

IA
Q

IA
Q

since

8. Simultaneous polynomial approximation of piecewise polynomials
and their derivatives

All constants C' in this section depend on k& and ~.
We need the following result which is similar to [14, Lemma 18] and which
is proved in a similar way.

Lemma 8.1. Let v > 0, k € N, ¢ € ®*, and let n,n, € N be such that n, is
divisible by n. If S € Xy, then there exists a polynomial Dy, (-, S) of degree
< Cnp such that

(8.1) |S(z) = D, (z,5)] < C6)(2)p(pn(2))bi (S, ¢).
Moreover, if S € C™'[—=1,1] for some r € N, r < k, and A := [+, 7,.].
0 < py < p* <n, then for all x € A\{a:j}?:_ll and 0 < ¢ <r, we have

82[59(0) = D0G5)| < o8 A (145,04 + i(5.0) x

o (dist<x,ﬁﬁi)11 \ 4) ) - )

The constants C' above are independent of the ratio ny/n.

Proof. We denote

(8.3) D, (z,5) ij T, (

where ZIN’jm are polynomials of degree < C(ag,f2)n; from the statement of
Corollary 7.2. Note that D,, (+,5) is a polynomial of degree < k+ C(az, f2)n;.

18



The parameters ao and (82 depend on v and k are chosen to be sufficiently large.
For example, ay = v and By = v + 4k + 5 will do.

For the sake of brevity, we will use the notation p := p,(z), § = J,(2),
p1 := pn, (x) and TJ = fjnl Recall that I; ; is the smallest interval containing
both I; and I}, and h; j := |I; j|. Suppose now that x is fixed and let 1 <v <n
be the smallest number such that « € I, (i.e., if = x,,, then = belongs to both
I, and 1,11, and we pick v = n).

We now observe that (3.4) and (3.7) imply

s i I,
84) sl oglrzmlEe prdist@l) L
hj hj
j j P P
Also,
v,j is ,I' .
(8.5) M<0m 1<j<n.

h, — p ’
Indeed, if [j — | < 1, then it is enough to note that (3.1) implies that h, ; ~ h,.

If |j — v| > 2, then we use the fact that there is at least one interval I; between
I, and I;, and so (3.1) implies

hyj = hy + hj + dist(L,, I;) < hy + 4dist(L,, I;) < h, + 4dist(z, I;),

and (8.5) follows.
Since S(x) = p,(x), (7.1) implies

n n

S@—M@ﬂ)zﬂ@Zﬁ@—Zm@m@
= > pul@) = pi(@)T;(x),
1<j<n,j#v
and so
~ (9)
$D@)=DP@.S) = > ((ule)=pi@) L))

1<j<n,j#v

DY (q) (P @) = @) T @),

1<j<n,j#v i=0

with the assumption that = ¢ {x]}?:_ll if ¢ > 1, since S@ may not exist at
those points. Note also that x € D; for all 1 < j < n, j # v, and so (7.9) can

be used for all polynomials T} appearing in the above sum.
Now, since

¢(h;

o
IA
-
—~
>
S
<.
~—
|
<
>
<
N—
N
>
N———
ol
IA
o
ASS
—
)
N—
VR
>
SN
N——
d



it follows from (2.1), (8.4) and (8.5) that, for all i > 0 (of course, the inequality
is trivial if ¢ > k),

, ; » hi) (o \"
80) 16 =0l < il =yl < b (500 “0 (M)
v J

b * : 3k
< cb;(S,9) ¢£f) <::—hﬂj> < cby (S, ) ¢p§>) <p+d1s;(x71j)) |

Observing that

P1 P
. <
(87) p1 +dist(x, I;) = p+dist(x, I;)

and using (7.9) we now conclude that, forall 0 <i<gand 1 <j<mn, j#v,

B2—3k
) () _ (@ Fla—i) (| < , az 000). p1
‘(p” @ -'@) T, (x)’ < Obus(5,0)0 ppd=t \ 1+ dist(, ;) '

If © = ¢, this becomes

(:8) (p @) = 7 (@)) Ty (@)
Bo—3k

and, in particular, if i = ¢ = 0, then

- P Ba—3k
89 |i00) = @) (o) < Cs(8.008%00) (g )

Now, with an additional assumption that j # r+1 (which implies that dist(z, I;) >
p/3), and using p1/p < n/ny, we have

(810) | @) - (@) T (@)

e 8(P) 1 p .
< ; 2 L
o Cbl’,](Sv ¢)6 pq p P +dlSt($,I]) X

B2—3k—g+i—1
P
(pl + diSt(Z‘, IJ))

0 $0) 7 2 B
< ; 2 — .
= Cbl/,](sv ¢)5 pq ny p1 _|_ diSt(l‘, I])

It remains to consider the case ¢ > 1,7 < ¢g—1and j = v+ 1. We only
consider the case j = v + 1, the case j = v — 1 being completely analogous.
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We now have to use the fact that S is assumed to be sufficiently smooth.
Indeed, if S € C?7![~1,1], we have pl(,l)(wl,) = pf,lJ)rl(a:l,), 0<l<qg—1, andso
by (8.6),

(i) _ @) _ 1 ! _ona—i—1 (, (q) _ (@
@ @] = | @0 (00— i ) du
<z —a, |17 P,(JQ)—PS{L ,
3k
< C|LE _xl/|q_iby’l/+1(s7 ¢) ¢(p) (p+ ‘LL' xu|) )
Pl P

Therefore,

(P @) =P @) T (@)

o q—1i B2—3k
< Oy (8, ¢)50 20— 2] ( o >
pip! pr+ |z — ]
o(p) < p1 )6 2odhat
< Cbyyia(S, 6)5% .
>~ s +1( ¢) pq P + |£L’—£El,|

In summary, the estimate

8.11) | (b (@) — i (@) T4 (@)

. 9(0) ( p1 )ﬂrsk_q
< Cbyp11(S, ¢)0*? - ;
>~ s :tl( ¢) pq p +dlSt(l’,L/j:1)
is valid for all 0 < i < ¢ provided that S € C971[~1,1] (for i = g it follows from

(8.8)).
Using (8.9), (8.7), (3.9) and the estimate b, ;(S, ) < bi(S, ¢), we have

(812)  |S(z) = D, (2, 5)]

) Ba-3k
Chi(S, 95 d(p) Y (m)

1<j<n,j#v
Cbi(S,9)576(p),
and (8.1) is proved.

We will now prove (8.2). Suppose that S € C""[—1,1] and 0 < ¢ < 7. We
write

IA

IA

51 (x) — D@ (z, 5)
- Y (@ -pETw)"”

1<j<n,j#v

- (Z DD IS Z) ((ul@) ~ £y Ty ()

j€J1  JEJ2 jEI3z jEJa
=: o1(x) + oa2(z) + o3(x) + 04(x),
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where

i o= {J|1<ji<nLCAj#vvEl},
Jo = {j|1<j<nl ¢ Aj#vvtl},
ds = {j | 1<j<nj=v+1},
da = {j|1<j<nj=v—1}.

Note that some of the sets J; may be empty (making the corresponding functions
o, =0). For example, if v =1, thenJy, =0 and 04 =0; if AC [, UL, UIL,41,
then J; = () and o1 = 0, etc.

In order to estimate o, using (8.10), (8.7), (3.9) and the estimate b, ;(.S, ¢) <
b (S, 0, A), j € d1, we have

6(p) p\E
< Cb.(S A)frr—=— DT Y
lo1(z)] < k (S, ¢, A) 00 J; p1 + dist(z, I;)

< Cbk(S,¢,A)6’Y%.

To estimate o2, we use (8.10), (8.7), (3.7), (3.4) and b, ;(S,¢) < bi(S, ),
j € Jo, and write

o(p) n p1 Pamshmart
oo (x < Cbi(S, )0 —= — -
| 2( )l = k( ¢) p? g 7;32 (p1+dlst(x,fj))
] B2—3k—q—2
< ongaeEn (o )
Pl e \p e =)
, Y2
< Cby(S, (b)mMﬁ Z & (#)
Pl i, NPT =l
o(p) n h;
< Cby(S, )07~ —prtt J
S OSOT L T e
P(p) n [ du
< Cby(S,0)0 2L o
(5.9) Pl ny dist(z,[—1,1\4) (p +u)7T2

L B(p) n P w
< Cbk(‘97¢)6 Pq ni (p—l—dist(l', [_171]\A)> .

Finally, we will estimate o3 (the proof for o4 is completely analogous). First, if
I,41 C A, then b, ,41(S, ¢) < bi(S, ¢, A) and so (8.11) yields

)] < C (5,6, 4197 22,

If I,41 ¢ A, then v = p* (and so dist(x, [—1,1]\ 4) < |z — x| = dist(z, [, +1)),
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buv+1(S, ¢) < bi(S, ¢), and again using (8.11), we have

¢(p) 1 -
los(x)] < Cbg(S, ¢)d” i (Pl +dist($,ly+1)>
o(p) p1 P .
< Ob(S,0)0" == (m + dist(z, [—1,1]\A)>
¢(p) n p -
s Cbl(S9)07= 0 (dist(x, [—1,1] \A)) '
The proof is now complete. .

9. One particular polynomial with controlled first derivative

All constants C in this section depend on « and (.
The following lemma is a modification of [14, Lemma 10].

Lemma 9.1. Let a,3 > 0, k € N and ¢ € ®*. Also, let E C [~1,1] be a
closed interval which is the union of mg > 100 of the intervals I;, and let a set
J C E consist of my intervals I;, where 1 < my < mg/4. Then there exists a
polynomial Q,(x) = Qn(z, E,J) of degree < Cn, satisfying

Pn(x)

, @ Sav 2 (b(pn(‘r))
(9.1) Qi (x)>C 0,7 () (max{pn(w),diSt(anE)}

" my pn(x)
zeJU(-1,1]\ E)

)

)60(a+,3)+4k+2

)

(9.2) Q(x) > —53(@“)([)’;"—5)”, reE\J

and

)

" mET3s% (4 T T hi
9:3)[Qn(@)] < Cmi"67 (@) (@) Son( >>j:;E(|x—xj|+p,L(x>>2

x € [-1,1].

Proof. First, it will be shown that we may assume that I,, ¢ E provided that
the condition m; < mg/4 is replaced by a slightly weaker m; < mpg/4.

Suppose that the lemma is proved for all E; such that I,, ¢ Eq, let E be
such that I, C E, set By := (E\ I,)" and Q, (2, E,J) := Qn(x, By, J;) (with
J1 to be prescribed), and consider the following three cases noting that, if the
inequality in (9.1) holds for a particular « then the the inequality in (9.2) holds
for that x as well, and that max{p, (x),dist(x, E1)} ~ max{p,(x),dist(x, E)}.

Case (i): If I, C J and m; > 2, then we define J; := (J\ I,)?, and
note that By \ J; = E\ J (and so Jy U ([-1,1] \ E1) = JU ([-1,1] \ E)),
1 <my <mg /4, and mg,/my, <2mg/m;.
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Case (ii): If my =1 and J = I,,, then we define .J; := I,,_1, and note that
Ey\Jy C E\J (and so J1U([-1,1]\ Ey) D JU([-1,1]\ E)), 1 =my, < mpg, /4,
and mpg, /my, < mg/mj.

Case (iii): If I,, ¢ J, then J C E; and we define J; := J. Then, E; \ J; C
EN\J,1<my <mg, /4 (since 4m; < mpg implies that 4m; < mg—1=mg,),
and mpg, /my, <mg/mj.

Hence, in the rest of the proof, we assume that I,, ¢ F and m; < mpg/4.

It is convenient to use the notation p := p,(z), 0 := d,(x) and ¥; = ¢, (x).
It is also convenient to denote

¢ = {1<j<n| LcCE}, J:={1<j<n | I;cJ},
jo == min{j | je&}, j =max{j | jecé},
A = JU{j.,j} and B:=E&\ A

Note that j* = j. + mg — 1, E = [z, 2, _1], #E€ = mg, m; = #J ~ #A, and
Note that (3.6) implies m/)f—p < h; < cz/)j_lp, and so

(9.4) ¢(hy) < max{1,h5p~*}o(p) < cvb; " o(p).
Similarly,
(9.5) ¢(hy) > min{1, B p~"}é(p) > cy3*¢(p).
Let
Qi) = | 2B ST mi(e)olhy) = A Y F5()o(hy) |
jeA JjEB

where 7; and 7; are polynomials of degree < Cn from Lemmas 4.1 and 4.2,
respectively, A is chosen so that

mg

(9:6) Qu(1) =23 é(hy) =AY é(hy) =0,
T jea jEB

and k is to be prescribed.

We will now show that A is bounded by a constant independent of mg/m ;.
Let E C E be the subinterval of E such that

(i) E is a union of |mg/3) intervals I, and
(ii) E is centered at 0 as much as E allows it, i.e., among all subintervals of
E consisting of |mg/3] intervals I}, the center of E is closest to 0.

Then, using the fact that the lengths of |I;| in the Chebyshev partition are
increasing toward the middle of [—1, 1] and are decreasing toward the endpoints,
we conclude that every interval I; inside E is not smaller than any interval I;
in £\ E, ie.,

(9.7) if [ CE and I;,C E\E, then |I;|>|I].

24



Moreover, we will now show that all intervals I; inside E have about the same
lengths.

We use the following result (see [14, Lemma 5] which, unfortunately, contains
an inadvertent omission in the conditions for [14, (4.6)]):

If0§j1§i<j2§n,then

J2—J1 _ Tj — T . )
5 < B <y —5h)?
Tj — Ti41

(9.8)

Moreover, if, in addition, either 2i + 1 < jy + j; and jo < 371, or
2i+1>jo+ 71 and n— j; < 3(n — ja), then

Je—J1 _ xj —xj .
5 < BB 9(jp — ).
Ty — Ti41

(9.9)

In particular, if both inequalities
(9.10) Jjo<3j1 and n—j; <3(n-—j2)
are satisfied, then (9.9) holds.

Suppose that E = [z;+,2;,]. Then i* — i, = |mpg/3]. Now, if 0 € E, then
ix < n/2 < i* and so 3i, — i* = 2i* — 3|mg/3] > n—3|mg/3] > 0 and
3(n—1i*) = (n—1i,x) =2n—3|mpg/3] —2i, > 0. Therefore, conditions (9.10) are
satisfied.

If 0 ¢ E, then either E C (0,1] or E C [—1,0) and so, in particular, mg <
|n/2]. Suppose that E C (0,1] (the other case can be dealt with by symmetry).
Then * = j* < n/2 and @ = j* — |mg/3] = jo + mg — 1 — |mg/3] >
mp — |mg/3] > 2mg/3. Hence, 3i, —i* = 2i, — |mg/3] > mg/3 > 0 and
3(n—i*) — (n —ix) = 2n — 3i* + i, > n/2 > 0. Hence, conditions (9.10) are
satisfied in this case as well.

Using (9.9) we now conclude that

E ~
|1;] ~ u, for all I; C E.
mg

Now, denote & := {1 <j<n | I CE} Since #& = |mpg/3], for B :=
BNE=2E\A, we have

#B > H#E —H#A > |mg/3] —my —2> mp/3—mp/i—3 > mg/20.

Therefore,
> 0(hy) = >0 6(hy) ~ #B 6 (|B|/me) ~me - (|El/ms) .
jeB jeb

and since by (9.7),

>~ 6lhy) < c#A -6 (1El/mz) ~my -6 (|El/ms).

JEA
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we conclude that

0<)\<C@'mj.¢(|‘§|/mE) 1
= my mE-QS(IE\/mE) ’

i.e., A is bounded by a constant independent of mg/m .

Now, for any 2 € JU ([—1,1] \ E) (as well as for any « € I, U I;+), taking
into account that 7/(z) < 0 for all j € B, and using Lemma 4.1, (9.5) and (3.5)
we have

/
> el
Qula) = = TE N
JEA
> Ch:(sSa Z QS 30(a+5)
]EA
> Ond*(a )mE(i) Zw30(a+ﬁ)+2k+l
my P
JEA
@ k
> Ok 68(1( )mE ¢(p) Z ( 14 )60( +E) ekt
N my p o \pt e —
60(a 4k+2
> CH(;SQ(:E)@(b(p) 14 (+B)+ak+
- my p  \max{p,dist(z, E)} ’

since, for ¢ E, max{p,dist(z, E)} ~ min{|z — z;-|, |z — z;.|} + p, and, for
xz € J, x €I for some j € A, and so p/(|x — z;| + p) ~ 1 for that j.

If o € E\J and « & I;, UIj;-, then there exists jo € B such that x € I,.
Hence,

Qn (@)

Y

X (2)0(h) = Oy 70, 6(hs,)

> >
p p

for sufficiently small «.
We now estimate |Q,(x)|. Let

L) = | 8D x5 @)6(hs) = A D xs(@)o(h)

jeA jeB
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Then, by virtue of (4.3), (4.9), (9.4) and 3 < cp(|z — x;] + p)~", we have

|Qn(z) — L(z)|

= & Z—’j > (7(@) = x;(@) B(hy) = A Y (7 () — x;(x)) $hy)
jEA jeEB
< Cmpd™ Y d(hy)l < Cmpd®o(p) Y v~
je& JeEE
< Cmpsro(p) S L yhh
jee p
X . p )w—k—z)/z‘
Cmgé L[ ——
= tme d)(p)j; p (Iw—$j+p
hip
< Cmpgd® —
S OmedO0 )

provided (8 — k —2)/2 > 2.

Hence, it remains to estimate |L(z)|. First assume that o ¢ E. If © < zj«,
then x;(z) =0, j € AUB, and L(z) = 0. If, on the other hand, z > z;_, then
x;(xz) =1, 5 € AUB, so that (9.6) implies that L(x) = 0. Hence, in particular,
L(z)=0for x € [; UI,.

Suppose now that € E \ I; (recall that we already assumed that E does
not contain I,,). Then, (9.8) implies that, for all j € €, h; < ¢|E|/mg < compg
(since, again by (9.8), it follows that |E| < cpm%), and so ¢(h;) < cmfe(p).

Hence, since § =1 on [z,_1, 1],

L@ < C[ZE3élh) +AY élhy)
7 jea jeB
< Om59(p).

It remains to note that

h; h; ph;
L= BIY i SdBlY o Semb Y =
Z B Z (o —wil+0) (o=l +7)

and the proof is complete. O

10. Monotone polynomial approximation of piecewise polynomials

All constants C' and C; in this section depend only on k and «.
First, we need the following auxiliary result, the proof of which is similar to
that of [14, Lemma 12].
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Lemma 10.1. Let k€N, ¢ € ®* and S € Yk, be such that
(10.1) b (S, ¢) < 1.

If 1 < p,v < n are such that the interval I, contains at least 2k — 3 intervals
I; and points x} € (x;,x;-1) so that

(10.2) pu(@)6™ (pu(@))IS ()] < 1,

then, for every 1 < j <n, we have

(10.3) nd™ (0S|, 1) < eB) [(G = )™ + (G =2)*].

Proof. Clearly, it is enough to prove the lemma for k > 2 since (10.3) is trivial

if k=1. Fix 1 <7 < n. Since every polynomial piece of S has degree < k — 1,
it follows from (10.1) that, for every 1 <14 < n,

It =, < e =il < bt (52)
J

Thus, using h3 < ch;h; j, that follows from (3.2), and ¢(h;) < ¢(h;) (hivj/hj)k,
we have, for z} € (x;,2;_1) for which (10.2) holds,

hii\F
Bl < aitog) (52) +oneholontat)
J
1 hig\" 1 hig\"
< ch; | #(hy) <h> + ¢(hi) | < ch;~é(hj) <h>
J J
k+1
< ch;'(hy) (%) :
J

Since (9.8) implies that

B
L <e(li—gl+1)7,
h;

we conclude that
P (@})| < eh ' p(hy) (i — | +1)*F 2.

We now use the fact that there are £ — 1 points (xfl)f;f with any two of them
separated by at least one interval I; C I, ,.

For any = € (zj,2;-1), we represent p} (which is a polynomial of degree
<k-—2)as

k—1
« xXr — LL‘-m
P}(x) = ZP}(%) H ﬁ»
1=1

1<m<k—1,m#l "4 m
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estimate

f_xxmm <R <o = inl + 1P (-4 G- 0)?).
and obtain
pr(@)0 ™ (pn(2)|S" (@) < chyo™ (hy)) P ()]
E—1
< S oi—al + )P (G- w2 G-
=1
< c(G-mP+G-vA)*T
which implies (10.3). O

Theorem 10.2. Let k,r € N, k > r + 1, and let ¢ € ® be of the form
G(t) == t"Y(t), v € . Also, let dy >0, d_ > 0 and o > 0 be given. Then
there is a number N = N(k,r, ¢, dy,d_, «) satisfying the following assertion. If
n>Nand S € X, NC[-1,1] N AWM 4s such that

(10.4) be(5,9) <1,

and, additionally,

(10.5) if dy >0, then dy |7t < ;%112 S'(z),

(10.6) if dy =0, then SO1) =0, forall 1<i<k—2,

(10.7) if d_ >0, then d_|I,_4|"* < énlin S'(x),

(10.8) if d_ =0, then SO(-1)=0, forall 1<i<k-—2,
then there exists a polynomial P € AM) NTlg, satisfying, for all x € [—1,1],

(10.9) |S(z) — P(x)] < C’5ﬁ:(x)¢(pn(x)), ifdy >0 and d_ >0,
(10.10)|S(z) — P(z)| < C 62 2= (1) (po(z)), if min{dy,d_} = 0.

Proof. Throughout the proof, we fix § := k + 6 and v := 60(« + ) + 4k + 1.
Hence, the constants Cy,...,Cs (defined below) as well as the constants C,
may depend only on k£ and «. Note that S does not have to be differentiable
at the Chebyshev knots z;. Hence, when we write S’(x) (or Sj(x), 1 <i < 4)
everywhere in this proof, we implicitly assume that x # x;, 1 <j <n—1. Also,
recall that p := p,,(z) and § := 0,,(x).

Let Cy := C, where the constant C is taken from (9.1) (without loss of
generality we assume that Cq < 1), and let Cy := C with C taken from (8.2)
with ¢ = 1. We also fix an integer C'5 such that

(10.11) Cs > 8k/C.
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Without loss of generality, we may assume that n is divisible by C3, and put
ng :=n/Cs.
We divide [—1, 1] into ng intervals

By = [2405t(g-1)05) = Lgos U - Ul(g-nycst1, 1< ¢ <no,

consisting of C3 intervals I; each (i.e., mp, = C3, for all 1 < ¢ < ny).
We write “j € UC” (where “UC” stands for “Under Control”) if there is
x} € (xj,7;-1) such that

5Ca6(pnz}))

(10.12) S'(a?) < )

J

We say that ¢ € G (for “Good), if the interval E, contains at least 2k — 3
intervals I; with j € UC. Then, (10.12) and Lemma 10.1 imply that,

(10.13) S'(x) < C‘Z;(p), c€E, qeq.
Set
E = Uq¢GEq,

and decompose S into a “small” part and a “big” one, by setting

s1(x) == {S’(m), it ¢k,

0, otherwise,

and
0, if z¢F,
S'(x), otherwise,

sa(x) = 8" (z) — s1(z) = {

and putting

x

Si(x) :=S(—1) + / si(u)du and Sa(z) := / so(u)du.
-1 -1
(Note that s and so are well defined for x # x;, 1 < j < n—1, so that Sy and S,
are well defined everywhere and possess derivatives for 2 # z;, 1 <j <n—1.)
Evidently,
517 SQ S Z’k,ny

and
Si(z) >0 and Sj(z) >0, =z e€[-1,1].

Now, (10.13) implies that

Si(l‘) < ’ HAES [—1,1],



which, in turn, yields by Lemma 5.2,
b (S1,9) < C.
Together with (10.4), we obtain
(10.14) bi(S2,¢) < b (S1,0) +bx(S,¢) < C+1 < [C+1] =: Ch.

The set E is a union of disjoint intervals F), = [a,, bp], between any two of
which, all intervals £, are with ¢ € G. We may assume that n > C3Cy, and
write p € AG (for “Almost Good”), if F), consists of no more than Cj intervals
E,, that is, it consists of no more than C'3Cy intervals I;. Hence, by Lemma 10.1
(with g and v chosen so that I, , is the union of such an interval F,, p € AG,
and one of the adjacent intervals E, with ¢ € G),

(10.15) Sh(z) < C(‘;(p), z€F, peAG.

One may think of intervals F,, p ¢ AG, as “long” intervals where S’ is “large”
on many subintervals I; and rarely dips down to 0. Intervals F},, p € AG, as well
as all intervals E, which are not contained in any F,’s (i.e., all “good” intervals
E,) are where S’ is “small’ in the sense that the inequality S'(z) < C'é(p)/p is
valid there.

Set

F .= U;DQAGFP’

note that £ = UpcagFp U I, and decompose S again by setting

{S’(m)7 it xeF,
S4 1=

0, otherwise,
and
0 if zeF
= S'(x) — =9 o ’
s3() () = s4() {5’(33), otherwise,

and putting

x

(10.16) Sz(x) == S(—1) + /I sg(u)du and Sy(z) ::/ sq(u)du.

-1 -1

Then, evidently,

(10.17) S3,5 €Xpm, S3+51=5,
and
(10.18) Si(z) >0 and Sj(z) >0, ze€[-1,1].

We remark that, if # & U,cagF)p, then s1(z) = s3(z) and sqo(x) = sa(x). If
x € UpeagFp, then sq(z) = s4(z) =0 and so(x) = s3(x) = 5'(z).
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For z € UpcagF)p, (10.15) implies that

Sy(x) = Sh(x) <

For all other z’s,

We conclude that '

(10.19) i) < & f(p)7 ze[-1,1],

which by virtue of Lemma 5.2, yields that by (S5, ¢) < C. As above, we obtain
(10.20) br(S4,¢) < bx(S3,0) + br(S,¢) < C+1 < [C+ 1] =: Co.

We will approximate S3 and S4; by nondecreasing polynomials that achieve
the required degree of pointwise approximation.

Approximation of Ss:

If dy > 0, then there exists N* € N, N* = N*(d, ), such that, for n > N*|

r—1
M — pr—l,(/)(p) < d+|12| < 05—1 S/(Z‘), z €Iy,
p Cs
where the first inequality follows since ¥(p) < ¥(2/n) — 0 as n — oo, and
the second inequality follows by (10.5). Hence, by (10.19), if n > N*, then
ss(x) # S'(x) for x € Iy. Therefore, since s3(x) = S’'(z), for all © ¢ F, we
conclude that Iy C F, and so F; C F, and s3(z) = 0, « € F;. In particular,
s3(x) =0, z € 1.
Similarly, if d_ > 0, then using (10.7) we conclude that there exists N** € N,
N** = N**(d_,), such that, if n > N** then s3(x) =0 for all z € I,,.
Thus, when both d; and d_ are strictly positive, we conclude that for n >
max{N*, N**} we have

(10.21) s3(x) =0, forall x €l UI,.

Therefore, in view of (10.17) and (10.18), it follows by Lemma 6.1 combined
with (10.19) that, in the case dy > 0 and d_ > 0, there exists a nondecreasing
polynomial r,, € Il¢, such that

(10.22) S5(2) — rala)| < C8%(p), @€ [-1,1].

Suppose now that dy = 0 and d_ > 0. First, proceeding as above, we
conclude that s3 = 0 on [,,. Additionally, if E; C F, then, as above, s3 =0 on
I as well. Hence, (10.21) holds which, in turn, implies (10.22).

If By ¢ F, then s3(z) = S'(z), x € I, and so it follows from (10.6) that, for
some constant ¢, > 0,

s3(x) = S'(x) = c.(1 —2)* 2, z el
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By (10.19) we conclude that

P(pn(r1)) ~ k=252
e <C5 (0= 21)F2pn(21) o(n™).

Hence, for x € I,

Sh(z) = ss(z) < C (np(x))** " n?p(n=?) < C(;zk4¢fop)
and

1
0 < S5(1) — S3(x) = / s3(u) du < c(1 — 2)F " 1n?*"2p(n=2) < C6%2¢(p).
We now define
S3(x), if z < x,

S3(x) = {53(1)7 if € [z, 1].

Then S € Ek,nQA(l); Sh(z) < Cp~to(p), v & {x; "1, and S4=0on I UL,
Note also that S3 may be discontinuous at x; but the jump is bounded by
@(pn(x1)) there. Hence, Lemma 6.1 implies that there exists a nondecreasing

polynomial r,, € I, such that
[S3(2) = ra(@)] < C8%6(p), =€ [-1,1].

Now, since
S3(z) — S3(7)| < Co*2¢(p), =z € [-1,1],

we conclude that

(10.23) |S5(z) — ()] < Cominte2k=2bg ) g e [—1,1].
Finally, if d_ = 0 and dy > 0, then tlle considerations are completely
analogous and, if d- = 0 and dy = 0, then S3 can be modified further on I,

using (10.8) and the above argument.

Hence, we’ve constructed a nondecreasing polynomial r,, € Il¢,, such that,
in the case when both d and d_ are strictly positive, (10.22) holds, and (10.23)
is valid if at least one of these numbers is 0.

Approximation of Sy:

Given a set A C [—1, 1], denote

A€ — Ufij¢@Ij and A2%¢ .= (A9)°,
where Iy = () and I,,41 = (). For example, [z7,x3]® = [zs, 72|, [{ = I U I5, etc.

Also, given subinterval I C [—1,1] with its endpoints at the Chebyshev
knots, we refer to the right-most and the left-most intervals I; contained in
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I as EP(I) and EP_(I), respectively (for the “End Point” intervals). More
precisely, if 1 < p < v <n and

1=,
=
then EP,(I) := I,, EP_(I) := I, and EP(I) := EP,(I)UEP_(I) = I, U1,.
For example, EP[-1,1] := I, EP_[-1,1] := I,,, EPy[x7, 23] = [x4,23] = L4,
EP_[x7,23] = [x7,26] = I7, EP[x7, 23] = I4 U Ir, etc. Here, we simplified the
notation by using EPy[a,b] := EPy([a,b]) and EP[a,b] := EP([a,b]).
In order to approximate S4, we observe that for p ¢ AG,

Si(w) = S3(x), =€ Fp,
so that by virtue of (10.14), we conclude that
(1024) bk(S4a ¢7F1?e) = bk(527 (bv F;e) < bk(SQa ¢) < C4~

(Note that, for p € AG, Sy is constant in Fge and so by (S4, qu,Fer) =0.)

We will approximate Sy using the polynomial D,,, (-, Sy) € ¢y, defined in
Lemma 8.1 (with n; := Cgn), and then we construct two “correcting” polyno-
mials Q,,, M,, € ¢, (using Lemma 9.1) in order to make sure that the resulting
approximating polynomial is nondecreasing.

We begin with @,,. For each ¢ for which E, C F, let J, be the union of all
intervals I; C E,; with j € UC with the union of both intervals I; C E, at the
endpoints of F,. In other words,

Jq ::U{]j ‘ jEUC and I;C E,;} U EP(E,).
J

Since E, C F, then ¢ ¢ G and so the number of intervals I; C E, with
j € UC is at most 2k — 4. Hence, by (10.11),

CiC5 _ C
qugzk—2<2k§%§f,

Recalling that the total number mpg, of intervals I in E, is C3 we conclude
that Lemma 9.1 can be used with F := F,; and J := J,;. Thus, set

@n = Z Qn('aEqu):

q: E,CF

where @, are polynomials from Lemma 9.1, and denote

J = U Jq-

q: EqCF
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Then, (9.1) through (9.3) imply that that Q,, satisfies

/

(a) Q,(r) >0, xec[-1,1]\F,

(10.25) CEACE —@ reF\J
) Q.(x )>4¢;)(58a x e

Note that the inequalities in (10.25) are valid since, for any given z, all relevant
Q. (z, Eq, J,), except perhaps one, are nonnegative, and

mg

G5 oy
my, 2k

a

q

Also, it follows from (9.3) that, for any x € [—1, 1],

(10.26) (@, (x)] < C&%pd(p) Y Z

q: B,CF j: I;,CE, |x—x]|+p)
n h
< Co“po(p It
02 G+
< du
< (0¢¢ / —_—
< po(p) T

= C3¢(p).

Next, we define the polynomial M,,. For each F), with p ¢ AG, let J, denote
the union of the two intervals on the left side of F (or just the interval I, if
—1 € F,), and let J;‘ denote the union of the two intervals on the right side of
Fg (or just one interval I if 1 € F}), i.e.,

J, = BP_(FS)UEP_(F,) and J!=EP(F5)UEP.(F,).

Also, let F," and F; be the closed intervals each consisting of m FE = C3CYy
intervals I; and such that J, C F,” C Fy and J C F,f C F5, and put

Jy=J, U J; and  J* 1= Upgagd,-
Now, we set

pEAG

Since Mps = Mp- = C3Cy and mys,m- < 2, it follows from (10.11) that

m m - -
min{ FF ME; } > 016;304 > 20,

)
mJJ me—
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Then Lemma 9.1 implies
(10.27) [My ()] < C6%¢(p)

(this follows from (9.3) using the same sequence of inequalities that was used
to prove (10.26) above), and

(a) M (z)> —2@, xe P\ J,

(10.28)  (b) M,g(x)z2c458“M, R

p

+1
(©) ﬂ%uﬂzzaw“¢f)(ﬁ%g%m) Jwe[~L1]\ FY,

where in the last inequality we used the fact that
max{p,dist (z, F°)} < dist (z, F), «¢€[-1,1]\ F¢,

which follows from (3.3).
The third auxiliary polynomial is D,,, := D,, (-, S4) with n; = Cgn con-
structed in Lemma 8.1. By (10.20), (8.1) yields

(10.29) S4(2) = Dy (0)] < C876(p) < C3°(p), € [~1,1],

since v > «, and (8.2) implies that, for any interval A C [—1, 1] having Cheby-
shev knots as endpoints,

(10.30)
84(0) - D, (0)] < Ca6" Aby(51,0. 4
¢(p) n p IS
Y —
TG S G L) o e
We now define
(10'31) R, = Dn1 + 02@71 + CoM,.

By virtue of (10.26), (10.27), and (10.29) we obtain
Sa(2) — Ru(z)] < C6%(p), we[-1,1],

which combined with (10.22) and (10.23), proves (10.9) and (10.10) for P :=
R, + 7.

Thus, in order to conclude the proof of Theorem 10.2, we should prove that
P is nondecreasing. We recall that r,, is nondecreasing, so it is sufficient to show
that R,, is nondecreasing as well.

Note that (10.31) implies

R, () > C2Q,, () + C2 M (x) — |S4(x) — Dl ()| + Siy(z), € [~1,1],
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(this inequality is extensively used in the three cases below), and that (10.30)
holds for any interval A with Chebyshev knots as the endpoints, and so we can
use different intervals A for different points x € [—1,1]. We consider three cases
depending on whether (i) z € F'\ J*, or (ii) z € J*, or (iii) z € [-1,1] \ F°.

Case (i): If » € F'\ J*, then, for some p ¢ AG, x € F},\ J;, and so we take
A :=F,. Then, the quotient inside the parentheses in (10.30) is bounded above
by 1 (this follows from (3.3)). Also, since s4(x) = S’(x), € F, it follows that
by (Sa, ¢, F,) = b (S, ¢, F,) < 1. Hence,

(10.32) S4(z) — D, (z)] < Cs @bk(&;, ¢, Fp) + CaCs @ﬁ

ni

Note that x ¢ I; U I, (since F'\ J* does not contain any intervals in EP(F,),
p ¢ AG), and so § = 1.
It now follows by (10.25)(c), (10.28)(a), (10.32) and (10.18), that

o0,
p

Rl (x) > Cy -2-2)=0, zeJ\J".

If v € F\ (JUJ"), then (10.12) is violated and so

ﬂugsmw>5afmx

Hence, by virtue of (10.25)(b), (10.28)(a) and (10.32), we get

R;(@ZC&@(—l—2—2+5):O7 xe F\(JuJr).

Case (ii): If z € J*, then, x € J;, for some p ¢ AG, and we take A := Fge.
Then, (10.24) and (10.30) imply (again, (3.3) is used to estimate the quotient
inside the parentheses in (10.30)),

(10.33) 1S4 () — D;Ll (z)] < Cqy 6’Y@bk(54’ 0, Fge) + C52C5 6’v@nﬁ
1

< 020457—“;), ze J*.

Now, we note that EP(F,) C J, for all p ¢ AG, and so F'nNJ* C J. Hence,
using (10.25)(a,c), (10.28)(b), (10.33) and (10.18), we obtain

R, (x) > 20,Cy 5804@ — 20,0, m@ >0,

since v > 8, and so §7 < 5.
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Case (iii): If z € [-1, 1]\ F'°, then we take A to be the connected component
of [-1,1] \ F that contains z. Then by (10.30),

|S4(x) — Dy, (2)]
(10.34)

(p) olp) £ y
§02577bk(54,¢,z4)+020657 o (dist(:c, [—1,1]\A)>

_ ¢(p) p ”H c
—ar ™ ()L e L

where we used the fact that Sy is constant in A, and so by (S4, ¢, A) = 0.
Now, (10.25)(a), (10.28)(c), (10.34) and (10.18) imply,

é(p) P\ 8
R > 2C5C16°" — Ce07) >0
n(r) > p \dist(z, F) (20204 ,07) >0,
since Cy > 1 and v > 8a.

Thus, R),(x) > 0 for all x € [-1,1], and so we have constructed a non-
decreasing polynomial P, satisfying (10.9) and (10.10), for each n > N. This
completes the proof. O

11. Proof of Theorem 1.2

In order to prove Theorem 1.2, we first approximate f by appropriate piece-
wise polynomials. To this end we make use, among other things, of the following
result on pointwise monotone piecewise polynomial approximation (see [11]).

Theorem 11.1. Given r € N, there is a constant ¢ = ¢(r) with the property
that if f € C"[—1,1] N AWM, then there is a number N = if(f, r), depending
on f and r, such that for n > if, there are nondecreasing continuous piecewise
polynomials S € ¥, 42, satisfying

1y @ =5l e (B2) w (10, 29), ey

n

Moreover,

x
(11:2) /(o) - S@) < () (@hen (19, 25) € [-1,0] UL, 1),
As was shown in [11], near +1, polynomial pieces of the spline S from the
statement of Theorem 11.1 can be taken to be Lagrange-Hermite polynomials
of degree < r + 1. Namely,

/(1)
1!

)

@ =1 (s )@ — 1)

(x—1)+---+

S’[I%l](x) = f(l) +
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and

f'(=1)
1

FO(-1)

r!

S|y, @) =f(=D+ (z+1)+- -+ (z+1)"+a—(n; f)(z+1)"F,
where constants ay (n, f) and a_(n, f) depend only on n and f, and are chosen

so that S(x2) = f(z2) and S(x,—2) = f(zn—2). It was shown in [11, (3.1)] that

1

S — ORT Il I; U T
r!(|[1|+|12|)w1(f ]+ 2], I U 1)

|a+(’fl,f)| S

and
1

—_— W
([T + [Ta])

On I;’s with j7 # 1,2,n — 1,n, polynomial pieces p; of S were constructed
using [12, Lemma 2, p. 58].

For f € C"[-1,1], let ;. > 1, be the smallest integer 1 < i < r, if it exists,
such that f)(1) # 0, and denote

|U,_ (n7 f)| S (f(r)v |I’n—1| + |ITL|7ITL—1 U In)-

(2r) =Y FEH(1)], if iy exists,
0, otherwise.

D+(r’f) = {

Similarly, let let i_ > 1, be the smallest integer 1 < i < r, if it exists, such that
f@(=1) # 0, and denote

(2r) Y fE-)(=1)|, if i_ exists,
0, otherwise.

D_(r,f):= {

Using the above as well as the observation that |I1| + [I2| — 0 and |[,—1| +
|T,,] — 0 as n — oo, we can strengthen Theorem 11.1 as follows.

Lemma 11.2. Given r € N, there is a constant ¢ = c(r) with the property
that if a function f € C"[—=1,1] N AW then there is an integer N = N(f,r)
depending on f and r, such that for n > N, there are nondecreasing continuous
piecewise polynomials S € ¥,49 ., satisfying (11.1), (11.2),

(11.3) SO (=1) = fO(=1) and SD1)= D), forall<i<r,

(11.4) S'(x) > Dy(r, (1 —2)" Y,z € (12,1],
and
(11.5) S'(x)>D_(r,f)z+ 1) ze[-1,2, ).

39



Proof of Theorem 1.2. Given r € N and a nondecreasing f € C")[—1, 1], let
¥ € ®2 be such that wy(f) 1) ~ 1(t), denote ¢(t) := t"¢(t), and note that
¢ c Prt+2.

For each n > N, we take the piecewise polynomial S € ¥, 2, of Lemma 11.2
and we observe that

wrra(f,1) < Twa(f7),1) ~ (1),
so that by Lemma 5.1 with k£ = r + 2, we conclude that
br2(5,6) < ¢ :=c.
Now, it follows from (11.4) and (3.1) that

min §'(z) = D (r, AL =37 Dy (r, /)T
z€ly

and, similarly, (11.5) yields

min S'(z) > 37" D _(r, )L, 1|t

rEln—1

Hence, using Theorem 10.2 with k = r + 2, dy := ¢ 137" D (r, f), d_ :
¢T3 "D _(r, f) and o = 2k — 2 = 27 + 2, and observing that b, 2(¢c7 1S, ¢)
1, we conclude that there exists a polynomial P € II.,, N A®) such that

IA

(11.6) |S(2) = P(x)| < c67" "2 (2)py, (@)1 (pu(2)), € [-1,1].

In particular, for z € I; UL, © # —1, 1, using the fact that p, (z) ~ n=2 for
these x, and t~21(t) is nonincreasing we have

(11.7) |S(2) = P(2)] < c(np())> 20 (2) 0 (pn())
2 aria o (moa@)\? (ol@)
s 'y W)( (@) ) 1/’( n )
< oo (50, 29).

In turn, this implies for x € I; U I,,, that

which combined with (11.6) implies

(11.8) 1S(z) — P(z)| < c (@)TW (f“"), M) . wel[-1,1].

n

Finally, (11.8) together with (11.1) yield (1.6), and (11.7) together with (11.2)
yield (1.7). The proof of Theorem 1.2 is complete. |
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