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1. Introduction

The analysis of sets of solutions to elliptic systems/equations is of particular interest in the ongoing
research on partial differential equations (PDEs). On the one hand, the question is challenging from the
viewpoint of mathematical techniques. On the other hand, precise information about this set is crucial for
understanding the dynamics of evolutionary problems behind the elliptic one. In general, existing theory
provides us with two answers; either there exists a single solution or the system admits at least one solution
with unknown multiplicity.

Existing methods of PDEs analysis provide only few example proofs of existence of multiple solutions for
quite simple problems, like the classical Mountain Pass Theorem for a semilinear elliptic equation [17]. Other
notable examples are: nonuniqueness of stationary solutions to the Navier—Stokes equations [18], geometric
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results related to the mean curvature problems [9], and nonuniqueness of solutions for the one-dimensional
viscous Burgers’ equation [4] or the evolutionary Burgers’ equation [16], [1]. A derivation of an asymptotic
lower bound for the multiplicity of solutions of a semilinear problem can be found in [15], [22], and for
a class of elliptic equations with jumping nonlinearities in [24]. Let us mention a related, but having a
different flavor than the mentioned results, research on numerical multiplicity proofs for systems/higher
dimensional PDEs. There exist several computer assisted proofs of existence of at least several solutions for
certain parabolic PDEs. Let us emphasize that contrary to our approach, all results obtained using some
direct computer assistance must hold essentially for some isolated parameter values or a compact set of
parameter values, because computations performed by any digital computer are finite. Some representative
results include: a proof of existence of four solutions to a semilinear boundary value problem [8], a proof
of existence of nonsymmetric solutions to a symmetric boundary value problem [2], validated bifurcation
diagrams [7], [19], structure of the global attractor [13,23], numerical existence proofs for a fluid flow, and
convection problems [27], [20].

The subject studied in the present paper is the following elliptic system, which can be viewed as an
elliptic regularization of the stationary Burgers system [10], [21], [11] in 2D

w-Vu+ (—A)"u = \F on T2 (1)

Here u is sought as a vector function u : T2 — R2. The vector F' is an external force, and in this paper we
define it as

siny
F(z,y) = (Sinx) (2)
The magnitude of the external force is controlled using parameter A and it is assumed to be greater than
some positive number \g. We shall note that the system has no a-priori estimate. The issue of the existence
of a solution to the system (1) is still open for a general form of AF. To the best of our knowledge even the
basic case of m =1 is unclear.

Let us discuss what motivated the presented research. Our numerical investigations of (1) revealed a
solution possessing a peculiar structure: one Fourier mode having A magnitude, and the remainder bounded
uniformly with respect to A\. We noticed further that the natural symmetry embedded in this equation implies
the existence of a second solution, as the reflection of the dominant part produces a different symmetric
solution. Further on, to convince ourselves that this structure is in fact conserved for \ large, we performed
a numerical bifurcation analysis, which showed that the solution’s norm graph is approximately linear, and
in fact the system admits an apparent pitchfork bifurcation.

We emphasize that the studied solutions are not trivial. For A sufficiently small the solutions are still
symmetric, and for some particular A the symmetry gets broken, which allows for establishing the existence
of at least two distinct solutions for A sufficiently large. Nonetheless, for small A regime we can claim only
existence of a solution, as the two solutions from our main result merge into a single one there. The symmetry
is elementary; it swaps x with y, and the first component of the solution with the second (denoted by x < y
in the sequel). Apparently, a stronger diffusive regularization effect than the one provided by Laplacian is
required for our method to work. This is why we state our main result (Theorem 1.1) for m sufficiently
large. Our analytical results are supported by a numerical bifurcation analysis (Section 3).

The main tool of our technique is to exploit unusual features of a linearization of the system. Let ||w]||;e
denote the supremum norm of elements of the Fourier series w. Apparently, for the solutions to the following
scalar problem

Asinyd,w + (—A)™w = Asinz on T?, (3)
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we obtain
[wlle S 1, (4)

in other words, this quantity is free from A dependence (for large \), although other norms are growing
with A. We see an interplay between the growth of the right-hand side and an increase of influence of the
term A sin d,,, which represents (in some sense) rotation effects. In particular, it causes that the amplitudes of
modes are uniformly bounded. Such effect can be compared with the general phenomenon of hypocoercivity
explained in [26]. We shall note, however, we do not apply the general theory for operators of type A*A+ B,
since we want to avoid considerations in Hilbertian spaces. We work instead in the %, 1> framework, which is
the optimal for our analysis. The technique is elementary, in order to obtain constructive bounds for inverses,
we perform the large matrices analysis (Section 7). The features of a linear operator are first found for its
finite dimensional truncation (Galerkin approximation), then the properties of the full infinite dimensional
operator are obtained via a limit passage. The key result concerning (3) is described by Theorem 4.11 and
its proof is the main part of this paper.
The main result of the present paper is the following theorem.

Theorem 1.1. Let m > 9/2 and A > Ao be sufficiently large. Then there exists at least two solutions to the
system (1) with F given by (2) such that

w =X (Sigy> + L (,y) + B (2, ), (5)
and
up = A (Sh?x) + L2 (x,y) + R (2, ), (6)

where L', L? are solutions to the linearization and they are of order N2/™ in 1 norm and R', R? are of
order \™% with a > 0.

The proof of Theorem 1.1 is based on a subtle analysis of (3). We impose the form of solutions and then
we construct them via approximation on finite dimensional subspaces. The natural symmetry x <> y implies
that we obtain at least two different solutions to (1), provided X is sufficiently large.

Indeed, the properties of (1) established in Theorem 1.1 are the main impact of the present paper. We
are ensured that this type of properties will allow to study precise dynamics of systems having the transport
term u - Vu. The most natural example would be the Navier—Stokes equations. We present here a brand
new technique for studying quasilinear elliptic systems. Hence one can look at system (1) as a toy model
for which we demonstrate our new method.

We are highly convinced that the explicit and dimension independent bounds for norms of inverses of
tridiagonal differential operators obtained in this work, can be applied for studying also other problems,
including bounding solutions of some linear PDEs, computer assisted proofs for nonlinear PDEs, numerical
analysis of certain PDEs discretizations and slow-fast systems. Existing research efforts in understanding
structure of some tridiagonal operators arising in PDEs can be found in [6]. Let us also note that methods
based on Fourier series may be applied for systems in pipe-like domains. An example is [25], where analysis
of the Oseen operator yield very precise space asymptotic of solutions in the front and behind an obstacle.

Literature concerning issue of the existence of solutions to the stationary Burgers equation is not close
to being exhaustive. Most of the results consider only the mono-dimensional case [3-5]. This motivated us
to perform a numerical analysis for various cases. We observe that for system (1) there exist critical value
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m > 1, such that the main result is valid in super-critical case (i.e. for all m > ) — the two distinct solutions
can be still constructed. Whereas, for the sub-critical case (m < ), including the case of stationary forced
2D Burgers equations (m = 1), the global picture is significantly different, and for m = 1, the two solutions
cannot anymore be certainly isolated as in the other cases.

We note that since finishing the first version of this paper the first author has significantly improved
the bounds of the inverse tridiagonal operators norms [14] by the large matrices analysis. The motivation
has been to develop a validated numerical scheme for forward integration of a class of parabolic PDEs.
We are now convinced that a proof along the lines presented in this paper is possible for the stationary
Burgers system with smaller exponents m defining the linear operator in (3). Moreover, we are convinced
that a similar proof is also possible for other problems, including the stationary 2D viscous Navier—Stokes
equations. We will investigate this possibilities in future research.

The paper is organized as follows. We present in Section 2 the subject of this paper written in coordinates,
in Section 3 bifurcation diagrams, and a brief technical explanation. In Section 4, the relevant symmetries
of the problem, which are crucial in our analysis. In Section 4.1, the matrix form of the linearized operator,
along with some important inverse operators bounds. In Section 5, a-priori bounds for the solutions of finite
dimensional truncations, and in Section 6, an existence argument for the infinite dimensional system. Finally,
in Section 7, some technical lemmas necessary to prove crucial inverse operators bounds from Section 4.1.
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2. Preliminaries
We start our analysis with the preparation of our system

u- Vul + (—A)mul = Asiny,
u-Vu? + (—A)mu? = Asinz.

We fix the notation

u=v+V, where ﬁ—A(Slgy>. (8)

We focus just on construction of solution (5), the symmetry will imply existence of the second one — see
Section 4 (Definition 4.4). The above relations restate the system (7) as follows

Asingd, Vi + (=A)"V = —Acosy V2 -V -VV1

9)
Asinyd, V2 + (=A)™V2 = Asinx — V - VV2.

Observe that the term Asiny is not present in (9), as it disappears due to the ansatz (8). In order to split
the solution into two parts, the first with small amplitudes and the second with higher ones. We introduce
a linearization of (9)
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Asinyd, A+ (—A)"A = —Acosy B, (10a)

Asinyd, B+ (—A)™B = Asinz, (10b)

~(0)-()

Vector (A, B)T defines L' appearing in (5). This step of prescription of constructing solutions to (1) is

and define V as the following pair

important, since (10) implies a constraint on A and B. This relation turns out to be satisfied also by a
and b. By differentiating (10), with respect to x and (10), with respect to y, the system (10) takes the form

Asiny0, Ay + (—A)™ A, = —Acosy By,

(12)
Asiny0, By + (—A)" B, = —Acosy B,.
So we obtain
Asiny0, (A — By) + (—A)™ (A, — By) = 0. (13)
Testing it by (A, — By) we get
/|V(—A)m/2_1(Aw — By)?dzdy = 0, and of course /(Aw — By)dzdy = 0. (14)
T2 T2
Hence we get the desired constraint
A, =B,. (15)
Returning to V' we find equations for a and b
Asinydya + (—A)™a = —Acosyb — (Zig) -V(a+ A),
A (16)
a+
Asinyd,b+ (—A)"b = — -V (b+ B).
sinyd,b+ (—A) <b+B> V(b+ B)

Here again one can check constraint (15) for a and b. Taking suitable differentiation of system (16) we
find

. m. a, + A, a+ A
Asiny0ya, + (—A)"ay = —Acosy by (bz+Bw> Via+ A) (b—i—B) Viaz + Ap),
) A (17)
. m ay + a—+
Asin ydyby + (—A)™b, = —Acosy b, — (bz N BZ) -V(b+ B) — (b—l—B) -V (by + By).
So then we find, keeping in mind (15)

Asinyd(az — by) + (=A)"(az — by) = — [(az + Az + By + by)(az — by)] — <212> ~V(az —by). (18)
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Observe that as the rhs of (18) would be zero than we find the desired constraint
az = by. (19)

This relation will be guaranteed by the construction presented at the beginning of Section 6. In few words,
the construction is performed via an iteration scheme, so vanishing of the rhs will be guaranteed by the
previous step, see (56).

Looking at the above problems we see that the analysis depends on the properties of the following
operator

Ly(w) = Asinyd,w + (—A)"w. (20)

The key element of the proof of Theorem 1.1 is a result concerning norm estimates for the L) inverse
operator. The precise statement of the result we find in Section 4.2, it is Theorem 1.1.

Notation In bold we denote complex coefficients, e.g. ar = (a},a?) € C?, where a}, and af denote the
first, and the second component of ay, respectively. Let k, k1, ko € Z? denote pairs of integers. By k', ki, ki,

and k2, k%, k2 we denote the first, and the second components respectively.

We rewrite the problem (1) using Fourier’s coordinates, being the most natural way to consider problems

on a torus.
u(z) = Y ape™ Y ay = (a},af) € C, (21a)
kez?
F(x)= Y Fpe™@v)  F, = (F! F})eC? (21b)
keZ?
> apikyal, + Y aiikdal, + (') + (k7)) al, - AF] = G(a,N)], =0, j=1,2, keZ.
ki1+ko=k ki1+ko=k
k1, ko€Z? k1, ko€Z?
(21c)

The operator (—A)™ is diagonal in Fourier’s basis, having ((k')? + (k2)2)™ as the eigenvalues. In order to
simplify the arguments in the remainder of the paper as the operator (—A)™ we will consider an operator
having (k1)2™ + (k?)?™ as the eigenvalues. Of course, all of the presented arguments are also valid for the
original case, as ((k')2 + (k%)2)"™ clearly bounds (k')2™ + (k?)2™ from above.
For the particular choice of the external forcing, F' is given by
Fhy = Fi g =L Fh_ =F2, =L FI=0forall the oth 1d
01 =Fao =5 (0-1 = F10) = 5 . =0 fora e other cases. (1d)
Definition 2.1. In the space of complex sequences {ay} ez, we will say that the sequence {ay} satisfies the
reality condition iff

ap = Q_}, ke Zd. (22)
In the considered problem we impose odd periodic boundary conditions, i.e.

’u’j(‘ra y) = _uj(_$7 _y)

, , . 1,2, z,yeR, 23
W () = w4 2m,y) = o (2 + 27) oy @9
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which on the level of the Fourier series means that we restrict the basis to odd functions, or equivalently
the coeflicients are purely imaginary numbers satisfying

Re(al) =0, a), = —d’ , j=1,2, ke Z> (24)

It is immediately verified that the space of coefficients satisfying (24) is invariant under the equation (21), and
we skip the formal calculations. Observe that (24) together with the reality condition implies automatically
the following ’zero mass’ constraint

al =0, j=1,2 (25)

Immediately, also we recognize that symmetry (23) implies that our solutions will be constructed as series
in sinus only.
From now on we are going to consider the following finite dimensional approximation of the system (21)

Definition 2.2. Let N > 0. We call the N-th Galerkin approximation of (21) the following system

oo apikbal,+ > afik3al, + (k") + (K*)*™) af — AF] = Gn(a, N} =0,

k1+ko=k kit+ko=k
[kl [k2| <N [kl [k2| <N
j=1,2 [k <N. (1P)

Definition 2.3. We introduce the following Banach spaces for sequences {ax} equipped with the following

norms
[{ak}iee = sup |axl,  [{ar}tlie = sup (|k1|+ [k2])?]ax],
kez? kez?
{artle = larl,  {axdly = D (k| + [k2])lax]. (26)
kez? kez?

The norm used for multi-indices is taken to be the co norm, i.e.
k| += max {|k1], K[}
Definition 2.4. Let us define the following space
H = Hy = {{ak} € CeN+D*=1. o — G Re(ay) = 0, for 0 < |k| < N} ,

we are going to look for solutions a of (1P), such that @ € H x H. In the sequel, whenever H appears,
N will either be fixed or clear from context.

3. Numerical bifurcation analysis

We analyze the bifurcation structure of the problem (1P), and we present the results on Fig. 2. Starting
from the zero solution at A = 0 we follow the branch of solutions. We detected a pitchfork bifurcation at a
value of A, which depends on the parameter m appearing in (1P). From the point of the pitchfork bifurcation
we follow both the stable (one of two) and unstable branch (it is unique).

For a given A we solve for a(\) such that Gx(a()), ) = 0. We implemented a path following procedure

in order to track a(\). To make any path following procedure work the partial derivative a%(/\,\) is required,

as bifurcation points are detected by monitoring for its eigenvalues crossing zero. We implemented our path
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m=1, N=6 m=1, N=8
60 T T — 70 T T —
pitchfork bifurcation pitchfork bifurcation
stable solution(s) stable solution(s)
unstable index 1 solutig unstable index 1 solution
60
50 B
50 B
40 B
40 B
330t 1=
30 B
20 B
20 - B
10 B 10 i
0 I I I I I I I I I 0 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
lambda lambda
m=1, N=10 m=1, N=12
50 T T T — 45 T T T —
pitchfork bifurcation pitchfork bifurcation
45 stable solution(s) stable solution(s)
[ unstable index 1 solution 7 40 - unstable index 1 solution
B El

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
lambda lambda

Fig. 1. Bifurcation diagram for v - Vu + (—A)u = AF. Each diagram was computed with different approximation dimension N
(given in the title). For this problem, the linear structure is not anymore evident, the question of the existence of two distinct
solutions is left open in this case. The bifurcation point depends heavily on the dimension. (For interpretation of the colors in the
figure(s), the reader is referred to the web version of this article.)

following procedure on the top of the existing C++ software [12] in which the partial derivative is calculated
by means of automatic differentiation and fast Fourier transforms, refer to [12] for details.
We computed bifurcation diagrams for two specific cases

o Fig. 1, m =1 is fixed, and the truncation dimension N is varied. This case is excluded from our theory.
o Fig. 2, m = 6 is fixed, and the truncation dimension N is varied. This case is excluded from our theory.

There are some apparent differences between those two cases. In Figs. 1 and 2 in blue we marked the
unstable branch of index 1, and in black the stable solution(s) — this branch represents in fact two solutions
having the same norm related with a symmetry. The symmetry is denoted by S in Section 4. Apparently,
the considered pitchfork bifurcation is the point where the symmetry S breaks. Let us relate the presented
diagrams with our theoretical results presented in the sequel. We prove that on the stable branch in Fig. 2
there are two distinct solutions, and this branch is approximately linear with respect to A for sufficiently
large .

The diagrams were generated using the approximation with N = 8, corresponding to 172/2 degrees of
freedom.

We approximate the solution using a fixed number of Fouriers’ functions. On Fig. 1 we present a few
bifurcation diagrams obtained using Fouriers’ approximation with varying approximation dimensions (lim-
ited by our computational resources). To construct the diagrams, we start from the zero solution at A = 0,
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6-th order Laplacian case bifurcation diagram
500 T T T T

T T T
pitchfork bifurcation
stable solution(s) i
unstable index 1 solutiortm ——

400 B
350 4

300 - b

[lull

250 B

200 B

150 B

100 - b

0 | | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500

lambda

Fig. 2. Bifurcation diagram for u - Vu 4+ (—A)%u = AF. Clearly, the stable (black) solutions curve is almost |[u(\)|| = X, as there is
only one mode of A magnitude. Single pitchfork bifurcation was detected at Ao = 8.0629.

the branch of solutions (u(A)) is followed until a bifurcating solution is found. In case a bifurcating solution
is found, both of the branches: the original, and the new bifurcating branch are followed.

Observe that those diagrams significantly differ. For instance the value of A for which the numerical
pitchfork bifurcation occurs is proportional to the approximation dimension, we mean that X is significantly
larger, when a larger approximation dimension is used. This leads us to the conjecture that the apparent
bifurcation is only a numerical artifact. It appears that in the case of stationary forced 2D Burgers equations
(m = 1) the dynamics is either not finite dimensional, or the dimension of the attractor is really high. This
is in contrary to the cases included in our theory (e.g. m = 6), in which the dynamics is essentially finite
dimensional (the bifurcation diagrams computed using different approximation dimensions does not differ
much). One possible explanation is that in case m = 1 the Laplacian operator does not provide strong
enough smoothing effect compared to the higher order elliptic operators.

4. Definition of a subspace of symmetric solutions

In this section we define the symmetry exhibited by the studied problem, and which we will use in the
sequel. We make a standing assumption that the external forces that we consider are also symmetric. Later
on it will became evident that the second solution is obtained through the reflection by the symmetry S*<Y
(Definition 4.4).

Recall our working space of sequences of complex Fourier modes satisfying the reality condition

H = H(N) = {{ak} € C(2N+1)2_1Z Re(ak) =0, ap = 7a_k} .

Instead of working directly with the space H, we will work with the following product space of sequences
of complex Fourier modes satisfying certain symmetry exhibited by the solutions of the system (21).

Definition 4.1. Let H' be the following space
HéN) ={a€ Hn x Hy): asatisfies Sa=a}.

The symmetry S: H x H — H x H is the following symmetry. We define the symmetry directly on the
level of Fourier modes
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S (a@l,w),a?kl,kz)) - (—atkl’m, agfkl,,ﬁ)) for k2, k2 € Zopen, or kL, k2 € Zoga,
(27)
S (a%kl,lﬂ)’a%kl,k?)) = (a’%fkl,k?)’ _a?fkl,lﬂ)) for k' € ZLeven k? e Ziodd, Or k' e Zodd,k2 € ZLeven.-

In Lemma 4.3 we show that the nonlinearity appearing in the system (21) is symmetric with respect
to S, ie. G(a) =0 <= G(Sa) =0 as long as F is symmetric.

Observation 4.2. Using the isomorphism of the space of sequences of Fourier modes with the space of
functions spanned by the trigonometric basis, space H(y) is isomorphic to a space of functions spanned by
sines, i.e.

Hny ~ Z v sin(le + ky) o . (28)

—N<ZIKN
0<k<N

Lemma 4.3. Let Nonl be the nonlinear part of (21c) modulo the imaginary unit factor. Nonl satisfies
Nonl(Sa) = S Nonl(a).

Proof. Nonl(a) = (Nonll(a),NOTLZQ(a)) .

Below, we check that the first component Nonl! satisfies the symmetry, by the same arguments the
symmetry of the second component Nonl? follows. To verify the claim let us consider two subcases

Case 1 k = (k', k?), k', k? even or k', k? odd.

Nonl'(@)wpy = 3 afwun(Ra)oag + Do ol kit =

k1+k2=k k1+ka=k
= Y (Sa)uaka(Sa)ty s — D (Sa)funk3(Sa)ly ) =
ki+ka=k k1+ko=k

— Nonl'(Sa) 1 y2) = Nonl' (Sa)(_g1 g2).

If we consider indices ki, ko such that & = k1 + ko, it holds that either kjl-, k? are even (odd) (kl7 k? even
case) or one of kjl-7 ka is even and the second one is odd (k!, k? odd case), j = 1, 2. This implies the second
equality above, where in the first term the symmetry generates either none or two minuses, as both of the
modes come from the same component, hence, the only minus appears in front of the index —ki. Whereas
in the second term there is single minus generated, as the modes come from different components, this is
seen clearly from (27).

Case 2 k = (k', k?), k! even, and k? odd or k! odd, and k? even.

Nonl'(@)wwny = 3 ol un (R un + D ol ian kB rug) =

ki1+ko=k ki1+ko=k
+ Z kl k2) ( kQ)(Sa)(kl k2) + Z Sa kl k2 kQ(Sa)(kl k2) =
k1+ko=k ki1+ko=k

Nonll(Sa)(licg) = Nonll(Sa)(,m,kz).

If we consider indices ki, ko such that k& = k; + ko, it holds that both of the indices in one of the pairs
krjl-, kf are even (odd), and in the second pair indices are of different parity (one even, and the other odd).
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This implies that in the last equality, in the first term the symmetry generates single minus, as both of the
modes come from the same component, the second minus appears in front of the index —ki. Whereas in
the second term, as the modes come from different components, the symmetry generates either two minuses
(ki even, k? odd or vice-versa, and ki, k3 even (odd)), or none minuses (ki, k? even (odd), and k3 even, k3
odd or vice-versa). Finally, we obtain the claim. O

We remark that there is another symmetry exhibited by the solutions of (21¢), which we denote by S*¢¥.
Existence of the second solution in Theorem 1.1 follows from the bounds we establish in Section 4.2 and
the symmetry defined below.

Definition 4.4. Symmetry STV by reflection by this symmetry we will obtain the existence of the second
solution from Theorem 1.1. Let S*¥: H x H — H x H be the following symmetry (denoted z <> y in the
prequel)

x 1
ST (@) 11 g2y = A2 k1)

sy (a)(zkl,kZ) = a(lkz,kl)7 for k € Z2,

It is immediately verified that the solutions of the system (21) and all its Galerkin approximations are
invariant under this symmetry, i.e. G(a) =0 <= G(5*Ya) =0 as long as F' is symmetric.

4.1. Structure of the linear operator
Now, let us present the linear operator

Ly(w) = Asinyd,w + (—A)"w (29)
in Fouriers’ coordinates introduced previously. Here we argue how to reduce the problem of deriving di-
mension independent bounds for L;l to the problem of bounding particular matrix norms. Recall that the
operator (—A)™ in Fouriers’ coordinates is diagonal

(=A)™ =diag (..., 2™ + k™ ...).
In order to show the action of the Asinyd,w component, we introduce the following subspaces
Definition 4.5. Let [ € {0,1,..., N}. We denote the following subspace of H
Hny D H(ZN) = {sin(lx),sin(lz + ky),sin(—lz + ky) : k=1,...,N}.

It is easy to see that H' subspaces are invariant for the operator Ly(w) in the following sense LyH' . C
y & (V)

HfNH). Also we have
Hny = Hiny ® Hiy) ® - H{y:
For M C H(ny, by Py we denote the projection operator Py : H(yy — M.

Definition 4.6. Let us denote the projection of Ly onto H f N) by

L) = Pp1 o Ly H{ny — Hiy).
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We define the projection of L) onto the following space
Definition 4.7. Let R C Hy denote the following space
R=H'@ ---oH". (30)
The projection of Ly onto R will be denoted by
LE®:=ProL,: R— R.

In order to present action of the operator Ly on a vector in H, é Ny We take

N N
HgN) > w = wysin(lz) + Z w;r sin(+lx + jy) + Z wy sin(—lz + jy)
j=1 j=1
N
Asinyw, = IAsiny | wg coslxz + Z w;.r cos(lx + jy) — w; cos(—lz + jy)
j=1

N
l
= 5/\ wo sin(lx + y) + wo sin(—lz +y) + Zw;' [sin(lz + (j + Dy) —sin(lz + (j — 1)y)]

j=1
N
=Y wy [sin(~lz + (j + 1)y) — sin(~lz + (j — 1)y)]
j=1
Therefore
Al Al
(Lé\w)l,o = —wa - + 2™y, (31a)
l Al + Al + 2m -2m + .
(L)\w)ﬂ,j = :E:ij_1 F 5 Wik + (" + 7wy for j=1,...,N — 1, (31b)
Al m om
(LlAw)iN,j = igw;‘:—l + (N2 + 4 ),w;i:’ (31c)

where we used the convention wgt = wg.
We will study the structure of the linear operator LlA acting on the subspace Gl( N)

H%N) . GéN) = {w: w € span {sin(lz),sin(lx + ky) for k=1,2,...,N}}. (32)

The subspace Gl( N) does not include in its span the part of the basis functions {sin(—lz + ky), k =
1,2,..., N}, which are present in the span of H é N): As we always work with vector solutions satisfying
symmetry S (Definition 4.1), for a given (wy,ws) € Gl(N) X Gl(N) there is a unique (v1,v2) € H(lN) X HéN).
In other words, the coefficients (w7, . .. JWS ,wy) are determined by the corresponding coefficients with
+ e (wy, ... ,w;-r, ..., w};) through symmetry S (Definition 4.1).

In the sequel we will study the operator

LY = PG%N) oLy: GI(N) — GZ(N),

which has the following tridiagonal form
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[2m B0 0
om0 0
0 e VR

i 0 0 % l2m+N2m_

We will study the following full (projected) linear operator
PGB{\;OGéN) o L)\Z @{\;0 GZ(N) — GB{LOGl(N)

In the sequel, we will use simply Ly to denote the full linear operator, which has the following block
diagonal form

Ly

Do e (34)
0o 0 LYyt o
0o --- 0 L]AV_

4.2. Bounds for matrices inverse to LlA, Ly

In this part we provide results on bounds of the particular norms of inverse tridiagonal matrices. Some
technical lemmas used to prove the presented bounds are provided in Section 7.

Lemma 4.8. Let N >0, m > 1,1l=1,...,N. The following uniform bound holds

_ o !
‘(LlA 1)j,kj§22’”<$> . fork,j=1,...,N.

Lemma 4.9. Let N >0, m > 1,1 =1,...,N. There exist C(m) > 0 (independent of A and N), such that
for A > 2 the following bounds hold

) ‘(Ll{l)ij <C(m) (l;)l+1/2m7 | > ‘(Lﬁfl)jyz

Jj=1...,N

l)\ *1+1/2m
)

< C(m) (

foralli=1,...,N.

In the next theorem we present the main result of this section, which is composed of bounds for the
following norms HLflep%p, ||L§71Hllﬁloc7 ||L§71Hllﬁ\l%, see Definition 2.3. Where first two are standard
norms, and the third (which we call the gradient norm) is defined

Definition 4.10. Let A € R¥**N” be a block-diagonal matrix

0 0 Ax_1 O
0o --- 0 An

where Aq,...,Ay_1, Ay are N dimensional square matrices.
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We call the gradient norm of A the following matrix norm

N
ax S (L+k) ‘Alk]’ (35)

Al = jmax IAG)];y = max |4y = :1{1
i=1 N N k=1

I= N l
j=1,...,.N Jj=1,.

where A(j) denotes the j-th column of A.

Theorem 4.11. Let [ = 1,...,N. Let Ll/\ be the matriz given by (33), Lf\% be the truncated matrix PrL)
(projection of Ly onto the space R (30)).
The following estimates hold for the matrices Lg\_l (diagonal submatrices of Lf_l).

. I ~l/2m

25 e <) (5)
- DA

125 e <27 (5)

—1
1A s < Ca(m) (—

The following estimates hold for the matrix Lffl

. A —1+1/2m
I e < aim) (3)
-1
—1 A
25 oo <2 ()

. A —1+1/m
2 g < Colm) ()

We present a proof of this theorem in Section 7.

5. Fixed point argument

Having the estimate for the operator (Lf\z)*1 we are prepared to prove the main result of the paper.
We assume that the considered solutions to (16) are finite dimensional. This assumption allows to use the
results about the matrices norms presented in Section 4.2. Let us define two projections of the space H

P projection onto H' @ --- @ H” (the rotation like part), (36)
Pp = I — Pg projection onto Pyo (the diagonal part), (37)
where Pp is the projection onto the subspace free of © dependence. We proceed as follows. First, we construct
an a-priori estimate for the solution of (10). Let us display basic features of (A4, B) € H' — the solutions to

(10), which follows directly from the bounds presented in Theorem 4.11 (where we absorb the % factor into
the constant), namely

-1
LTl S A2,

1 _
ILY s S AT

—1 _
||Lf\% ||l1—>l} SA 1+1/m,
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It holds that PpB = 0, which is clearly seen from (10b) (the right hand side does not depend on y, then
from (10a) and PpB = 0, it also follows PpA = 0).

Observe that due to the identities PpA, PpB = 0 it is enough to use the bounds for (L?)_l, and we
obtain

1Bl S A2 [Afln S AM™,
IBllis S A™ [Ally S N3/2m, (38)
[Bllie <1 [Afli S AL/
Consequently
(A, B)T - VA S (1(A,B) [l [|Alliy S AVmA32m < N2, (39)
I(A, B)" - VBl S I(A, B) ||| Blliy S AV™AY™ S A, (40)
1(A, B)T - VAl S (I(A, B)T [l [[Afliy S AV2mAYZm < A2/, (41)

In the estimations above, and generally in the estimates derived in this section we use often Young’s
inequality for products, i.e.

1 * glly < [[fllxllglly, and [|f * gllee < [[fllollgll1-

Now we split V' — the solution to the system (9) in the following way

~(0)()

where (A, B)T is the solution of the linearized system (10).
In order to obtain the desired a priori estimate we are required to find a special property of function b.
Namely, we prove that

Ppb =0, (43)

i.e. in b there is no element depending only on y. To show (43) we look at the rhs of (16) on the equation
on b. We see that by (15) and (19)

(a4 A)(by + By) + (b+ B)(by + By) = (a+ A)(by + By) + (b+ B)(ay + Az) = 05 ((a+ A)(b+ B)). (44)
Hence
Pp ((a+ A)(by + By) + (b+ B)(b, + By)) =0, ie. Ppb=0. (45)

Standing assumptions. At the formal level of the a-priori estimate we assume that solutions to (16) fulfill

H(a,b)T I (46a)
[ Pralln <1, (46D)
m > 9/2. (46¢)

Recall (16)
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Asinydya + (—A)ma = —Acosyb — (Zig) -V(a+A4),

(47)
. mp__ [atA)
Asinydyb + (—A)"b = <b+B> V(b+ B).

In order to find the bound we apply the estimates for Lf formally, assuming that the solutions are finite
dimensional. Treating the right hand side of (47) we have the following bounds

Bound for |[bl[;; = || Prb|11

—1
18l S UL Ny (1A B)T - VB + labaln + 86, lln + aBalli + 6Byl + [1(4, B) - Vlln)
S AT (N2 a6l + 18l 60+ lallis A7 [l A 4 3 )

SN g [p AT (48)

where the last inequality is obtained after cleaning the absorbed terms, which is due to the assumptions
(46a), and (46¢). We will also need the following estimate for ||b||;1, derived analogously as above

[Bllis S AT 4 laffp AT, (49)
Let us define
|Ppalligs, = sup k*™|agp)l- (50)
ke
IKI<N

Bound for ||Ppal;zz.  In this case the operator PpLy is diagonal, therefore we bound the particular norm
| Ppallig, , it is trivially bounded by the I°° norm of the right hand side. Moreover, observe that I35, norm
bounds [}, i.e. we have ||Ppall;; < ||Ppal

122 for m > 3/2, remembering that the dimension is two.

2m

I1Ppalligs, S1I(A,B)" - VAl + || Pp(aaz) i + | Pp(bay)[lie + [|Pp(ads)llie + | Pp(bAy)|l1
+Po((A,B)" - Va)l|;~
S A™ 4 || Pralln | Prallyy + (1Bl | Prally + | Pralln A*/2™ + [[b]ln A3/2™ + XY™ || Pral)s.
(51)

We removed all terms, which do not generate Pp, i.e. any product of terms, one of them being in Pp, and
the other one in Pr. When the bound (51) is used (potentially the worst term ||PpaPpa,|| is not present
as Ppa, = 0) we get

o2m Y

IPpalligs, S X/™ + | Prallfy + A Pralliy + llalls | Pralg A~

+ || Pral|p X3/ 4 XTI a]|p AT/ AU Pral |
< )\2/m

To get last inequality we used the assumption (46b) and (46c¢), the term A\2/™ is clearly of the highest
order from the terms that are left. Here we use that m > 9/2.
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Bound for || Prall;;  Observe that we have ||Ppall;n < ||[Ppallige, S A\2/m

2m N
IPrally S ATV (Mblle + 11(A, B)T - VAl + llallillally + [l lall + lallo | Al
1ol Al + 11(A, B) [l |l )
SAT (Allbllz1 + A2 || Prallfy + | Pralli A*™ + ||b]]: | Prall;: +
A2/m\B/2m | ||PRa||l{/\3/2m + ||b||l1)\3/2m + Al/mAQ/m)

AT (bl + ([ Prally + [ Prallg X2/ -+ bl A2 4 |6 | Prally + A7)

Observe that after the second inequality the term [|b][;1[|a[;1 is not present as Ppa, = 0, clearly the highest
order term is || Ppal[;:[|Al[p = N2/m\3/2m — \T/2m.

Now we use the bound (51), and remove some of the terms that were absorbed by using the assumptions
(46a), (46b), and (46¢), observe in the inequality above the bad looking term A||b|;:, we estimate it using (49)

Alblli S N/2m 4 X32m (|| Ppal|;n + || Pralln)
| Praljy < A7HH/m <A5/2m + A/ mABEm ||PR(1||12% + || Pral|p A*/™+

AT aflp AV (33737 | Prally) + AT/

After using the assumption (46b) all terms with || Pral;; are being absorbed, and clearly the highest order
term in the parenthesis is \7/2™, so finally we end up with

1Prally < A~HH2m, (52)

Observe that Pgra is mapped into itself by the operator L;l, due to the assumption (46¢), namely m > 9/2.
Going back to (48) we get that

[Bllyy < A (53)
Summing up the considerations from this part we obtain the following result

Lemma 5.1. Let a,b be a small solution to problem (47), then it obeys the following dimension independent
a-priori estimate

bl < CATIFA/™, | Praljyy < CATIHO/2m, |Ppally < CAY/™. (54)
6. Proof of main theorem

Using the so far presented results, we may now proceed to proving our main result — Theorem 1.1. Here
we want to construct the solutions, using the system (47) and the a-priori estimates (Lemma 5.1).

We start with the construction of the sequence of solution’s approximations. We define the solution
(@n+1,bn+1) as the solution to the following problem

a, + A,

: n An>
bn+Bn> V(an + Ar)

AsinyOpani1 + (—A)"apt1 = —Acosybpy1 — (
55
ot A (55)

ASinydzbpi1 + (—A)"bpy1 = — (bn + B,

) : V(bn + Bn)'
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We take (ag,bo) = (0,0) and define recursive sequence of approximating solutions A,, B, (also a,by),
where A, B, € H(n12), and N determines the number of active modes. It holds that if (A,, B,) € H(y),
then (An+1, Bn+1) S H(2N+2)-

Note, in addition, that (55) guarantees the constraint (19). It is clear that from 0 a, = d,b,, it follows

an + An an + An
0, (bn+Bn> V(an + Ay)| — 0y (bn+Bn> V(bn+Bn)| =0 (56)
And this implies 0an41 = Oybp11. Thus constraint (19) is guaranteed, refer (18).
Repeating the estimates for the system (47) we find that if
[balln < CATIFA/™, | Pra,||p < CATIHO2m, | Ppan |y < CA¥/™, (57)
then
[brslly < CATIHA™, | Pran |l < CATIFO/2m, IPpaniilly < CA2/™, (58)

with the same constants C, provided A sufficiently large.

We shall underline that for a fixed n we are allowed to apply results for the finite dimensional approxi-
mation of Ly. We emphasize that all constants in Theorem 4.11 are independent on N.

We want to prove that {a,,b,} is a Cauchy sequence. We consider the following system

/\Sinyaz(anJrl - an) + (_A)m(an+1 - an) =-A cosy (bn+1 - bn)
n An n— An—
_ (G, + ) 3 v(an +An> + (a 1 + 1) . v(an71 +An71)7

bn + Bn bn—l + Bn—l
(59)
)‘Sinyaa:(bn+1 - bn) + <_A)m(bn+1 - bn) =
an + An ap—1 + An—l
— -V(b B -V(bp—1+ Bn-1).
bn+Bn> (n+ n)+<bn—1+Bn—1 V(n1+ nl)
Taking a large n we want to prove that
| Pr(ant1 — an),bpy1 — bn”H + )‘72/m||PD(an+l - an)”H <
1
5 (I1PR(@n = 1), bu = bl + X2/ P (an = an 1)y ) + €, (60)

where €, — 0 as n — oo, the quantity ¢, is related by norms of terms like (4,, — A,—1) and (B,, — B,—_1).
In order to justify (60) we point out few estimates which provides the inequality. Here we use the same
tools as in the proof of Lemma 5.1. Hence we estimate the right hand side of (59). We have to estimate the
following terms.
For |[bp11 — bal[p we have

an + A,
| <b +B ) V(Bn = Bn-1)|n < en. (61)

For n sufficiently large it clear that || B, — By—1|;1 — 0 as n — oo. Next,

a, + A, m
|| ( e )-vwn—bn_l)nusv/ b~ bl (62
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and
Gp — Ap—1 + An - Anfl
-V(bn— B, _ 1

H (bn_bn1+Bn_Bn1 ) ( 1+ 1)||l
Sen+ WY LA™ (an — an—1), b — buot
S e+ AT LAY | Pr(an — an-1), by — bu-1lln

+ ()\—1+4/m + )\1/m))\2/m)\—2/m||PD(an _ an71)||l%~ (63)
Hence

bnt1 = bulln S AT Py (@ — an-1), by — bn—1ll;2

H (AT XTI P (a0 — ap-1) iy + €. (64)

For |[Pp(an+1 — an)l;p we have

Qg +An m
| Pp (( > -V(a, - an—l>> o < A | Pr(an — an—l)”l{a (65)

b, + Bn,
Gn — Qn—1 < \3/2m _ _
HPD by — by 1 VA, Hl1 SA ”PR(an anfl)abn bnlel%' (66)

The remaining terms here are simpler. So
[Pp(ant1 —an)lln < N2 | Pr(an — an_1), by — bn—1llp + better terms. (67)

For || Pr(an+1 — an)|[;p we have

an, + A,
| Pr ((bn + B, > - V(an - anl)) 21

SN Pr(an — an—1)lli + AT ANTATEI Py (ay, — ap-1) |y (68)

and

I <<ZZ . Z:ff) VA") i S N2 Pr(an = an-1),bn = bu-illin + A72"A™ | Pp(an — an-1) .
(69)
The last term is || A cos y(bp+1 — by ) |11, and using the estimates for ||LL||;1 ;1 from Theorem 4.11 we find
IAcosy(bni1 — bp)llin < )\1/2mHRHS(59)2||11
< A2 (X Py, — 1), by~ b

FNY N2 P (= an 1)l + €n) (70)

Hence
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1Pr(ans1 — an)ll (71)
S AT (A2 Pran = an-1),bn = buoa g + AN Pp(an = an-1)ly +en)  (72)
5 /\71+7/2m Pr(an —an—1 ;bn —bn—1 i+ )\71+9/2mA72/m Pp(an — an—1 11t €n. 73

1 1

Summing up (64),(67) and (71) we conclude

[ Pr(an+1 — an),bot1 — bn”H + )‘72/m||PD(an - an—l)Hl% S

)‘_1+7/2mHPR(an — an—1),bn — b1l + )‘_1+9/2m>‘_2/m||PD(an —an—1)|lin +€en (74)

For m > 9/2 and large A we got (60).

The condition (60) implies that the sequence {Pran,b,, Ppa,} has a limit in the space I}. It means
that there exists a solution to problem (47) obeying estimates from Lemma 5.1. In other words we have
constructed the solution (5). We shall underline that the limit in [} implies that the derivative is uniformly
bounded, thus the nonlinear term is described pointwisely. A bootstrap method implies that the solutions
constructed in the above way are indeed smooth.

Existence of the solution (6) follows from the symmetry x <+ y from Definition 4.4 that we recall here
for completeness

57 ((a, b))zkl,w) = b2 k1),

SEeY ((a7 b))?kl’kQ) = G(k2 k1),

where it should be understood on the level of the Fourier modes of (a,b). Largeness of A implies there are
two different solutions. Theorem 1.1 is proved.

7. Analysis of large matrices and proof of Theorem 4.11

Notation Let N > 0 be an even number, m > 1,1 >0, A € R.
Let us denote

R?*2 5 T'(a,b) = [ _%]
) 1 .

Njens
SH

We denote a tridiagonal matrix with elements {a; }jvzl on the diagonal, —[\ over diagonal, and [\ under
diagonal by

RNXNSTl(al,...,aN): % “ _%\ 0 'O
0 % an
Let the increasing sequence {d5 é‘V:1 be given by
d=0Pm d=1"+1,..., dyy ="+ (N -1 forl>0.

We denote the tridiagonal matrix with the increasing sequence {dé ;-Vzl on the diagonal by

LY =TNd,, ... dy) e RNV,
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Definition 7.1. In the sequel we will use the following notation to denote the off diagonal term of the
tridiagonal matrices 7"

f I

The bound proved in the following lemma is visualized on Fig. 3.

Lemma 7.2. Let [ > 1. Let the sequences {aé}, {bé} be given by the following recursive formulas

ab =0, by =0,
d d}
o = bll:dzdl1 A2’
dy_1dy +A 103 +
l diy_o + i A2 l dl + b X2

Ay = — — by = - _
P dly yd ,+aldy N2 432 27 ddl + iR 1 a2
l déV*2j+2 + aé’—l)‘Q I dlzjfl + b§'71>\2

a; b = = =
Toodhdh b dh N2+ N2

N R

’ le—2j+1d5\7—2j+2 + aé’flle—Zj+15‘2 + A2
for 7 > 1. Then the following bounds hold for all j > 0

l 2m /3 I 1
0<al<2m/%, 0<b <1/A

Proof. The aé-, bé- > 0 part of the bound is trivial.
Now we prove 22mA-1 > aé. We proceed by induction, first we prove that 22mA-1 > a} holds. Observe
that for all N > 1, and [ > 1 we have

lQm 4 (N _ 1)2m _ l2m + 22m—1 [(N _ 2)2m + 1]
(12m 4 (N — 1)2m)((2m 4 (N — 2)2m) + 2 (12m 4 (N — 2)2m)2 4 A2
22m l2m N —2 2m 2m 2m 2m
7+ ( ] < 2Ma__ 2 < L, (75)

(l2m+(N_2)2m)2+;\2 a2 + \2 B a—&-% A

2m
where a = 1™ + (N — 2)?>™, we used the estimate due to convexity (N — 1)?" < 22m (%) <

22m=1 ((N —2)?™ + 1), the last inequality follows from a* + A2 > gl
Assuming 92m \—1 > a;j—1 we verify that 92m \—1 > a; holds.

. dl_ g, o+al?
First, observe that f(a) := - s —
dN—2j+2dN—2j+1+a>‘ dN—2j+1+)‘

is a strictly increasing function for all @ > 0
(denominator is positive), as
A4
!
@) = — : — — L (76)
(dN72j+2dN72j+l +aXdy g5+ )‘2)

so we have
iy +a; 1 N2 _ 2™ 4 (k +1)%m + 2273 L2
d§€+2d§€+1 —|—aj_1d2+1:\2 +32 (12 + (k + 1)2m)(12m 4 k2m) +22m§\(l2m + k2m) + A2 A

where k = N — 2j. The last inequality reduces to
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N=50, m=2 N=500, m=2
! ! ak +
L bk X
0.001 R o e 0.001
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+
ot
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X XX
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+ X
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+1 X
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X X
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. . . . .
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Fig. 3. Graph showing numerically calculated recursive series {a]l.}, {bjl} for A = 1000, and for m = 2 (top figures), m = 4 (bottom
figures). Apparent upper bound for the series is also shown (1/X).

12m+22m—1(k2m+1)+22m:\ - 22m

(12m 4 k2m)2 4 922m{([2m 4 k2m) 1 32 T )

after grouping the terms in this inequality it is easy to see that it is satisfied for all [ > 1, and k > 0.
Obviously A1 > by holds. Analogically as above, assuming AL > b; we verify that AL > bj+1 holds (it
can also be verified that f’(b) is strictly positive, and it is enough to verify the inequality setting b; = A1)

dyji1 +bj_1 A2 _ 12 4 (25)%™ + A
dajiadajin +bjo1dajal2 + A2 7 (127 4 (2] + 1)2m) (12 4 (2))2) + A" + (25 + 1)27) + X2

<

> =

(78)
The last inequality holds due to following inequality, which is clearly satisfied

a+:\

1
fﬁ?,
a?24+aX+X2 7\

where a = ™ + (27)*™. O

Lemma 7.3. Letl > 1. All elements in 2 x 2 diagonal blocks of Ll)\_1 are estimated uniformly. Precisely, the
following inequalities hold for j =0,...,N/2 —1

1 a —1 ~
(LS Dajrrzirt] <227/A (LY Dajrrzipal <1/,
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—1 ~ —1 A
(LA )zjra.2i+1] < 1/A, (LA )zjrazital <1/

Proof. Here we assume that [ is fixed, and we drop the superscript in the notation of T', al, b., and d., we
use simply T', ag, br, and dj, respectively. First, all matrices considered are invertible, which is obvious by
calculating the determinant of tridiagonal matrices.

We use the notation Inv(”) to denote the D x D dimensional upper-left corner block of Ll/\_l. Analogously

we use the notation Tnv'"” to denote the D x D dimensional lower-right corner block of L} ', We are going

to use the following convention for block decomposition of LlAf1 = Inv™.

il InvgN) IHV(N) | T(dy,...,dN—2) A (79a)
A InV;N) IHV(N) ) AT T(dn-1,dN) 7
N —1
L v Inv§2) [ (dr, do) —AT (79b)
A vo)) vy A T(ds,...,dy_1.dy) |

where

o
o
o
>

> O
O DY
[an)

o

We will call Inv?,?, Eﬂ) the inverse blocks. In the remainder of the proof we will compute recursively

InV(Nfz), E(N_Q) Inv(2) Inv(g).

The explicit formulas for the inverse blocks are obtained from the following system of equations (simpli-
fying the notation by dropping the brackets with parameters, i.e. Tt = T'(d1,...,dn—2), T = T(dn—-1,dN)
etc.)

TIInV1 AInV2 =1, TIInV1 AInV2 =0, (80a)
AT + 1) = 0, AT + 7y v = 1. (30b)
When the equations for diagonal blocks are decoupled we obtain

tnv{y) = [T(dy, ..., dx ) + AT(dy1,dn) " AT] ",

sy = [T(dy_1,dn) + ATT(dy, ..., dy_2) " A] ",

where
K 0 0
AT(dN_l,dN)ilAT —_ . . . ,
0 0 0
0 0 NT(dn-_1,dn)3

NT(dy,...,dv_2)yy 0O

ATT(dy,... . dy_2) ' A=
(17 7N2) 0 0

Now, we state the crucial observation — the inverse diagonal blocks W71 and Was are inverses of tridiagonal
matrices, i.e.
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vy = T(d,...,dy_3, dy_o + 3?a;)~" = InvV =), (81a)

gy = T(dy—1 + N2T(dy,. .., dn—2) Yy, dn) (81b)

h _ -1 _ dy : . (V) (V)
where a1 = T(dy—1,dN)1] = FRe CE The same holds for the diagonal inverse blocks Invy; * and Invy,

by symmetric calculations, i.e.

- -1 . 1
Tavyy ) = [T(di da) + AT T(ds, ... dy) A =T (di, dy + NT(ds,....dn)T") . (82a)

_ -1 o

vy = {T(dg, cdy) A'T(dl,dz)*lA’T] = T(ds + A2by, du, ..., dy) "}, (82b)
where by = T(dy,ds) gy = ﬁ

Observe that the decoupling of the diagonal blocks described above can be iterated, and the matrix
InviV=2) = T(d1,...,dN—3,dN—2 + 5\2a1)*1 is further decomposed
_ _ -1
InV(N72) _ Invgjlv 2 IHV%JQV 2 _ T(dl, ey dN_4) —A .
vV Iy 2 AT T(dn-3,dN—2 + Nay)

thus we write the formula for the inverse diagonal block Invgjlvfz) = InvV

R -1
InviN ™ = vV = [T(dl, coydn—y) + AT(dy—_3,dn_2 + AQal)_lAT}

=T(d1,...,dn—s, dv—a+ Naz) ",
where

dy_s + a1 A2

az = T(dn—_3,dn—2 + Na1) = -
N dn_sdn_o + ardn_sA2 + X2

From repeating j times the procedure of taking the upper-left inverse diagonal block and decompose it
further like in (79a), we obtain the explicit formula for the N — 25 dimensional upper-left diagonal block of
-1
Ly
_ . -1
IHV(N72J) = T(dl, ceey dN_gj) + AT(dN_2j+1, dN_2j+2 + )\2aj_1>_1AT:| (83)

=T(dy,...,dn—2j-1, dn—2; + N\2a;) 7, (84)
where

o~ _ dN_Q' 2+CL'_15\2
a; =T(dn_2;j41,dN—2512 + Naj 1)1, = s

dN_2j+1dN—2j+2 + aj_1dN_2j41A% + A2

Performing iteratively j times the symmetric procedure to the one described above (performing decompo-
sition like in (79b)), we obtain the explicit formula for N — 2j dimensional lower right diagonal inverse
block

—N-2j
Inv

) -1
= T(d2j+17 e dN> + AIT(defl + )\zb]‘,h dgj)_lA/T} (85)

= T(dgjr1 + N2bj, dajyo, ... dn) "L, (86)
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where

dgj_l + :\2bj_1
dgjfldgj + bj,1d2j5\2 + 5\2.

bj = T(daj_1 + A2bj_1,d2;) 39 =

Note that the recursive series {a;}, {b;} are generated from the procedures described above. Using above
results, we may now derive an explicit formulas for the 2 x 2 diagonal blocks of Ll)\_l. Let us present an
example how it is done. Observe that from (83) we have that the N — 25 dimensional upper-left block of
Ly s v = T(dy, L dy o1, dy—o; + A2aj) "L

Then, for j = (N — 2)/2 we are left with Inv® | whereas if j < (N —2)/2 we apply j times to Inv
the procedure of taking the lower right diagonal block, and decomposing like in (79b), and we get that the
j-th (counting from the bottom) 2 x 2 diagonal block of Ll/\_1 equals to

(N—2j)

-1

. A2 _A
dN-2j-1+ A"bk A , where k = (N —2j —2)/2.

T(dn—gj—1 + Nby,dn—oj + \2a;) " = .
(dn—2j—1 + Ay, dN—2; + A°a;) 5 dy_o; + N2a,
Let us denote D = 5\2 + dN72j71dN72j + dN,ijkS\2 + Ci]\],gj‘,la,]‘j\2 + ;\4ajbk7 we have

N N _ dn_ 4_~_5\2a/,
T(dn_9j—1 + Nby,dn_oj + N2a,) ]} =22

D )
. . dn—2j-1 + N2
T(dn—2j—1 + Nbg,dn_2j + N\2a;) 5 =N2++ka
T(dn—2j—1+ S\Qbk;dN—Zj + 5‘2%)1—21 :i_A
T(dn—oj—1+ Nb,dN_oj + N2aj)5 D
. . dN72j+X2aj _ N . . .
We have that for f(a;,by) = =25~ = 55 the partial derivatives equal to
Of(ag,br) _ A - Of(aj,br) _ _52N?2 y
da; Dz~ Oby, D2 '

Hence, to bound T'(dny_2;—1 + S\Qbk,dN,gj + 5\2aj)f11 we use the upper end of the bound for a; from

Lemma 7.2, i.e. we set a; = 22m\~1 and we use the lower end of the bound for by, i.e. we set by, = 0. We
dN72j+22m'5\
_1dN_2j+dN_2j_122m )]

which was already showed in (77) to be bounded by

are left with bounding e
N—2j
92m -1,
To bound T'(dn—_2;—1+A2bg, dn—2; +A2a;)5,, analogously as above, we set a; = 0, and by, = A1, and we
J g j)22 j

are left with bounding rd dN‘zf‘lJ”l ——» Which was already showed in (78) to be bounded by AL
N—-2j—10GN—2j N—2j

To bound the remaining two elements, i.e. T(dN_Qj_l + S\Zbk, dn—2; + S\Z(lj)_;, T(dN_Qj_l + S\Qbk, dn—2; +
A2a;)5 we set aj = 0, by, = 0, and we obtain the claimed bounds immediately. O

Lemma 7.4. Let [ > 0. The following uniform bound hold

;-1 . < 2m /3 ;-1 . < A
I(L?_1)2]+1,2k+1\ <277/ \(L?_1)2a+1,2k+2| < 1/{\’ fork,j=0,...,[(N—1)/2]. (87a)
(LN Dzjr22e+1] S /A (LY 7 )zjt22642] < 1/A

Proof. Here we assume that [ is fixed, and we drop the superscript in the notation of T?, aﬁc, b%, and dﬁc, we
use simply T, ag, b, and dj respectively. We use the same notation as in Lemma 7.3, i.e. we use Inv?) to



J. Cyranka, P.B. Mucha / J. Math. Anal. Appl. 465 (2018) 500-530 525

denote the D x D dimensional upper-left corner block of Lg\_l. Analogously we use the notation E(D) to
denote the D x D dimensional lower-right corner block of Ll/\_l.
First, for the sake of presentation, let us prove that the claimed bounds are true for the 4 x 4 upper left

corner submatrix of LlAfl, ie. Inv(4), the general result will follow

-1

T(dy,ds) —A

(4) (4) AT T(ds,ds + :\QGN/2—2)

(4) X2 1 Invﬁ) Inv(4)
Inv = T(d1;d27d3ad4 +>\ CLN/2_2) = =
Invy” Invys

(88)
From the equations for inverse blocks (80) it follows that the block beyond diagonal satisfies
Invsy) = T(ds, da + Nan/s_o) " ATInv{Y.

From Lemma 7.2 follows that 22m\~1 > anja—2 > 0, hence the bounds for all elements of T'(ds,ds +

/A\QaN/Q,Q)_l are the same as those derived in Lemma 7.3. Observe that

Invgi) =T(ds,ds + S\Q(IN/z_z)_lATInV(‘i) _

(Inv (4 ))22

(InVn))22

T(d3, dy + N2an /- 2) 7} X(Invgf) T(ds, dy + N2an/_2) 7}
T(dg7 dy + )\QCLN/Q_Q)Q_ /\(IHVH )21 T(dg, dy + )\QCLN/Q_Q)

n Aty
A

as we have from Lemma 7.3 the bounds \S\(Invﬁ))gﬂ, |5\(Invﬁ))22| <1, and |T'(d3,ds + 5\2aN/2_2)f11| <
22mA\=1 | T(ds,ds + Nanja_2)5'| < A~'. Elements from the block Inv$? clearly satisfy the following
bounds

[(Invs)) o, [(Invs?)ie] < 227370, |(Invs))ar |, |(Tnvsy)ae| < AL

The block Inv%) satisfies symmetric bounds by a symmetric argument. Observe that the bounds for the

diagonal blocks Invﬁ)7 Invgé) were derived in the previous lemma, hence at this point we have bounded

uniformly all elements in Inv® = T(dy,do,ds,dy + S\QaN/Q_Q)_l. Observe that in order to derive the

bounds for the off-diagonal blocks, we used only the bound for the last row of Inv(¥ ((Invﬁ))gl =
Invfé), (Invﬁ))gg = Invfé), (Invg;))gl = Invfé), (Inv(4))22 = Invfél) see (88)). From the bounds estab-

lished so far all elements in the last row of Inv(® satisfy |Inv4§- | < A~L It is easy to see that, if we now
consider Inv(® T(dy,da,ds,dy,ds,ds + A2 an/2— 3)"%, by a similar argument for j = 1,...,6 we obtain the
bounds

Invég) < A1 ,

Invgg) < 22mA\—1,

Finally, from the presentation above follows that assuming that absolute value of all of the elements in
the last row of the inverse block Inv(?*) = T(dy,...,dak—1,dog + ;\QaN/g,k)_l are bounded by 5\_1, and

the rest by 22’”5\_17 the same bounds for the larger inverse block Inv®+2) = T(dy,...,dok+1,dogt2 +
S\QaN/Q_(,H_l))_l will follow, thus, we showed that the bounds (87) are propagated for the whole Ll/\f1 =
mv™. o

Lemma 7.5. Let N >0, m > 1,1 =1,...,N. There exist C(m) > 0 (independent of X and N ), such that
for A\ > 1 the following bounds hold
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1< C’(m) . :\—1+1/2m,

j=1,....N
S| < ety e,
j=1,....N

foralli=1,...,N.

Proof. Here we assume that [ is fixed, and we drop the superscript in the notation of T*, afw b%c, and dfw we
use simply T', ag, b, and dj respectively.

For the sake of clarification let us restrict our attention to the first column of Ll)\il.

From Lemma 7.3 it follows that n = [c;\l/ 2m] dimensional upper left corner submatrix of Ll/\_1 is equal
to Inv(™ = T(dy,...,dp—1,dn + 5\2a(N,n)/2)_1, and the absolute values of elements in this matrix are
uniformly bounded by 22’”5\_1, thus the straightforward estimate for the first part of the sum is

> ’(Ll{l)ﬂ

1=1,...,n

< n22m5\71 _ C5\1/2771 . 22m5\71 _ 22m63\71+1/2m'

Next, we are going to show that the terms in remainder

> ‘(leil)u: > ‘IaniV)’

i=n+1,..., N i=n+1,..., N

obey a geometric decay rate, and can be bounded uniformly with respect to the dimension.
As in the previous lemmas we take the block decomposition of

Lf\71 = Inv™ e

-1

v N) Invgjlv) Invgg) _ T(dy,...,dn—2) —A
v Inviy) AT T(dn-1,dN)

From (80) it follows that Invglv) can be expressed in terms of Invgjlv), namely, for the first column of Invgjlv)

the identities are

v, ) = T(dy-, dy) i Anviy Y, |, Iy = T(dy -1, dy)g Ay Y, .

Analogously, for Invg\],\[_)s,17 Invs\j,v_) 21 We have

Invg\],v_)g)l = T(dN_g, dN_2 + 5\2a1)1_115\1nvg\1,\[_)4)1, IHVE\J,V_)ZI = T(dN_3, dN_2 + 5\2a1)2_115\1nvg\]lv_)4’1.

From repeating this argument we obtain

Ivi\s ) = Tdy-s,dy—a + Maz) P Av (g 1 Inviy?, | = T(dy -5, dyv—a + Xa2)5 Mg

ey

IIlV,ElJ_\,'I_)Ll = T(dn+1, dn+2 + S\QG(N,n)/Qfl)lill S\IHVS]_V),

IHV(JX_)QJ = T(d"+1, dn+2 + S\Qa(N_n)/g_l)gllj\Invgg).

n

(N)

This is a recursive series, all elements can be expressed in terms of Inv'""’. Therefore
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N
Z ‘Inv )‘ < ‘Inv N)‘ 1B

i=n+1,...,N j=n-+1
where
Cnt1 =T (dps1,dng2 + 5\2a(N—n)/2 DA,
Cnt2 =T (dpnt1,dnt2 + 5\2G(N—n)/2 1)2 115\7
Cnts = T(dnts, dnia + Nan_ny2—2) 7' A T(dni1, dnga + Nav—n)j2—1)a1 A,
cnta =T (dnt3, dnta +5\2a(N7n)/2 2)2 11 “T(dpt1, dnt2 + 2% (N—n)/2-1)21 ',

en—1:=T(dn_1,dn) T A T(dn—3,dn—2 + \2a1)57 A T(dns1, dpgo + 5\QUL(N—n)/Q—l)z}lS\,
ey = T(dn_1,dn)o A - T(dy—3,dn—2 + Na1)o' A+ T(dps1, dnso + 5\QCL(an)/zq)g_f;\-
From Lemma 7.2 it follows that 22" A~ > a; > 0, and f(a) = o dmtde strictly positive for all

A2+djdjt1+d;A%a
j > 1 (as the derivative is positive, compare (76)). Recall that d; = [*™+ (j —1)*™, and we have the obvious
inequality A? + djdji1 + djNa < A2 4 dji1djio + dj 1 )2%a for a > 0. Therefore the following inequalities
are satisfied

IN

‘T(dnﬂ'v dntjt+1+ 5‘2‘1(1\1—(n+y‘+1))/2)1_11‘ ‘T(dn+1’ dnt2 + S\QCL(N—n)/2—1)1—11‘

dn+2 + 22’m5\
N 5\2 + dn+1dn+2 + 22m5\dn+1 ’

~

T S
3\2 + dn+1dn+2 .

IA

’T(dn+j7dn+j+1 + S\QG(Nf(n+j+1))/2)2_11‘ ‘T(dnJrh dn2 + S\QQ(an)/271)2_11‘ <

Now to show the claim about the geometric decay, we take n > [2(2m+1)/2m{1/2m)]

~

A _ dpsg + 22\ B 127 4 (n+1)2m 4 22m}
AN 4 dpyidnia = N4 dpirdnge + 22 Adnyr A2 (127 4 n2m)(12m 4 (n 4 1)2m) 4 22mA(12m 4 p2m)

Similar argument to the one used in (75) shows that

l2m+(n+1)2m+22m5\ < 22ma+22m5\ - 24m+13\+22m5\
3\2+(12m+n2m)(l2m+(n+1)2m)+22m;\(12m+n2m) T a2 4 22mg)\ 4+ A2 T 24m+2)2 4 24m+152 4 )2
1
< —.
2\

We thus demonstrated that for any N we have

-1 1
Z ‘(Ll,\ ir| = Z ‘Inv N)‘ < ‘Inv ‘2 (§> =2 ‘Inv ) <

i=n+1,...,N i=n+1,..,N

22m+1

(89)

Now taking C(m) > 22m+1/2m 4 92m+1 we obtain the claim.

To conclude, observe that the bound holds for the first row, as the matrices Ll)\ and LlAf1 commute
(Ll)\ = D + A, where D is a diagonal, A is a skew-symmetric matrix). The bound is true for any other
column/row, to see this note that for each column there are at most n = [05\1/ 2m] elements beyond the

geometric decay regime, therefore the bound is true for any column of Ll)\_l. O
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7.1. Proof of Theorem 4.11

Using lemmas presented in this section we prove the main result with inverse matrix bounds

Theorem 4.11. Let [ =1,...,N. Let L’ be the matriz given by (33), L¥ be the matriz (PgLy)~"
The following estimates hold for the matrices Ll)\_1 (diagonal submatrices of Lffl).

. I Cl/2m

25 e <) (5)
- D\

125 e <227 (5

-1
1EA o < Calm) (—

The following estimates hold for the matrix Lf_l

. A\ ~LF1/2m
I e scam (3)

-1
-1 A
128 e <2 (5)

4 A —141/m
2 ooy < atm (5)

Proof. The uniform I! estimate for each column of L¥ ! follows directly from Lemma 7.5. The uniform [*°
estimate for each column of L ! follows directly from Lemma 7.4.

In order to estimate uniformly the gradient norm of Lf_l we are going to consider two cases separately.
1/(2m—1
Let ¢ > 2@m+1)/2m o — [c (%) /(2m )], where [-] is the integer part. Let us demonstrate the result for

the first column of Lf_l.

Case I For | < « we split the sum

Sen|(e), -2, | 2 o)), |
k=1 k.l k=1 k=n+1 ’

where n = [1/2m (%)*1/[2m(2m71)] o=le (%)1/2m

finite part of the sum above can be estimated
n n -1 -1 1/
;-1 ;1 ) A I\
S| (7)) e, () ks (5) e za(3) (5
k=1 ’ k=1

B I\ —1+1/m
= E )

; m—1)/2mil/m 1/2m m—1)/2m11/m 1/2m . 1/m -
where we estimated In = [(2m—1)/2m[1/ (%) < o@m=1)/2my1/ (%) gc(%) CAsdl, > 22 H%

(this particular choice is due to technical reasons). The

from the proof of Lemma 7.5 it follows that the remaining part of the sum is within the geometric decay
regime, therefore we can estimate like in (89)



J. Cyranka, P.B. Mucha / J. Math. Anal. Appl. 465 (2018) 500-530 529

3 = > -1
2 aen|(@7), [ <], 21D T ) <ol @), Jerv=a(3)

in the last inequality we used the estimate from Lemma 7.4, i.e.

The final uniform bound for this case is

N —1
S en|(17),,

Case II For | > a.
For this case we have d} > 22m+1 %, and therefore from the proof of Lemma 7.5 it follows that the whole
column is within the geometric decay regime, therefore the whole column can be estimated like in (89)

Saen|(B7), ] <[57),,

)

)

Final bound The bound in Case I is clearly of higher order, hence it is the final uniform bound. The bound

1/2m
]

is true for other than the first columns, as there are at most n = [c (%) elements beyond the geometric

decay regime. 0O
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