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Abstract

Motivated by some issues in Ulam stability, we prove a fixed point theorem for
operators acting on some classes of functions, with values in n-Banach spaces.
We also present applications of it to Ulam stability of eigenvectors and some
functional and difference equations.
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1. Introduction

The following natural question arises in many areas of scientific investiga-
tions: what errors we commit replacing the exact solutions to some equations by
functions that satisfy those equations only approximately (or vice versa). Some
efficient tools to evaluate those errors can be found in the theory of Ulam’s
stability.

Roughly speaking, nowadays we say that an equation is Ulam stable in
some class of functions if any function from that class, satisfying the equation
approximately (in some sense), is near (in some way) to an exact solution of the
equation (see Definition 2). The problem of such a stability was formulated for
the first time by Ulam in 1940 for homomorphisms of metric groups; a solution
to it was published a year later by Hyers for Banach spaces (for details see [23]).

In the last few decades, several stability issues of similar kind, for various
(functional, differential, difference, integral) equations, have been investigated
by many mathematicians (see 2, 6, 23, 24] for the comprehensive accounts of the
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subject), but mainly in classical spaces. However, the notion of an approximate
solution and the idea of nearness of two functions can be understood in various,
nonstandard ways, depending on the needs and tools available in a particular
situation. One of such non-classical measures of a distance can be introduced
by the notion of the n-norm.

Recall that the concept of linear 2-normed space was introduced by S. Géhler
in [18], and it seems that the first work on the Hyers-Ulam stability of functional
equations in the complete 2-normed spaces (i.e., 2-Banach spaces) is [19]. After
it some papers on the stability of other equations in such spaces have been
published. The notion of 2-normed space was generalized by A. Misiak in [29],
who introduced n-normed spaces. Results on the Hyers-Ulam stability of some
functional equations in n-Banach spaces were obtained in [12, 17, 28, 34, 35].

It has been shown that there is a close connection between some fixed point
theorems and the Ulam stability theory (see, e.g., [3, 14]). The aim of this
paper is to prove a fixed point theorem in n-Banach spaces (see Theorem 3) and
show that it has significant applications to the Ulam stability of eigenvectors
(see Corollary 11) and some functional and difference equations (see Corollary
10 and the part following it). Let us mention yet that our Theorems 3 and 4
correspond to several outcomes from [4, 5, 10].

Throughout this paper N stands for the set of all positive integers, Ny :=
NU {0}, R denotes the set of all real numbers and R, := [0, 00).

2. Preliminaries

In 1989, A. Misiak (see [29]) defined the n-normed spaces and studied their
properties. The concept of an n-normed space is a generalization of the notions
of a classical normed space and of a 2-normed space introduced by S. Géhler
(see [18]). Let us also mention here that H. Gunawan and M. Mashadi (see
[20]) showed that from every n-normed space one can derive an (n — 1)-normed
space and thus a normed space. More information on these spaces and on some
problems investigated in them, among others in fixed point theory, can be found
for instance in [11, 12, 13, 16, 17, 21, 27, 28, 34, 35].

Now, we recall some basic definitions and facts concerning n-normed spaces
(for more details, we refer the reader to [12, 20, 29, 34, 35]).

Let n € N, X be a real linear space, which is at least n-dimensional, and
II-....,+] : X™ — R be a function satisfying the following conditions:

(N1) ||z1,...,2z,] = 0 if and only if 24, ...,z, are linearly dependent,

(N2) ||z1, ..., 2] is invariant under permutation,

(N3) |laz1, ..., znl = |alll@1, - - Zalls

(N4) |z +y,za, ..., x5 < ||z, 2o, x0|| + |y, 2, . .., 20|
for any o € R and z,y,21,...,2, € X. Then the function |-, ...,-|| is called an
n-norm on X, and the pair (X, ||-,...,||) is said to be an n-normed space.

Let us mention two standard examples of n-norms:



1. The Euclidean n-norm ||z1,..., 2, ||z on R™ is given by

rir 0 Tin
lz1,..., 20|l = |det(z;;)| = abs oo , (1)
Tnl " Tnn
where x; = (2;1,...,2,) € R™ for i € {1,...,n}.

2. Let (X,< -,- >) be an at least n-dimensional real inner product space.
The standard n-norm on X is given by

1/2
<x1,r1 > - <XT1,Tp >
||-T157:C7L||S: )
< Tp,T1 > - < Tp,Tp >
where z; € X for i € {1,...,n}. If X = R", then this n-norm is the same as
the previous one.
If (X,]+...,]]) is an n-normed space, then the function |-,...,|| is non-

negative and

k k
HZyi,xg,...,xn §Z||yi,x2,...7xn|\
i=1 i=1

for any k € N,ao,..., 2, € X and y; € X fori € {1,...,k}.
A sequence (y)ren of elements of an n-normed space (X, ||, ...,||) is called
a Cauchy sequence if

lim ||yk_ylax2a"'axn||:07 1'2,-.-,.TTLEX,
k,l—o0

whereas (yx)ren is said to be convergent if there exists a y € X (called the limit
of this sequence and denoted by limy_,~ yx) with

lim |lyp — y, 22, ..., 2] =0, To,...,x, € X.
k—o0

An n-normed space in which every Cauchy sequence is convergent is called an
n-Banach space.

Let us also mention that in n-normed spaces every convergent sequence has
exactly one limit and the standard properties of the limit of a sum and a scalar
product are valid.

Moreover, we have the following properties stated in a form of a lemma in
[35] (see also [12]).

Lemma 1. Let (X,|-,...,-||) be an n-normed space. Then the following four
conditions hold:

(i) if x1,...,xp € X, €R, 4,5 €{l,...,n} and i < j, then

1, . iz, = 1, @, o, 2



(ii) if x,y,y2,.-.,yn € X, then
2, vz, -yl = s y2s - wnll] < 2= yow2s - wnlls
(iii) if z € X and
2,52, ynll =0, g2, yn € X,
then x = 0;
(iv) if (zk)ken s a convergent sequence of elements of X, then

lim ka7y27"‘7yn|| = H lim xk7y27"'7ynH7 Y2, -3 Yn € X.
k—o00 k—o00

The name of Ulam has been somehow connected with various definitions of
stability (see, e.g., [1, 23, 31]), but roughly speaking, the following one describes
our considerations in this paper (A” denotes the family of all functions mapping
a set B into a set A).

Definition 2. Let (Y, |, ..., ) be an (n + 1)-normed space, S # 0 be a set,
DocDCY® and £ C RJFSXYn be nonempty, S : £ — R+5xyn andT : D —
YS. We say that the equation
TW) =1
is S—stable in Dy provided, for any ¥ € Dy and § € £ with
HT(w)(t) - w(t)vyla iy aynH < 6(t’y17 s ay7l)7 te Sa Y15+ Yn € K

there is a solution ¢ € D of the equation such that

||¢)(t) _w(t)vyla"'aynH < (85)(t7y17"'7yn)7 te Svylv"'ayn ey.

3. Fixed point theorem

In the rest of the paper we assume that m € N and (Y,|-,...,||) is an
(m + 1)-Banach space. To simplify the notation we write

Iz, 9l ==z, 915 - s Umll, zeY,y=(y1,...,Ym) €Y.

Moreover, E always denotes a nonempty set and A : Y& x Y — R+E XY™ g
defined by

A p)(z,y) = &) — p(a),yll, &ueYP zeEByeY™

Let 0 # D Cc RyZ*Y" 0 £C cYE and A: D — RLPY" . We say that
T:C — YP is A contractive provided

A(T§7 T/'L)(m7y) S A(S(‘,I:? y)7 xz e E?y e Y’"I"



for any &, € C and 0 € D with
Al p)(z,y) <d(z,y), weEyeY™
Next, a subset F of Y is called pointwise closed if every x € Y¥ such that

x(x) = lim y,(x), r € F,

n—roo

with a sequence (X, )nen of elements of F, belongs to F.
Given A # () and f € A4, we define f™ € A4 (for n € Np) by:

Play=z, ") =f(f"(2), z€AneN,.

Finally, if f,g € R4, then we write f < g provided f(z) < g(z) for every x € A.
Now, we are in a position to present the above mentioned fixed point theo-
rem; its proof is provided in the last section of the paper.

Theorem 3. Let ) # C C Y be pointwise closed, A, : R, Z*Y" — R ExXY"
forn eN, and T:C — C. Assume also that T" is A, —contractive for n € N,

and there exist functions € € ]RJFEXYM and ¢ € C such that
[Te(x) — o), y|| <el@,y), zeByey™, (2)
oo
1Lning1(ZAia)(x,y)=o, veByey™, (3)
e'(z,y) =Y _Aig(a,y) <oo, wEEyeY™, (4)
i=0

where Noe(x,y) := e(x,y) for v € E andy € Y™. Then, for each x € E, there
exists the limit

d(w) = lim T"p(z) (5)

and the function v € C, defined in this way, is a unique fized point of T with
oo
IT"0(@) - 9@yl <3 Aie(zy),  neNpzeEyey™ (6

Moreover, the following two statements are valid:
(a) for every sequence (kp)nen of positive integers with lim,, o ky, = 00, 1 is

the unique function in C such that

[T " p(x) = (@), yl < Y Ae(,y), neNzeByeY™ (7)

i=knp



(b) if
liminf A,e*(x,y) =0, re B yeY™, (8)

n— o0

then v is the unique fized point of T satisfying
lo(x) = (), yll <e*(x,y), xecBEyeY™ (9)

Now we show some simple consequences of Theorem 3. Let us start with a
result that corresponds to [10, Theorem 2.2| and [5, Theorem 2].

Corollary 4. Let § # C C Y be pointwise closed, A: R, Z*Y" — R EXY™
and T : C — C. Assume also that T is A — contractive, and there exist functions
e e RLEY™ and o € C such that (2) holds,

e (x,y) = ZAis(x,y) < 00, reEyeY™, (10)
=0
and -
1inn_1)i01<1>fA(ZAi5) (z,y) =0, reEyeY™ (11)

Then limit (5) exists for each x € E and the function ¢ € C, defined in this
way, s a unique fived point of T with

IT"p(z) = Y(@),y| <D Ae(w,y), neNpzeEyeY™  (12)

Moreover, the following two statements are valid:

(a) for every sequence (kn)nen of positive integers with lim,, o k,, = 00, 9 is
the unique fixed point of T such that

[T* () — ()9l < > Ae(z,y), neNzeEyeY™ (13)
i=knp
(b) if
liminf A"¢*(v,y) =0, =x€E,yeY™, (14)

n— oo

then 1 is the unique fixed point of T such that condition (9) holds true.

Proof. Write A,, := A™ for n € Ny. Clearly, 7 is A;—contractive. Next,
assume that 7™ is A, —contractive for a fixed n € N. Take &, € C and
0 € R+Exym such that A(&, ) < 6. Then, by the A;—contractivity of T,
A(TE, Tu) < Ad and therefore

AT T ) = A(T'TE T T ) < A"AG = A5,



Thus we have proved that 7" is A,, —contractive for every n € N. Consequently,
Theorem 3 yields the assertions. O

In what follows we need yet the following hypothesis concerning the operator
A R+ExY"'L N R+ExY"‘

(C) If (8,)nen is a sequence of elements of R, Y™ with

le On(x,y) =0, reEyeY™, (15)
then
liminf Ad, (x,y) =0, reEyeY™ (16)
n—oo

Remark 5. Note that if A; fulfils hypothesis (C), then (3) results at once from
(4). Analogously, (10) implies (11) when A satisfies (C).

Remark 6. Let j e N. Fix f;: E - Fand L;: E — Rfort=1,...,j. Then
the operator 7: Y¥ — YF  given by

To(x) =Y Li(@)é(fu(x)), €Y xeE, (17)

=1

is A—contractive, with A: Ry ZXY" 5 R, P*Y™ defined by the formula

j
AS(z,y) ==Y | Li(@)|6(fi(x), v),
=1
SeR Y v eEyey™ (18)

Moreover, it is easily seen that A fulfils (C). Next, for every function £: E X
Y™ — R, (with €* given by (10)) we have

L) ) (M%) (filx),y) = D Y [La@)|(A%e)(filz),y)
= k=

k=0 0i=1

Ae*(z,y) =

Mo

s
Il
-

(Afe)(z,y), we€Byey™,

-

x>~
Il
—

and analogously, by induction, we get

Ae*(w,y) = Y (A*e)(z,y), we€E,yeY™neN,.
k=n
Consequently, (10) implies (14). Therefore, one can easily derive from Corollary
4 an analogue of [4, Theorem 1] for n-Banach spaces.



Remark 7. Let F': E x Y™ x Ry — R, be subadditive and nondecreasing
with respect to the third variable (i.e., F(z,y,a +b) < F(z,y,a) + F(z,y,b)
and F(z,y,a) < F(x,y,c) for a,b,c € Ry witha <c¢,z € Eand y € Y™). Let
fiEXY™— ExY™begiven and A: R, PXY" 5 R, ZXY™ be defined by

AE(]},y) = F(J?,y,f(f(]),y))), S E,y S Ym,€ € R_i_EXYm_

We show that for such a A condition (10) yields (11) and (14).
So, assume that (10) holds for a suitable . Fix x € E, y € Y™ and define
me : R+ — R+ by
Fpy(a) = F(z,y,a), acR,.

Since F}, is nondecreasing and, for each n € Ny, A"e(f(z,y)) > 0, we have

A’L+1€(x,y) = ny (AnE(f(Z‘,y))) Z ny(o)

Hence, by (10), we get F,,(0) = 0.

Next, we show that either F}, is continuous at 0 or there is an ly € N such
that A"e(f(z,y)) = 0 for n > ly. So, suppose that F, is not continuous at 0 and
there exists a strictly increasing sequence (k”)neN € NY with A*ne(f(z,y)) #0
for n € N. Since F}, is nondecreasing and F,,(0) = 0, there is a d > 0 such
that Fyy(c) > d for ¢ > 0 and therefore

Artle(z,y) = Fuy (A e(f(2,y))) >d, neN,

which is a contradiction to (10).
We have thus proved that

o0

lim F, (ZA”E(f(x,yD) = 0.

Further, by the subadditivity of F},, for any k,j € Ny with j > k, we get

me(iA”E(f(x,y))> < zj:A"“ (2, 9) + Fay ( Z A"e(f(2,9)),
n=k

n==k n=j+1
whence letting j — co we obtain
A(ZA"&)(gc,y):Fzy(ZA” W) < Z A"e(a,y),
n=k n=~k n=k+1
and consequently, by induction (with k = 0),
N (YA @y < S Am(ny),  jEN.
n=0 n=j

It is easy to see that, using the last two inequalities, we can derive (11) and (14)
from condition (10).



Now, consider a very special situation, when the set E has only one element,
i.e. E = {s}. Then, actually, the set E x Y™ can be identified with Y™ and
each C C YZ can be considered as a subset C' := {¢(s) : ¢ € C} of Y. Define
A:Y xY 5 RY by

Ay, 21)(Y) = llyr — 21,9l y1,21 €Y,y e Y™

Given A: RJer — RJer and C' C Y, analogously as before, we say that
T:C — Cis A—contractive provided

for any 1,2z, € Y and 6 € RyY" such that A(yy, z1)(y) < 8(y) for y € Y™
Next, for Aj: R+Ym — R+Ym, hypothesis (C) takes the following form.

(Co) If (8,)nen is a sequence of elements of R with

ILm 5n(y) =0, yeym™ (19)
then
liminf A1d,(y) =0, yeym™ (20)
n—oo

Finally, we say that a set F' C Y is closed provided
lim y, € F

n—oo

for every convergent sequence (y,,)nen of elements of F'.
Theorem 3 (with yg = @(s) and zp = 1(s))) takes in this situation the
following form.

Theorem 8. Let ) # C' C Y be closed, T : C — C, Ap: RYY — RY”
forn € N, and Ay satisfy hypothesis (Co). Let T™ be A, —contractive for each
n € N. Suppose also that there exist a yy € C' and a function e € R+Ym fulfilling
the following two conditions:

1T(0) —vo,y|| <e(y), yeY™, (21)
Sw) =S Ay <00, yev™ (22
i=0
where Aoe(y) := e(y) fory € Y™. Then the limit
2 := Tim T"(yo) (23)

exists and zg € C' is a unique fived point of T with

IT™ (o) — 20,9l <D Mie(y),  neNgye¥™ (24)

i=n

Moreover, the following two statements are valid:



(a) for every sequence (kn)nen of positive integers with lim, oo kn = 00, 2o
1s the unique fived point of T with

(oo}
1T (o) — 20,9 < 3 Miely),  neNyeY™  (25)
i=kn
o) if
lirginf Ane*(y) =0, yeym, (26)

then zqy is the unique fixed point of T such that
lyo — 20,9l <€%(y),  yeY™. (27)

Observe that if T is a A—contraction with a A € (0, 1), i.e.,
1T(z) = T(z),yl < Mz —2zyll, z2€eYye¥Y™,

then taking A,d(y) = A\"0(y) for 6§ e R.¥ ", y € Y™ and n € N we obtain from
Theorem 8 an analogue of the Banach Contraction Principle for (m+1)-Banach
spaces with

e*(y) = W) yeyYm™.

4. Further consequences of Corollary 4
From Corollary 4 we obtain the following corollary.

Corollary 9. Let () #C C YE be pointwise closed, A: Ry E>XY™" — R EXY™
and T:C — C. Assume also that T is A —contractive, and functions € : E X
Y™ 3Ry, oeCandq: ExY™ —[0,1) are such that (2) holds and

A(z,y) < q(z,y)p(z,y), z€BEyeY™pecR Y (28)

Then limit (5) exists for each x € E and the function ¥ € C so defined is a
unique fized point of T. Moreover,

||90(x) - ¢($)»y| )E(.’Iﬁ7y), T e E7y eym™. (29)

< - -
|_ 17Q(Iay

Proof. From (28) it follows that

o0

e (zy) =Y (MNe)(x,y) < gla,y)e(x,y)
=0 =0

1
= ——F——¢(v,y), reEyeY™,
1—q(z,y)

10



so condition (10) holds. Next,

n—roo

lim inf A( i Aia) (x,y) < q(z,y) linniigf i Ae(z,y) =0,

reFE yeY™

Consequently, also (11) is valid. Thus, by Corollary 4, limit (5) exists for each
x € E and the function ¢ € C so defined is a fixed point of T such that (29)
holds (in view of (12) with n = 0).

It remains to prove the uniqueness of 1. So, suppose that £ € C is a fixed
point of 7. Define ¢ : E x Y™ — R, by

o(z,y) == [Y(x) —&(x),yll, zeEyeY™
Then, by (28), we have

[(2) = &), yll = 1T ¢ (x) — TE(x), yll < A"d(x,y)
<qlz,y)"o(x,y), xcEyeY" neNy, (30)

which (with n — o0) implies that |[¢(x) — £(z),y|]| = 0 for any = € E and
yeY™ ie., £=1. O

Clearly, the simplest situation, when (28) holds, occurs for A given by
Ad(z,y) = q(z,y)d(z,y), SR zeByey™

For the next corollary, which also can be easily deduced from Corollary 4,
we need the subsequent hypothesis.

HI) jEN, Li : E—Ry fori=1,....5,®: ExYJ =Y, and
+
J
|®(z, wr,...;w;) — D(, 21,...,25), y|| < ZLk(x)Hwk —zr,yll  (31)
k=1

for any z € E, y € Y™ and (w1, ...,w;), (21, ..., 2j) € Y.

Corollary 10. Assume that (H1) is fulfilled, f; : E — E fori = 1,...,7,
£: Ex Y™ — Ry satisfies (10) with A : RE*Y™ — REY™ given by

J
Aé(mvy) = ZLk(x)é(fk(x)vy)v S REXYM,‘T S E,y S Ym, (32)
k=1

and ¢ : E —Y s such that

lp(x) = @z, p(fi(2)), s p(fi(@))), 4l < e(z,y),  zeBye¥Y™ (33)

Then limit (5) exists for each x € E with

T(P(x) = @(I’,(p(fl(z)), 7<p(fj(x)))7 2 € YEa HANS Ea (34)

11



and the function ¢ : E —'Y defined by (5) is a unique solution of the functional
equation

Oz, d(f1(@)), -, 0(fi(2)) = P(z),  z€E, (35)
such that inequality (9) holds.

Proof. Let us note that inequality (33) implies (2). Next, (11) and (14) are
valid in view of Remarks 5 and 6. Therefore, by Corollary 4, the function ¢
defined by (5) is a unique fixed point of 7 (that is a solution of (35)) satisfying
9). O

Stability of functional equations of form (35) (or related to it) has been
already studied by several authors and for further information we refer to survey
papers [1, 6] and monograph [7]. A particular case of (35) is a linear functional
equation of the form

J

o(2) = Y Li@)ofi(z),  weR, (36)

i=1

under the assumptions as in Remark 6 (some recent results concerning stability
of less general cases of it can be found in [25, 26, 30]).

As an example of applications of Corollary 10 let us consider stability of the
difference equation

(i) = @3, (i + 1)), 1€ N, (37)

where @ : N x Y — Y is given and ¢ : N — Y is unknown. Clearly, (37) is a
very simple particular case of (35), with E =N, j =1 and fi(i) = ¢ + 1 for
1€ N.

Assume that (a,)nen is a sequence of positive real numbers with

oo k—1
S Jleivi <o, ieN (38)
k=11=0
For instance, if we take
1
asp = 2, 2n-1= 7, n €N,

then

2k—2 2k+1 2k—1

2k

1 1 .
H%‘H =3 H aitl, H Gl =5 H it i,k €N,
1=0 1=0 1=0 1=0

whence (38) holds.
Let A : ]RT_XY — REXY be given by

Ad(i,y) = aid(i +1,y), SeRVY" ieNyey™ (39)

12



. . Nxy™
It is easily seen that, for every € R}, ,

k—1
Aké(%y) :5(Z+k7y) Ha’i-‘rl? Zak GN,
1=0
and consequently
n n k—1
S ARG y) =) 06+ ky) [[aiw,  ineN (40)
k=1 k=1 1=0

Suppose that v > 0 and ¢ : N = Y fulfils (33) with an € : N x Y — [0,4],
that is

p(i) — @(i,p(i +1)),yll <e(i,y), i€N,yeY™ (41)
Then, by (40),
e (i,y) = ZAke(i,y)
k=0
co k—1
§7<1+2Hal+i)<oo, ieNjyeY™.
k=1 =0
Next, if
|®(i,2) — D(i,w),y|| < aillz —w,yll, w,z€Y,ye Y™ ieN,

(e.g., ®(i,2) = a;z), then (HI) holds and the assumptions of Corollary 10 are
fulfilled with j = 1 and

L1(i)=ai, fl(i):i—Fl, i€ N.

Therefore, the limit

() = lim T"6() (42)
exists for each i € N, with
TE(@) == ®(i,£(0 + 1)), ceYN ieN, (43)

and the function ¢ : N — Y, defined by (42), is a unique solution of difference
equation (37) such that

l6(1) = (@), yl <e™(iy),  ieNye¥Y™ (44)

For some earlier results and references concerning the Ulam type stability of
difference equations of form (37) see [6, 7, 8, 9, 32, 33].

Finally, we present one more application of Corollary 4. Namely, if T is
linear, then we can easily obtain from this theorem the following corollary con-
cerning stability of eigenvectors, which corresponds to the investigations in, e.g.,
[15, 22].
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Corollary 11. Let A: R, ZXY" 5 RL.EY™ € be a pointwise closed linear
subspace of Y, To: C — C be linear, v > 0 and T := vy~ 'Ty. Assume also that
T is A — contractive, and there exist functions € € R+Exym and ¢ € C such that
(10) and (11) are valid and

[Top(x) —vo(@),y|| <ve(z,y), weByeY™ (45)
Then limit (5) exists for each x € E and the function ¢ € C, defined in this
way, is an eigenvector of Ty, with the eigenvalue v, such that
lp(@) —w(@),yll <Y Ae(ry), zeByey™ (46)
i=0
Moreover, 1 is the unique eigenvector of Ty, with the eigenvalue 7, such that
175 o(x) — " (x), y|| <A™ ZAiE(x,y), neNzeEyeY™  (47)

i=n

Proof. Tt is enough to notice that (45) implies (2) and use Corollary 4.
Clearly, (46) follows from (12) with n = 0. Next, it is easily seen that (47) is
just (13) with k, =n for n € N. O

5. Proof of Theorem 3

Note that, by (2) and (4), for any k € N, n € Ng, x € E and y € Y™ we
have

k-1
AT e, T o), y) < D AT, T ) (,y)
=0
n+k—1
< Ae(y) < (@), (48)

Therefore, for each = € E, (T"¢(x))nen is a Cauchy sequence in Y. Thus, the
fact that Y is an (m+ 1)-Banach space implies that this sequence is convergent.
Consequently, (5) defines a function ¥ € C.

Letting k — oo in (48), in view of Lemma 1 (iv) and (5) we get

A(Tngoa ¢) S ZAi57 n e NO) (49)

which is (6). Moreover, using (49), we obtain

A(T, T y) < Al(iAi€)7 n € Ny,
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whence with n — oo we get Tt = 1, on account of (3) and Lemma 1 ((iii) and

(iv)).
Let (kn)nen be a sequence of positive integers with lim,, . k, = oo and
& € C be such that

IT* o(z) — €@),yl < Y Ae(my),  neNazeByey™
i=knp

Then
1€(z) = (@), yll < [1€) = T o(@), yll + [T (z) — (@), y

<2

i

NE

Nie(z,y), neNzeFEyeY™,

I
>

n

whence letting n — oo we get £ = .
It remains to prove the last statement on the uniqueness of . So, assume
that (8) holds and £ € C is a fixed point of 7 with

lo(z) — &(z). Y| <e™(z,y), w€EBEyeY™
Then, for any n € N, z € F and y € Y™ we have

[(z) = &), yll < () = T (@), yl| + (I T" ¢ (2) = T"E(), yll
<o) =T e(x), yll + Ane™ (2, y), (50)

whence we can easily see that ||¥(x) — &(x),y|| =0 for any x € E and y € Y™,
which means that & = .
This completes the proof of Theorem 3. O
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